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A Case of an Explicit Solutions for the Three-element Problem of Carleman Type
for Analytic Functions in a Circle
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The article investigates the three-element Carleman boundary value problem in the class of analytic functions, continuous extension
to the contour in the Holder sense, when this problem can not be reduced to a two-element boundary value problems . The unit
circle is considered as the contour .To be specific, we study a case of inverse shift. In this case, the solution of the problem is
reduced to solving a system of two integral equations of Fredholm second kind; thus significantly used the theory of F. D. Gakhov
about Riemann boundary value problem for analytic functions. Based on this result, an algorithm for the solution of the problem is
built. Then it is proved that if the boundary condition coefficients are rational functions , and shift a linear-fractional function, then
the boundary value problem is solved in an explicit form (in quadrature).Then we consider a simple case of an explicit solution of
the problem, when in addition to the above restrictions on the coefficients and shift function is required also analytic continuation of
some functions defined on the contour, inside the area. This case is illustrated by a concrete example.
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PA3/NOXEHUE MO KOPHEBbIM ®YHKLIUSAM
CWUNbHO HEPET'YNAPHOI O NMYYKA

ANDDEPEHLNAJIbHBIX ONMEPATOPOB BTOPOI'O NMOPA.AKA
C KPATHbIMU XAPAKTEPUCTUKAMHU

B. C. Puixnos
Puixnos BukTop Cepreesud, kanauaar (ouanko-MaTeMaTnyeckux Hayk, LOLEHT Kadpeapbl AMPGEPEHLMANbHBIX YPABHEHWA 1
npuknagHoil Matematuki, CapaToBCKuin HaLMOHaNbHbIA MCCNEA0BaTENbCKIN FOCYLAPCTBEHHDIA YHUBEpCUTeT umeHn H. . Yep-
Hbiwesckoro, RykhlovVS @yandex.ru

PaccmatpuBaeTcs KBapaTuyHblii CUIbHO HEPEryNSIpHbIA My4OK 0BbIKHOBEHHBIX AMAEPEHLIMANBHBIX ONEPATOPOB BTOPOrO Mo-
PSiAKa C MOCTOSHHBIMM KOIGCULIMEHTaMU 1 C KPATHBIM KOPHEM XapaKTEPUCTYECKOrO YpaBHEHHS. HaxOAsTCS CyMMbl ABYKPATHBIX
pa3noXeHni B B1opToroHanbHsI psis Pypbe Mo KOPHEBBIM (OYHKLMSM Takux My4KOB UM, KaK CNeAcTeue, HeobXoamumoe 1 [o-
CTaTo4HOe YCNOBME CXOAMMOCTU YKa3aHHbIX Pa3NoXeHU K pasnaraeMol BEKTOP-CPYHKLUMK. ITO HEOBXOLMMOe 1 [LOCTaTO4HOe
YCoBUe SIBNSIETCS AMADEPEPEHLINABHBIM YPaBHEHWEM, CBSI3bIBAIOLLIM KOMMOHEHTBI pasnaraeMoil BEKTOp-coyHKLMW. pu 3TOM Ha
paanaraemylo BEKTOP-CoYHKLIIO HaKNabIBaIOTCS! HEKOTOPLIE YCTIOBUS FNAAKOCTY U TpeboBaHUs 06palLeHis B Hyb €€ KOMMOHEHT
11 HEKTOPbIX MX MPOM3BOAHBIX Ha KOHLIAX OCHOBHOTO 0TPE3Ka.

KntoueBble cnoBa: KBafpaTMYHbIA MY4OK AMCDEPEHLIMATBHBIX ONEpaTopoB, KpaTHash XapakTepucTuka, KpaTHblil KOpeHb Xapak-
TEPUCTYECKOTO YPABHEHWS,, CUMBHO HEPerysipHbIA My4oK, ABYKPATHOE PasnoXeHne Mo CoBCTBEHHbIM (OYHKLINSIM, ABYKPATHOe
pasnoXeHie No KOPHEBLIM 3NeMeHTaM, BUOPTOroHaNbHbIA PSi Mo KOPHEBLIM 3NEMEHTaM, NPOU3BOIHbIE LIEMOYKIA, YCNOBIS KPaTHOM
Pa3noXUMOCTU.
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1. MOCTAHOBKA 3AZIAYN U KPATKAS UCTOPUSA BOIMPOCA

Paccmotpum B mpoctpaHeTBe Lo[0, 1] kBagpaTuunbiil nydox L(A) nudepeHInalbHBIX OMepaTopoB 2-ro
nopsiaKa

Uy, N) =y" =22y + Ny, (1)

Ur(y) :=y(0) =0,  Ua(y) =y(1) —y'(0) =0. 2)

XapakTepucTHyeckoe ypaBHeHHe w? — 2w + 1 = 0 myuka MMeeT KpaTHble KOPHH w; = wo = 1. O6o-
sHauuM y; (2, \) = e, yo(x, \) = xe . OYHKUUHU Y1, Yo 00pasyloT GyHIaMeHTabHYI0 CHCTEMY pelleHHui

ypaBHenusi £(z, \) = 0.
XapakTepucTHUeCKUi onpefeauTenb nyuka L(A)

=t —1=A; V) =M1 —e ) =AF (N (3)

ABJISIeTCS BBIPOXKAEHHBIM (OTCYTCTBYeT caiaraemoe ¢ e?), a mydok L(\), TakuMm 06pa3oM, CHJBHO Hepe-
ry/sipueiM (C.H.) (OmpenesieHHe PeryJsipHbIX, MOYTH PEryasipHbIX, HOPMAJbHBIX WJINU CJIa00 HeperymsipHbIX
nydkoB cM. B [1,2]; Bce ocrasbHble Myuku HasbiBaoTcsi c.H.). CoGcTBeHHble 3HaueHusi (C.3.) A, Mydyka
(Hynu (3)) mpoctble u A\, = 2kwi, k € Z.

Peraercst 3a1a4a Haxox/1eHUs YCIOBUH Ha BekTop-QyHKuHW (B.-d.) f = (f1, f2)T, npu KoTOpBIX MMeeT
MeCTO JABYKpaTHasi pasioXKHUMOCTb 3TOH B.-(). B GHOpTOrOHAaJbHBIH psin Pypbe M0 KOPHEBBIM 3/€MEHTaM
(x.3.) myuka L(\).

3anaun 0 pasoKeHHH [Jisl MPOCTEAINX C.H. AH(depeHIHanbHbIX 0MepaTopoB 1-ro U 2-ro nopsiikos co
3HaKoIlepeMeHHOH BeCcOBOH (yHKIMeH OblIN pelieHbl B [3]. A HMeHHO paccMaTpHBAaJIHCh ONepPaTophl

Y —Ap(x)y,  y(0) =y(1)

y' = p(x)y,  y(0)+ay(l) =0,  3'(0)+iay'(1)=0  (a#0),

e p(z) =1npuz € [0,a] up(z)=—-1npuz € [a,1] (0 < <1/2umm 1/2 < a < 1).
B cayuae onepatopa l-ro mopsinka Ha pas/iaraemyio ¢GyHKLHO f () HAaKIaIbIBAJUCh YCIOBHS HEPEpPbIB-
HOCTH, OFPAaHWYEHHOCTH BapHallu{ M BBINOJHEHHS IBYX MPOCTBIX (DYHKLHOHAJIbHBIX COOTHOLIEHUH

f(.’L')Zf(l—.’L‘), f(x):f(Qa_m)v xE[O,a].

B cnyuae onepatopa 2-ro mopsiika Ha pasJjaraeMyio (yHKLHIO, IOMUMO YCJOBHUH IVIaIKOCTH Ha OCHOBHOM
OTpe3Ke, HaKJ/aIblBaJUCh YCJIOBHUS aHAJUTHUECKOH TPOLONKUMOCTH B HEKOTOPBIE TPEYTOJbHUKHU W BBITOJ-
HEHHUs] B 9THX TPEYrOJbHUKAX ONpeleeHHBIX (DYHKIIMOHAJbHBIX COOTHOLIEHHH.

B cayuae cnabo HeperyssipHoro nuddepeHuasbHOro oneparopa 3-ro nopsijaka

v — \y, aiy(u) (0) + y(”)(l) =0, v=0,1,2,

rae a1 + as + a3 = 0 (3mech KopHH {w;} JexaT B BepLIMHAX NPABUJIBHOIO TPEyroJbHHMKA), 3ajaua o
pasnoxkeHuu pemeHa B [4]. Ilpu 3Tom Ha passaraemyio (QyHKLUHIO HaKJaIblBaJHCh YCJOBHS (M 3TO IO
CYLLECTBY) aHAJUTHYHOCTH B HEKOTOPBIX MHOT'OYTOJbHHKaX KOMIJIEKCHOH IMJIOCKOCTH M BBIIOJHEHHS TaM
(YHKLHOHA/IBHOTO COOTHOLIEHHUS

af(wsx) +bf(wrz) + f(1 —2) =0,

e
a = (a1 + aze® + ase)/3, b= (a1 + aze + aze?)/3, € = exp2mi/3,

npu Tex 3HadeHusix x € [0, 1], pu KOTOPHIX apryMeHThl (pYHKUUH f MOMAaioT B YIOMSIHYThIE MHOTOYTOJIb-
HUKH.

AToT pesyabraT OblI pacmnpocTpaHeH B [D] Ha cayuail omepatopa n-ro mopsinka, rome n = 4k + 1,
aHaJIOTHYHOrO OMepaTopy 3-ro nopsiaka.
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B craree aBTOpa [6] paccMoTpeH MydoK 2-ro Mopsiika ¢ MPOCTBIMH XapaKTepHCTHKaMH

Y+ Ay + paAty,
(a1 (0) + Aa2y(0)) + (Buay' (1) + AMBuoy(1)) =0, v =1,2,

rae p; € C. Jlns KopHeill wy, wo 3TOro nyuka crnpasenBo 0 < w; < wo. Ha kosdduumentr a,;, B,; € C
HaJIOXKeHbl YCIOBHS, TIPU KOTOPBIX pAacCMaTPUBaeMbli My4oK siBJsieTcst ¢.H. [loydeHbl 10CTATOUHbBIE YCIOBHUS
CXOMHUMOCTH JIBYKPaTHBIX Pas3joKeHHH B.-(). B GHOPTOTOHAJbHBIE PSIBl MO K.3. 3TOr0 Myuka (HEKOTOPhIe
YCJIOBHSI TVIAJIKOCTH Ha pasjaraeMyro B.-(). W oOpaileHus B Hy/Jb B 0 U 1 KOMIIOHEHT pa3J/araeMol B.-¢).
UX TPOU3BOJHBIX 0 HEKOTOpOro mopsiaka). Kpome toro, HaiieHO HEOOXOMUMOE M IOCTATOUHOE YCJIOBHE Ha
pasnaraemyio B.-d. f = (f1, f2)”, Ipu KOTOPOM MMeeT MecTO MpeAcTaB/eHHe B.-(). STUMM pAAaMH:

fi@) —wafo(z) =0 Vazel0,1].

Henasno B cTathe [7] U3yuasuch KpaTHblE PasJ/ioKeHUst B.-. MO K.3. PeryaspHOro mydka 4-ro nopsaka
C KPaTHBIMH XapaKTePHUCTHKaMH BHJA

(d/dx - A)4y7 y(l/) (0) - y(l/)(l) = 07 V= Oa 17 27 3.

HOJ’Iy‘-IeHbI AOOCTAaTOYHbIE YCJOBUA 4-KpaTHOﬁ Pasa0KUMOCTH B.-Cl:). o K.3. 9TOro MyydkKa (HeKOTOpI)Ie yCJi0BUSA
rIAIKOCTH Ha pasJjaraemyro B.-. W oOpallleHHst B HyJb B 0 U 1 KOMIIOHEHT pa3siaraeMoi B.-(). U HX MPOU3-
BOAHBIX OO HEKOTOPOTO nopﬂ/:u(a). Brinosnenue elle KakKux-To COOTHOLLIEHUH Ipy 3TOM He MpearmnoJaraJjaoch.

B nanHO# craTbe WCCHEnyHOTCS pas3siokeHHs B.-(). 1o K.3. B caydae c.H. myuka L(A) Buma (1)-(2) ¢
KPaTHBIMH XapaKTEePUCTHKAMH.

2. BCNOMOI ATE/IbHBIE PE3Y/IbTATHI

Jlunneapusyem samayy L(\) = 0 moactaHoBKOH z; = y, 22 = Az;. C yuerom (1)-(2) B pesysbrare
MoJlyyaeTcs KpaeBasi 3ajaua Ha C.3. yXKe 1/ OOBIKHOBEHHOrO AHGb(epeHIHaIbHOro omepatopa L, HO B
npocTpaHcTBe B.-(. 2z = (21, 22)7

Lz—)z= 0,

rie omepatop L ompenensercs nuddepeHinaibHbIM BbIPaXKEHHEM
. 0 1
K(z):z(clz 2d>z,
dx? dx

D; = {( 2 )‘zg,zQ € L1]0,1], U1(2) = 21(0) = 0, Us(2) = 2 (1) — 2,(0) :o}.

JJ,EI;'ICTBy}OLU,EM Ha MHO>KeCTBe

C.3. myuka L(\) u omeparopa L, OueBMIHO, COBMANAIOT, a CHCTEMA npousBoaHbIX Lernouek L(A) (cMm.
onpenesenne B [1, ¢. 102]) coBnamaer ¢ cucremolt k.3. omneparopa L.
O6o3naurm yepes I', KpyroBele KOHTYpBI C LEHTPOM B Hadaje KOOpAMHAT U paauyca (2v — 1)w, v € N.

XOopoIo U3BECTHO, YTO
1 N
o [ Rasan
2mi Jp,

rie Ry = (ﬁ — AE)~! — pesonbBenta orepatopa L, ecth uacTuuHas CyMMa pasJjokeHu# B.-b. f B
GuopToroHasbHBIE psin Pypbe MO K.3. oneparopa L, COOTBETCTBYIOIIUM TEM C.3., KOTOpble TOMAJIU BHYTPb
kKoHTypa I',.

Myets Ryf = (21(2, \; f), z0(2, \; f)) uL(z,v; f) = =55 Jo 2a(a, X f)dA, s = 1,2,

O603HauuM uepes G(x,t,\) dynxkuuio [puna nyuka L(\). Jlas nannoit B.-¢. f = (f1, f2)? onpenenum

dynkumo F(z,A; f) == —Afi(x) + 2f{(x) — fo().
Jlemma 1. Ecau f], fo € L1]0,1], mo npu Re XA <0

1 x
zl(as,)\;f):/o G(x,t,/\)F(t,A;f)dt:/O (z — ) @O R, \; f) di+
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L1
Ay (M)

1
/ z(t — DT R N f)dt =: 27, (2, M f) + 25(2, )\ f), (4)
0
a npu ReX >0
1 1
(@ f) = / Gl t, VF (A ) di = / (t — )T Bt s f) dit
0 x

1 1
+/ (x — DtV E N f) dt + #/ z(t —1)erEIOR (N f) dt =:
0 0

Ag(N)
=: 211 (2, A f) 4 25 (@, X f) + 252, X f); (5)
zo(w, A; f) = A (2, A; f) + fi(x). (6)

JokasartensctBo. Haiinem pesosbsenty Ry = (L — AE)~'. Jlns storo pemwun 3anauy (L — A\E)z = f
OTHOCHUTEJIBHO B.-. z WJIH, NI0IPOOHee, 3a1ady

— )\ = A
= " - / fl’ UJ(Z) =0, Jj=12. (7)
—21 + 225 — Azg = fo,

Bripaxkasi zo U3 IepBOro ypaBHeHHs cucTeMbl B (7) U MOACTaBJIsIs BO BTOpoe (31ech TpebyeTces IaaKoCTh
GYHKUMH f1) IJsT HAXOXKAEHUS 21 TOJYUYHM KPaeByIoO 3ajauy AJsi JHHEHHOTr0 HEOMHOPOAHOTO AU (hepeHIn-
aJIbHOTO yPaBHEHUS 2-T0 MOPSiAKA C MOCTOSSHHBIMHM KO3((HUIIUEHTAMMU:

U(z1,\) = F(z, \; f), Uij(z) =0, j=1,2. (8)

[IpumeHsis MeTOn BapHally MPOU3BOJIBHBIX TOCTOSHHBIX, HAXOAUM 00Ilee pelleHre o hepeHINnaabHOT0
ypaBHeHus B (8) B ciyuae Re A < 0 B BUIE

z1(x,\) = CLe™ + Coze™™ + / (x — t)ek(x*t) dt,
0

a B cayuae Re A > 0 — B BUze

1
z1(z,\) = C1e™* + Chze® — / (z — )= gt
x

3arem HaxomuM KoHcTaHThl C7, Co U3 KpaeBbiX yc/oBui (8) u B pesysbraTe mosydum dopmyinl (4)—(5).
®opmyna (6) ecTh caenCcTBHe MepBOroO cOoOoTHOIIEHHUsI B cucteMe (7). Tem cambim, jemMma 1 nokasaHa. O

[Tycte Ks5(A;) ectb Kpyru pamguyca ¢ ¢ uentpamu B A\ U C5 = C\ (UgezKs5(A\;)). Obo3Hauum yepes
Cf (Cjy) uactn Cs, nexawpe B npasoil (eBoit) nosmynnockoctr. Mcnonbsyst Te e paccykieHHsi, 4TO M
B [1, c. 74-84], Ge3 Tpysa ycTaHaBJHBaeM CNPABENJIHBOCTb JeMMbl. B 310l semme u nasee uepes I'; u T')f
o603HaueHbl yacTu KoHTypa Iy, Jiexalle, COOTBETCTBEHHO, B JIEBOH M MPaBOH MOJYIIOCKOCTH.

Jlemma 2. Cyuwecmsyem makas noaroxumervras koncmanma Cs, umo
VAeCy :|Ay (V)] = Cs; VAECT: AT (V)] = Cs. 9)

Jlanee B 0Ka3aTesbCTBE TEOPEMBl O PA3JIOKEHHH CYLIECTBEHHO MCMOJB3YIOTCS OLEHKH, JaBaeMble CJe-
nyoleit eMMol (mepBoHavya bHYI c(HOPMYIHPOBAHHYIO U [0KaszaHHYIO0 B [6]).

Jlemma 3. Ecau y(x,t) = yo+y12+72t (2 #0) u (2, t) Re X < 0 0an scex A € T/ (T;)) npu z € [0,1],
t € [a(z),b(z)], ede a(x),b(xr) — sadannvie aunetinsie gynkyuu, f € L,[0,1], p > 1, x,(v) = /P npu
1< p<oou Xeo(V)=Inv npu p= o0, mo

S / / Y @EOAR(E) dt | dA
210 Jr,+(ry) \Ja(e)

ede o6osnauero | - |, = || - HLP[OJ].

< C||h||po(V)> (10)

OTMeTHM, YTO aHaJOTHUYHbIE OLEHKH BIIEPBLIE HCIIOJb30BaNKCh B [8].
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3. ®OPMY/IMPOBKA 1 IOKA3ATE/IbCTBO TEOPEM O PA3/T0OXXEHUU

CnpaBenJsiuBa cielyollas TeopeMa O pasJoxKeHHUH.
Teopema 1. Ecau 6.-¢p. f = (f1, f2)T ydosaemsopsem ycrosusm:
VL fy e Ly0,1], 1< p< +oo, (11)
o =fm=0 s=012 f0)=#'1)=0, s=0L (12)

mo cnpasediusvl Gopmyrvl 08YKpamHoeo pasroxcerus 8.-¢. f no k.a. nyuka L(N):

(s=1)
lim_I(e.v: ) = @) + (L 2)(2fi(0) — 1) - 2h@) . s=12, (13)

v——+
ede cxodumocme pasHomepras no x € [0, 1].
HMokasartenbcrBo. Paccmorpum I (z,v; f). CripaBeiinBo MpeacTaB/ieHHe

1 1 _
Li(z,v; f) = i ) z1(z, A f)dX — i )i 2 (z, N f)dN =: I} (z,v; f) + I (z,v; f). (14)

Haiinem acumnrotuky I; (x,v; f) npu v — +oo. B coorBercTBUM ¢ (opmyitoit (4)

211

(e f)= o [ - —/ i@ X ) dA = I (s ) + Ing(a,vs f). (15)

Jlns1 BbIpaKeHHs NPH SKCIIOHEHTE T0Jl 3HAKOM HMHTerpasa B zy;(z, A; f) numeem:

(x = F A ) =AMt —2) (1) + ((z = )(2f1(t) = fo(t) =: Aarn1 (2, 1) + ana(z, ).
CurezioBaTeIbHO,
2z N f) = /\/I AT ay 1 () dt+/$ AT Do (z,t) dt =: Miy1 (2, X f) + Aria(2, X f). (16)
0 0
CrnpaBenyiuBbl (hOPMYJIBI
a9 (2, t) = (2f1( ) — ( ) + (:c—t (217 (t) = fa(t )) (17)
g o (@,t) = — (417 (t) = 2£5(t)) + (x — ) (211" (t) — f3' (1))

ahir(@,t) = 1()+(t—$)f1()
afyy 2 (@, 1) = 2f1(t) + (t —2) f'(t), (18)
afiy e (@, t) = 3f1(t) + (t — 2) f{" (1)

[Tpounrerpupyem mo uactsim Aq12(x, A; f) onun pas, a Aj11(x, A; f) nBa pasa. [Ipu 3ToM Bocmosibdyemcst
dopmynamu (17), (18) u mpeanosoxenusimu (11), (12). [oayunm:

1 x
Aniz(@, A; f) = X/ eA(Ift)allm,t(Iat) dt, (19)
0
1 1 ! Az—t) 1
M (z, A f) = —Xf1($) +5 [ e a1y g2 (0, t) dt. (20)
0

Tak xak moppiHTerpasbHble (HyHKIHK orpaHudensl npu 0 < ¢ < z, « € [0, 1], To mo semMme 3

1 v
=5 [ Auato s | < O + 171 2 0. v e,
pactomepHo 1o z € [0, 1]. CiregoBaTesbHo,
Ania(z, A f) = a(z, A; f), @1
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rae uepe3 oz, A; f) 30ech U najee Gymer 0o603HauaTbes J00ast GyHKLUHS, A/ KOTOPOH
/i a(@,A; f)dh =o(1), v — +oo,
ry

paBHOMepHO 1o x € [0,1]. lanee, He oroBapuBasi 3To 0cobo, cuutaem o(1) paBHoMepHO# mo x € [0, 1].
Hast Ayp1(z, A; f) aHAJOTMYHO TOJTYUHM:

M (X f) = =5 i) +ale 3 ). (22)
Takum obpasom, us (15), (16), (21), (22) crenyer acCHMNTOTHKA
Ii(e,vi f) = 5h@) +ol), v +oo. (23)

Paccmorpum tenepn I, (z,v; f). Jlaist BeIpaskeHHs IPH 9KCIIOHEHTe MOJ 3HAKOM HHTerpana B z15(x, A; f)
UMeeM:

SC(t — 1),F(t7 )\; f) = )\(1‘(1 — t)fl(t)) + (CC(t - 1)(2f{(t) — fg(t)) = )\algl(l‘,t) + algg(l‘,f).

CJie0BaTeJbHO,
1 1
zia(@ A f) = Aa)\(/\) /0 AT g0 (2, ) dE + A0V / A g oo () dt =
=: )\A121($7 A; f) + A122( )\ ) (24)
CrpaBeiuBbl (GOPMYJIbI
@122t33t z(2f1 fa(t)) +a(t = 1) (2f7(t) — f5(1)), (25)
@gg 42 x( —2f5(t)) +x(t — 1) (2f1"(t) — 5 (1)),

alo1 (T, ) —xfl(t)+x(1—t)f{(t),

afyy 2 (1) = =22 f1(t) + 2(1 — t) f{' (D), (26)

gy 4o (@, 1) = =3 f1'(t) + x(1 — 1) /" (¢).

[Tpounrerpupyem no yactsim Aqgo(x, \; f) onuu pas, a Aja1(x, \; f) nBa pasa. [Ipu 3ToM Bocmosib3yemcst
dopmynamu (25), (26), npennonoxenusimu (11), (12) u nemmo#t 2. [Mosyuum:

1
Ay (A)
1
VNS

A122($7 A f)

1
/ A0l () dt = afx, A f), (27)

1
Mioi (N f) = MG (@) dt = alz, s f). (28)

Takum obpasom, u3 (15), (24), (9), (27), (28) crenyer acUMIOTOTHKA
I (z,v; f) = o(1), v — +00. (29)

CuaienoBaTeibHO, Ha ocHoBaHu# (15), (23), (29)
1
I (x,v5 f) = §f1($)+0(1)» v — +o0. (30)

Haiinem Teneps acumntotuky I} (z,v; f) npu v — +oc0. B cootserctsuu ¢ hopmyioi (5)

1 1
IFaoif) = =g [ senni- oo [ shea i

211 211
1

9 | zﬁ(x,)\;f) d\ =: Ifrl(x, vi f)+ Iﬁ(x,u;f) + Ifg(x,u;f). (31)
Iy
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Ananoruuno npeabiayuiemy (cm. (23), (29)) nomyuum:
1
Iy ) = gha(@) +o(l), v — oo,
Ih(x,v; f) = o(1), v — 400.

Ocranocsk pacemoTpets unterpan I;h(z,v; f).
JI11 BBIpaXKEeHUS TIPU SKCTIOHEHTE TOJl 3HAKOM MHTerpana B 2,5 (z, A; f) umeem:

(z = P, f) = M1 = 2)tf1(8) + (& = DE2SI(E) = f2() = Abia1 (@, 1) + broa(2, ).

CJaieoBaTe ibHO,

1 1
ZB(QZ‘, )\; f) = )\/ 6)\(:c_t)b121 (l‘, t) dt + / ek(x_t)blzg(fll‘, t) dt =: )\3121(]}7 )\; f) + Blgg(l‘, )\; f)

0 0
CnpaBeniuBBEl (POPMHUYJIbI
Diga,o(w, 1) = (x = 1)(2f1(t) — falt) + 2tf1'(t) — t£5(1)),
Diag ez (@,1) = (w = 1) (47 (1) — 2f5(8) + 2tf1"(t) — t£3 (1)),

Vior¢(z,t) = (1 —t)(fa(t )+tf1( ))
b/1/21t2( t) = (1*15)(2101 +tf1( ),
by s, t) = (1= 2) (3f7(t) + tf1"(1)).

(32)
(33)

(34)

(35)

(36)

[Tpounrerpupyem mo uactsiMm Bioo(x, A; f) onuH pas, a Bioi(x, A; f) nBa pasa. [Ipu 3ToM Bocmosib3yemcst

dopmynamu (35), (36) u npennonoxenusmu (11), (12). [omyuum:

1 1 [*
Bria(z, A f) = X/ MDY, 0, (@, t)dt = X/ eA(mft)bQQQ,t(xvt) dt + a(z, A; f),
0 0

1t 1 (7 o
ABia1(z, X; f) = X/ e’\(i_t)b’{m’tz (x,t)dt = X/ M t)b111217t2 (x,t)dt + a(z, \; f).
0 0

N3z (34), (37), (38) Oynem umeTh:

1 xr
3 / rME=t) (b’1227t(x, t) + bigy 42 (2, t)) dt + a(z, X; f).

0

2\ f) =
Hcnob3ays aliiTHBHOCTh HHTErpasa, TEOPHIO BLIYETOB M mpearnooxenus (12), momyynm:
I1+2(x v f) = 27”/ / (z— t) b122t(:c t) + bisy tz(fE t)) dt+

2m/ / =0 (Bgg 1 (2, 8) + By g2 (2, 1)) dt + 0(1) =

= */0 (b122,t(x7t) + b121,t2 (xat)) dt +o(1) = (5122,t($7x) + b121,t2( ; )) +o(1) =

= (1 —2)(zfi(x) = fi(z) — zfa(z)) +0(1), v — +oc.
CuenoBaresibHo, Ha ocHoBanuu (31)—(33), (39)
I (w0 ) = 3 1) + (=) (@) = ula) = 2fa(@)) +o(1), v = +ov.
C yuerom (14), (30) u (40)
I(e,vi f) = L i) + (1= ) (@) — o) — fole)) o), v — oo
yT10o nokasbiBaet (13) mas s = 1.

Matematrika

(37)

(38)

(39)

(40)
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Paccmorpum tenepnb I(z, v; f). CripaBeiinBoO MpeacTaBeHHEe

Lz, vi f)) ———/ )\zlx)\fd)\——/ fim :—%/Fukzl(w,)\;f)d)\:

= _L. Azq (2, N5 f) dN — 2—/ Moy (2, s f)dN = I (z,v; f) + I (@, 05 f). (41)
i Jp+

27TZ r,

Orcrona BHIHO, KaK M3MEHSTCS pacCyKAeHHs NpH uccaenoBaHud Io(x,v; f) Mo cpaBHEHHIO ¢ HCCIeno-
BaHUeM [1(x,v; f). DTH H3MeHeHHs BbI3BAHBI IPUCYTCTBUEM JIMIIHETO MHOXKUTENS A Yy KaX/AOTO CJaraeMoro
B (41).

Haiinem acumnrortuky Iy (x,v; f) npu v — +oo. B coorBercteun ¢ (41) u (15) nmeem:

I (z,v; f) = 271m /\zll(x A f)dh — —/ Azpp(@, N ) dh = Iy (x,v; f) + Ig(z,v5 f). (42)
Ha ocHoBanuu (16)
Az (@, A f) = N A (@, X f) + AMage(z, s f). (43)

Yro6bl MOracHTh MOMOJNHUTENbHBIA MHOXKUTENb A\, IPOUHTErpUpyeM 10 dyacTsaMm Ajis(z, A; f) He onuH pas,
KaK paHblle, a IBa pasa, a Aji1(z, A; f) Tpu pasa. BocnosbsosaBuuch qopmynamu (17), (18), mpenmno-
noxenusivmu (11), (12), nemmoit 3 (popmyna (10) mpumensiercss aast p u3 (11)) u dopmynamu (19), (20),
MOy YU M:

Az (z, A f) = —ifz(x) + ;f{(ac) + %/0 A a)y o (e t) dt =
=~ 3@+ 0@+ ale X ), (44)

2 1
MA@, X f) = = fi(@) = Tfi(z) + X/o X Vally (e 1) dt =

2
:—fl(x)_xf{($)+a($»>\;f)- (45)
CaieoBaTte/ibHO, Ha ocHoBaHUH (42)—(45) umeem:
1 1
Iy (z,v; f) = §f2( x) + 2—2 fl(x)d)\+o(1)7 v — +00. (46)
AHaJIOTHYHO MpebIIYIIeMy
Lo (z,v; f) = o(1), v — +o0. (47)
C yuerom (42) uz (46), (47) nonyuum:
1 1
L (v f)=5f@)+ 5= | fl@dr+o(l), v— +oo. (48)
2 211 Ty

Haiinem Tenepb acumntotuky I (z,v; f) npu v — +o0o. B cootercteuu ¢ dopmynamu (41), (5), (4)
HMeeM:

1 1
I;'(x,z/;f) =3 . )\zf'l(:r,)\;f) d\ — 30 /F+ )\zfg(x,)\; f)dr—

1
Ty

AnanoruuHo mpenwiayueMy B cusy npennosoxkenuid (11), (12), semm 2 u 3, CBOHCTB HHTerpasoB B
KOMIIJIEKCHOH TMJIOCKOCTH, TeOPHUH BbiUeTOB U dopmya (35), (36) momyuum:

I3 (z,v; f) = —f2 / fi(z) dX\ +o(1), v — 400, (50)
I2+2(x, v; f) = _b122,t($7$) - b121,t2 (z,2) +o(1) =
= (1-2)(2fi(z) = fulw) = 2f3(@) +o0(1), v — +oo, (51)
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P

I;g(x,u;f) =o(1),

N3 (49)-(52) moayuyum:

v — 400. (52)

@i f) = 520 + 5 [ A+ (=) (afi@) = file) = ay@) + o), v =+ (53

Takum o6pasom, Ha ocHoBaHuH (41), (48), (53) crnpaBeasHBO PAaBEHCTBO

B, f) = b(@) + 3= [ fil@)dr+ (=) (@f{(@) = A = afj(@) + o) =

= fol@) + (1 — 2) (af{(z) — fi(z) — 2 f3(x)) + o(1),

a 3To U ecTh ytBepxkaeHue (13) B cayuae s = 2.
U3 s1oil TeopeMbl, KaK IPOCTOE CJIeACTBUE, ONyyaeM HeOOXOAUMOe U JOCTaTOYHOE YCJI0BHE PA3JIoKeHUs
B.-0. f = (f1, f2)T B GuopToroHanbHbIA psan Gypbe 1m0 K.3. myuka L(\).

v — 400,

O

Teopema 2. [Tycmo 8.-¢p. [ yodosaemsopsem ycaosusm (11), (12). [rs moeo umobor umesu mecmo
popmyser 08ykpamrozo pasiosncenus 8.-¢. [ no kopresoim aremenmam nyuka L(X\) ¢ pasromepHol
cxodumocmoio no x € [0,1]

im L f) = fulo),

s=1,2,

Heobxo0umo u docmamouro, 4mobbvl 8bINOAHANOCH cAedyroujee moocdecmso Ha [0, 1]

zfi(z) = fi(z) — xfo(z) = 0.

Paboma nodzomosiena 6 pamkax 8vinoaxerus 2ocydapcmeennozo sadanus Murnobprayku Poccuu
(npoexm Ne 1.1520.2014/K).
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Expansion in Root Functions of Strongly Irregular Pencil of Differential Operators
of the Second Order with Multiple Characteristics

V. S. Rykhlov

Victor S. Rykhlov, Saratov State University, 83, Astrakhanskaya st., 410012, Saratov, Russia, RykhlovVS @yandex.ru

We consider the quadratic strongly irregular pencil of ordinary second order differential operators with constant coefficients and with
a multiple root of the characteristic equation. The amounts of double expansions in biorthogonal Fourier series in the derived chains
of such pencils and a necessary and sufficient condition for convergence of these expansions to the expanded vector-valued function
are found. This necessary and sufficient condition is a differential equation relating the components of the expanded vector function.
At the same time some conditions of smoothness on the components of the expanded vector-valued function and requirements of
the vanishing of its components and some of their derivatives at the ends of the main segment are imposed.
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Key words: quadratic pencil of differential operators, multiple characteristic, multiple root of characteristic equation, strongly irregular
pencil, two-fold expansion in the eigenfunctions, two-fold expansion in the root elements, biorthogonal series on root elements,
derived chains, conditions of multiple expandability.
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The results were obtained within the framework of the state task of Russian Ministry of Education and Science
(project no. 1.1520.2014K).
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1. MOCTAHOBKA 3AZAHN

Myers D ={z=re :0<r <1, 0<6 <27} — eqMHAUHBI! KPYT B [IOCKOCTH KOMILIEKCHOTO Mepe-
MeHHOro 2, L = OD. PaccMoTpiM KpaeByio 3aady [uib6epra TeOpHH aHAIMTHUECKUX (BYHKIHE ¢ KPaeBbIM
YC/IOBHEM Ha eMMHUYHOH OKPYKHOCTH

a(t)Re ®(t) — b(H) Im (1) = e(t), teL, t#1,
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