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NMPABUJIA 419 ABTOPOB
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Tbi, COAEPXallne HOBble OPUrMHAMbHbIE
pesynbTaTbl N0 BCEM OCHOBHbIM pasfenam
MaTeMaTUKu, MEXaHUKu 1 MHHOPMATUKM.
Pepnkonnervei He paccmaTpyBatoTCs CTaTbi,
HOCSILLME VCKITIOYUTENBHO MPUKIALHOMN Xapak-
Tep, paHee Ony6AMKOBAHHbIE MW MPUHSITBIE K
0ny6/IMKOBAHUIO B IPYVX XypHanax.

06bem nybnmkyeMoii CTaTbl He [O0MKeH
npeBbwaTh 12 cTpaHuL, 0GOPMAEHHBIX B
LaTeX cornacHo ctunesomy danny, pas-
MeLLeHHoMY no agpecy http://mmi.sgu.ru/
ru/dlya-avtorov. Ctatbi 66nbluero obbema
MPUHUMAIOTCS TOMBKO MO COrNacoBaHMIO C
peakonnerei XypHana.

Bce pykonucu, nocTynuBLLmMe B pefakumio
1 COOTBETCTBYIOLLME NPODUNIO XypHAnNa,
MPOXOLST PELIeH3NPOBaHKe, W 3aTeM PeaKos-
Nervst IPUHYMAET PELLEHNE O BO3MOXHOCTU
1x ony6nmkoBaHus B XypHane. B cnyyae no-
NOXUTENBHOIO peLleHns 06 onybarKoBaHUM
CTaTbsi NOABEPraeTcs Hay4HOMY 1 KOHTPOSb-
HOMY PeaaKTUPOBAHUIO.

Cratbs, HanpaBneHHas aBTOPY Ha A0-
paboTky, fomkHa ObiTb BO3BpALLEHA B UC-
MPaBNEHHOM BUJE B MAKCUMaIbHO KOPOTKME
cpoku. Crarbs, 3anepxaHHast Ha cpok bonee
TPEX MeCsILiEB, PaCCMaTPMBAETCS Kak BHOBb
noctynueLuasi. K nepepaboTaHHoii pykonucu
HeobX0MMO NPUIOXMTL MUCLMO OT aBTOPOB,
cofepxalliee OTBEThI HA BCE 3aMeyaHus 1
MOSICHSIOLLIEE BCE U3MEHEHMS, CAENaHHbIE B
craTbe. Bo3BpalleHue cTatbu Ha 1opaboTky
He 03HayaeT, uTo CTatba Oyaer onybmuko-
BaHa, nocne nepepaboTki oHa BHOBb OyaeT
PeLEeH31POBaThCS.

ABTOpY CTaTby, MPUHSTON K Ny6amKkaumu,
O[IHOBPEMEHHO C PELLEHVEM peaKoMIerum
BbICbINAETCH MLEH3VNOHHBIA JOrOBOP.

[laToi nocTynnexus crarbi CYUTaeTcs aata
MOCTYM/IEHNS €8 OKOHYATE/bHOr0 BapUaHTa.

lnata 3a nybnukauuio pykonuceii He
B3MMAETCS.

Bonee noapobHo ¢ npaBunamu s aB-
TOPOB W NOPSAKOM PELEH31POBAHUS MOXHO
03HAKOMMTbCS HA caiTe xypHana: http://
mmi.sgu.ru.

Anpec penkonnermm cepum:
410012, Capatos, ActpaxaHckas, 83,
CIY umetm H. T. YepHblwweBckoro,
MEXaHWKO-MaTeMaTnyeckmii hakynbtet

Ten./dakc: +7(845-2) 26-15-54
E-mail: mmi®@info.sgu.ru
Website: http://mmi.sgu.ru/

OTBETCTBEHHbIN CEeKpeTapb cepum:
LLlesuoBa iOnust BnagucnaBosHa

CONTENTS

Scientific Part

Mathematics

Akniyev G. G. Approximation of Continuous 2p-Periodic Piecewise
Smooth Functions by Discrete Fourier Sums

Aldashev S. A. Nonlocal Boundary-Value Problems in the Cylindrical
Domain for of the Multidimensional Laplace Equation

Berdnikov G. S. Necessary and Sufficient Condition for an Orthogonal
Scaling Function on Vilenkin Groups

Lomov I. S. The II'in Spectral Method for Determination
of the Properties of the Basis Property and the Uniform Convergence
of Biorthogonal Expansions on a Finite Interval

Mechanics

Kolesnikova A. S., Prikhodchenko K. A. Influence of Doping
by Oxygen Atoms of Porous Carbon Nanostructures on Values
of Young’s Modulus

Osipenko M. A., Kasatkin A. A. A Couple Contact Loading
at the Unilateral Contact of Beams

Ryazanov V. V., Ledkov A. S. Descent of Nanosatellite
from Low Earth Orbit by lon Beam

Computer Sciences

Andreichenko D. K., Andreichenko K. P., Batraeva l. A.
Hibrid Automation Extended Model

Karatetskaia E. Yu., Lakshina V. V. Multiple Hedging
on Energy Market

Ratseev S. M., Rostov M. A. Zero-Knowledge Proof
Authentication Protocols

16

24

34

59

69

82

94

105

114



13B. Capar. yH-Ta. Hos. cep. Cep. Matematnka. Mexarnka. FiHpopmatrka. 2019. T. 19, Bbin. 1

B

PEOAKLIMOHHAS KOJUIETUA XXYPHAJIA
«USBECTUS CAPATOBCKOIO YHUBEPCUTETA. HOBASl CEPUS.
CEPUS: MATEMATUKA. MEXAHUKA. UHOOPMATUKA»

TnaBHbIl pepakTop

Koccouy Jleonu Opbesuy, fokTop dpus.-mart. Hayk, npodeccop (Capartos, Poccus)
3amecTuTesb INMaBHOIO peAakTopa

Mpoxopos ImuTpuii BaneHTnHoBmY, AokTop ¢pu3.-mart. Hayk, npodeccop (Capatos, Poccus)
OTBeTCTBEHHbII CeKpeTapb

LLleBuioBa fOnus BnagmcnasosHa, kaHauaat ¢ua.-mart. Hayk, aoueHT (Capatos, Poccus)

YneHbl peAakLMOHHON KOINErum:

Avnpeityenko Imutpuit KoHcTaHTMHOBMY, oKTOP ¢u3.-MaT. Hayk, npodeccop (Capatos, Poccus)
BartynbsiH AnekcaHp OBaHecoBuY, AOKTOP u3.-MaT. Hayk, npodeccop (Poctos-Ha-LoHy, Poccus)
3ybkos Anekcanzp Hukonaesiy, foktop ¢us.-mar. Hayk (Omck, Poccust)

Wkban Mog Awpad, Ph.D. (Pypku, UHaus)

Wmaranu Cénam, Ph.D. (Kuoto, AnoHus)

Whpenues OMuTpuin AHaTonbeBumy, AoKTop Gu3.-Mat. Hayk, un.-kopp. PAH (CaHkT-TeTepbypr,
Poccus)

KannyHo Onuii [laBunoeuy, noktop Gpu3.-mar. Hayk, npopeccop (Kunb, Benukobputanus)
Kosanés Bnagumup Anekcanpposud, foktop ¢us.-mart. Hayk, npodeccop (Mocksa, Poccus)
KpotoB BeHnamuH puropbesu, fokTop ¢pua.-Mmart. Hayk, npodeccop (MuHck, Pecnybnuka
Benapyco)

Jlomakun EBrenuin Buktoposu, fokTop ¢u3.-mar. Hayk, 4n.-kopp. PAH (Mocksa, Poccus)
MarseeHko Banepwii [aBnosuy, LOKTOP TexH. Hayk, akag. PAH (Mepmb, Poccus)

Mopo30B Hukuta ®&nopoeuy, fokTop ¢u3.-mar. Hayk, akag. PAH (CankT-Metepbypr, Poccus)
Hacbipos Cemén Padavnosuy, goktop ¢pu3.-mar. Hayk, npodeccop (KasaHb, Poccus)
MapxomeHko Masen MaBnosuy, AOKTOP TeXH. Hayk, 4n.-kopp. PAH (Mocksa, Poccus)
MonoeuHkiH EBrexuii Cepreesiy, fokTop ¢ua.-Mar. Hayk (LlonronpyaHbiid, MockoBckasi 06n., Poccust)
Papaes I0puit Hukonaesuy, foktop ¢us.-Mmart. Hayk, npodeccop (Mocksa, Poccusi)

Pauees Cepreit Muxaiinosuy, fokTop ¢u3.-Mmart. Hayk, npodeccop (YnbsHoBCK, Poccus)
Pe3uukos Anekcanpp denoposiy, JOKTOP TexH. Hayk, 4n.-kopp. PAH (Caparos, Poccus)
PomxepcoH 'pam, Ph.D., npodeccop (Kunb, Benukobputarus)

Ceprees AnekcaHap Hukonaesmy, aoktop ¢u3.-mart. Hayk (Capatos, Poccusi)

CnepaHckuin IMutpuid Bacunbesuy, OKTOP TexH. Hayk, npodeccop (Mocksa, Poccus)
CraposoiitoB 9nyapp, MeaHosuY, fokTop ¢u3.-Mar. Hayk, npodeccop (Fomens, Pecnybnnka
Benapycb)

Cyb60TnH HOpuit Hukonaeswy, poktop ¢us.-mar. Hayk, un.-kopp. PAH (Exarepunbypr, Poccus)
Xpomos ArycT [1eTposuy, BokTop u3.-Mmart. Hayk, npodeccop (Caparos, Poccus)

LLanbiTo AHatonuit AbpamoBuY, IOKTOP TeXH. Hayk, npodeccop (CaHkT-MeTepbypr, Poccus)
Wawkun AnekcaHpp WBaHosuy, pokTop ¢u3.-mat. Hayk, npodeccop (Boporex, Poccus)

tOpko Bsiuecnas AHatonbeBIYy, OKTOp ¢u3.-MarT. Hayk, npodeccop (Capatos, Poccusi)

Aur Yyab-®y, npodeccop (HaHkuH, Kutaiickas HapopHas Pecny6nnka)

EDITORIAL BOARD OF THE JOURNAL
«IZVESTIYA OF SARATOV UNIVERSITY. NEW SERIES.
SERIES: MATHEMATICS. MECHANICS. INFORMATICS»

Editor-in-Chief — Leonid Yu. Kossovich (Saratov, Russia)
Deputy Editor-in-Chief — Dmitri V. Prokhorov (Saratov, Russia)
Executive Secretary — Yuliya V. Shevtsova (Saratov, Russia)

Members of the Editorial Board:

Dmitri K. Andreichenko (Saratov, Russia) Alexander F. Rezchikov (Saratov, Russia)
Mohd A. Igbal (Roorkee, India) Graham A. Rogerson (Keele, United Kingdom)
Dmitry A. Indeitsev (St. Petersburg, Russia) Anatoly A. Shalyto (St. Petersburg, Russia)
Julius D. Kaplunov (Keele, United Kingdom) Shoji IMATANI (Kyoto, Japan)

Avgust P. Khromov (Saratov, Russia) Evgenii S. Polovinkin (Dolgoprudny, Moscow
Viadimir A. Kovalev (Moscow, Russia) region, Russia)

Veniamin G. Krotov (Minsk, Belarus) Alexander N. Sergeev (Saratov, Russia)
Evgenii V. Lomakin (Moscow, Russia) Dmitriy V. Speranskiy (Moscow, Russia)

Valerii P. Matveenko (Perm, Russia) Eduard I. Starovoitov (Gomel, Belarus)

Nikita F. Morozov (St. Petersburg, Russia) Yurii N. Subbotin (Ekaterinburg, Russia)
Semen R. Nasyrov (Kazan’, Russia) Alexander O. Vatulyan (Rostov-on-Don, Russia)
Pavel P. Parkhomenko (Moscow, Russia) Vjacheslav A. Yurko (Saratov, Russia)

Yuri N. Radaev (Moscow, Russia) Chuan-Fu Yang (Nanjing, Jiangsu, China)

Sergey M. Ratseev (Ulyanovsk, Russia) Alexander N. Zubkov (Omsk, Russia)

124

. J
~ h

PEAAKLUNOHHAA
KONNErna
N\ ff




@”38. Capar. yH-1a. Hos. cep. Cep. Marematrnka. Mexannka. VHpopmarrka. 2019. T.19, Bbin. 1

N MATEMATUKA

Approximation of Continuous 27r-Periodic

Piecewise Smooth Functions
by Discrete Fourier Sums

)\ G. G. Akniyev

Gasan G. Akniyev, https://orcid.org/0000-0001-8533-4277, Dagestan Sci-
entific Center RAS, 45 M. Gadzhieva St., 367025 Makhachkala, Russia,
hasan.akniyev@gmail.com

Let NV be a natural number greater than 1. Select N uniformly dis-
tributed points ¢, = 27k/N +u (0 < &k < N — 1), and de-
note by L, nv(f) = Lan(f,z) (1 < n < N/2) the trigono-
metric polynomial of order n possessing the least quadratic deviation
from f with respect to the system {tk}ﬁ:})l. Select m + 1 points
T =ay) < a1 < ... < Qm-1 < a = w Where m > 2,
and denote Q = {a;}." . Denote by C¥, a class of 27-periodic con-
tinuous functions f, where f is r-times differentiable on each seg-
ment A; = [a;,a:41] and f(7) is absolutely continuous on A;. In
the present article we consider the problem of approximation of func-
tions f € C3 by the polynomials L, n(f,z). We show that in-
stead of the estimate |f(x) — L, n(f,z)| < clnn/n, which follows
from the well-known Lebesgue inequality, we found an exact order es-

%% timate |f(z) — L, n(f,2)| < ¢/n (xz € R) which is uniform with
respect to n (1 < n < N/2). Moreover, we found a local estimate
L y |f(z) — Lyn(f,2)| < c(e)/n? (Jz — a;| > ) which is also uniform
ﬁ with respect to n (1 < n < N/2). The proofs of these estimations are
HAVYHDbI n based on comparing of approximating properties of discrete and continuous

‘ finite Fourier series.
o7 AEN Keywords: function approximation, trigonometric polynomials, Fourier

series.
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INTRODUCTION

We begin by establishing some notations. Let 2 be a set
of m + 1 points {a;},~, (m > 2) such that —7 = qy <
<a; <...<p1 < a,=mr. We denote by Cg’r the class of
2m-periodic functions with r absolutely continuous deriva-
tives on each interval (a;,a;11) and by Cf, the subclass of

© Akniyev Q. G, 2019
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all continuous functions in Cg’r (here we say that a function f is absolutely continuous
on an interval (a,b) if the function f is absolutely continuous on the segment [a,b],
where f(x) = f(x) for x € (a,b), f(a) = f(a+0), and f(b) = f(b—0)).

We denote by L, n(f,x) a trigonometric polynomial of order n possessing the least
quadratic deviation from the function f at the points {t; }Z 01, where t; = u + 27j/N,
n < N/2, N > 2, and u € R. In other words, L, n(f,z) provides the minimum for
the sum Z Y| f(t;) — Tu(t;)|* on the set of all trigonometric polynomials of order
at most n. To read more about function approximation by trigonometric polynomials
see [1-10].

Also, in this paper we denote by ¢ or ¢(by, bs, ..., bx) some positive constants, which
depend only on specified arguments (if any) and may vary from line to line, and by
Sy (f,z) the n-th partial sum of the Fourier series of the function f. We also note that
it is easy to show that the Fourier series of any f € C3 converges uniformly on R and
the following representation is possible:

f(z) = % + (ay cos kx + by sinkx) , (1)
k=1
where
1 [" 1 [7 )
ar = — f(t)cosktdt, by = —/ f(t) sin ktdt. (2)
T ) x TJ .

The goal of this work is to estimate the value |f(z) — L, n(f,z)| for f € C3.
Note that the special case of this problem is considered in [11], where the value
\f(z) — Lyn(f,x)| is estimated for a 27-periodic function f(z) = |z| (z € [—m, 7).
In this work, we generalize the results from [11] for any function f € C3, as stated in
the following theorem:

Theorem 1. For f € C3 the following inequalities hold:

@)~ Ln(f ol < A w e, ®)

5@ - Lol < 2L ete—alze )

The order of these estimates cannot be improved.
To prove this theorem we use a lemma from [12]:

Lemma 1 (Sharapudinov, [12]). If the Fourier series of f converges at the points
ty = u+ 2kmw /N, then the representation

Ln,N(f,SL’) :Sn<f,£)—|—Rn7N(f,I), (5)

where
R.n(f,x) = Z/D (x —t)cos uN(u —t) f(t)dt, (6)
holds true, where 2n < N and D, (x) is the Dirichlet kernel:

1 n
x) = 3 + ; cos kx. (7)

Marematrka 5
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This lemma considers only the case 2n < N. If 2n = N (when N is even) we can
write (see [12])

Lpon(f,2) = Ly—100(f, ) + aff”)(f) cosn(x — u), (8)
where
1 2n—1
A(f) = o= 37 F(t) cosnlty — u). (9)
2n — F F

To prove the inequalities (3) and (4) from Theorem 1 we use the formulas

|[f(x) = Lo n(f,2)] < If( ) = Su(fs0)| + [Run (f, )] n<N/2, (10)
[f(x) = Lun(f, )] <1f(x) = Sur(fr0)] + [Rocain (fr0)] + [a$ ()], n=N/2, (11)

which immediately follow from (5) and (8).

The estimates for the values |f(z) — S,.(f,z)|, |R.n(f,2)|, and \a,(f")(f)] are found
in the following sections.

1. THE ESTIMATE FOR | f(z) — S, (f, )]

To estimate the value |f(z) — S,.(f, x)| we need the following lemma.

Lemma 2. For f € C3 the [ollowing inequality holds:

c(f)
where k € N, o € R, and
cosz, p=20,
hp(x) = 1 . _ (12)
sinz, p=1.

Proof. Performing integration by parts two times we have

/f(t)hp(k(t+a))dt pH/f Vi (k(t + a))dt =

klzr1<f(ai0)f/(ai+0)>h (a; + ) /f t+04)>dt]-

From this we can get the estimate

L FO (Kt + a))dt g% Ez:‘f/(ai())f'(ai+0))+/7rf”(t)dt] <%.

6 HayyHbir oTaen
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Lemma 3. For f € C} the [ollowing inequalities hold:

@) -Sufa) < ) per (13)

(@) - Sa(f.2) < 29

)
n2

|x—az’| Z €. (14)
Proof. Here we prove only (13) because the proof for inequality (14) can be found

in [13, Theorem 2.1]. Using (1) and (2) we can write

o

flz) = Su(f,x) = Z (ag cos kx + by sinkx) .

k=n+1

Applying Lemma 2 to (2) we get |ax| < c¢(f)/k* and |bx| < c(f)/k?, which gives us

f(x) = Su(f2)[ < D (law] + [bi]) < e(f) /-
k=n-+1
]
2. THE ESTIMATE FOR |R,, v (f, )|
From (6) and (7) follows R, n(f,z) = R, y(f, ) + R} x(f, ), where
R;fo Z/f ) cos uN (u — t)dt,
R N(fx) = ZZ/f ) cos k(z —t) cos uN (u — t)dt. (15)

pn=1 k=1"

Obviously, |Ran(f,z)| < |RLy(f.2)] + |R2y(f.2)|. The values |R) y(f,z)| and
‘RiﬁN(f, x)| are estimated later in this section, but first we prove three aux1llary lemmas.

Lemma 4. For f € C3' the following holds:

/f (k(t — 2))hy (N (t — u))dt =

—Tr

m—1

s 3 (7= 0) = o+ 0) s = )l N o = )~
L;ﬁ_ky/f (4(t = ) (N =)+
(—1)H+Pk & !
N — 2 ZO (f(ai = 0) = f(ai + 0)) ha—p(k(a; — x))hg(nN (a; — u))—
—(u—lipig/f Yhap(k(t = 2))hg (N (t — u))dt. (16)

Marematrka 7/
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Proof. Perform integration by parts:

/f k(t —x))hy(uN(t — u))dt =

()
- uN =0 (f(ai = 0) = f(ai + 0)) hy(k(a; — x))h1—g(uN(a; — u))—
uN /f k(t —x))hi—q(uN(t — u))dt+
—l—ﬂ/f (t)h1—p(k(t — ) ha—g (LN (t — u))dt. (17)

Repeat integration by parts for the last integral in (17):

/f k(t —x))he(uN(t — u))dt =

- (;jlv)q (f(a; —0) = f(a; + 0)) hy(k(a; — ) h1—g(uN (a; — u))—
/LN /f k(t — z))hi—g(uN(t — u))dt+
(D)7
(,uN)2 ZO (fla; —0) — f(a; +0)) hi—p(k(a; — z))hy (N (a; — u))—
R

( /f (O)h1—p(k(t — 2))he(uN (t — u))dt+

k(t —x))hy(uN(t — u))dt.

By moving the last integral from the right side to the left and dividing both sides by

% we get (16). OJ

Corollary 1. If f € C3, then f(a; —0) — f(a; +0) =0, so we can write (16) as

[ FOR (b~ ) (¢~ )it = o / £ (O (k(t — )y (N (¢ — u))di—
1+pk
—m / F (- (b{t = )y N (0 = ).

8 HayyHbil oTaen
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Lemma 5. The following estimate holds:

!sm%}

Proof. The proof is obvious and follows from well-known formulas

n n+1 n+1 nx
. sin x sm cos x) sin (2
E sin(kz) = (57) E cos(kx) (5 2 )w (5)
1 sm( S1n 5)
O
Lemma 6. Let «ay,as,...,a, be a monotonous sequence (either increasing or

decreasing) of n positive numbers. The following holds:

Z aghy (k)| <
k=1

20, + o
ST
sin3

Proof. After performing Abel transiormation (summation by parts) we have:
k

n—1
Zakh kx) —anZh (jx) Z akH—ozk)th(jx).

k=1 J=1

Using Lemma 5 and the fact that "), |1 — o = [D 5, w1 — i We can write

Zh jz) +Z|&k+1—aklz p(JT)| <

O./n X
n—1
1 2au,
< a, + Zakﬂ—ak <u-
’sm% — |sm§‘
Il
Lemma 7. The following inequality holds: |R} (f,z)| < c(f)/N.
Proof. Using Lemma 2 we have
In| ] (f) =1 _elf)
RL(r.0) < 2 30| [ s cosuN—oir) < TS < T
p=1 " pn=1
U
Lemma 8. The following estimates hold:
c(f
|R2 v (f 2)| < ]\52), z € R, (18)
B (o) < L2 e —af > (19)

Maremartrka 9
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Proof. Rewrite (15) using (12):

R y(f.) ZZ/f Vho(k(t — 2))ho(uN (t — u))dt.

p=1 k=1"

Using Corollary 1 we rewrite the above formula as follows:

R’rQLN fv NZ Z

/ £ (Oho(k(t — 2))ha (N (E — u))dt+

2 w1
—NZ1“_; 7 / £ (Oh (k(E = ) o (N (¢ — u))dt =

:<W

n.,N(.fa .CL') + R?m,%V(f? '7:)

For brevity we only consider here estimation of ]Ri | because |R (f, )‘ can

be estlmated in almost the same way. Obviously, f € C , so we can apply Lemma 4
to RZN(f, z):

Ly s [ OhE — )ha(uN ¢ — 0))dt —

= Ryy (f o) + By (f,2) + RN (@) + RUR (o).

Begin with R} ?(f, ). Applying Lemma 4 we get

K(f2) = WNB,Z Z —
e ( _ <HLN> ) =0
xho(k(a; — )b (N (a; — u))+

10 HayyHbir oTaen
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o0

T o y — Wf’”(t)ho(k(t—x»hl( N (t —u))dt+
WN;M;(l(th)Z)[ H

n m—1

> (a0 = (i +0))

In the same way we can get |RZL!(f, )| < co(f)/N% Now we consider |RZ4(f, z)]

and |R25(f,x)|. We will estimate here only |R2%!(f, )| because the other one can be
estimated in the similar way. After a simple transformation we have

) = D0 S (a0 (0 +0)) N (a ) Y o)

=

,_.
=
[\]
.
Il
o
>
Il
—_
VR
—_
|
/N
Bl
N——
no
~
no

1
,u

’RQll i

HMS
(e
8
|
K"\
—
R
_l’_
=
-
>
(=)
=
&
|
=
w\_/
/
3
20
=
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L____ we have

(-(&)")

Using Lemma 6 and assuming «aj =

"\ hy(k(a; — 1)) < 1 2 1 c

(- T (-e))

Now we can write

In the similar way we can get

|R2L3(f, )‘gnc(f) reRand [R23(, ch(f,s)) Tl >e

N2z’ N2
Finally, for R2\(f, ) we can write
4
~ Li ne(f) , c(f,e)
|Ri,%\f(fax>‘ <Z|REL}V<JC7$)| < N2 5 :CER, ‘R?’L,%V<f7x)| < N2 , ‘x_az‘ 25.
i—1

Using the same approach we can show that the value ‘Riﬁ\,(f, x)] has the same
estimate as |R (f,x)|, which leads us to (18) and (19). O

From the previous lemmas and inequality |R, n(f,z)| < |RL y(f. @) + |R2 y(f,2)|
follow estimates for |R, n(f,2)|:

Ruatf) <™ sem (20)
Run(fl < S22 ol > e @
)

Lemma 9. For the value ag")(f), where f € C% and 2n = N, the estimate
a2 f)‘ < ¢(f)/N? holds.

Proof. For each f € C3 the sum S = Y27 (f(t) — f(trs1)) = 0. We can
represent the above sum as S = S; + Sy, where 5] = k_O (f(tar) — f(tary1)) and
Sy = ,;0 (f(tags1) — f(togs2)). We can see that §; = —S, and |S;| = |S1 — Ss| /2.
From the above formulas we can write the equation for S; — Ss:

n—1

S1— 5 = Z (f(tar) — 2f (tors1) + f(tors2)) Z A f (tor) - (22)

k=0
Denote by G the set of numbers [J,{k:0<k<n, [tors1 —a;| <%} and
G = {k};—) \ G. Rewrite (22) by dividing it into two sums:

= ST At + 3 A (t).

keG keé
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For every k € G we have |togr1—a;| > 27 /N (0 < i < m) so the points Lok, togi1, toria

are inside some interval (a;, a;11) and the function f € C2 has an absolutely continuous
2T

derivative f" on (a;,a;41), therefore we can write |A%f(to)| < (W)Qmaxxe[,,r,ﬂ] |/ (2)].

For k € G we can write |A?f(ta,)] < ¢(f)/N, also note that |G| < 2m. Therefore, we
have

5, = 12 5 %l Cg\‘f). (23)
From (9)
1 2n—1 1 n—1 1
a®(f) = ~ ; f(ty) cosmk = ~ 2 (f(tar) — f(tonsr)) = 5 (24)
From (23) and (24) follows |a{™( f)‘ < co(f)/N2. O

4. THE PROOF OF THEOREM 1

The proof of Theorem 1 consists of two parts: first we prove that the inequalities (3)
and (4) of the theorem hold, then we prove that these estimates cannot be improved for
all f e C3.

From the inequalities (10), (11), the estimates (13), (14), (20), (21) and Lemma 9
we can easily get (3) and (4). To prove that the order of these estimates cannot be
improved we consider the aforementioned 27-periodic function f(z) = |z|, x € [—m, 7).
Obviously, f € C3. Consider only the case when n < N/2. From (5) follows the
inequality |f(z) — Lon(f,z)] = |f(z) — Su(f, )] — |Run(f,z)|. From (20) follows
\R,.n(f,x)] < ¢(f)/N. Therefore, for every ¢ > 0 we can find a natural number Nj,
such that for every N > N, follows |R, n(f,z)| < €. Let Ny(n) be a natural number
such that for every N > Ny(n)

1
< = _
max |Ryn(f,2)] < 5max|f(z) — Sa(f, )],
N>N0(n)

where £ C R. So, we can write

max [£(r) — Lo(f,2)] > 5 max| (@)  S.(f,2)] (25)
N>Ny(n)

Lemma 10. The jfollowing inequalities hold:

max|f(z) = S,(f,2) > e(f)/n, @ €R,
max_|f(z) = Su(f.2)| > e(f.e)/n,  |wk —a| > e.

|rk—x|>e

Proof. From [14, p. 443] we have the following representation:

Marematrka 13
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cos(2k—1)x

From the previous equation we can get f(z) — S,(f.z) = =2 2372, 1 “aic 1)2 . For
x =0 we have
1 < 1
==Y >
[R.(f,0)] T e 2k — 1) c/n

Now we consider the case when z = 7/4 and n+ 1 =4[, [ € N. It is easy to show
that

m 2v/2 1 1 1 1
B (f’Z) T & ((8k—1)2 ’ Bk+1)°  (8k+3)? (8k+5)2) -

~16v2 8k+1 8k +3
B ;( 2 (8k + 3)? +(8k+1)2(8k+5)2>'

Hence we have |R, (f,%)| > ¢/n” O
From (25) and the above lemma follows

ma[é{ |f(l')—Ln7N(f,£L‘)| > ) JIGR,

S
N>Ng(n)
e |£(2) — Low(fi0) 2 S o -kl >
n

|rk—x|>e
N>Np(n)

S|o

Theorem 1 is proved.
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YK 517.521.2

MpubnuxeHne HenpepbIBHbIX 27T-NEPUOANYECKUX KYCOYHO-TFanKUX PYHKLMIA

AUCKPETHbIMKU CyMMaMK d>ypbe

I.T. AKHueB

AkHueB ["acaH apyHOBWY, MAALLWMIA HAYYHbIN COTPYAHMK, LarecTaHckuin HayyHbIn LeHTp PAH, 367025,
Poccus, Maxaukana, yn. M. Magxuesa, 4. 45, hasan.akniyev@gmail.com

Mycte N > 2 — HeKOTopoe HaTypanbHoe 4ucno. BbibepeM Ha BellecTBEHHO oc N paBHO-
MEPHO pacnonoXeHHblx Touek ¢ = 27k/N + u (0 < k < N — 1). ObosHa4um Yepes
Lon(f) = Lon(f,z) (1 < n < N/2) TPUroHOMETPUYECKUA NONMHOM Mopsiaka rn, obnafatowii
HalMEHbLUMM KBapaTU4HLIM OTK/IOHEHWEM OT f OTHOCUTENBHO CUCTEMBI {tk}{f:ﬁ. Bribepem m + 1 Touky
—T=ap < a; < ...<am1 < ay =7 Aem > 2,1 o0603Ha4um Q = {a;};- . Yepes Cf,
0603Ha4MM KNace 27-Nepuoanyeckinx HeMpepbIBHLIX CRYHKLMIA f, r-pa3 LncepepeHLMpYEMbIX Ha KaX LOM
cermente A; = [a;, a;+1), NPU4em npou3soaHas f (") Ha kax oM A; aBCONOTHO HenpepbIBHa. B AaHHoIl
paboTe paccMoTpeHa 3aaava npuenmKeHns yHKLMiA f € CZ nonuHoMammn Ly, n (f, z). MokasaHo, 4to
BMECTO OLeHKM | f(x) — Ly, N (f, )| < clnn/n, koTOpas cneayet n3 u3BecTHOro HepaseHcTaa Jlebera,
HaitfeHa To4Has no nopsaky ouexka | f(x) — Ly, v (f, )| < ¢/n (z € R), koTopast paBHOMepHa OTHO-
cutensHo n (1 < n < IN/2). KpoMe Toro, HaiifieHa nokanbHast oueHka | f(x) — Ly, n (f, )| < e(e)/n?
(Jx — a;] = €), koTOpas TaKxe paBHOMepHa OTHocuTeNbHO n (1 < n < N/2). [lokasarenncrsa 3Tnx
OLIEHOK OCHOBaHbI Ha CPABHEHNM OUCKPETHbIX 11 HEMPEPbIBHBIX KOHEYHbBIX CYMM psiaa Dyphbe.

Knroueseie cnosa: np|/|6n|/|>KeH|/|e (pyHKLI,I/II7I, TPUroHomeTprn4eckne noNNHOMbI, pAL, CDypbe.

Moctynuna B pegakumio: 22.05.2018 / MpuHsita: 28.11.2018 / OnybnukosaHa oHnaiH: 28.02.2019
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YK 517.956

HenokanbHble KpaeBble 3a4a4un B LUNMHAPUYECKOi obnacTtu
LNS MHOrOMepHOro ypaBHeHus Jlannaca

C. A. AnpaweB

Anpawes Cepuk AliMyp3aeBud, LOKTOP CPU3MKO-MaTEMATUHECKMX HayK, npodgpeccop, Kasaxckuit Haumo-
HanbHbIA Nefarornyeckuin yHuBepeuteT UMeHn Abas, KasaxctaH, 050012, Anmatbl, yn. Tone Bu, A. 86,
aldash51@mail.ru

KoppeKTHbIe MOCTaHOBKM KpaeBbIX 3a[ay Ha MocKoCTU ANs SANUNTUYECKUX YPaBHEHNIA METOLOM TEOPUN
aHaINTUHECKIX (PYHKLMIA KOMIMNIEKCHOTO MEPEMEHHOT0 XOPOLLO N3y4eHbl. Mpu uccnes0BaHMN aHaNOMYHbIX
BOMPOCOB, KOT @ YIC/O HE3aBICUMbIX NEPEMEHHbIX 60/bLIE [BYX, BOSHUKAIOT TPYAHOCTM MPUHLMMMABHOTO
xapakTtepa. BecbMa npusnekatenbHblii 1 yA06HbIA METOA, CUHIYNSIPHBIX UHTErpasibHbIX YpaBHEHWA TepsieT
CBOIO CIy 13-3a OTCYTCTBUSI CKOMbKO-HIOYAb NOMHOIA TEOPUN MHOFOMEPHBIX CUHIYNISIPHBIX UHTETpasibHbIX
ypaBHEHIA. ABTOPOM paHee n3y4eHsl NOKabHbIe KpaeBble 3aaudn B LMNMHAPUYECKON 0BnacTit Anst MHO-
FOMEpPHbIX MIMMTUHECKIX YPaBHEHMIA. HackoNbKO N3BECTHO LSt STUX YPaBHEHIA HENMOKasbHbIE KpaeBble
3a/la4i He 1ccneioBaHsl. B JaHHOM CTaTbe UCMonb3yeTcs METOA, MPeIoKEHHbIN B paHHIX paboTax aBTopa,
rMokasaHbl 0JHO3HAYHbIE Pa3PEWMOCT 11 NOMYYeHb SIBHBIE B! KNACCUHECKIX PELEHMIA HENOKaNbHBIX
KpaeBbIX 3aa4 B LMIMHAPUYECKOIA 06nacTh s MHOrOMEPHOro ypaBHeHUs Jlannaca, KoTopsle SBAsiTCS
06061LeHeM cMelaHHoi 3aaaqun, 3aaad Oupuxne v MyaHkape. MonyyeH Takke KpUTepuil e ANHCTBEHHOCT
PErYNSPHOrO PEeLLEHNs 3TUX 3a4ay.

KnrodeBble cnoBa: HenokanbHble 3aa4u, LUNuHApU4eckast 0bnactb, MHOrOMEPHOE YpaBHEHWE, KpUTEpIK,
opyHKUMs Beccens.

Moctynuna B pepakumto: 02.09.2017 / Mpunsita: 05.06.2018 / OnybnukoBaHa oHnaiH: 28.02.2019
DOI: https://doi.org/10.18500/1816-9791-2019-19-1-16-23

1. NMOCTAHOBKA 3AZAY N PE3YNIbTAT

JlokasibHble KpaeBble 3a7ayd B LUJIMHAPUYECKOH 00JaCTH AJsI MHOTOMEPHBIX 3JIJIHUII-
THYECKUX YpaBHEHHH H3yueHbl B [1-6].

Hackosnbko Ham M3BeCTHO, [/ 3TUX ypaBHEHUH HeJIOKaJ/bHble KpaeBble 3a1ayd He
UCCJIeJOBAHB.

B pa6ore nokasaHbl OJHO3HAUHble Pa3pPeIIMMOCTH HeJOKa/JbHBIX KpPaeBbIX 3ajiad B
LUIMHAPUYECKOH 00/acTH 1J/1s1 MHOTOMepHOro ypaBHeHHs Jlamsaca, KOTOpble SIBJSIOTCS
o6obl1eHreM cMelllaHHOH 3anaud, 3anad upuxgae u Ilyankape. Ilonyuen takxe kpure-
pUI eMHCTBEHHOCTH PEeryJ/sipHOrO pelleHHsl 9THUX 3a1au.

[lyete D, — UMJIMHApPUUYecKass 00JacCTb €BKJHIOBA MPOCTPAHCTBA k.1 TOYEK
(1,...,Tm,t), orpaHuueHHast uuauuHapoM I' = {(z,t) :: |z| = 1}, naockocrsimu t = o > 0
ut=0, rae |x| — pauHa BekTOpa T = (T1,...,Tpm).

YacTu 3TUX noBepxHOCTeH, obpasyoluux rpauuny 0D, obaactu D, 0603HaUUM yepe3
'y, So, Sp COOTBETCTBEHHO.
B o6snactu D, paccMoTpuM MHOroMepHoe ypaBHeHMe Jlammaca:

AIU + Uy = 0, (1)
rie A, — omneparop Jlansaca mo nepeMeHHBIM X1, . .., Ly, M = 2.
B nanpHelilieM Ham ynoOHO MepelTH OT AE€KapTOBBIX KOOPAMHAT Zy,...,Tm,,t K che-

puueckuM 7, 01,...,60, 1,t,r>0,0< 60, <27, 0< 60, <m,1=2,3,....,m—1.
PaccmoTtpum cienyioliye HeJoKa/dbHblE KPaeBble 3aauM.

© Angawes C. A, 2019
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Bagaua 1. Haimu pewenue ypasrwenus (1) 6 obracmu D, us xaacca C(D,) N
NCYD,US,USy) NC?*D,), ydosremsopstoujee Kpaegoim ycr08UIM:

ﬁllL(T‘, 9, 0) = 71U(7”7 67 a) + P1 (Tv 9)7 ﬁQut (Tv 97 O) = Yol (Tv 97 a) + P2 (Ta 9),

Bapaua 2. Haiimu pewenue ypasnenus (1) 6 obracmu D, us xaacca C(D,) N
NCY D, U Sy) NC?(D,,), yoosiremsopsroujee Kpaesvim yYyCrO8ULM:

U(T’,Q,O) = (,01(7’, 9)7 ﬁ?ut(n&()) = /VQU(TvH:OZ) + 902<T7 9)’ u r = ¢(t70)a (3)

(2)

ede 3;, v; — const, 6]2 + %2 # 0, j = 1,2, komopoie asasiromca 0b6obujerHusmu 3adau
[lyankape u [Jupuxae.

Iycrs {Y,),,(0)} — cucTema /MHelHO He3aBHCHMEIX C()ePUUECKMX (YHKLHMHA MOPsiA-
kKan, 1 <k <k, (m—2)nk,=n+m-3)!2n+m—2),0=(01,...,0m_1), Wi(Sp),
[ =0,1,...— npocrpaHcTtBa Cobo.eBa.

Hmetor mecto [7] caenyroliye JeMMBbl.

Jlemma 1. ITycmo f(r,0) € Wi(Sy). Ecau l > m — 1, mo psad

oo knp

=SS V). (4)

n=0 k=1
a makace psadel, NOAYUeHHble U3 Heeo dudepenyuposanuem nopsoka p < I —m + 1,
cxo0amcs abcortomHO U pABHOMEPHO.

Jlemma 2. Jlas moeo umober f(r,0) € Wi(Sy), neobxodumo u docmamouro, umobo.
Koagppuyuermolr psoa (4) ydoeﬂemeopﬂﬂu HepageHcmaam

o0
‘fo < ¢, Zznm\f < o, €1, Cy = const.

n=1 k=1

Yepes @7 (r), @5 (r), ¥E(t) o6osnaunm kosdpuumenTsl pasnoxenus psga (4) coot-
BeTCTBEHHO (PYHKUMH (7, 0), pa(r,8), 1¥(t,0).

[Iycts 1 (r,0), @aofr,0) € Wi(So), w(t,0) € Wi(T,), I > 3m/2.

Torza cripaBeikBbl CJIEAYIOLIHE TEOPEMBL.

Teopema 1. . Ecau svinoanaemcs ycaosue

(B1y2 + Bam1) ch pisnex # G182 + 1172, s=1,2..., (5)

mo 3adaua 1 00HO3HAUHO pa3peuiuma.
2. Ecau 8vinoausiemcs yciosue

Y2 sh HsnC 7é /us,nﬁ% s = ]-7 2... ) (6)

mo 3adaua 2 umeem edurcmeennoe peuierue, eoe [is, — NOLOHCUMEAbHbLE HYAU QYHK-
yutl Becceas nepsozo poda J, . (m—2) (2).

3ametum, 4To B caydae 3anadu [lyankape (01 = 0, v = 0) u 3anaun Jupuxie ([ = 0)
COOTBETCTBEHHO ycsoBHE (D) W (6) Bcernma BBIMOJIHSIOTCS, OJHO3HAYHbIE PaA3PEIIMMOCTH
KOTOPBIX MOKasaHbl B [2,3].

Teopema 2. |. Pewenue 3adauu 1 edurncmeenno, mozda u moavko moeda, Koz2oa
umeem mecmo coomrouierue (5).
2. Peuierue 3a0auu 2 eQUHCMBEHHO, eCAU U MOAbKO eCAl 8binoAHsemcs yciosue (6).

Marematrka 17



@”38. Capar. yH-1a. Hos. cep. Cep. Marematrnka. Mexannka. VHpopmarrka. 2019. T.19, Bbin. 1

2. NOKA3ATE/IbCTBA TEOPEM

Cnavana paccmotpuM 3agady l. B chepruecknx koopnuHarax ypaBHeHHs (1) nmeror
BU/JL

m—1
Uy +

1
Uy — —25U + Uy = O, (7)
r r

m—1
1 0 ( i1 O )
=— ) ———g o (s T 0],
; g;sin™ =710, 00; 100,

g =1, gj=(sinb,. ..Sin9j_1)27 Jg>1

MsBectHo [7], 4To cnekTp omeparopa J COCTOMT H3 COOCTBEHHBIX UHCeJ
An = n(n+m—2), n = 0,1,..., K&KIOMy H3 KOTOPbIX COOTBETCTBYeT k, OPTOHOP-
MHUPOBAHHBIX COOCTBEHHBIX (PYHKLHN Yn’fm(é).

Tak Kak uckoMoe pemenue 3anauu | npunamiexut kaaccy C(D, N C?(D,)), To ero
MOXKHO MCKaTb B BHJE

oo kn

u(r,0,t) ZZU rtYk (9), (8)

n=0 k=1

rae @t (r,t) — QyHKUMH, TOAJEXKALIHE ONPEIeIEHHU.
[ToncraBnsis (8) B (7), HCHIOMB3Yys OPTOrOHAJBHOCTb CQepryecKuX (YHKIHH
Y,r.(0) [7], Gynem nmets

—1 An
afwr—i_m ﬂfzr__guk+untt:07 k=1k, n=01,..., (9)
T T

MPH 3TOM KpaeBoe yCJoBHe (2) ¢ y4eToM JieMMbl | 3amuineTcst B BUJE
By (1, 0) = Yty (r, @) + P, (1), Batin(r,0) = Y2t (r, @) + B, (),
ak(1,t) =), k=1,k,, n=0,1,....
B (9), (10), nmpoussens sameny i’ (r,t) = u* (r,t) — ¥k (t), nonyunm:

m—1_ A _ —k
Ufw - ﬁvﬁ + ’Ufztt = f (T’ t)> (11)

Bio(r,0) = 1oy (r, @) + 1, (1), Ba0),(r,0) = 7200, (r, @) + 5,(r),
ok (1, t) =0, k=1,k, n=01,...,

frr,t) = —¢hy + W, oha(r) = Gh(r) + (@) — Bul(0),
o (7 ) = 5, (1) — Yot (@) = Baty, 0).

Ipoussens sameny 0F(r,t) = r=™/2¢k (1 t), sanauy (11), (12) sanuwem B caeayio-
leM Buje:

—k
Unpr +

An
LUTkz: = U’r]jrr + Uztt + T_U = fk(r t) (13)

Brog(r,0) = mug(r, @) + @4, (1), Bovgy(r, 0) = youp,(r, ) + @5, (r),

7 14
ok, =0, k=1,k,, n=0,1,..., (14)
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|
B

- (m—1)(3—=m) — 4\, k (m—1

An = 4 ) fn(T,t):T’ 2 fn(T,t),
- (m—1) .
Pralr) =177 @5 (r), j=1,2.
Pemenue 3agauu (13), (14) paccMoTpuM B BHIe
un(r, ) = Y R(r)Tu(t), (15)
s=1
TMPU 3TOM MYCTh
falrit) =Y b (OR(r), @) =D B R(r), @h,(r) =) ehRi(r).  (16)
s=1 s=1 s=1
[Toncrasasis (15) B (13), (14) ¢ yuyetom (16) mosyuum:
A
Rsrr+<ﬁ+u>li’5:0, 0<r<l, (17)
Ry(1) =0, [Rs(0)] < oo, (18)
T — pT(t) = ak (1), 0<t<a, (19)
ﬁlTs(()) = VlTs(a) + bﬁsa ﬁQTst(O) = 72Tst(a> + eﬁs- (20)
OrpanuueHHbiM pereHueM 3anauu (17), (18) siBasiercs [8]:
R5<T) - \/’FJV(MS,TLT>7 (21)
re v =n+ 22 =,
Oobruee perienue ypaBHenus (19) npencraBumo B Buae [8]:
h t
Ts,n(t) = Cis ch Ms,nt + C2s sh ,us,nt - - M&nt /ans (5) sh :us,nfdf—i_
Hsn )
h t
sh gt
e / b, (€) ch i €, (22)
’n 0

C1s, Cos — TPOW3BOJIbHBIE MOCTOSIHHbIE, YAOBJAETBOPUB ycaoBHIO (20), moayduM CHCTEMY
ajnreOpauyecKUX ypaBHEHUH:

((B1 — 71 Ch frg @)1y — V1€ Sh g v =
S [sh psnax [ ak (€) ch pug n€d€ — ch pg v [ ak () sh pug nEdE] + B,
0 0

s,m

Y2C1s sh HsnQ + (72 ch HsnC — BQ)CQS = (23)
[Ya(sh prs ner [ alig(€) sh s n€d€ — ch s pev [ ali (€) ch s n€dE) — e ]
_ 0 0
\ Hsn

KOTOpasi UMeeT eIMHCTBEHHOe pellleHHe, eCJIH BBIMOJIHSETCS yCaoBUe (D).
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[Toncrasasis (21) B (16), noayuum:

r 2fk7"t :Za Jo(psnr), - 2‘10171 Zb L (lsnr),
= (24)

oo

r E@Sn( ) Zeq]zsju(,u&nr), O0<r<l.

s=1

Psnbl (24) — pasnoxenue B psiabl Pypbe — beccens [9], ecau

0 (1) = 2 Tyr ()] / VETHE )T, (1an€ ) dE.
B, = 2, (1) / VE ()7, (an€) e, (25)

efzs = 2[Jl/+1 Nsn / f@Qn Ms nf) dg,

0

Psn, S = 1,2,... — monoxurtenpHble Hynu (yHKUOUH Beccens J,(z) pacrnosioxeHHbe B
MOpsiIke BO3PACTAHUSI WX BEJHUUHHBI.
13 (21),(22) nonyuum peinenune 3agaun (13), (14) B Buae

Z \/_Ts n "Jr(m 2) (,us nT) (26)

roe af (1), bF,, eF, onpemensiores us (25), a ci,, oy — U3 (23).
TaKHM o6pasom, u3 (8) caenyer, 4To pelleHHeM 3agauu | sBJsieTCs Psil

oo kn
(1—m) k

u(r,6,t) = [0h(0) + 5 (0] VL (0), (27)

roe v¥(r,t) naxonsarcs us (26).
YuutsiBasi popmyny 2J!(z) = J,_1(z) — J,11(2) [9] ouenku u3 [7,10]:

2 0 T 1
J”(Z):HECOS<Z_§V_Z)+0(z3/2>’ v =0,

91
Yk
89?- L

(28)

|kn| < n™”

(9)‘<62n%_1+qa jzlam_L q:071>"'7

a Takxe JIEMMbl, YCJIOBUS Ha 3alaHHble QYHKUUH @1(7,0), vo(r, ), ¥(t, 0), Kak B [2, 3]
MOXKHO T0Ka3aTh, UTO MOJyYeHHOE eIMHCTBEHHOe peleHue (27) MPUHAMNEKHUT Kjaccy
C(Dy)NCYD, U S, USy) NC%(D,).

CremoBaTesibHO, 3a1a4ya | 0fHO3HAYHO pa3pelrma.

Tenepb paccmorpum 3anauy 2. Ee pelnenue takxke Gynem uckatb B Bue psiaa (8), rae
dyukuuu @t (r, t) 6ynyT onpenenensl Huxke. Torma ananornyno 3anade 1 @ ynosnerBopsier
ypaBHenuio (9), nmpu 3ToM KpaeBoe ycjoBue (3) B cuay (8) samuiiercss B BUe

EZ(T, 0) = @]fn@"), BQalrit(T? 0) = 72alri(rv Oé) + (ﬁ’;n(r), 17’7]2<1> t) = ws(t)v

. 29
k=1k,, n=0,1,.... @9)
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[lpousBenss cHauana sameny oF(r,t) = aF(r,t) — ¥k(t), a sarem, nosoxuB
(1-m) ;
oF(r,t) =r Sk r,t), 3agady (9), (29) npusegem K ciaenyrolled 3agaye:
n(r,t n y P y

Luj(r,t) = fr(r,1), (30)
Uﬁ(n 0) = Qallgn(T% 62U1]zt(r7 0) - ngﬁ(T, a) + @gn(’r’% Uﬁ(lv t) =0,
k=1k, n=0,1,...,

(31)

- (m=1) , _ - (m=1) , _
rae OF,(r) =72 (L, (r) — ¥r(0)), @5, (r) == (@5, (r) + et () — Baty, (0)).
Ecnu pemenue sagaun (30), (31) 6ynem nckatb B Buae (15), To mpuxomaum K 3amade
(17), (18) u k 3amaue ngs (19) ¢ naHHBIMU

T.0) =bF,, BTy (0) = vTy(a) + .. (32)

YnoBsnetBopuB obiiee perieHue (22) ypaBHenus (19) kpaeBomy ycsoBuio (32), 6ynem
MMeTb

— bk:

ns?

(Ns,nﬂZ — 72 sh ﬂs,na)cls = 72bfzs ch pug pov + 12 (Sh HsnC¥ f afbs(g) ch ps ,§d§— (33)
0

ERD)

—ch s no f a/fLS (5) sh MS,nfdg) + e]rfzs?
0

U3 KOTOPOTO OIHO3HAUHO OMPEAeSIOTCS KOI(P(PHULUEHTH €14, Cos, €CJH BBIOJHIETCS YCJIO-
Bue (6).

TaKI/IM o6pa30M us (21), (22) nonyuum pemtenue 3anaud (30), (31) B Bume (26),
rae ak, bF_, ek wmaxomsres us (25), a ¢y, cos — 13 (33).

CrnenoBarteibHO, €MUHCTBEHHOE pellleHHe 3aauu 2 MpeacTaBuMo mo dopmyae (27).

Teopema 1 nokasana. U

Jlokaxkem Teopemy 2. Ecau BhimosHsieTcss ycjoBue (D), TO M3 TeopeMbl | BbITeKaeT
eIMHCTBEHHOCTb pellleHust 3agauu 1. [lyctb Temeppb ycsoBue (5) HapylieHO XOTsi Obl IJIs
OHOTO s = [.

Torna HeTpUBHAJNBHBIM pellleHHeM ONHOPOAHOHN 3aladyM, COOTBETCTBYMOLIeH 3amaue I,
SIBJISIETCS

oo kn

u(r, 0,t) ZZn_pr

n=1 k=1

(), pmez (), (34)

rae
chpynt +shpy,t ~ #0, j=1,2,
shunt, M =0, 72#0,
chpynt, 72=0, m#0,
npu 3toM u3 (28) mosyunm, 4To (QyHKUHs (34) TMPUHALIEKHT HCKOMOMY KJaccCy, ecsu
p >
Eciu umeer mecto cooTHouieHue (6), To U3 TeopeMbl | cenyeT eIMHCTBEHHOCTh pe-

mweHus 3anaun 2. [lycte Teneps ycsoBue (6) He BBINOJMHSETCS XOTS OBl /11 OOHOTO S = [.
Torna HeHyneBBIM pellieHHEM onHoponHof/’I 3amaun 2 6ynet pyHKUIUSA

p
.0 = 3 30 S b ), ),

n=1 k=1

KoTopast npuHanexut knaccy C(Dy) N CY (D, U So) N C*(D,) nipu p > 322,
Teopema 2 nokasana.
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Nonlocal Boundary-Value Problems in the Cylindrical Domain
for the Multidimensional Laplace Equation
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Serik A. Aldashev, https:/orcid.org/0000-0002-8223-6900, Abai Kazakh National Pedagogical University,
86 Tole Bi St., 050012 Almaty, Kazakhstan, aldash51@mail.ru

Correct statements of boundary value problems on the plane for elliptic equations by the method of analytic
function theory of a complex variable. Investigating similar questions, when the number of independent
variables is greater than two, problems of a fundamental nature arise. A very attractive and convenient method
of singular integral equations loses its validity due to the absence of any complete theory of multidimensional
singular integral equations. The author has previously studied local boundary value problems in a cylindrical
domain for multidimensional elliptic equations. As far as we know, non-local boundary-value problems for
these equations have not been investigated. This paper uses the method proposed in the author’s earlier
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works, shows unique solvabilities, and gives explicit forms of classical solutions of nonlocal boundary-value
problems in the cylindrical domain for the multidimensional Laplace equation, which are generalizations of
the mixed problem, the Dirichlet and Poincare problems. A criterion for uniqueness is also obtained for regular

P

solutions of these problems is also obtained.

Keywords: nonlocal problem, cylindrical domain, multidimensional equation, criterion, Bessel function.
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Necessary and Sufficient Condition for an Orthogonal Scaling Function
on Vilenkin Groups
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There are several approaches to the problem of construction of an orthogonal MRA on Vilenkin groups, but
all of them are reduced to the search of the so-called scaling function. In 2005 Yu. Farkov used the so-called
“blocked sets” in order to find all possible band-limited scaling functions with compact support for each set
of certain parameters and his conditions are necessary and sufficient. S. F. Lukomskii, lu. S. Kruss and
G. S. Berdnikov presented another approach in 2014-2015 which has some advantages over the previous
ones and employs the notion from discrete mathematics to achieve the same goals. This approach gives an
algorithm for construction of band-limited orthogonal scaling functions with compact support in a concrete
fashion using some class of directed graphs, which, in turn, is obtained from the so-called N-valid trees
introduced by the same authors in 2012. Up to this point, though, it was not known whether this algorithm is
good enough to produce any possible orthogonal scaling function of such a class. This paper describes the
aforementioned algorithm and proves that it can be viewed as a necessary and sufficient condition itself, i. e. it
produces any possible orthogonal scaling function. Additionally, we get another, more convenient description
of the class of directed graphs we are interested in.

Keywords: Vilenkin group, abelian group, wavelets, scaling function, MRA, directed graphs .
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INTRODUCTION

Consider (G, +) — locally compact Vilenkin group with sequences infinite in both
directions as its elements:

r="(..,001,2n, Tps1,...), z;=0,p—1,

where p is an arbitrary prime number; ¢, = (...,0,-1,1,,0,41,...) are basic
elements in G. Addition + is defined as coordinate wise addition modulus p, i.e.
r+y = (z;+y;) = (x; + y;modp). Let

Gpo={reG: 2=(..,001,2n, Tpp1,...)}, NEZL

be a basic sequence of subgroups, G- — sequence of ahnihilators, X — character group,
rn € Gy \ Gy — Rademacher functions on group G. Dilation operator & in group
G is defined by the equation @z := 3.7 a,g, 1, where v = 3.7 a,g, € G; in

character group it is defined by the equation (y.</,x) = (x, &/x). Let us define sets

H(()s) ={heG:h=a 19 1+a 29 o+...Fa_s9_s}, seN,
Hy={reG: r=a_19 1+a 29 o+...+a_sg9_s, s € N}

Set H, is the set of shifts in G. It is an analogue of the nonnegative integers set.
V. Protasov, Yu. Farkov in [1-3] characterized all diadic wavelets on R, and
developed an algorithm for their construction. Yu. Farkov in [4, 5] researched scaling
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functions ¢(z) with compact support on G_y and developed necessary and sufficient
conditions on mask mq(x), which generates an orthogonal MRA. These conditions hold
with additional assumption

p—1
Z Imo(GENr Y ri g =1,

ap=0

which is necessary for orthogonality of the system of shiits of the corresponding scaling
function . Yu. Farkov proved that in this case scaling function ¢ generates orthogonal
MRA iff mask m does not have the so-called “blocked” sets. The problem of finding such
sets requires exhaustive search of approximately 27" different cases, which is possible
only with p and N being rather small.

Thus, the necessity of finding another algorithm arose, the algorithm which does not
require exhaustive search. This necessity triggered the appearance of another approach,
which employs various graphs as the means to construct orthogonal MRA. In [6,7]
another algorithm for construction of ¢ was developed. It doesn’t require exhaustive
search, but it is valid only for functions |$(x)| constant on cosets G*, and taking 2 values
only: O or 1. Initially, trees appeared in [8,9], where they were used for construction
of Riesz MRA. In [10] authors managed to get rid of restriction supp p(z) C G_;. To
achieve this, the notion of N-valid tree was introduced. It was proved that step function
@(x) with support supp ¢(z) C G_y and restriction |(x)| = 0 or 1 generates orthogonal
MRA if ¢(x) is constructed by the means of some N-valid tree using the algorithm
presented in the same paper.

In [11] another restriction was omitted. The results of this paper no longer require
&(x) to satisfy “|@(x)] = 0 or 1”. The algorithm for construction of orthogonal scaling
function now has the only restriction: ¢(x) is a band limited function with compact
support. This algorithm does not require exhaustive search. The problem of constructing
such function is reduced to constructing some digraph, which, in turn, is constructed
using arbitrary N-valid tree.

However, until current article it was not known whether the aforementioned
algorithm is able to construct any possible function ¢ of the described class or not. The
research presented here answers this question with definite “yes”. Thus, the algorithm in
question can actually be viewed as a necessary and sufficient condition for ¢ to generate
an orthogonal MRA on Vilenkin group. As a pleasant complement we incidentally get
another, more convenient description of a certain class ol digraphs while proving this
fact.

The structure of the paper is the following. In Section 1 we describe the algorithm
from the paper [11]. In Section 2 we find a necessary condition for scaling function ¢
using the notion of digraphs, and then we prove that this necessary condition is just a
rephrased sufficient one we have in the form of the algorithm, which, in turn, proves
that the algorithm is a necessary and sufficient condition.

1. CONSTRUCTION OF A SCALING FUNCTION

Let us introduce the algorithm for construction of scaling function with the
use of digraphs. Denote the collection of step functions constant on cosets of Gy,
with support supp(¢) C G_y as Dy (G_y), M,N € N. Similarly, ®_x(G7;) is a
collection of step functions constant on cosets of G+, with support supp(¢) C Gy;. If
v € D(G_y) generates an orthogonal MRA, then it satisfies the refinement equation
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o(x) = Zh€H<N+1> Bro(e/x—h) which can also be written in frequency form (see [7])

@(x) = mo(x)p(xo 1), (1)
where
mo) == Y A L) )
heH{N Y

is a mask of equation (1).

In [7] the following statements were proved.

1. If ¢(x) € D_n(G3y) is a solution of refinement equation (1) and the system of
shifts (¢(z—h))nemn, is orthonormal, then ¢ generates an orthogonal MRA.

2. 11 ¢(x) € D_n(G4;), then the system of shifts (¢(z—h))nen, is orthonormal iff for

all oy, a ny1,. a0 =(0,p—1)

S RGE rE =1 3)

aQ,a1,...,ap—1=0

Thus, in order to construct orthogonal MRA one needs to construct a function
¢(x) € D_n(G7;), which is a solution of refinement equation (1) and which satisfies
conditions (3).

Definition 1. Let NV be a natural number, p — a prime number. Then N-valid tree is
a tree with vertices a; = 0,p — 1 directed from leaves to root and having the following
properties:

1) the root and all vertices up to (IV — 1)-th level are equal to zero;

2) any path (ax — agy1 — -+ — agyen—1) of length N —1 is unique in the tree. Here
oy = 0,p — 1.

Let us choose an arbitrary /N-valid tree 7" and construct a scaling function using it.

Algorithm 1. From the tree T we construct a new tree 7' in a following way.

1. Replace the path of NV zeros ending with root with one vertex (On,0n_1,...,01).
All vertices of (N + 1)-th level of T" are now connected to this vertex in 7. It becomes
the root of 7.

2. Then we change the values of each vertex without changing the arcs. If in the
tree T we had a path

AN — QN—1 — T g

starting from the vertex ay, then in the new tree T this vertex has a value equal to
N-dimensional vector (ay,ay_1,...,aq). )
Because of N-validity of the tree T each possible vector appears in T one

time exactly. Also, if we denote height(T) = H, height(I') = H, then, obviously,
H=H-N+1.

Remark. We refer to the tree T as an expanded N-valid tree. Tree T, in turn, is

called shortened N-valid tree. It is easy to switch from one representation to another if
needed, and they describe the same structure as it becomes apparent later in this paper.
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Algorithm 2. Now we use 7" to construct digraph T'.

Each vertex @y = (ay,an_1,...,a1) of T we can connect to any number of lower
level vertices (an_1,..., a1, qp), i.e. first (N —1) elements of this vertex are equal to last
(N — 1) elements of vertex @y. We call this condition suffix-prefix property. Vertices
that @y is connected to, we denote as (ay_1,...,a1,00). Le. ag € {ap} iff the vertex
ay is connected to (ay_1,...,a5,ap) in T

Algorithm 3.

1. Denote

)\Oé—Nyoé—N-&-l»-uyOé—l,OéO = |m0(GJ—_Nr ;VNTQNA—/:ll o rallr(()m”z'
If a vertex (a_y,@_ny1,...,_1) in digraph T' is connected to vertices
(@-Ny1,Q-Nt2, .., a1, Gp)

then we define the values of the mask for the condition

ZAQ,N,Q,N+1,...,Q,1,&O =1 and Aa,N,a,J\Hl,...,a,l,ao =0 for all (&) ¢ {650} (4)
a0
to hold. Also, define mo(G+y) = 1, which implies oo
2. Using equation (1), one can recover ¢ from the mask we have already generated.
Then the scaling function ¢ itself can be found after the application of inverse Fourier
transform.
The main result of paper [11] is the following.

Theorem 1. Given arbitrary N-valid tree T, let the tree T and graph T be
constructed based on T and values of the mask my(x) defined with the help of
equation (4). Let H = height(T). Then the equation

5(0) = [ [ molx# ™) € D _n(Giy)

defines an orthogonal scaling function p(z) € D (G_y), where M = H — N.

This theorem supplied with aforementioned algorithms describes the process of
constructing step scaling functions with compact support on Vilenkin groups. This
process always results in an appropriate scaling function, i.e. it can be viewed as
a sufficient condition. But can we acquire any possible scaling function with these
properties? To answer this question some additional operations should be introduced.

2. THE NECESSARY CONDITION AND CRITERIA

Let us describe an algorithm inverse to Algorithm 3. Algorithm 3 describes
construction of ¢ given digraph I', a new algorithm describes a process of construction
of a digraph I" given ¢(x) € D_n(B7,).

Algorithm 4.

1. Let vertices of our digraph T' be in the form @ = (a?)¥,. Denote {a’} — the set
of all vertices.

2. Let ¢y rt WV rd o org0 . roy) # 0, where s < M. Using

= [T motxe™)
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periodicity of the mask and notation

1 QAN _ O_N+1 ap\
(6 NT_NT —N+1 Ty )_/\OuN,OuNH ----- Q)

we obtain:

1 QA_N Q_N41 ap Qs—1Y\ __
(6 NT_N T —N+1 R R A ) - /\Oé—N,Oé—N-H ,,,,, Oéo)‘oc—N+17Ot—N+2 ----- ay T

XA\

Qs N—1,05— N seor Oés—l/\ast,OéstH ,,,,, as—1,0 -+ as 1,0,...,0 7é 0.

Inequality to zero holds iff all the values A,, .. a,, in this equation are nonequal to
zero. For every such A\ we construct an arc

(Oézem QG N41 -+, Oéze1) - (OézeNH, QG_N42, - - - 7061')-

3. Checking every coset for each ¢(x) is nonequal to zero and performing the same
operations we obtain digraph I" where each arc corresponds to a different nonzero value
of the mask.

Theorem 2 (Necessary condition in terms of graphs). Let p(z) be a scaling
function with ¢(x) € D_n(B7;) which generates orthogonal MRA on Vilenkin group.
Then digraph T" constructed with the algorithm 4 has the following properties:

1. If there exists an arc &’ — o, it means that N —1 last components of &’ coincide
with the first N — 1 components of ak. In other words, suffix-prefix condition holds.

2. There exists a path to 0 = (0,0,...,0) from any vertex that is not 0.

3. There are no directed cycles in the graph.

4. The vertex 0 is a source, i.e. there are no arcs coming out of it.

5. The graph includes all possible vertices (a_y,_ni1,...,0_1), ¥V a; =0,p— 1.

Proof. 1. This property is apparent by the construction algorithm.

2. Let us prove that there exists a path from any nonzero vertex to 0 = (0,0,...,0).
Since all cosets from the support of ¢(x) have the form & r® N r® g0 ordey!
and

a 1 Q_N_ OQ_N41 ap Qs—1Y\ __
§0(®—NT NT-_N+1---To ---Tsq ) - /\CLN@uNH ,,,,, QO)\Q—N+17Q—N+2 77777 apt X
X)‘as—N—has—N ----- as—l)\as—Nyas—N-&-l ~~~~~ os—1,0 - - ae 1,0,...,0 7& 0.

all values of X\ in this product are nonzero. This collection of values of A generates a
path

(N, Ni1y ey 1) = (N1, 0 Ny2y .oy 0p) — -+ — (g, 0,...,0) — (0,0,...,0).

Thus, since any coset from the support of $(x) generates a path ending with 0, there
exists a path from any nonzero vertex to 0 = (0,0,...,0). This proves the property.
3. Let us prove this one by contradiction. Let the graph I' contain a directed cycle

al—at—...a" —a.

We rewrite this path using the 1st property and specifying the components of
vertices:

(alaa2a .- -,aN—leéN) - (0427043, cee 704N705N+1) -
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- (Oék—N+1, ANy -y O—1, Oék) - (ak—N+27 Qp—N43, -+ -, O, 041) -
— s (Oék, ag,...,AN_1, OéN) - (041, Qg,...,AN_1, OéN)-

By construction, every arc corresponds to nonzero value of A. Existence of such path
means that

)\a17a2:-~7aNaaN+l >\a27a31'“)aN+11aN+2 T Aakaalv--'aaNflyaN 7é 0

Let us recall that by the 2nd property there exists a path from any vertex to 0 vertex.
Thus, at least one vertex @’ from the cycle is connected not only to a’*!, but is also a
part of a path @/ — &' —a'tt — ... —= 0.

Without the loss of generality we consider this vertex to be a'. Consequently, there
exists a path

(041,0627 e 705N71704N> - (042,0437 .- ~,04N7Oéz) - (04270637 . 70417041+1) — o

- (as—Naas—N—i—la s 7a8—17a8) - (as—N+1aas—N+27 s ,OZS,O) ...
— (ay,0,...,0,0) — 0,

which corresponds to the product

Aa17a27~~~7aN,az >‘02,a3,~~,az7az+1 s >‘0457N71,0457N,~~,01571>‘01st,04st+17~~7%th s /\a57170,~~,0 7é 0.

[t is possible to construct a product

/\O<17a2,---,aN,O<N+1)‘a27a37---7aN+17aN+2 s )‘ak,alw--,az\rq,az\f X
X>\0¢170¢27---706N70¢N+1 /\04270437---704N+170¢N+2 e Aak7a1,---7aN—1,aN X
X>\0¢170¢27---706N70¢N+1 /\04270437---704N+170¢N+2 e Aak7a1,---7aN—1,aN X

X)‘a170627---7061v,az>‘a2,037---,az704l+1 s Aas—N—lvas—Na--WO‘S—lAO‘S—NvO‘S—N—O—lv---vO‘S—laO s as 1,0,...,0 7é 0,

where the product Ao, s, an.anii Aasias,anisanss - - - Aagar,..ay_1,ay 1S multiplied by
itsell n times, n is an arbitrary natural number.
This product means that V n € N the following is true:

1 ayg Qpyq Qs
(S NH PN kTN k1 - ToNpikth—1) X TNk - Nk - - - ToNnkps—t) 7 O-

This contradicts the compactness of support of ¢(x). Thus, T' does not contain
directed cycles.

4. This property follows from the second and the third ones. We also prove it by
contradiction.

Let an arc 0 — @’ exist in I". By the second property there exists a patha/ — --- — 0.
Thus there exists a directed cycle 0 — @/ — --- — 0, which contradicts the third
property.

5. Since the necessary condition of the mask >~ [Aa y.a wiria 100l = 1 holds,

@Q

for any collection a_n,a_ni1,...,a_1 there exists at least one ap such that the
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corresponding value of the mask is not equal to 0. This, in turn, means that for every
such collection there exists an arc

(Oé—N, Q_N41,--- 704—1) - (Oé—N+h sy 0, Oéo)-

Thus, the constructed graph includes all possible vertices (a_y,a_ni1,...,_1),
Va=0p—1. O

Let us denote the collection of graphs constructed using algorithms 1-2 as I';. Let
us denote the collection of graphs satisfying the properties of Theorem 2 as I'5. At this
point we can see the following implication:

[' € Ty generates p— FT of a scaling function =
= ¢— FT of a scaling function-generates I' € 'y,

thus I'y C I's. But if the set I'y is wider then the algorithms 1-3 are not able to generate
any possible scaling function! On the other hand, if I'; = I'y then the algorithms are
actually the necessary and sufficient condition for ¢ to be an orthogonal scaling function
with compact support. Let us prove this.

Theorem 3. Set I'; contains the set T's, i.e. I'yo C I'y.

Proof. To prove the fact, we need to show that any graph satisiying the properties
from Theorem 2 can be constructed from some N-valid tree using algorithms 1-2.

Consider I' € T'y. Let us construct 7 from algorithm 1 based on this graph.

Step 1. Choose @' = (af,a3,...,ak), ai = 0,p— 1. Then choose the longest path
of the form p® = @' — p>M — ... — piv() — 0, i.e. the longest path starting from
o' and ending with 0. This path exists since there are no cycles (and thus no paths of
unlimited length) and since there exists a path from each nonzero vertex to 0. If there
exist several paths of maximal length we choose any of them. Let us include this path

into the tree. At this point the tree consists of the only “branch™

L, pQ’(l) — . — ]_911’(1) — 0.

a

Denote pt) =gt ph+h(1) = Q.

Step 2. Choose the next value @® = (a?,a3,...,a%), a? = 0,p— 1. Choose the
longest path p® = @? — p>@ — ... = p2® - 0. Denote p? = @2, pt12) = 0.
Again, let us mention that if there exist several longest paths we choose an arbitrary
one. Include this path into a tree.

Out of all vertices of p® already in the tree choose vertex p*(?) with the lowest .
It's guaranteed that at least 0 is already in the tree. Two cases are possible: either the
whole “tail” of the path p*() — pF+1.2) — ... 22 () is already in the tree or not.
In the latter case it means that there exists path of the same length from p*® to 0.
Indeed, since we chose the longest paths from @?, the “tail” of such path starting from
any p™® is the longest path from the vertex p™(?),

Case 1. The “tail” is in the tree already.

In this case 3 k,j : p® = p?»()| where k, j are the greatest of all such values, and
Vi, pFti?) = i+ If k =1 then the whole path p® is in the tree already and we do
not change it. Otherwise connect the path @* — --- — p*~1®) to p( = p?() We have
included his path in the tree. No cycles have appeared in the process, so our structure
is a tree, still.
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Case 2. The “tail” is not in the tree.
As we have already discussed, in this case the path from p*®) to 0 existing in the
tree (denote it by p»® — pF+L(2) — ... — 5122 (), has the same length as the “tail”

pP @) — pFH@ oo pl2(@) 5 0. It means that original graph I' contains both of
them. Let us choose
SO Z g 2O RO LG L @) ]

instead of p® and include it in the same way as Case 1.

Step n. Choose the next vertex @". Choose the longest path p™ = a» —
— p>™ — . — ph( — 0. Assume all paths p™,p@ ... p(»=D have already been
included in the tree, and include p™ into it. Denote p™() =&, pi*tH(®) =0

Similarly to Step 2 we have already chosen p®( in the tree and having the lowest
possible index k. The “tail” of p*(™ — pFtL(0) — ... — plu(®) 0 is either in the tree
already or we can rechoose it to satisfy this property.

If k = 1 then the whole path p(™ is in the tree already and we don’t change anything.
Otherwise connect the path @* — --- — pF=b(™ to p*( which is in the tree already.
The path is included, no cycles have appeared, we still have a tree.

Choosing all possible «; we obtain a tree with all those vertices. During the
construction process we used paths from I'" € T'y, thus:

1) every possible a; appears in the tree only once;

2) the vertex 0 is a root;

3) if there exists an arc @’ — @;,, that implies that the last N — 1 components of &’
are equal to the first N — 1 components of @**!, i.e. suffix-prefix property holds.

These properties mean that we got an expanded N-valid tree T'. It is easy to return
to the shortened one 7' if needed. Let us now reconstruct I' using this tree.

All the arcs of T also exist in I'. Let us add the arcs which exist in T' but not in 7.

Let us prove that each added arc is the arc from higher level vertex to the lower
level one. Indeed, by construction any path a@® — a*** — ... — @*** — 0 of length s+2
is the longest path of I' starting from @*. Let @’ be a vertex of a greater or equal level,
i.e. the path @/ — a’*! — ... — @/™1 — 0 has the length s; + 2, where s; > s. If we
need to connect @* with @’ while reconstructing arcs of I, it means that there exists
the path @* — @/ — a@/™! — ... — @’™1 — 0 and it has the length of 57 +3 > s+ 2
greater than the chosen longest path a* — a**! — ... — @**s — 0. It is impossible by
construction.

Thus, for an arbitrary I' € T'y we found N-valid tree 7" which can generate I' using
algorithm 2. The theorem is proved. O

The collection of Theorems 1-3 shows that there is a bijection between all possible
supports of scaling function and graphs of class I'y = I's. Algorithms 1, 2 describe a way
of constructing such graphs, algorithm 3 shows how to construct an orthogonal scaling
function. On the other hand, we have a descriptions of all these graphs in Theorem 2.
These are all small, but pleasant consequences of the work. The main achievement is
the following, though.

We have proven that by the use of algorithms 1-3 we can obtain any possible
o(x) € Dy (G_N) which generates an orthogonal MRA on Vilenkin groups, thus the
algorithms 1-3 can be viewed as a necessary and sufficient condition for such function.

Acknowledgements: This work was supported by the Russian Foundation for Basic
Research (project no. 16-01-00152a).
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Heo6xoaumoe 1 [0CTaToO4HOE YC/IOBUE OPTOrOHa/IbHOM MacluTabupyoLei

¢pyHKL MM Ha rpynnax BuneHkuHa

I'. C. bepaHuKoB

Bepnnukos eb Cepreesid, accUCTEHT Kadpepbl MaTeMATHeCcKoro aHanuaa, CapaToBCKuii HauMoHab-
Hbli NCCNEA0BaTENLCKIIA FOCYAAPCTBEHHLIA YHUBEPCUTET MeHM H. I, HYepHbiwesckoro, Pocens, 410012,
Caparos, yn. ActpaxaHckas, A. 83, evrointelligent@gmail.com

CylLecTBYIOT HECKONBKO MOAXOA0B K 33Aa4e MOCTPOEHUS OPTOrOHANBHOTO KpaTHOMAcWTabHoro aHanuaa
Ha rpynnax BuneHkuHa, HO Bce OHM CBOASTCS K MOWCKY Tak Ha3blBaeMoii Maclutabupytolier yHkLmn. B
2005 r. H0. A. ®apkoB 1cnonb3oBan Tak HasbiBaeMble «BoKMPOBaHHbIE» MHOXECTBA, YTOObI CTPOUTL BCE
BO3MOXHbIE MacLITabMpytoLLMe GoyHKLNM C KOMMAKTHBIM HOCUTENIEM U OTPaHYEHHON YacTOTHON MOMOCON
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LNS KaX[0ro Habopa HeKUx mapameTpoB, ero YCMoBUst OKasanucb HeoOXOAWUMbIMUA 1 AOCTaTO4HBIMA.
C. ®. Nykomckuia, 0. C. Kpycc n I'. C. BepaHukos npencrasuau apyroil noaxos s 2014-2015 rr., ko-
TOpbIi UIMEET HeKne NpeumyLLecTsa nepes ApyriMi U UCNOMb3yeT annapar AUCKPETHON MaTeMaTuku Ans
LOCTVKEHNS TeX Xe Lieneil. Peaynbtatom 3Toro noaxona SBNSETCS anroputM NOCTPOEHUS OPTOrOHaNbHbIX
MacLITabUPYHOLLMX CPYHKLAA C OrPaHNYEHHOM YaCTOTHOI MONOCOI 11 KOMMAKTHBIM HOCUTENEM B KOHKPETHOM
BUAE, UCMONb3YS HEKMIA KNAcC OPUEHTUPOBAHHBIX rPacpoB, KOTOpbIE, B CBOK 04epellb, CTPOSTCS MO TaK
HasblBaeMbiM [N -BanuaHbIM AEepeEBbSM, BBELEHHEIM TEMU Xe aBTopami B 2012 r. [lo 9T0ro MOMeHTa, o[-
HaKo, BblNo HEM3BECTHO, JOCTATO4HO M 3TOT aNrOPUTM XOPOLL, YTOOLI MOPOXAATH MHOBYI U3 BOMOXHBIX
OpTOroHa/bHbIX MacLUTabMpyIoOLMX (OYHKLIIA TaKoro knacca. d1a pabota OMuChIBAET BbILEYMOMSHYTIA an-
rOPUTM 1 [1OKa3bIBAET, YTO €ro MOXHO BOCMPUHIMATL Kak HE0OXOAMMOe 11 JOCTATO4HOE YCNoBIe, TO eCTb
OH MOXeT NopoX.aTb NMOYI0 BO3MOXHYK OPTOrOHANbHYI MaCLLTabuMpyHoLLyl (oyHKLMI. JONONHUTENEHO
Mbl NONy4UM Apyroe, 6onee yLobHOE ONMcaHNe NHTEPECYIOLLEro HAC KNacca OpPUEHTPOBaHHBIX rpagooB.

KnroyeBbie cnosa: rpynna BuneHkuHa, abenesa rpynna, BeiiBneTsl, Macwrabupyrouas dyHkums, KMA,
OpWEHTUPOBaHHbIE rpagobl.
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CnekTpanbHbin meTo4 MnbuHa ycTaHOBNEHUS CBOMCTB 6a3UCHOCTH
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Ha KOHeYHOM UHTepBane

W. C. lomoB

Nomos Uropb Cepreesid, LOKTOP OU3MKO-MATEMATNHECKIX HAYK, MPOGECCOp, 1.0. 3aBedyIoLero Kage-
poii obLueii MaTemartiiki, MOCKOBCKMIA rocyAapCTBEHHbI YHuBEpCUTET MMeHM M. B. JlomoHocoBa, Poccus,
119991, MockBa, JleHuHckue Iopbl, lomov@cs.msu.ru

B pabote obcyxaaioTcst OCHOBBI CriekTpanbHoro Metoga B. A. MnbiHa Ha npumepe npoctoro Audpdpe-
PeHUManbHoro onepatopa BTOPOro nopsiaka Ha OTpeske 4ucnoBoi npsamoi. CapopMmynnpoBaHa nepsas
Teopema VnbuHa o GesycnosHoi basucHocTh. MpuBeaeHo ee noapobHoe fokasaTenbcTeo. MpocnexeHa
Lienoyka 0606LLeHIiA 3TON TeopeMbl 11 CPOPMYNNPOBaHa HeAAaBHO YCTaHOBNEHHAS Teopema 0 6e3yCnoBHON
6asuncHoCTM Anst AndprepeHLnanbHbIX 0nepaTopoB ¢ 0BLWMMI — UHTErPabHBIMI — KPaeBbIMU YCTIOBUSIMUA
MpoaemMoHCTpUpoBaHa cxeMa 060CHOBaHWS YTBEPXKIEHWIA O PABHOMEPHOIA CXOAUMOCTY BIIOPTOrOHANBHBIX
Pas3NoXEeHNUA PYHKLNA C ucnonb3osaHnem metona MnbuHa. CopopmynmnpoBaHbl OCHOBHbIE TEOPEMbI, B TOM
4uCcne HeLlaBHO YCTaHOB/EHHAS Teopema L1 ONepaTopoB C UHTErpabHbIMUA KpaeBbIMA YCNOBUSMA.

Knrodesbie cnosa: nucpgpepeHumManbHblii oneparop, co6CTBEHHbIe 1 NPUCOeANHEHHbIE OYHKLMIA, CMIEKTP,
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K 90-2emuto
3ameuamenbHo20 NOOBUNCHUKA MAMEMAMUKU
Baadumupa Arexcandposuua Havuna

B 1975 r. B. A. Wnbun ony6aukoBan aBe pabotsl [1,2], 3a/710KKBIINE OCHOBY HOBOT'O
MeTOla UCCJe0BaHUsl CBOUCTB COOCTBEHHBIX M MPUCOENMHEHHbIX (DYHKUHUH KaK caMoco-
MpsiKEHHBIX, TaK U HECAMOCOMPSI)KEHHBIX TU((hepeHIInalbHbIX 0MepaTopoB (MoaudUKaUs
criekTpasbHoro mMerona Miabuna [3], paspaboTaHHOrO 1Jis UCCJEIOBAHUSI CaMOCOTPSIXKEH-
HBIX SJIMIITHUYECKHUX OMepaTopoB). DTH pabOTHl MOCBSLIEHbl BOIIPOCAM JIOKAJIbHOH 6asuc-
HOCTH MOACUCTEMBbl KOpHeBbIX (pyHKUMU nmyuka M. B. Kesnbliia oObikHOBeHHBIX Audde-
peHIHa/bHBIX ONEepPaTOPOB M BOMPOCAM PaBHOCXOAMMOCTH pasJsoxkeHHH. HoBeili moxxon
3aKJ0y4ajcs B OTKase OT PAacCMOTPEHHsI KOHKPETHBIX KpaeBbIX (popM onepaTtopa. 3ame-
HSIJIM UX KOHCTPYKTHBHBIE U JIETKO MpPOBepsieMble YCJOBHS Ha COOCTBEHHble 3HAYEHHS U
CHCTeMBbl KOPHEBbIX (DYHKIHH, T.e. pacCMaTPUBAIOTCS HEKOTOPble Cy2KeHHsI MaKCHMaJ/bHOT O
onepatopa. Muesi Takoro noxxona BocxonuT K A. H. Tuxonony.

B nanbuedimiem B. A. ibUHBIM U ero yueHHKaMH MeTOl OblJ PUMeHEeH K LIHPOKOMY
KJ1acCy HeMCCJIeIOBAaHHBIX paHee OOBIKHOBEHHBIX W 3JJIUNTHUYECKUX OINEpPaTOpoOB, CIeK-
TpaJibHble 3afaud [Ji KOTOPbIX COlep:KaJ/jM JUHeHHO coOCTBeHHble 3HaueHus. [losyue-
Hbl HEOOXONMMbIE M I0CTaTOYHbIE YCJOBHs 0Ge3ycJoBHOE 6asucHocTH B £2(0,1) cucrem
KOPHEBbIX (PYHKIIMH, JOKaJbHOH 0a3WCHOCTH W JIOKAJbHOH PaBHOCXOAUMOCTH OHOPTOTO-
HaJIbHBIX Pa3J/oKeHUH PYHKUHUHA ¢ TPUTOHOMETPHUUECKUM psitoM Pypbe, paBHOCXOTUMOCTH
9THUX Pa3J/IOKeHHH Ha BCEM OTpe3Ke.

© Nomos 1. C,, 2019



1. C. NomoB. CnertparbHbiFi MeToA HbrnHa yYCTaHOBEHNA CBOMCTB 6a3rCHOCTH @ :@

B ocHoBe MeTona JeXXKHUT paccMoTpeHHe 0000LIeHHBIX KOPHEBBIX (PYHKIUH onepartopa,
SIBJISIIOLIMXCS] TOJIBKO PEryJNsiPHBIMU PEIIeHHUSIMH COOTBETCTBYIONIEro AuddepeHnanbHOro
YPaBHEHHUS CO CIIEKTPaIbHBIM MapamMeTpoM. Mcrnosb3ytoTes HHTerpasbHble MPeaCcTaBaeHUs
(popmysibl cpenHero sHaueHusi, (GOPMYJbl CIBUTA) IS pellieHUH 3TOro ypaBHeHus. B ciy-
Yae UCC/el0BaHUsl PABHOCXOAUMOCTH Pa3JoKeHUH U3 MOAU(MHULUHPOBaHHOTO sinpa JupuxJe
BbIJIeJISIeTCSl ClIeKTpabHasi (PYyHKIUS orepaTopa U jAajee MpoBOAUTCS 3((eKTUBHAS OlleH-
Ka 0CcTaTKa C MCIO0Jb30BaHUEM AlpPHOPHBIX OLIEHOK KOpHEeBBIX (PyHKUMH. B ciyuae uccre-
NoBaHUsl 6e3yCJOBHOM 0A3UCHOCTU J0Ka3blBaeTCsl CIpaBeAJUBOCTb HepaBeHCTBa beccess
IJsi onepatopoB L W L* u najee ucrnosbsyetcss usBectHasi Teopema H. K. Bapu [4] o
6asucax Pucca.

BesycnoBHas 6asucHoctb. basuc Pucca. Chopmynupyem pesynbratel B. A. Mibuna
U €ro yUeHHKOB 110 6e3yCJOBHOH 6a3UCHOCTH CUCTEM KOPHEBBIX (DYHKILIMH Ha BCEM OTpe3Ke
G =[0,1] B npoctpanctee H = £*(G).

Hanomuum, uto 6asucom Pucca B H HasbiBaeTcs 6asnc, SKBUBaJEHTHBIH OPTOHOPMHU-
POBaHHOMY, T.e. OH TO0Jy4YaeTcss U3 OPTOHOPMHUpOBaHHOro B H 6asuca mnocje npruMeHeHUs
K 3ToMy 0a3ucy HEKOTOpPOro orpaHudyeHHoro ob6paTtumoro omepatopa [4]. bBasuc Pucca
siBysieTcss 6a3ncoM 06e3yCJOBHOHM CXOOMMOCTH, T.e. CXOAMMOCTb He HapyllaeTcs IMpH Jio-
6ol mepecraHoBKe usieHoB psina. Jns 6asuca Pucca {u,} B H cyliecTByeT elHHCTBEHHAsI
6uopToroHanbHas cucrema {v, }, Takxke obpasytomas 6asuc Pucca B H. O6e 3TH cucTeMBl
SIBJSIOTCS TIOYTH HOPMHPOBAHHBIMU B H, T.e. infy,||u,||x > 0 u sup,||u,||z < oo.

Jns noxasaresbCTBa TeopeMbl 0 6a3UCHOCTH Prcca ucmosbayeTes ciaenyolias Teope-
ma H. K. Bapu [4]. ITycmo {u,}, {v,} — 6uopmoeonarvroie cucmemol 8 npocmpan-
cmee H. [lns mozo umobol {u,} obpaszosvisara 6asuc Pucca s npocmpancmee H,
Heobxo0umo u docmamouro, umobel {u,} u {v,} 6biau noiner 6 H u oas mux 6v1.10
cnpasediuso Hepaserncmeo becceasi. B HallleM ciydae cuctema, GMOPTOrOHAJNBHO COMPS-
JKEHHasi ¢ CHUCTeMOW KOpHeBBIX (DYHKUHMU onepaTopa L, fBJASETCS CHUCTEMOHM KOPHEBBIX
GYHKIUHE (OpMaTbHO COMPSIKEHHOrO ¢ HUM omeparopa L.

Paccmorpum onepatop L, neHCTBYIOIIME B mpocTpaHcTBe [, mopoXaeHHbIH Audde-
peHlManbHO# onepauuei | = d?/dx® +q(z), ¢ € £, Ha kaacce PyHKUMHA D — abCOMOTHO
HenpepbiBHBLIX Ha (G BMecTe CO CBOeH MPOU3BOAHOH mepBoro nopsaka. O6o3HauuM yepes
L dhopmanbHO compsikeHHbIH ¢ L omepartop, AedcTByoWKi B H, nopoxaeHHbH nudde-
peHlHMa bHOl onepauunedt [* = d?/dz* + G(x) na MHoxecTBe D* = D.

Paccmorpum 6uoproHopMupoBanHyto B H napy cucreM {u,(z)}, {v,(x)} o6ob6meHHbIX
COOCTBEHHBIX W MPHCOEIHHEHHBIX (KpaTKO — KOpHEBBIX) (GpyHKIMH omepatopoB L u LT,
T.e. aas kaxporo n € N : u, € D v, € D*, 11 HEKOTOPOro 4ucaa A, € % mouTu

BCioAy B G UMEIOT MeCTo paBeHCTBA [u, + AN2u, = Oy,  [Foy, +Xivn = Oni 100, Vnt1,
rne 6, = 0, W Torma w, Ha3biBaeTcs COOCTBeHHOW ¢yHKUMeH, aubo 6#, = 1
(B mocnenHem caydae A\, = \,_1), U U, Ha3blBaeTCs NPUCOETUHEHHOH (yHKIMeH,
0, = 0,(up,vx) = Opg,n,k € A . Uncna p,, BbiOMpaeM B 3aBHCUMOCTH OT paccMmar-
pHUBaeMoOU crieKTpaibHOH 3amaud 1 waum 2. p, = 1 (3amaua 1), 6o u, = wA, 0pH
An| =1, 1y = w = const # 0 npu |\,| < 1 (3anaua 2); K03QOULKUEHT L1, BAUSET TOJbKO
Ha HOPMHUPOBKY NPHUCOEIMHEHHBIX (PYHKIIUH.

OTMmeTHM, UTO ecyiv pacCMaTPUBAETCS CYIIECTBEHHO HECAMOCOMPSKEHHBIN onepatop L,
T.e. ofllee YUCJIO0 NMPUCOENMHEHHBIX (DYHKLUHH B €ro CUCTeMe KOPHEeBBbIX (PYHKUHH SIBJIS-
eTcss OeckoHeuyHbIM, TO 6asuc Pucca MoryT o0pa3oBbIBaTh TOJNbKO KOPHEBble (PYHKIIMH,
ABJSIOIIMECS PelleHreM CHeKTpaJbHOU 3afauu 2.

3adukcupyeM MPOU3BOJbHOE YUCJO v > 0 U CBSKEM C HUM CJIeNyIollee CleKTpaabHOe
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MHOXKecTBO IL, = {A €€ : N=p+iu, o, p € #Z, 0> 0,|u| <~}. Bynem paccmarpuBathb
uncsa {\,} Takue, 4TO C HEKOTOPBIMH MOCTOSIHHBIMHU ¢o > 0, v > 0

A, €11, Y 1<, VA0, (1)
A A | <A+

T.€. YUCJa A, JieXKaT B M0JIOCE OKOJIO BelleCTBEHHOH OCH, HeT KOHEUHBIX TOYeK Cry-
IIeHHS W KOJMYECTBO MPHUCOeIHMHEHHBIX (PYHKLMH, OTBeUYalLIMX OJHOMY COOCTBEHHOMY
3Ha4eHHI0, PABHOMEPHO OTPaHUUYEHO.

Teopema 1 (cm. [5]). Laa moeo umobor noanvie 6 H cucmemor {u,(z)},
{vn(x)} 0606wennbLx KopHesvlx @yHnKkuull onepamopos L u Lt, omseeuaroujux uuc-
aam {\,} € 1L, asaasuce 6esycrosroimu b6asucamu 6 H, neobxooumo u docmamouro,
umobul bviau cnpasediusvl 08a Hepasencmsa: Hepasercmso (1) oas cymmor edunuy u
HepaseHcmao

lunllz - lvall2 < ¢, n=12..., (2)
ede || - ll2 = I - l.22(c)-

B pabGote [D5] ycTaHOBJeH Tak»Ke CJAeAYIOLIMH MPUHLUMNHAJbHBIH (hakT: ycarosue b6a-

sucrocmu Pucca uau oboiunoll 6asuchocmu cucmemol KOPHEBvLX QYHKUUL HeAb3s Bbl-

pasume 6 mpaduyuorHol gopme 3adanus muna Kpaesvlx yciosuil. Tak, KopHeBble
(¢yHKUMHK onepatopa L, mopoxaeHHOro AuddepeHLHaNbHON onepaunen

lu=u"+pi(x)u + pa(x)u, x€G, (3)

OIHUMH U TeMH ke KpaeBbIMU ycaoBusMH u(0) = 0, v/(0) = «/(1) npu py(z) = pa(z) =0 m
TIpYU NIPaBUJIBHOM BbIOOpE NMPUCOeNHMHEeHHBIX (YHKUME oOpasytoT 6asuc Pucca B H, a npu
pi(z) = 1, po(z) = 0 He obaanaoT cBoOMcTBOM 0a3ucHOCTH B H HHU MpPU KakoM BbiGOpe
KOPHEBBIX (PYHKILIMH.

DTOT NpUMep MOKa3blBaeT, UTO MPHU ONHUX M TeX Ke KPaeBblX YCJOBUSIX Ha/JU4yUe HJH
OTCYTCTBHE CBOMCTBA OA3UCHOCTH ONpelessieTCsl 3HaYeHUIMHU KO3(DPULHEeHTOB nuddepen-
LIMaJbHOTO OrepaTopa.

OtmetumMm, uto B [D] paccMmoTpeH omepatop L ¢ nuddepeHnranbHol onepauued (3)
u ¢ yeaosueM pi(z) € WHG) (p2 € £). d10 ycioBue MO3BOJSET W3BECTHOH MOACTA-
HOBKOH ybpath csaraemoe p;(z)u! (x) U3 ypaBHeHHs HA COOCTBEHHBIE U TPHUCOEIHHEHHBIE
(PYHKLHH U paccMaTpUBaTh Jajiee ypaBHeHHe ¢ MoTeHIHanoM ¢(z) € Z(G).

Pa6ora B. A. WMabuHa [5] mocsykusia OTHIPaBHOH TOUKOH 1J1s MHOTOYHCJIEHHBIX HC-
clefoBaHUi no npobJemMe 6e3ycnoBHON 6asucHocTH. [Ipexxae uem nokasbiBaTh TeopeMmy 1,
NepevyucJUM HEKOTOpble U3 MOJyUYeHHbIX Pe3y/abTaTOB B 9TOM HaIpaBJIEHHHU.

B pabore [6] ocHOBHOI pe3dysnbraT paboTH [DH| MepeHeceH Ha cjyuyal pa3pBIBHOTO
oreparopa L, T.e. Ha caydyail, KOria KOpHeBble (DYHKUHHU U, () yIOBJIETBOPSIFOT COOTBET-
CTByIOLIEeMY AU(QepeHLHaIbHOMY ypaBHEHHIO He TMOYTH BCIOLY Ha BceM HHTepBane G,
a TOJIbKO Ha KaX<IOM 4aCTMYHOM HHTepBase (& _1,& ), BO3HHUKAWIIEM NpU pa3dueHun G
ToukaMu 0 = &y < & < & < ... < & < &41 = 1. Ilpu atom B Toukax ,,1 < p < s,
LOMYCKAIOTCSl COBEPLUEHHO IPOU3BOJIbHbIE YCJOBHS CLIMBAHUSI KOPHEBbIX (DYHKLHH.

OcHOBHOH pe3ysabraT paboTbl [6] HaleseH Ha yCTaHOBJEHHe YCJIOBUH 0Ga3WCHOCTH
Pucca 3ajmau ¢ Tak HasblBaeMbIMH HeJOKAJbHBIMM KPaeBBIMM YCJIOBHSIMH, HarpuMmep, C
YCJIOBHUSIMH BHJA

u(l)=> au@) u o W(0) =) B (&)
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3anauu, conpsiKeHHble K 3ajayaM C TAKUMH YCJIOBUSIMH, KaK pa3 U ABJSIOTCS 3aJauaMu
C Pa3pbIBHBIM OMEPATOPOM.

Pesynbrat paGoThl [6] mepenecen B [7] Ha paspbiBHbIE omepatop LlpenuHrepa
(IU =U"+ Q(z)U) ¢ MaTpUIHBIM HEIPMUTOBBIM MOTEHLHANOM ()(x) ¢ KOMIIEKCHO3HAU-
HBIMH U TOJIBKO CyMMHpyeMBIMH Ha G aneMeHTaMH (Q;;(x). COOTBETCTBYIOLIME T€OPEMBI
B [6,7] dopMysHpYyIOTCSA B TOYHOCTH Kak Teopema l.

ITOT pe3ysbTaT MOJY4YUJ Pa3BUTHE B HECKOJIbKUX HampapjaeHUsx. [las cucremel ypas-
HeHUH repBoro nopsinka teopemy aokasanud E. M. MowuceeB u M. bapHoBcka [8]. Ha
onepatophl 4-ro mopsinka teopemy 1 mepenec H. B. Kepumos [9,10]. B nomosHenue K
yCJIOBUSIM TeopeMbl | MoKazaHo, 4YTO HeEOOXOAUMBIM U JOCTATOYHBIM YCJI0BHEM 6a3UCHOCTH
178 nudepeHLHaNbHBIX ONepaToOPOB MOPSiKA BhIlle BTOPOro SIBJSIETCS YCJIOBHE

Je=const >0: Z | ||% ]| unll5® < eN,
[An|<N

1751 Kaxaod u3 cucrem {u,} u {v,}. Has oneparopa Broporo mopsinka H. B. Kepumos
TMoKasaJj, 4TO eCJIM PaHr cOOCTBEHHBIX (DYHKLUHH paBHOMEPHO OTpaHHYeH M cucTeMa {v,}
COCTOHMT M3 KOpHEeBbIX (PyHKUHH omepatopa LT, To mepBoe ycgaosue (1) (|ImA\,| < co,
V n) siBisieTcsi HeOOXOAUMBIM 1Jisi 6e3yCJOBHOM 6a3UCHOCTH (3TO ycCJOBUE HEOOXOOUMO U
nasi 6asucHoct B ZP(G), p € (1,00) [11]). Hokasano [11], yTo mpu yKasaHHBIX ABYX
YCJIOBHSAX B cjydae, ecjid cuctema {u,} obpasyer 6asuc B .Z*(G), 3ToT Gasuc siBJsieTcs
Ge3ycJoBHbIM. AHAJOrHUHBIA pe3y/bTaT AJsi HOPMUPOBAHHBIX 6asucoB B .£?((G) nokasan
JI. B. Kpuuxkos [12].

B 1977 r. B. A. Unbun [13] nccnenoBan Bornpoc 0 CXOAUMOCTH Pa3J/oKeHUH B TOYKAX
paspbiBa K03()(HILHEHTOB OllepaTopa BTOPOTO MOPsIKa, Ha TaKHe ONepaTopbl TEOpPeMy O
6e3ycsoBHO# GasucHocTH mepeHec B. JI. Bynaes [14].

Jlns omeparopa 1ecToro W Bbllle — YeTHOTO — IOPSIAKOB TeopeMy O 0e3yCJOBHON
6asucHoctd B .Z%(G) nokasan B. 1. Bynaes [15-17]. IlpumepHo B TO ke Bpemst MJist
ornepaTopa IpPOU3BOJIBHOIO MOPSIAKA B 1mM-MePHOM IIPOCTPAHCTBe BeKTOP-(PYHKLUH TeopeMma
nokasaHa B [18]; nmokaszaHa W Heo6XomUMOCTb BTOporo ycjoBus (1) mnas Ge3ycioBHOH
6asucHoCTH. B nanpHelileM 3Ty TeopeMmy IJsl ollepaTopa YeTHOTO MOPsiAKa MPHU HECKOJBKO
6oJsiee MIKUPOKUX MpeanonoxeHusx gokazan B. M. Kyp6anos [19]. Teopemy o 6e3ycyioBHOM
6asucHocTH B Z%(G) nas oneparopa IllpenuHrepa ¢ CHHTYJASIPHBIM MOTeHUHAJIOM ¢(x)
nokasan JI. B. Kpuukos [20,21] (ycaoBue Ha motenuuan ¢(z) : (1 — x)q(z) € ZL(G)).

Bce ykasaHHble TeopeMbl 0 0e3ycJOBHOH 6asucHOCTH B Z?((G) moKkasaHbl B paMKax
metona B. A. MibuHa — 6Ge30THOCUTENBHO K KOHKPETHOMY BHIY KpaeBbIX ycJoBHH (60-
nee toro, B. A. HUnbun u E. M. Moucees [22] nokasasnu, 4To pe3ysbTaT CHpPaBeIJIHB
M JJIS CHCTEM, COCTOSILIMX M3 MOAMHOXKECTB JBYX pas3/JMuYHbIX KpaeBblX 3azau). Ho Bo
BCEX TeOpeMax [pearoJiaraeTcsi, 4To OUOPTOTOHAJbHAs CHCTeMa {v,} COCTOMT M3 KOp-
HeBbIX (DYHKUMH omepaTopa L' W ynoBieTBopsieT TeM e TpeGoBaHUsM, uTo U {u,}. B
YacTHOCTH, v, € D — ruaankue ¢yHKuuH. OKasanoch, YTO 3TO BO3MOXKHO TOJBbKO /s
IBYXTOYEUHBIX KPaeBbIX YCJOBHH — ¢ HaHHBIMM B Toukax x = 0 u z = 1. TlosBienune
JM000H BHyTpeHHel TOYKU U3 (G B KpaeBbIX (hopMax MPUBOLUT K paspbiBaM y (GyHKUHH v,
WJIM UX TPOU3BOIHBIX, T.e€. v, ¢ D. [locKo/abKy a5 000CHOBaHHS TeOpeM Hail u, U vy,
COBEpLIAIOTCSl OIHU U Te Ke JeHCTBUS, TO BO3HUKJA HJlesl I0Ka3aTb TeopeMy IJIsl cayuas,
Korja oba omneparopa L u LT ompeneneHbl Ha Kjacce QyHKUHH y(r) € D Ha KOHEYHOM
uMc/ae OTPesKoB |xy_1,7x), k = 1,1, coctapasiomux G. Kak oTMeuasoch Bbille, BIepBbIe
310 cnenan B. A. Uabun [6,7] B cKaJNsipHOM U BEKTOPHOM CJyYasix.
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OnHako M 3TH pe3y/bTaThl He OXBATbIBAaJH BCeX BHAOB KpaeBbIX (POpM; MOAXOAMJH
TOJIbKO MHOTOTOYEUHble YCJIO0BHSl C KOHEUHbIM YUCJOM BHYTPEHHHUX Touek. B obuieM ciy-
yae KpaeBble (DOPMBI CJeyeT pacCMaTpPUBATh KaK JIMHEHHbIe HelpepblBHbIE (PyHKIHOHAJbI
B npoctpanctee C(G) (umu C'). Ho torma no teopeme Pucca [23, c. 347] kaxmwblit
(yHKUMOHA/M TpeAcTaBUM B BUAe MHTerpaja CTU/Tbeca M0 Mepe, TMOPOXKAEHHOH HeKo-
TOPOH (PYHKLHEH C OrpaHHYEHHBIM H3MeHeHHeM. TakuM 00pa3oM, eCTeCTBEHHBIM IyTeM
NPUXOIUM K HEOOXOAUMOCTH U3YUUThb KPAeBYIO 3alady C UHTErpajbHbBIMU KpPaeBbIMU YCJIO-
BUSIMU. TaK KakK (DyHKIHUIO C OTPaHHYEeHHbIM U3MeHeHHeM MOXKHO NPeCTaBUThb B BUJE CyM-
MBIl (DYHKLMH CKAayKOB, aOCOJIIOTHO HENPEPBIBHOW (PYHKLUW WU HENPEPbIBHOW CHHTYJISAPHOU
(PyHKIMH, TO U KpaeBble (JOPMBl pacrnajgaloTcs Ha CYMMY TpeX cJjaraeMblX — IHCKpeT-
HYI0 4acTb, COAepKallylo 3HAYeHHUS (YHKLHMHU U ee NPOU3BOAHBIX B OTHENbHBIX TOUKAX
otpeska G (MpUYeM TOYKH 3TH MOTYT COCTABJATH MJOTHOE MHOXeCTBO Ha (), MHTe-
rpaJsl OT Mpou3BeieHus HA QyHKIUIO U3 Z((G) U UHTerpaJs Mo HelpepbIBHOW CHHTYJISIPHOH
Mepe. ComnpsizKeHHBIH omepaTop AJs TaKoH KpaeBoH 3amaud Obln moctpoeH P. BpayHom
u A. Kpossom [24] ¥ uMeeT BecbMa CJIOXKHYIO CTPYKTYPY. DHOPTOrOHaJIbHO COMpSXKEH-
Hasl CUCTeMa Telepb COCTOUT U3 (PYHKLHH, KOTOpble CaMH, KaK U UX NPOU3BOJHBIE, MOTYT
UMeTb Pa3pblBbl [IEPBOTO POJA B CYETHOM UHCJ/Ie TOUeK. TOUKHU pa3pblBOB U BeJIMUMHBI CKau-
KOB OMpeeISI0TCS IUCKPETHOH coCTaBJIsIIoOLIeld Mepbl. AGCOJIIOTHO HelpepbiBHAS UaCTh Me-
DBl BJIMsIET Ha DU(QepeHInalbHy0 onepamnuo aas LT: oHa CTaHOBHUTCS «HATPyKeHHOH»,
T.€. CONEPXKUT (PYHKLHOHAJBl OT pElIeHUs] — 3HayeHUs HEU3BeCTHOH (DYHKLUHU HUJIHU ee
MPOU3BOAHBIX B (DMKCHPOBAHHBIX TOYKAaX oTpe3ka. OTMETHM, UTO MeTOAbl HCCJeNOBaHUS
Harpy»KeHHbIX NU((epeHIHaNbHbIX U HHTerpoau(depeHMalbHbIX YPaBHEHUH, BO3HUKA-
IOLIMX B TEOPUHU NTUHAMUKHU TPYHTOBBIX BOA U B TEOPHUH TEMNJONPOBOAHOCTH, pazpaboTaHbl
A. M. HaxyuieBbiM 1 ero yueHukamu [25,26].

B cBoio ouepenp, omepatop L* MOKeT TaKKe MOPOXKAATHCS HHTETPaJbHBIM YCJIOBH-
eM, 4TO NPHUBOAMUT K HEOOXOAMMOCTH H3ydaTh OnepaTop L Ha YMOMSIHYTOM MHOXKECTBE
pa3pbiBHLIX (QyHKIHE. ABTOpoM [27] mMOCTpoeH NMpuUMep 3amaud, rae omnepatopbl L u L*
OTpefie/ieHbl Ha MHOXKECTBe Pa3pbIBHBIX (PYHKIHMH (0fHA TOYKA pa3pbiBa), MOKa3aHO, YTO
BBITIOJIHAIOTCS BCe ycJoBUs TeopeMbl B. A. MibuHa 1 cucTemMa KOpHEBBIX (yHKLHH 00-
pasyer 6asuc Pucca B .Z*(G). Bnepsbie GesycjoBHasi Ga3UCHOCTb [Jisl CTOJIb OOLIMX
HeKJIaCCMYeCKHUX OrepaTopoB Oblja N0Ka3aHa aBTOPOM MJi OMepaTopa BTOPOTO MOPsioKa
CHayaJsa JJ1s AMCKPETHBIX KpaeBbiX dopM [28,29], 3aTem mJisi 061IKMX KpaeBbiX (hOPM B Mpo-
ctpaHcTBe BekTop-yHkuui [30,31] u nas onepatopos Jo6oro nopsinka [32]. ITlpu stom
paccMOTpeHbl MOZeJbHble OrepaTopbl — 06/acTh ONpeleseHUs] ONepaTopoB He 3aBHCesa
0T K03 (pHULHUeHTOB NU(hepeHIHaNbHON OllepaltH.

OTMeTHM TakKe, UTO /51 ONEpPAaTOPOB UETHOTO MOPSAKa, ONpelesNeHHbIX Ha MHOXKe-
cTBe (DYHKIMH, pa3pbIBHBIX B KOHEYHOM YHCJIE TOUEK, TeOpeMY O Oe3yCJIOBHOH OAa3UCHOCTH
B .Z?*(G) nokasan B. JI. Bynaes [17], nis onepatopa BTOPOro MOPsAAKA C CHHIYJASAPHBIMH
K03((HULHEeHTAMH, ONpeeJeHHbIMH HAa MHOXKECTBe Pa3pblBHBIX (DyHKLMM, TeopeMa I0Ka-
3aHa B [31,33] — mas pa3ubix ocobeHHocTel y Koaduurentos. B. A. IOpko [34] uccre-
[0BaJ O0OpaTHYI 3ajayy [Jis TPAaHUYHOM 3alayd onepatopa BTOPOro MOPsiAKa C TOUYKOH
paspbiBa pellleHHs] BHYTPpU HMHTepBaJsa. [lokaszaHo, uTo cuctema COOCTBEHHBIX (DYHKLMH
nosiHa B £?, moJsiyueHa TeopemMa O PAaBHOMEPHOH cxomuMocTH psina Pypbe st abCoMoT-
HO HenpepblBHOH (QyHKUMH. Takoro popa 3agaur BO3HUKAIOT B MeXaHHUKe, Pajil03JeKTpo-
HUKe, Teodusuke U Ap. Takue 3afayu pelialOT U B CBA3U C HUCCJeJOBAHUEM Pa3pPbIBHBIX
pellleHWH HeJHHeWHbIX UHTErpUPYeMbIX YPaBHEHHH B MaTeMaTH4YeCKOH (pU3HKe.

Huxe 6ynet copmynupoBana TeopeMa o 6€3yC/J0BHOM 6a3UCHOCTH CUCTEMbI KOPHEBBIX
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(bYHKUME nuddepeHMaIbHOIO OnepaTopa BTOPOro Mopsiika ¢ UHTerpajbHbIMH KPaeBbIMH
YCJIOBUSIMHU.

[IpuBenem eie psig 6/IM3KUX Pe3yJabTAaTOB MO CIEKTPaNbHON Teopuu nuddepeHHaNb-
HBIX OTEPaTOPOB, MOJYYeHHBIX B pamMkax Meropa Mabuna. A. C. Makun [35-37] uccie-
JoBaJl CJaydad, Korma Jjsi ornepatopa L He BbimoJiHsieTcs: ycaoBue (2). [lonydennl pocra-
TOYHbIE YCJIOBUSI CYMMHPYEMOCTH MeToaoM Pucca 6MOPTOroHasbHBIX PSfOB. DTH PabOTHI
npomo/Kuiau uccaenoBanus B. A. WMnbuna u B. B. Tuxomuposa [38,39], 4. III. Canu-
moBa [40], nocsiieHHble cpenHUM Pucca crekTpanbHbIX pasnoxeHuit. B. B. Tuxomu-
poB [41-43] B csyuae omepaTopa BTOPOro MOpsiiKa A0Kas3as Psifi TeopeM O 0e3yCJOBHOH
6a3UCHOCTH CHCTEM PEryssipHbIX KOPHEBbIX (PYHKIIMH HarpyKeHHBIX OMepaTopoB U Orepa-
TOPOB C OTKJIOHSIOIIUMCS apryMeHTOM. AnpHOpHbIe OLeHKH KOPHEBBIX (DYHKIMH, MUCIOJb-
3yeMble BO BCeX TMepeurcyeHHbIX paboTax, Oblid moayuensl B [1,2,11,30,32,44-48].

[lonpoGHBIH 0630p pa3HbIX HaNpaBJeHUH HCCJAeNOBAHUH, MPOBENEHHBIX B paMKax Me-
tona Wnbuua comepxkutcsi B [49]. O6G30p pesysbTaToOB MO CXOAUMOCTH CHEKTPajbHbBIX
pas3JIoKeHNH, MOJyYeHHBIX IPYTUMU MeTonaMH, noapobHo usnoxeH B pabote A. I1. Xpo-
mMoBa [50] (cMm. Takxke cTaTbH €ro M ero y4eHUKoB [51-54]).

Hoka3areabcTBo Teopembl 1. B paGore [5] comep:kUTCs KpaTKas cxema J0Kasa-
TeJbCTBA 3TOW TeopeMbl, MO3TOMY NpPHUBeAeM 3[ech Oojee moapobOHOoe U GoJee MPoCToe
nokasarenbctBo. Ilycts {u,}, {v,} — OGHOpTOroHa/MbHBIE CHCTEMBI, KaxKaasi U3 KOTOPBIX
nonna B H. Torna cucteMbl {uy, |un |z}, {vnlltnll2} ¥ {unl|valla}, {vallvnllz'} aBasOTCSH
OGUOPTOTrOHAJNBHBIMM M KaXkKaasi U3 HUX MojHa B H. Jlokaxkem, UTo A/ KaXIOH M3 3THUX
CHCTeM CIIpaBel/IMBO HepaBeHCTBO Beccesisi: HaliiyTcs mocTosiHHBlE ¢ > () TaKWe, UTO AJS
VfeH

S O ) Pllually® < el flI3 )1 o) Plluall3 < cll £113, (4)
n=1 n=1

SO un)Plloally < el f13 D1 va)Plloalls® < el F115. (5)
n=1 n=1

Torma u3 mpuBeneHHOU Bblllle TeopeMbl bDapu cjemyer, 4TO KaxKaasi M3 3THX HOBBIX
cucteM obpasyet 6asuc Pucca B H u psbl

Z(f7 Un J Uy, = Z(f’ Unltnll2)tn |5t 1 Z(f’ Up Uy, = Z(f7 Un [ 0nl2)on Va1
n=1 n=1 n=1 n=1

cxonsitesi 6e3ycsoBHO B H, T.e. Kaxnas u3 cucteM {u,} u {v,} obpasyer 6Ge3ycJOBHbIN
6asuc B H.

[Ipu nokasaTesbcTBe MEPBOro HepaBeHCTBA (4) U BTOPOro HepaBeHCTBA (D) HCMOJMB3Y-
1otcst paBeHcTBa ||y ||2]|unls = 1, ||[vnll2]|vallyt = 1, npu nokasatenbcTBe BTOpOro Hepa-
BeHCTBaA (4) W mepBoro HepaBeHCTBa (D) MCMOMb3yeTcst HePaBEHCTBO (2): ||y |al|vnlle < c.
B ocrasbHOM cxembl 060CHOBaHUSI HEPABEHCTB OJMHAKOBHI.

oxkaxkeM mnepBoe HepaBeHCTBO (4). BosbmeMm mnpousBosbHyio ¢yHkuuio f(z) € H.
Hcnonbsys HepaBeHcTBo Kowu — ByHsikoBckoro

[y O] Nttnlly ™ < Mlnllz - 1l - flally ™ = 11£112

1 BTOpoe ycoBue (1):

D N, HPluallz® < IR D 1< eollf1I3,

[Anl<1 [An]<1
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y6exkaeMcsl B TOM, 4TO NepBOe HEPaBEHCTBO (4) NOCTATOUHO YCTAHOBHUTB MJIST UHCET A,
|An| > 1.
Bocronb3yemcsi cienyomum npencTaBieHneM (GYHKIUHA U, (x), OTBEYAKOIIUX YUCIaM
An # 0 (MHTerpajbHBIM ypaBHEHHEM MJIS Uy), TIOJy4aeMbIM UHTETPUPOBAHUEM MO YaCTSIM
N 2 .
MHTErpaJibHOTrO CJ1araeMoro mnocJje 3aMeHbl Oy, i, t,—1(T) — q(7)u, (7) = ul(7) + XNou, (7):

xT

1 1
Up () = u,(0) cos Ay + —u;,(0) sin A,z + — /[Gn,unun_l(T)—

An An
0
—q(T)un(7)] sin A, (z — 1) dr. (6)
Hockonbky |(f,un)| = [(un, f)], TO ucmonbsyem sanucb (un,f) u o0603HAYMM

g(r) = f(z). YmHoxum npencrasnenve (6) na g(r) u npouHTerpupyem oGe 4acTh pa-
BEHCTBA 0 = Ha oTpe3ke G:

1 1

(Un, f) = un(0) /g(m) cos A\, dr + )\iu;(()) /g(x)sin A2 dz+
" 0

1

1

+_

N g(x) /[enununl(T) — q(7T)un(7)] sin A\, (x — 7) d7 dz.

S —

M3 storo mpencraB/ieHus CKasspHOTO TPOU3BeNEHHS (U, f) ClefyeT, 4yTO AJs JN0oKa-
3aTesIbCTBA MepBOro HepaBeHCTBa (4) masi |A,| > 1 mocTaTodyHo 10KAa3aTh CHpaBedJHBOCTD
C HEKOTOPBIMH MOCTOSIHHBIMU ¢ > () CJIeAYIOLIMX YeTblpeX HEePaBeHCTB:

1

2
S Jun(0)? / o) cos Mz dz| unlly® < clfI2 @)
[An|>1 0
1 2
Sl 2 () / o) sin A de| [lunlly? < |l £ (®)
[An|>1 0
1 x 2
S / o(@) / Outintin 1 () sin Al — 7) drda| Jualls® <cllfIB (9)
[An|>1 0 0
1 x 2
S / o(2) / AT un(7) sin Az — ) drde| Juals? <clfI2 (10)
|An|>1 0 0

JlokaxkeM 3TH HepaBeHCcTBa. Ham nortpebytoTces ciaenyiollde anpyuopHble OLIEHKH, yCTa-
HOBJIeHHBIe B [44,45].

Jlemma 1. [lycmo nomenyuanr q(x) € £(G). Toeda Hatidemcs makas nocmosHHas
c > 0, umo dasn scex uucea X € 11, das yenouex Kopnesox Gynruyutl {u;(x)}iL, one-
pamopa L, omseuaiowux napamempy N, cnpagediusv. ciedyroujue oyenku (r = 0,m,
0<j<nr):

[0l oo < e(1 4+ AN u@ |y, a,8 € {0,1}, (11)
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oas cnekmpaavroil 3adauu 1, a ora cnekmpanvrol sadauu 2
4l oo < @+ A P[ulP]|2,  a, B € {0,1}. (12)

Paccmompum psod us nepasercmea (7). Ilpumenum ouenky (11) nemmsr 1 (v = 3 =0,
j = r, npu atom ouenku (11) u (12) conanawt): |u,(0)|||u.llz" < cllunllz - Juallz = ¢
V n. Ilonyyum, 4To 3TOT pAA MaKOpHUpyeTcsl psiaoM

2

[An]>117

1

/ g(x) cos Ay dx

2

(13)

[TockosbKy BbimosiHsieTcss BTopoe yejoBue (1) u |[ImA,| < 7, To paccMaTpuBaeMyto
MOCJIe0BATENBHOCTE {A,} MOXKHO pPacC/JOMTb Ha CyMMY KOHEYHOrO 4YMCJa T0C/eN0Ba-
TeJIbHOCTeH, B KaXKJ0H M3 KOTOPLIX COAEPXKHUTCS He OoJiee yeM ONMH 3JEeMEHT ), YAOBJe-
TBOPSIIOLLUH YCIOBUAM

2mn < |\ <27(n+1), ANy =22mn+0,, [0, <e, n=0. (14)

JlocTaToyHO MONy4UTD OLeHKY psifa (13) mist KaXK a0l U3 TaKUX MOC/en0BaTe bHOCTEH.
Hcnonbsyem ¢opmysny TPUTOHOMETPHHU:

cos A, x = cos(£2mnx + 0,x) = cos 2mnx cos §,x F sin 2mrne sin 0,

!/
M PaBEHCTBO (x) = — (f;w(T) d7'> . IlHuTerpupoBaHueM no 4acTsM MOJYUHM:

1 1 1

/ g(x) cos Az dx = / g(x) cos 2nx cos d,x dx F / g(x) sin 2rnx sin 6,z dx =

0 0
1 1 / 1

- —/[/Q(T) cos 27‘(’an7‘] cos 0,2 dx =+ /

0 *zx 0 Fz
/ sin 6, / T) cos 2nT dt do+

1

/
/ sin 2mnT dT] sin d,x dr =

1

= - / g(7) cos 2mnT dT cos 6nx

+ [ g(7)sin27n7 d7 sin §,x

\.»’—‘H

1 1
1
F o /0085 x/g ) sin 2mnT dT dr =
=0
1

= /g(T) cos 2mnT dt — 0y, / sin 6« / g(7) cos 2mnT dr dx F

0
1

Fo, / oS 0, / g(7) sin 2T dT dz.
0

Bocrosibayemcst HepasercTsoM Kotuu jiisi Tpex caaraemsix: (a+b+-c)? < 3(a®+b*+c?),
YV a,b,c € %, orpaHUYEHHOCTbIO MOIyJed BequduH 0, (cM. (14)), sind,xz, cosd,r 1 Hepa-
BeHCTBOM Koun — ByHsikoBckoro, noaydum:

2
<
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/ sin d,,x / )cos2mnTdr dx| + |§ / cOS O0p / sin2rnr dr dx| | <
2 1 1 2

1
/g ) cos 2mnT dT +/|5 sin d,,x| d:c/ g(T) cos2mnT dr| do+
0 0

1,1 2
+/|5n oS 5n:)5|2d$/ /9(7') sin 2rnrdr| dx| < c /g cos 2mnT dr| +
0 0 'z 0
11 2 11 2
+/ /g(T) cos 2tnT dT dx+/ /g(T) sin 2rnTdr| dzx|. (15)
0 'z 0 'z

TpuroHomerpuueckas cucteMa (GyHKUMH {1,1/2cos2mnz,/2sin2mna}e, apasercs
OPTOHOPMHMPOBAHHOH B mpocTtpaHcTBe £2(G) M /s Hee CIpaBeNJHBO HepaBeHCTBO bBec-
cesisi. [TosTomy mJisi IepBOroO c/1araeMoro B NMPaBoOd UacTH COOTHoIIeHHs (15) mosmyuum:

2

00 1
S| [ gta) coszmnada| < clgte) = el I (16
n=01]%

PaccmoTpuMm BTOpoe W TpeThe cjaraeMble B MpaBod 4acT (15) ¥ COOTBETCTBYIOLIMH

pAL
1

2 2
Z/ / )cos2mnTdT| + /g(T) sin2znrdr| | dz. (17)

xT

JLnst Toro 4To6Bl BOCIOMB30BaThCs HepaBeHCTBOM bBecceist unu paBenctBoMm [lapceBans
IJIsl TPUTOHOMETPHUECKOH CUCTeMbl (DYHKLHH, HY»KHO BBIHECTH HHTErpaJ 3a 3HaK CyMMBbI,
T. €. 110Ka3aTh, 4TO Psif

1

2 2
Z / )cos2mnTdr| + /g(T) sin 2rnrdr (18)

x

MOXKHO MHTErpPUpOBaTh MOUYJEHHO M0 2 Ha oTpeske (7. I/ 3TOr0 MOCTATOYHO MOKA3aTh,
YTO 3TOT PAJ CXONMTCS PaBHOMEPHO MM B cpeaHeM Ha G. Otmerum, uto psan (18) cxo-
JMTCA 1151 KaXKJA0ro 3HaueHuss x € G — B cu/ly HepaBeHcTBa Beccesisi A/l TPUTOHOMET-
puuecKod cucteMbl QyHKUMH aas GyHkuund F(x,7) = g(7) npu 7 € [z,1], F(xz,7) =0
npu 7 € [0,2), F(z,7) € H,V 2 € G.

dukcupyeM npousBosbHyl0 Touky z € [0,1). 3anuuem paBeHcTBo [lapceBans ass
TPUTOHOMETPUUECKOHU CUCTEeMBl /151 3TOH (PyHKUUH F':

1
Z / F(z,7)cos2mnt dr
n=0 0

[Ipumenum npusHak JIMHU paBHOMEpPHOH CXOAUMOCTH (DyHKUHOHAJbHBIX psinoB. [lo-
1
ckonpky f(z) € H, 1o unterpan [ f(7)dr ectb aGCOMIOTHO HenpepbiBHAs (DyHKLHS,

2 2

1
+ /F(.T,T)SinZﬂ'anT = c||F(x,7)||3. (19)
0
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nostomy |[F(x,7)||3 u cnaraembie nox sHakoMm cymMbl B paeHcTBe (19) ecTb Hempepbis-
nele GyHkuuu Ha G. CaemosatesbHo, Ha otpeske G K paay (18) mpumeHMM mNpu3Hak
JIMHH, U 3TOT PsAll CXOAMTCS PaBHOMEPHO Mo x Ha oTpeske G. Takum o6paszom, psn (18)
Ha oTpeske (G MOXHO MHTErpPMPOBaTh MOYJNEHHO, U B cooTHoueHHH (17) MOXHO BbiHe-
CTH HHTErpasj 3a 3HaK CyMMBl W [ajiee MpUMeHHUTb paBeHcTBO [lapcesass (19), roe mbi

BepHeMcsl K hyHKUMH g(x) = f(x):
2
] dr =

]

1

/ g(T) sin 2mrnrdr

xT

2
+

1
/ g(T) cos 2mnT dr

1

/ g(7) sin 2mnrdr

xT

1 1
—c [ [latr)P drdo < clglfs = cl 13
0 =z

4TO B COeMHEHUH C oleHKoH (16) maet oueHky psiaa (13):

1
/ ) cos \,x dx
0

ISl KQXKI0H paccMaTpPUBaeMOH BbIEJEHHOU Moc/aen0BaTebHOCTH {\,}. A 3T0 moKa3biBa-
eT CIpaBelMBOCTb HepaBeHcTBa (7).
Paccmompum pao uz nepasencmsa (8). [lpumennm ouenky (11) nemmbl 1 past o = 1 u

/g(T) cos2mnTdr| +

1

/ g(x) cospm2mnz + d,x dx
0

2
<

2

< clgllz = cllfl2, (20)

n=0

[An|>1

J=r8=0: Pl up (0] flunlly” < efAal ™ [ (LAl l[unllz | lunlly" < 1 1 sakmiounm,

/ ) sin A,z dx

IJis1 KOTOporo mnojiydaeM oleHKy (20), moBTopsisi Ty »Ke cxeMmy, 4TO Obljla IPUMEHeHa /s
psna (13). Hy»Ho TOJIbKO MCIOJb30BaTh APYTY TPUTOHOMETPHUECKYIO (QOPMYIY IJs A,
u3 (14): sin \,z = =£sin27nx cosd,r + cos2mnrsind,r, BCI MOCAeAyIOLIas cXeMa He
U3MeHsieTcsl (¢ TOYHOCTBIO 10 3HAKOB CJIaraeMblX).

Obpamumcsa k pady us nepasercmsa (9). Ilpeobpasyem obiuiuii 4neH psna, MOMEHsB
MeCTaMH HMHTerpaJsibl, npuMeHUB anpuopHble oueHku (11), (12) ca =3 =0,7 =r — 1,
HepaBeHcTBO Kown — ByHsikoBckoro, yutem ycqosue A, € I, 1 ucnosnb3ayeM HepaBeHCTBO
Koum (a + b)* < 2(a® + b%):

4TO 3TOT PSIJ MaKOPUPYyeTCs PsIOM

: (21)

[An]>117

1 x

/g(x)/@n,unun_l(T) sin \,(z — 7) drdx

0 0
1 1

/ Ottt (7) / g(x) sin Ay (z — ) dz dr

0 T

2
[Aul =

el * =

2

= |Aa] P lun I3 = [An] 7 lunll3*
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1 1 1

/Qn,unun_l(T) [COS AT / g(x)sin \,x dx 4 sin A\, 7 / g(x) cos \px dx dT]

0 T T
2

2

x <

1

/ g(x)sin A,z dx

T

1

/ g(x) cos Ay dx
1 1

2 2
<C1[/ d7'+/ dT].
0 0

Takum o6pa3om, /151 yCTaHOBJEHHS] OleHKH (9) H0CTAaTOYHO MOJYYUTb aHAJOTHUHbIE
OLEHKH 1J151 IBYX PSi0B

> |

[An|>17

+

1
< el Iy (1 [Aa])?lun 3 [/[

0

1

/ g(x) cos A\pz dx

T

1

/ g(x)sin A,z dx

T

1

/ g(x) cos Ay dx

T

1

2
/ g(z)sin \,x dx

T

dr. (22)

2d¢; Z/l

An|>17

[ToBTOPHM CXeMy, MPUMEHeHHYI0 1151 oueHKH psinoB (13), (21), BHOCS B Hee HEOOXOIH-
Mble u3MeHeHHs. Dynem nmpeo6pasoBbiBaTh nepBuii psin (22). Pacuienum nocsenoBartesib-
HocTh {\,} Ha MOANOC/EN0BATENBHOCTH U MPeCTaBUM Yncaa A, B Buze (14), ucrnonbayem
(GopMysy KocHHYyca CyMMbl U IPUMEHUM (OPMYJy HHTErpupoBaHus no 4actsM. [losyuum

1 1 1
/g(x) cos A\ dr = /g(x) cos(£2mnz + d,2) de = /g(x) oS 2mnx cos 0, T drF

T T

1 1 1

F / g(z) sin 2rnz sin §,,x de = — / [/ g(&) cos 2mn& df] cos 0, x dr+

T T T
1

</

T

1 1

/g(f) sin 2né df] sin 0,z dx = cos 0, T / g(&) cos 2mn& d§—

x T

1

1 1
-, / sin 0,,x / g(&) cos 2mn& d€ dx F sin 6,7 / g(&) sin 2mn& déF

T

1 1
:Fén/cos 5nx/g(§) sin 27né d§ dzx.

Bocrosibayemest HepaBencTBoM Komw aisi yeTbipex caaraembix (a + b+ ¢ + d)? <
< 4(a® + b + ¢ + d?), orpaHMUEHHOCTBIO MOLY/NeH BeJM4UH 0, Sind,z, cosd,r U Hepa-
BeHcTBOM Koum — BynsikoBckoro. Ilonyuaewm:

1 1 1 2

2 2
/g(x) cos \yrdr| <4 [ cos 0, T / g(&) cos2mn& d| + |sind,T / g(&)sin2ng d§| +
’ 1 1 ' 2 1 1 ’ 2
+ (5n/sin (5na:/g(§) cos 2mné d€ dx| + (5n/cos 5n:1:/g(§) sin2mné dé dx| | <
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1 2 1 2 1,1 2
< c[ /g(f) cos2mné d§| + /g({) sin 27né d§ +/ /g(f) cos2mné d§| dx+
T 17' ) , T x
—i—/ /g({) sin 2mné d¢ d:c].
Jlns obiero 4seHa nepBoro psina (22) uMeeM HepaBeHCTBO
1,1 2 1 1 2 1 2
g(x)cos \prdx| dr < c [ g(§) cos2mn&ds| + | [ g(§)sin2mné dE| | dr+
[ i /
1 1p 1 2 1 2
+c [ g(&) cos2mn& de| dx+ | [ g(&)sin2mn d§ ] dx dr,
[ /
¥ 3a/la4ya CBOIMTCS K MOJIYUEHUIO OLEHOK uepes cl| f||3 nast psimos
o lr 1 2 1 2
g(&)cos2mnédé| + | | g(&)sin2mné d€ ] dr, (23)
/1 /
o L o1p1 2 1 2
g(&) cos2mng de| dx+ | [ g(&)sin2mn d§ ] dz dr. (24)
i /

Psn (23) coBnanaetr ¢ psgom (17) (¢ TouHOCThIO 10 0603HAUEHUs MEPEMEHHBIX), IJIs
Hero Hy»kHasi OlleHKa MOoJIyYeHa BhIIIE,

Hccnenyem psin (24). B otnmune ot psima (17), B (24) Hy»KHO ABa MHTerpasja BblHe-
CTH 3a 3HaK CyMMbl U NPUMEHHUTb HepaBeHCTBO Deccessi uiau paBenctBo [lapceBans nis
TPUTOHOMETPHUUYECKOH cucTeMbl (GyHKUHE. [Ljsi Toro 4ToObl BHelIHH# HHTerpas B (24)
BBIHECTH 32 3HAK CYMMBI, JOKaxKeM paBHOMepHYIo 1o 7 € (G cX0AMMOCTb Psja

]

Boime Mbl nokasand, uto psap (18) cxomurcs pasHomepHo mo z € G. O6-
wui uneH psiga (18) — HempepbiBHAs (YHKIMs, CJEI0BATENbHO, PSII CXOAUTCS

U B TOYKEe MaKCHUMyMa (QYHKIMH, T. €. CXONWUTCH YHUCJOBOH Ppsf Zzozogon, rue
2

1

/g(f) sin 2mné d§

xT

1 2
/g(f) cos2mné d&| dx +

xT

] da. (25)

1

[ g(&) sin2wné d¢

T

jg(é) cos2mné d§| dx +

(25) He MPeBOCXOMHT @, AJIS1 KAXK0ro 3HaueHHs T € G, c/eoBaTenbHo, psf (25) cxoauT-
csl paBHOMepHO 10 T Ha oTpeske G (cornacHo npusHaky Beitepmitpacca). Takum o6pasoM,
UHTerpas mo 7 B (24) MOXHO BBIHECTH 3a 3HAaK CyMMBbI, TaK KaK COIJIACHO WM3BECTHOU
TeopeMe aHa/au3a, pAa (25) MOXKHO MOYJEHHO MHTErpHpPOBaTh Mo T Ha oTpeske G (oOuMiA
usieH psaaa (25) ecTb HenpepbiBHas Ha G PYHKIHSA).

duKcHpyeM NPOM3BO/bHOE 3HaueHHe 7 € G u mokaxeM, 4to psag (18) MOXHO mouseHHO
MHTETPUPOBaTh MO = Ha oTpe3ke [7,1]. Bblme mbl mokasamu, uto psn (18) cxomures

2
] > 0. Ho obwu#t uneH psna

On = max[
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PaBHOMEPHO MO z Ha oTpeske (7, cJe0BaTeNbHO, OH CXOAMTCS PAaBHOMEPHO 10 & M Ha
otpeske [7,1]. O6wwu# unen psina (18) HempepsiBen Ha [7, 1]. Tloatomy psin (18) moxHO
MOYJIEHHO WHTErpUpoBath 1Mo x Ha [7,1] u B psime (25) WHTerpas Mo x MOXKHO BBIHECTH
3a 3HaK cyMmMmbl. [Jlajee ocraeTcs 3amucath paBeHcTBO [lapceBass (19) mas dyHKuuu
F(z,&,7) : F(x,&,1) = g(&) naa & € [z, 1], F(z,{,7) = 0 pas & € [r,z]. B urore
noJy4um As psnga (24), BosBpauasch K GyHKUUH ¢(z):

o 1 1 1 2 1 2
(€) cos2mné d§| dx + (6)'2gd§]dd:
;O/T/[I/g COS 47N X !g S1N 27N, xr aTt
1 1 o T 1 2 1 2
://<Z /g(§)0082wn§d§ dz + /g(g)sinzmgdg ])dmdr_
0 7 n=0L T

1 1 1
.y / [ [ 100 de s ar < gl = el

Tem cambiM 1715 psiga (24) mosiyueHa MCKoMmasi OlleHKa. DTO 3aBepliaeT yCTaHOBJEHHe
OLIEHKH AJis mepBoro psina (22). Bropoit psn (22) oueHUBaeTCss TOUHO Tak XKe C 3aMeHOH
KocuHyca Ha cunyc. OueHka (9) noxkasana.

s noayuenus ouenxu (10) mns obliero yjeHa psjaa NMPUMEHUM ANPHOPHYIO OLEH-
Ky (11) ca = =0, j = r, HepaBeHcTBO Kommu — ByHsikoBckoro u yurem ycaosue A, € IL:

1 x

/g($)/q(7)un(7) sin \,(z — 7) drdx 2

0 0

< el An] 7l [/Ig(:v)!/I(J(T)un(T)!dew] <

lunll3* <

[Anl =

< Al unllz® - Nlallf - lluall% - gll2 < exlAal 2 I1F1. (26)

Hcnonb3yst Bropoe yciosue (1) mist mocsenoBaTesbHOCTH {\,}, YCTaHOBUM CXOMH-
MOCTb psiia C OOIIMM YJieHOM |\, |~2:

Z A2 < i Z A2 < f: % Z 1< coi % = ¢ = const. (27)
n=1 n=1

An|>1 n=1 ng|An|<n+1 n<An| <t

W3 cootHowenuit (26), (27) caenyet cnpaBemuBocTh HepaBeHcTBa (10).

D10 3aBepiiaeT 060CHOBaHHe MepBoro HepaBeHcTBa (4). Teopema 1 dokasawa.

JuddepeHpaabHbIN onepaTop ¢ UHTErpajbHbIMU KpaeBbIMH yciaoBuamMu. Chop-
MYJUPyeM TeopeMbl O 0e3yCJO0BHOM 0a3UCHOCTH WU PAaBHOMEPHOW CXOOUMOCTH OHOPTOTO-
HaJIbHBIX PA3JI0KEHUH MO KOPHEBBIM (PYHKUHUAM AU((PepeHIInasbHOro onepatopa BTOPOro
MOpsIIKAa C UHTErpaJbHbIMU KpaeBbIMH yCa0BUSIMH. J[0Ka3aTesbCTBO 3THUX TEOpeM TaKxkKe
OCHOBaHO Ha Metone WMsbuHa.

ITocranoBka 3amaum. Oneparopsr L, LT, L*. B npoctpanctBe H pacCMOTPHM orle-
patop L, mopoxneHHbi#l nuddepenunanbroi onepauueit (3) ly = y” + p1(x)y’ + p2(x)y,
z € G,

pl(ﬂf) € C(G)v p2($) S gl(G)7 (28)
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Ha MHOXKecTBe QyHkuuii D = {y(z) € H : y € WHG) n NU), ly € H},
W2(G) = {y(z) € H: y € AC*(G), y' € H}, AC*(G), k = 1,2, — knacc DyHK-
uuit f(z), abcomoTHo HenpepbiBHbIX BMecTe ¢ f*~Y(z) na G, AC' = A, N(U) — anpo
¢yukunonana U(y) : Wi(G) — €2,

Uy) = /0 1y’(x)d1/1(x)—|— /0 1y(x)d1/2(;1:), v = (”ﬂ>, i=1,2, (29)

Vi2

vi;(*) — (QYHKUMHM C OrpaHHYeHHBIM H3MeHeHHeM Ha (i, HempepbIBHbIE CMIPaBa B KaX10H
Touke G. OyHKUMHU C OTpaHUUEHHBIM H3MEHEHHEeM 3alulleM B BHAE CyMMBbl v; = vf + UF,
t=1,2, roe v{ — BeKTOp ¢ abCOMIOTHO HelpepbIBHBIMU KOMIIOHEHTAMH, a V] — CHHTYJISp-
Hasl 4acTb (PyHKLHH Vi(x): vi = ;¢4 7% rhe v;¢ — BEKTOD C HelpepbiBHBIMH KOMIIOHEH-
sa s 1

TaMH, CHHTYJspHas QyHKUMs, a v;® — GyHKumus ckadkos. MssectHo, uto vji(7) € Wi (G)
¥ moutH Bcropy Ha G mpousBonHas (vf)(z) paBHa 6. Ilycts ¢yHKUMH v/%(z) MMeIOT B
Toukax &, € G ckauku of € €% i =1,2, p=0,1,... Pasonenne T = {¢,} orpeska G
TakoBo, 4yT0 §p = 0, &1 =1, &, € G, p = 2. MHO}KeCTBO To4eK {{,} MOXKET ObITb KOHEUHBIM
(HampuMep, COCTOSITh BCErO U3 IBYX TOUeK &y, &1) WM OeCKOHEUHBIM, paddoueHre T MOXKeT
OBbITh MJIOTHBIM Ha YacTH WJM Ha BceM G.

Hcnonbsyem obosnauenue (3;(x) = dvi(z)/dz. Kpaebie dopmbl (29) Ternepb MoxKHO
3anucarth B BHIE

0o 1 1
— S S e )l + / Bi(2)y > () da + / W2 @dve(@) | (30)
i=1 L p=0 0 0

Bynem Takxe ucrnosb3oBaTh 0603HaYeHHE

-
Vf[(),x]:/ dyf(t):/ dvi(t Zax&,, , 1=1,2
0

* p=0,z

rae x(z, 1] — xapakTepucTHueckast (yHKIHs MHOXKecTBa (z, 1], a cyMMa B 1paBoi 4acTH

(opmynbl [J KaXA0ro 3HayeHus x Oepercs no Tem p, Aasa KoTopbx 0 < &, < w. Kak

00BIYHO, V; — ONepalysi COMPSKEHHs I/ BeKTOpa v;: V) = UL = (U1, Uss).

Beemem B paccmoTpenue caenywowmui omepatop LT [24]. Tlyers Ifz =z,
Ifz = =2 + Dz, I = 2" — (p12) + Dyz, © € G, — BcrnoMoraresbubie nudhepeH-
LMaJbHBble omepaluud u D* — MHoxecTBo (yHkuui: D* = {z € H : I ¢ € €,
gjp1 = Ga(@) + i [0.ale € A(G), j = 0,1, [72(07) = —aYe, [§2(17) = aj’yp,

2(0%) = —ay* o + B1(0)p, f2(17) = ag*p, I'z = lyz + (B)) (v)p — B3(x)p € H},
rfle ( — HEKOTOPHIH mapameTrpuueckuil BekTop. Oneparop Lt melicTByeT B MPOCTPAHCTBE
H, nopoxnaercs nuddepeHuranbHON onepaurell [*z Ha MHOXKecTBe (yHKUMi D*. One-
patop Lt siBasieTcsi hopMasibHO COMPSIKEHHBIM K orepaTtopy L, mns oneparopos L u L+
BhINONHAAETCS ToxkaecTBo Jlarpanxka (ly, z) = (y,1*z), y € D, z € D* [55]. Ecin D = H,
T.e. 00JlacTb OmpejeieHHs1 onepatopa L mjotHa B H, To omepatop LT = L* siBasiercs
COTIPSI?KeHHBIM K omnepaTtopy L.

W3 pesynbTaToB paboThl [56] caemyer, uto ecau p; = 0 Ha G, a KpaeBbie Gopmbl (29)
oneparopa L peryaspHbl, To D = H, T.e. B 3ToM cayuae LT = L*.

[Ipumep mocTpoeHus compsiKeHHOro omnepartopa «no bpayHy» [24] u «mo Jlarpanxy»
IJi cydasi MHOTOTOYeUHbIX KpaeBbIX ycoBHil (B (opme (30) mpuUCyTCTBYeT TOJIBKO Tep-
Basi CyMMa I10 p) U BbIBOJ BbIpaXKeHHsl JJIsl BEKTOPa ¢ M3 ONpelesieHUs Kaacca D* MOXKHO
HaiTh B padore [57].
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3anauu ¢ UHTerpasbHbIMH KPaeBbIMH YCJOBUSIMH paHee aKTHUBHO HCCJEN0BAJUCh, MO-
JIe3Hbl 0030p comepxkuTcs B [24]. M3 paGoT, BbILEALIMX MOCJe 3TOro 0630pa, OTMETHM
caenyiouide. A. A. llIkanukos [56] n/st 0ObIKHOBEHHOTO AU(hepeHIIHaIbHOTO omepaTopa
MPOM3BOJILHOTO TOPSIIKA C HHTErPajbHBIMU KPAeBbIMH YCJIOBHSIMU BBEJ TIOHSTHE PETYJsp-
HBIX KPaeBbIX YCJOBHH U J0Ka3aJl, 4TO B CJyuyae TAKMX YCJOBUH CUCTEMa KOPHEBBIX (DYHK-
LMH orneparopa o6pasyeT B npocTpaHcTse £2((G) 6asuc Pucca co cko6kamu, 6J0K-6asuc
(B cayuae YCHJIEHHO PeryJsipHbIX YCJIOBHE — 0ObIYHBIH Oasuc Pucca). AHaJOrHUHBIN pe-
3yJbTAT TOJydeH B pabore [58] mJjsi BEKTOPHOro (hYHKIMOHAJIbHO-IU((epeHIHaIbHOTO
ypasrenus y™ + Fy = \y (F — NomuMHeHHBIH OmnepaTop) ¢ HHTErpasbHbLIMH KPaeBbl-
MU YCJOBHSIMH. 3a/laud C WHTErpajbHbIMU KPAEBBIMHM YCJIOBHSIMH HCCJIEIOBATUCH TaKXKe
B pabotax [59-62] u np. ConpsixkeHHBIH OMepaTop B 3THX U MOCJAEAYIOUIMX paboTax He
UCII0JIb30BAJICS U He BBOJHUJICS.

BasucHocTh cucTteM KOpHeBbIX (pyHKuMil omepatopoB L u LT. OGosHaunm
V(z) = (B7)(z) — B3(x), rne Br = (v§)', k = 1,2. Ham notpebyercsi HaJ0OXKUTb Orpa-

HHUEHHUS] Ha BEKTOP-(OYHKUHUH vj(r) — YCTaHOBHUTb CBf3b MeXKIy MaTpuuamu vp®, v,
V(z), NeHCTBYIOIIMMH Ha BEKTOP (.
Beenem o6osnauenue ans sgep stux Matpuil: Ny = (g N(V(2)), N =

= Moo NG (1)) = M N(), Nee = Ny N[0, 2]), k = 1,2. Tlyers pemon-
HAIOTCA CJAEeAYIOIIHEe BJIOXKEHHSA:

NlagNIC) Elk:]-72 NkagN2C7 (31)
Fk=1,2: NyuCNy, mpuk=2: v5(x) e Wy(G), j=1,2. (32)

PaccmoTpum 6uopToHOopMHpoBaHHYIo B H mapy cucreM {u,(z)}, {v,(x)} 060061meHHbIX
COOCTBEHHBIX M MPUCOENMHEHHBIX (QyHKUHE omepatopoB L u L. 3adukcupyem mpous-

BoJibHOe uucao v > 0. Dymem paccmatpuBath uucaa {\,}, yIOBJETBOPSIOIIHE YCJIOBH-
am (1).

Teopema 2. [lycmo svinoausromes ycarosus (28) na koagguuuenmol py(x), ycao-
sus (1) na cucmemy uucen {\,}, ycaosus (31), (32) na gynxyuu vy.(z), vi;(x) € W3 (G),
Jj=1,2, uobe cucmemot {u,}, {v,} asasomes noinvimu 6 H. Toeda das moeo umobuol
kancoas us cucmem {u,}, {v,} 26as21ace 6asucom Pucca 6 H, neobxodumo u docma-
mouro, umobovL amu cucmemvl Gviau noumu HopmuposarHoimu 8 H. [as moeo umobol
kaxcoas us cucmem {u,}, {v,} obpasosvisara 6esycrosnoiti 6asuc 6 H, 1Heobxo0umo
u docmamo4Ho 8biNOAHEHUSA ¢ HeKomopoll nocmoanxol ¢ > 0 coomnowenus (2). Has
mozo umobo. Kaxcoas us cucmem {u, - |un|ly'}, {vn - Jvalls'} obpasossiearu 6asuc
Pucca 6 H, Heobxodumo u docmamouHo 8vinoiHeHus yciosus (2).

3ameuanwue 1. [[71s onepatopa L C peryasipHbIMH KPaeBbIMH YCJIOBUSIMU M KOS(PPHUIIH-
entoM p; = 0 B G, 0711 HeKoTOpbIX yucesa v = 0, ¢o > 0 BeinosHsATCs yeaoBus (1) u obe
cuctembl {u,}, {v,} nonuel B H, uto cienyetr u3 pabotsl [56]. Takum oGpasom, B 3TOM
cjydae B TeopeMe 2 MPOBepKH TpeOyroT Juiib ycaoBusi (31), (32) Ha simpa BeKTOpOB H
yCJIOBHE TOUTH HOPMHPOBAHHOCTH CHUCTEM HJM ycJoBHe (2) (/s Uero JOCTAaTOUHO 3HATh
rJlaBHble YJI€Hbl aCUMITOTHK (PYHKUMH Uy, v, ).

IIpumep. [IpounntocTpupyemM pesysbTaT TeopeMbl 2 Ha MPOCTOM NpUMepe HeJloKaJb-
HOU KpaeBoH 3anauu. [lycTb omepatop L nedcTByeT B MpocTpaHCTBe H, MopoXiaeH AU(]-
(epenumanproit onepauuedt lu(r) = u"(z), v € G, u € C*(G), ¥ KpaeBHIMU YCJIOBHSIMHU:

uw(0) =0, w(l)+2u(l/2) = /0 u(z) d.
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MHTerprpoBaHyeM M0 4YacTsiM MOJydaeM, YTO COMPSIKEHHBIE OMepaTop MOPOXkKAaeTCs
Harpy»KeHHOH nu(epeHunanpbHol onepauned [*v(x) = v”(x) — v'(1), x € G, KpaeBbIMHU
yeaoBusiMd v(0) = v(1) = 0 U yc/IOBUSIMH Ha pa3pbiB B Touke = = 1/2:

v[1/2] =0, '[1/2] =—20'(1), w(x) € W (G)UC?0,1/2)uUC?*(1/2,1],

rie MCIo/b30BaHO 0003HAYeHHe /s cKauka ¢yHKuuu v[l1/2] = v(1/2 +0) —v(1/2 — 0).
B Touke x = 1/2 pyHKuMU v(x) U3 006JaCTH ONpeleseHus ornepatopa L* HempepwIBHBI, a
GyHKIMM v'(z) MOTYT HMeThb paspbiB mepBoro poxa (ecau v'(1) # 0 ).

Jl7si 3TOrO MpUMepa BBITIOJHEHBI BCE YCJOBUS TEOPEMbl 2, 32 MCKJIOYEHHEM YCJIOBHS
MOYTH HOPMHUPOBAHHOCTH CHCTeMbl {v,} U ycjoBus (2) [63]. O6e cucremsl {u,}, {v,} He
oOpasytoT 6asuca B H. Y6epem uHTerpaJjibHOe CjAaraeMoe U3 KpaeBoro ycJoBus. lToraa npu
MPaBUJIbHOM BbIOODPE MPUCOETUHEHHBIX (DYHKIHH (Tak, YTOObI BHIOJIHAIOCH ycaoBue (2)),
OyayT BBITIOJIHEHBI Bee ycaoBus TeopeMbl 2. Cuctemsl {u,}, {v,} obpasytr 6asuc Pucca
B H. B Kax1om 13 npumepoB ornepatop L siBJSeTCS CYLIeCTBEHHO HECAMOCOMPSIKEHHbBIM.

PaBHOMepHas CXOOMMOCTb OMOPTOrOHAJNbHBIX pa3JokeHui. [IponoKuM HayueHHe
BBeJIeHHbIX Bblllle CUCTeM {u, }, {v,}. s npousBosbHOi hyHkunu f(x) € H paccMoTpum
[IBe 4aCTHUYHbIE CYyMMbl €€ GHOPTOrOHAJIbHBIX Pa3JI0XKeHH:

oxz, f) = Z (fyvn)un(x), oxz, f)= Z (f,un)vp(z), Y A>0, v€G.

An] <A [An|<A

Teopema 3. [Tycmo svinosnsomes ycrosus (28), (31), (32) (ycaosue (32) — npu
k=1), (1), 2), vf;(x) € W3(G), j = 1,2. [Tycmo pynxyus f(x) € Wy (G) u

[ H@ansta) + F@)0) - 1O0) =0 3)

Toeda pasnroxcenue oy(z, f) cxodumces abcoaromuo u pasHomepro Ha G npu A — +oo.
Ecau donoanumenvno nompebosamo, umobol cucmemol {u,}, {v,} 6oviau noamner 6 H,
mo pasaosxcerue oy(x, f) cxodumcs Kk Qynxkyuu f(r) pasromepro Ha ompeske G u

pasromepHo no x € G cnpasediuso

f@) = ox(z. f) = o(VN)T), A= +oo, (34)
ocmamok pada us mooyaetl | fou,(x)| umeem maxyro sxe oyenxy (34), pasromepro no
reG.

JlokazaTesbcTBO TeopeMbl 3 OCHOBAHO Ha CJelyIOleM MpeacTaBaeHUH Ko3(ppHULHeH-
toB @ypre. PaccmoTpum crekTpasibHyio 3amady ajis omnepatopa LT ¢ (DHKCHPOBaHHBIM
3HaueHHeM A\, = A # 0, A € €, z(x) — coOCTBeHHAasl WJU TPUCOEIMHEHHAsT (QYHKIHS
orneparopa.

Jlemma 2. [Iycmo z(x) € D*, soinoansiomes ycaosus (28) u noumu ecrody e G
BbLNOAHAEMCS PABEHCMBO

2= (012) + Doz + V(x)p + Nz = Opfizo, 2 € H.

Iycmo komnaexcrosnaunas gyukyus f(x) € WHG) u ydosremsopsem kpaesomy
ycaosutro (33). Toeda cnpasediuso caedyroujee coomuoulerue:

o
(f,2) = &

= O o) 4 U ) — (ot o 2) (R V), YAE®, A0
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Jnsi nokaszatesbCTBa TeOpeMbl 3 HCIOJb3yeM IOJydeHHOe MpeacTaBjaeHHe Kodhdu-
nueHToB Pypbe, HepaBeHCTBO Deccesisi nJs KOPHEBBIX (YHKIHH (M MX TPOU3BOIHBIX)
ormeparopa L™ W anpuOpHBIE OLEHKH AJISI STHX (QYHKIHH.

PaccMoTpuM BOIPOC 0 CXOOMMOCTH «COMPS2KEHHOTO» pasJfoxkeHus o,(z, f). Cxonu-
MOCTb TAaKUX pasJsioKeHWH Tpebyercs, Hanpumep, B Metone B. A. MnbuHa nokasatesnbcTBa
TeopeM PaBHOCXOAUMOCTH.

Teopema 4. [lycmo 6vinosnstomes ycarosus (1), (2), (28) (32), vi;(v) € W3(G),
J = 1,2, ¢pynkuus f(x) € WH(G) u f(0) = f(1) = 0. Toeda pasroxnenue &(z, f)
cxodumes abcoromno u pasromepro wa G npu N — ~+oo. Ecau cucmemor {u,}, {v,}
noanvt 8 H, mo pasaoscenue oy(x,f) cxodumea k ¢ynkyuu f(x) noumu scrody 8
G u noumu sctody 6 G cnpasediuso f(x) — ox(z, f) = o((VA)™1), X — 4oo (ecau
Qynkuuu v, nenpepolenor na G, mo 8 060UX CAYLAAX CXOOUMOCMb DABHOMEPHAS HA

ompeske G).

JL1si paccMOTpeHHOro BhIIIE MPHMepa B CHUJIY HapylleHHs YCaoBHs (2) rapaHTHpo-
BaTb paBHOMepHYI0 Ha (7 cXoaMMoCTb pasnoxeHuil dyHkuuu f(z) € WH(G): ox(z, f)
mpu f(0) = 0, f(1) +2f(1/2) = 0 (yenosus (33)) n oa(z, f) npu f(0) = f(1) = 0,
Mbl He MoxeM. Ecsiu ke B KpaeBOM yCJOBHH yOpaTh HHTerpajbHOe cjaraemoe, TO IMpH
NPaBUJILHOM BbIOOpe MPUCOENMHEHHBIX (QYHKUMH s J1060# GyHkuun f(x) € WH(G),
f(0) =0, f(1)+2f(1/2) = 0, pasnoxenue oy(x, f) cxonutess K f(x) paBHOMepHO Ha G
u f(z) — oa(z, f) = o((VA)™), A — +oo, paHoMepHO Ha G; mas f(z) € WHG),
f(0) = f(1) = 0, pasnoxenue oy(z,f) cxomutcs K f(xr) paBHoMepHo Ha G (Tak
Kak (YHKUUU v,(x) — HeNpepbiBHbI) M CMNpaBeAIMBa OLIEHKA CKOPOCTH CXOAHMOCTH
f(x) = ox(z, f) = o((VA)™), A — 400, paBHOMepHO Ha .

O630pbl pe3y/IbTATOB M0 BOMPOCAM CXOAUMOCTH OHOPTOTOHAMbHBIX PA3JI0KeHHH (DyHK-
UMH 1151 OOBIKHOBEHHBIX AU (hepeHIINaNbHbIX ONePaTOPOB C ABYXTOYEUHBIMU PEryJIspHBI-
MH U HeperyJsipHbIMH KpaeBbiMH ycjoBusMHu (B Toukax O u 1) mpuBeneHs B [64, c. 88—
103] u B [50]. HMccnemoBanuch ¥ 3agaud C HeJOKaJbHBIMH KpPaeBbIMH YCJOBHUSMU. B
pa6oTax [65,66] mosydeHBl YCIOBHSI PAaBHOMEPHOH M abCOJIOTHOH CXOTUMOCTH OHOPTO-
rOHaJBHBIX Pa3J/I0XKeHHH M0 KOpHEBBIM (DYHKLHSIM onHOMepHoro onepartopa lpenunrepa
C YaCTHOTO BHMJAa MHOTOTOYEYHBIMHM KPaeBbIMH YCJOBHSIMH. DTOT »Ke BOIPOC HCCJE0BaH
B [b7] mns caydasi oOUIMX MHOTOTOUEYHBIX ycjoBuid. OTMeTHM Takxke paboty [67], rme
paccMOTpeH HWHTEepecHBbId NpUMep C OAHOH BHYTPeHHel TOUKOHM B KpaeBOM YCJOBHU. B
pa6otax [68,69] ycraHOB/IEHBI yCJIOBHS PaBHOMEPHOH M aOCOMIOTHOH CXOOUMOCTH U IO-
JIyUeHbl OLIEHKH CKOPOCTH CXOAMMOCTH OMOPTOTOHAJIbHBEIX PA3JIOKEHUH 11 AU(hepeHIy-
aJIbHBIX OIMEepPaTOPOB C IBYXTOUEUHBIMH KPAeBbHIMH YCJOBHSIMU (CM. TakxkKe APYrde paGoThl
3TUX aBTOPOB IO 3THUM Borpocam). O630p no paboram MiKosbl MibHHA MO OLlEHKaM CKO-
POCTH CXOAMMOCTH W PaBHOCXOAMUMOCTH CIIEKTPAJbHBIX Pa3JI0XKEHHH MOXKHO MOCMOTPETb

B [70].

BaaromapHoctu. Astop npusHatesen A. 1. XpomoBy 3a mosiesHele 06CyKIeHHS pac-
CMaTPUBaeMbIX B JAaHHOH paboTe BONPOCOB M COBPEMEHHbIX NPoOJeM CIeKTpaJbHOH Teo-
puu nudpepeHIHaNbHBIX ONEPaTOPOB..
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MEXAHUKA

YK 501.1

BnusiHue nernpoBaHusi aToMaMu Kucnopoaa
MOPUCTBIX YrNEePOAHbIX HAHOCTPYKTYP

Ha 3Ha4eHnsa moayns OHra

A. C. KonecHukosa, K. A. lMpuxoa4eHko

KonecHukosa AHHa CepreeBHa, kaHanoaT (ouanKo-MaTeMaTiiyeckmx Ha-
YK, [OLIEHT Kapeipbl MaTeMaT4eCKon TeOpUI YNpyrocTh 1 BruomexaHu-
ki, CapaToBCKIil HAaLMOHANbHbIN UCCNELOBaTEeNbCKMIA FOCY AAPCTBEHHBIN
yHuBepcuteT umenHn H. I'. YepHbiwesckoro, Poceus, 410012, Caparos,
yn. ActpaxaHckas, I. 83, Kolesnikova.88 @mail.ru

Mpuxon4eHko KpucTtuHa AnekceesHa, MarucTp 2-ro kypca kagoeapbl ma-
TemMaTMyeckoi Teopun ynpyroctu u buomexaHuku, CapatoBckuii Hawu-
OHaNbHBIN UCCNEe0BaTeNbCKIUA FOCY LAPCTBEHHBIA YHUBEPCUTET UMEH!
H. I. YepHblwesckoro, Poccusi, 410012, Capatos, yn. ActpaxaHckas,
A. 83, kristyans @yandex.ru

MpoBeaeHo nccnefoBaHe MeXaHU4eCKo MPOYHOCTI NOPUCTLIX YrNepoa-
HbIX CTPYKTYP MAOTHOCTIO 1.4 r/cM? ¢ pasnnyHbIMI pasmepamm rop 1 KOH-
LieHTpaLMsM1 aTOMOB KUcnopoa. ViccnejoBaHne MexaHn4eckux CBOCTB
MOPUCTBLIX YTNEPOLHbLIX HAHOCTPYKTYP MPOBOAMIOCHE Ha TPEX MOLENSX C
pa3mepamu HaHonop 0.4-0.8 HM, 0.2—-1.12 HM, 0.7—1.3 HM. YcTaHOBNEH Xa-
pakTep n3meHeHns Moayns FOHra nopucTbIX HAHOCTPYKTYP B 3aBUCUMOCTH
OT KOHLEHTPALMM 1 pacronoXeHnst aTOMOB KUCOPOLa B HAHOMOpaX.
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BBEJEHUE

[TopricTble CTPYKTYpPBI, OCHOBAHHbBIE HA CTEKJIOMOAOOHOM YT-
Jiepojie, MIPUBJIEKIN BHMMaHHe MHOIMX HCCJIeNoBaTesied W3-
3a WX YHHKaJbHBIX (husuueckux cBodcTB [1-8]. Teomer-
pHUECKHe MapaMeTpbl (pasmMep HaHOMOP) TOJBIX YTIJIEPO.-
HBIX HAaHOCTPYKTYP MOXKHO JIEFKO aialnTHPOBaTh C IOMO-
IbI0 METONOB CHMHTe3a. [lopHcThle YrepofHble CTPYKTYPHI
HCITOJIb3YIOTCSI B KauecTBe COPOEHTOB, YTO SIBJISIETCS] BaXK-
HBIM 3JIEMEHTOM COBPEMEHHOH MenMIHHbI. [lopucTbie yrie-
POIHBIE CTPYKTYPhI 00JIafal0T OTJHYHBIM MOTEHIHAJOM M1JIst
ancopbunu [9], katanuza [10] u xpaHenus suepruu [11,12]
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Osarofapsi UX yCTOHUMBBIM (PU3UKO-XMMHUYECKHM CBOHCTBAM, XOPOILUEH 3JeKTPOHHOH IMpo-
BOAUMOCTH W YHHKAJbHBIM CTPYKTYPHBIM CBOHMCTBaM, BKJ/IOUas BBICOKYIO MJOLLA/Ab MO-
BEPXHOCTH, AOCTYNHYIO MOPUCTOCTb 000JOUKH U BBICOKHH BHYTPeHHUH o0beM. Kpome TO-
ro, NyCcTOTa B HaHOMOpax o0ecleyrnBaeT OrpaHUYeHHOe MPOCTPAHCTBO, KOTOPOe OCOOEHHO
NpHBJeKaTeJ bHO JJS JOCTaBKH JIEKApCTB, XpPAaHEHHS ra3a, HaHOPEaKTOPOB U MHKAMCYJf-
MY aKTUBHOTO MaTtepuana [13-15].

Jnsi paciivpeHus o6aacTedl UCMOJIb30BAHUS MOPUCTHIX YIJIEPOAHBIX HaHOMAaTepHaJoB
AKTUBHO Pa3BUBAIOTCS UCCJENOBAHUS CBOWCTB NOMHUPOBAHHBIX MOPHUCTHIX YIJEPOAHBIX Ma-
TepuaJsoB rerepoatromamu (Hampumep, N, B, P). MccienoBanue cBOHCTB DOMMPOBaHHBIX
TOPUCTBIX YIJIEPOAHBIX MATepHaJIOB C FeTepoaTOMaMH MO3BOJIUT MPeNJoXUTb 3(P(heKTHB-
HBIH MOAXOA K MOTU(HUKALUK UX (PU3UKO-XMMHYECKHX CBOUCTB [16-18].

B HacTosi1iee BpeMst HCCIENYIOTCS 3J€KTPOHHBIE H SMUCCUOHHBIE CBOUCTBA JOTHPOBaH-
HBIX TIOPUCTHIX YTJEPOAHBIX MaTepuaoB. OnHaKko paboT MO UCCIEI0BAHUI0 MEXaHUUECKHX
CBOHCTB JONHUPOBAHHBIX MOPUCTHIX YIJIEPOAHBIX HAHOCTPYKTYp HalaeHO He OblLIo. DKC-
TepUMeHTabHO H3BeCTeH (PaKT, UTO CYIIeCTBYeT PAa3HOBUIHOCTb TMOPHUCTBHIX YIJIEPOIHBIX
HaHOCTPYKTYP € MJIOTHOCTbIO 1.4T/cM® monupoBaHHBIX aToMamu Kucaopona [19], Ho pa-
Hee He MPOBOIUJIKCH PaOOTHl MO UCCJAEIOBAHHIO MEXaHHYECKHX CBOHCTB 3THX CTPYKTYP.
B pa6Gotax [, 3,4] mpoBoguiuch HCC/IENOBaHHS MeXaHHUYECKHUX CBOHCTB OecrnpHUMecHOH
TOPHCTOMN YIJIEPOAHOH CTPYKTYPBI C MIOTHOCTBIO 1.4 r/cm?.

[lenbto naHHOW paboOTHI SABJsETCS MOUCK HauboJee ynpyrod KOHMUTypaUUH MOPUCTOH
yraepoanoi ctpykTypsl (ITYC) ¢ miaotHocTbio 1.4 r/cm?. JI/ist 3TOr0 0CYyLIeCTBASANOCH TEO-
peTHyecKoe UcCJeloBaHHe H3MeHeHHs1 Mony/si KOHra mopucTBIX yriepoaHBIX HAHOCTPYK-
Typ ¢ mA0THOCThIO 1.4r/cM® mpu gonmMpoBaHWM MX atoMaMu Kucjaopoxa. OcyluecTsis-
JIOCb JIOTIHPOBaHHUEe MOPUCTBIX YIVIEPOAHBIX HAHOCTPYKTYP C Pa3HbIM pa3MepoM HaHOIOp
M C MOCTOSTHHOH MJIOTHOCTBIO aTOMOB yryepona. VccnenoBaHusi IpoBOAUNNCE C TIOMOLIBIO
MOJIEKYJIIPHO-MEeXaHUYECKOr0 MeTOla C HCIOJb30BaHUEM 3JHEpreTHYecKoro MoTeHLHasla
REBO [20]. Bui6op maHHOro mertoma oGyCJOBJIEH TeM, UTO OH XOPOILIO 3apeKOMEeHI0BaJI
ce0si MpH MCCJ/EL0BAHUH CBOWCTB YIJIEPOAHBIX HAHOCTPYKTYp [21-24].

1. OBBEKT UCCNIEAOBAHUSA

Jlns TeopeTHUeCKOro Hcc/efoBaHUS MexaHWdyeckux cBoicTB [1YC ¢ mioTHOCTBIO
l.4r/cM® B 3aBMCMMOCTH OT pa3Mepa HAHOMOP ObLIM TOCTPOEHBl TPH AaTOMHCTHUECKHE
MOJIeJIU: IIJIsi TIepBOH Mopesun pasmep mop coctaBua 0.27-0.55HM, 1t BTOPOH MOLeJH
pasmep mop coctaBusa 0.62-0.73 HM, s TpeTbed Momesd pasmep mop coctaBus 0.85-
1.49 am.

KosnyecTBO aTOMOB B 3/1eMeHTapHOH siuelike cocTtaBsao 1899. dnemenrapHas siuelika
atromuctryeckor [1YC nmena pasmep 3 x 3 x 3 HM.

BecnprmecHble CTPYKTYpBl IONUPOBATUCh aTOMAaMH KUCJIOPOAA B XaOTHUYHOM TOPsAKe
C yBeJHUEHHEM HX KOHIEHTpauuu 10 3.5%. ATOMBI KHUCJOpOAa MOMENAJUCh XaOTHUHO
B 1eHTpe sveiiku [1YC (B HaHomopax) u mocJjoiiHo BHYTpH mpotsikeHHoH [IYC. Ilocse
3TOro TPOBOAUJCS MPOLIECC ONTUMHU3ALMH, T.e. NNOUCK PaBHOBECHOI'O COCTOSTHUSI aTOMOB
s7eMeHTapHOl KyOudeckoi pewetkd. Mopenu [1YC, nonupoBaHHON aToMaMU KHUCJI0POAaA,
npefcTaBJ/eHbl Ha puc. l.
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Puc. 1. Mogeab MOPUCTOH YryepomHOH CTPYKTYypbl: & — ¢ pasmepoM mop 0.27-0.55 Hwm,
JIOMMPOBAHHOM aTOMaMH KHCJIOpPOAa C MaKCHMaJbHOH KoHUeHTpauued 1.44 %; 6 — ¢ pas-
mepom mop 0.62-0.73 HM, DONMMPOBAHHOH aTOMaMM KHCJAOpPOJA C MaKCHMAaJbHOH KOHIIEH-
tpauned 3.57%; 6 — c¢ pasmepom nop 0.85-1.49 Hm, HOMMPOBAaHHOK aTOMaMH KHCJIOPOAA
C MakCHMMaJjIbHOH KoHLeHTpauued 3.52%
Fig. 1. Model of porous carbon structure: a — with the pore size of 0.27-0.55 nm, doped
with oxygen atoms with a maximum concentration of 1.44%; b — with the pore size
of 0.62-0.73nm, doped with oxygen atoms with a maximum concentration of 3.57%;
¢ — with the pore size of 0.85-1.49nm doped with oxygen atoms with a maximum
concentration of 3.52%

2. PE3YNIbTATbl UCCNEAOBAHNA

2.1. Moaynb FOHra nopucToit yrneponHon HaHOCTPYKTYpPbl, ONMPOBaHHOK aTOMaMK KUCopo.aa
XaoTU4HO B syelike MYC

Hccnenosanue momyns FOnra ITYC ocyliecTBasijioch 1Mo MeTOAMKE, ONUCAHHOH B pa-
6ore [3]. Ha puc. 2 npencraiensl rpaduku usMenenus monyns Oura nas [1YC, nonupo-
BAaHHBIX aTOMaMH KHUCJIOPOJA, XaOTHYHO PACIOJIOXKEHHBIX B CTPYKTYpe, MPU YBeJHYEHHH
KOHIIEHTPAIlMK aTOMOB KHcjoponaa. M3 aTux rpadukoB BuHAHO, uTo Momy/ib IOHra yse-
JIMUMBAETCS TIPH yBEJHUEHHU KOHIIEHTPAllM¥ aTOMOB KHCJOpPOJa He3aBHCHMO OT pas3Mepa
Hanomnop. s kaxnod momenn [1YC ¢ pasmepom Hanomop 0.27-0.55 Hm, 0.62-0.73 Hm
1 0.85-1.49 um Ha puc. 2, 3 mpuBeneHbl 1Be KpuBble. [lepBasi KprBasi COOTBETCTBYET OfI-
HOMY croco0y pacrosioxkeHusi atoMoB KucJjopoaa B [IYC, BTopast KpuBasi COOTBETCTBYET
IpyroMy crocofy pacroJsiokeHusi aToMoB Kucjopona B [TYC.

[Ipy yBe/MUeHHH KOHIEHTPALMH aTOMOB KHCJIOpOIA Ha 3THUX rpaduKax UMelTcs 00-
JIACTH, HA KOTOPBIX BHJHO, UTO MPH OJHOH M TOH K€ KOHLEHTPALMH aTOMOB KHCJIOPOIA
mMonyb FOHra mMoxket BecTH cebsi Mo-pasHOMY. DTO MOXKHO OOBSCHHUTb Pa3/JHUUHBIMH pac-
CTOSIHUSIMH OT aTOMOB KHcCJopofia 10 atoMoB yriepona B [IYC. Uem paccrosinue 6oJblile,
TeM MeHbIlle aTOMbl KHCJOPOa OKa3blBalOT BJHUsIHHE Ha 3HadeHus monyns IOwura [TYC, a
YyeM pacCTosiHMe MeHbllle, TeM 0OJibIlle aTOMbl KMCJIOPOJA OKa3biBalOT BJHSHHUE Ha 3Haye-
Husi monysist FOnra [TYC. CienoBaTe/ibHO, €CJIM aTOMBI KHCJIOPOIA PACIOJararTcs OJIHKe
K aToMaMm yriepona, obpasyrowwum [1IYC, To mogyae OHra yBesnunBaercs, a yem aaJblile,
TeM BJMsHHME aToMa Ha 3HaueHWe Mopyns IOura [1YC craHOBUTCS MeHble, JUOO COBCEM
OTCYTCTBYeT. DTO CBSI3aHO C TeM, UTO MPU YBEJHUYEHHUH PACCTOSTHUS MEXIY aTOMaMH CHJIa
B3aUMOJEHCTBUSI MEXAY HUMH YMeHbIIIaeTcsl, U M03TOMY HaJIHuKe JOMUPOBaHHBIX aTOMOB
MeHbllle OKa3blBaeT BJMSHHE HA CBOHCTBA CTPYKTYPHI.
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Puc. 2. Mamenenue monyns IOHra mopucToil yrjiepofiHOH HAHOCTPYKTYPbI, JOMHPOBAHHOH
aToMaMHu KHcaopona xaoTuuHo B siuelike [1YC (B HaHomopax), Mpy yBeJHUYeHUH KOHIEHTpa-
IIMM aTOMOB KucJjopona ¢ pazmepom nop 0.27-0.55 um (a), 0.62-0.73 um (6), 0.85-1.49 Hm.
(8). KpuBbie / 1 2 cOOTBETCTBYIOT NMEPBOMY M BTOPOMY Croco06aM pacroJfioKeHHsl aTOMOB
kucgopona B [TYC
Fig. 2. The change in Young’s modulus of a porous carbon nanostructure doped with
oxygen atoms is random in the cell of the PCS (in nanopores), with an increase in the
concentration of oxygen atoms with a pore size of 0.27-0.55nm (a), 0.62-0.73 nm (b),
0.85-1.49nm (c). Curves I and 2 correspond to the first and second methods of the
arrangement of oxygen atoms in the PCS

st ITYC ¢ pasmepom nop 0.27-0.55 um (cm. puc. 2, @) monynb IOHra yBenuuBaercs
He3aBHCHUMO OT Crocoba pacroJsioKeHHs aTOMOB KHCJI0POAA B CTPyKType. Tak Kak pasmep
Mop B 3TOH CTPYKType OYeHb MaJjieHbKHH, TO MpU NOOABJEHHH aTOMOB KHCJOPOAA OHH
OyIyT HOCTaTOUHO GJIM3KO PACrosiaraThCsi K aTOMaM YTyeposa, Mo3ToMy Ha KaKOM-TO 3Tare
IIBe KpHBble Ha TpaduKe, XapaKTepuaylollhe pas3HOe pacrojioKeHHe aTOMOB KHCJI0poJa
xaotuuHo B [IYC, coennHATCS B OOHY KPHUBYIO.

Hnsa I[IYC ¢ pasmepom mop 0.62-0.73 M Ha puc. 2, 6 BUAHO, YTO 3HAUEHHE MOIY-
as1 FOHra 3aBuCHT OT crocoba pacroJiokeHHst aTOMOB Kucaopona. [IBe kpuBble rpaduka,
XapaKTepHU3ylollue pa3Hoe PacrosioKeHHe aTOMOB KHUCJOPOAa B CTPYKType, MJaBHO BO3-
pacTaloT U 1Be KPUBBIE I'pauKa MOUTH 00bENHHSIOTCS B ONHY KPHUBYIO, TaK KaK KOHIIEH-
TpaLUsi aTOMOB KHCJIOPOJA HE3aBHCHMO OT pa3Mepa Mop AOCTHUTaeT TaKUX 3HAYeHHH, YTO
KpUBble rpad)vka HAYMHAIOT 0ObEIUHSATHCSA B OOHY KPHUBYIO.

Awnasoruuneie pesyabrathl HabmogaTes s [1YC ¢ pasmepom HaHomop 0.85-1.49 um
(puc. 2, 8). M3 rpaduka BHUAHO, UTO B OMHOM ciyuaeM Momay/ib IOHra He M3MeHHJCS MpU
yBeJMUeHUN KOHIEHTPALKH, a TPHU APYroM PaclosioXKeHHH OH HadaJsl cpasy yBeJWYMBaTh-
csi. DTO MOXKHO OOBSICHHUTb Te€M, UTO €CJIM MOMECTHTb aTOM KHCJIOpoAa B LIEHTP MOPBI, TO
3a CUeT TOro, 4TO MOPBI OOJIbILIKE, aTOM KHCJIOpOAa OyIeT HAaXOOUThCS HACTOJBKO NAJIEKO
OT CTEHOK TIOpBI, YTO OH HHUKAK He OymeT BJHUSTb Ha 3HaueHWe momynas IOura. Ecau mo-
MECTHUTb aTOM KHCJIOPOJA PSIIOM CO CTEHKOH MOpbl, TO MOAy/ib KOHra HauHeT W3MEeHSAThCS.
Korza KoHIIleHTpaLUsl CTaHeT 0CTATOUHO OOJbLIOH, TO aTOMBI OyIyT paBHOMEPHO pacrpe-
IeJISITbCS OTHOCHUTEJbHO aTOMOB yTJepoia, 00pasymIluX CTEeHKH IMOop, U IBe KPUBBIE HA
rpadrke 0ObeIUHATCS B OfHY KPHUBYIO.

2.2. Mopaynb FOHra nopucToil yrnepoaHON HaHOCTPYKTYpPbl, AONMPOBaHHOW aTOMaMu Kucnopoaa
nocnonHo B MYC

Ha puc. 3 s ciaydyaeB pacrnosioKeHUs aTOMOB KHCJOPOJA MOCJOHHO BHYTPH TNPOTS-
x)enHo# [1YC Habmronaercs KauecTBeHHAst KAPTUHA yYMeHbleHHs 3HaueHHH Monysi IOHra
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He3aBHCUMO OT pa3Mepa HaHonop [IYC u oT cnoco6a pacro/siokeHHsT aTOMOB KHCJIOPOAA
nocsoiiHo B pemetke [TYC. Ha puc. 3 npencraBneHo usmeHenre 3HadeHu#t monyns fOHra,
nosydeHHbIX TpH pactskeHuu [1YC Broab myockoctedt Y Z u XZ mpu mocJoHHOM pac-
NoJI0KEeHUU aToMOB Kucsaopona B pewetke [1YC, HezaBucumo ot pazmepa Hanomnop [TYC.
PaccmoTpeHo mo nBa crmoco6a ¢ pasHbBIM PacHoJioKeHHeM aTOMOB KHCJIOpPOAa B siUelKe
TpU UCCJeIOBAHUH M3MeHeHUs 3HaueHU# mMoay/s IOHra B 3aBUCUMOCTH OT KOHLEHTpalUU
aTOMOB KHCJIOPOJa.

Paccmompum uzmernernue modyas lOnea I1YC npu pacmsasxcenuu cmpykmypol 800406
naockocmu XY. Ilpu nepBoM crmocobe pacroJfioKeHHs aTOMOB KHUCJ0pOAa AOMHUPOBaHUE
atoMamu kucqopoaa I[IYC co cpenHumu pasmepamu nop 0.41 HM ocCyllecTBJsANOCH Ma-
pajuiesibHO TIOCKOCTH XY 10 KOHLEeHTpauud atomoB Kucaopona 0.6%, a masibHeiiiee
IOTIHPOBAaHHE OCYILECTBJISJIOCH MEPIEeHANKYISPHO OTHOCHUTENBHO TocKocTH XY (mapas-
JenpHo Y Z). Ilpu BTOpOM criocobe pacroJsioyKeHHst aTOMOB KHCJIOPOAA OCYLIECTBJSINUCH
napaJiieJibHO TJIOCKOCTH XY, Kak U MPH MePBOM CMocoOe, TONbKO KOHIIEHTPAIHsi aTOMOB
Kucsopoaa B miockoctd XY cocrasisiia 1%, a pajbHediliee A0MMPOBaHHE OCYIIECTBJISI-
JIOChb TapaJlyieJIbHO OTHOCHTEJbHO MJIOCKOCTH Y Z.

B 3aBHCHMOCTH OT yBesJHYeHHs KOHIIEHTPAallMM aTOMOB KHCJIOPOAA C MapaJjesbHbIM
UX PAaCIoJIoKeHHeM OTHOCHTEJIbHO MJIOCKOCTH pacTsikeHus (XY') Habmonaercs yBesande-
HUe 3HaueHWH momysas IOHra mpu yBeJqHueHUM KOHLEHTPALMH aTOMOB KHUCJOPOAA, a MPH
MepreHANKYJ/SIPHOM PACMOJIOKEHHH aTOMOB KHCJOPOAAa OTHOCHUTEJNBHO TJIOCKOCTH pacTsi-
x)eHus (XY) HaGmonaercss ymeHblieHue moayssi fOHra npu yBesM4eHHH KOHLEHTPALUH
aTOMOB KHCJIOPOJa.

E,TPay
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Puc. 3. U3amenenue monyns FOHra mopucto#l yrsiepogHo#l HaHOCTPYKTYPBI, JAONHPOBAHHOH
aToMaMHu Kucsopona nocsoiHo B [IYC, npu yBeqMyeHHH KOHLEHTPAMKU aTOMOB KHCJOPO-
na ¢ pasmepom mop 0.27-0.55um (a), 0.62-0.73um (6), 0.85-1.49um (8). Kpusble / n
2 COOTBETCTBYIOT crocobaM pacroJioxkeHust aToMoB kucjopona B [IYC B miockoctu XY,
a KpuBble /' U 2’ — B mJjockocTH Y Z
Fig. 3. The change in the Young’s modulus of a porous carbon nanostructure doped with
oxygen atoms in layers in the PCS, with an increase in the concentration of oxygen atoms
with the pore size of 0.27-0.55nm (a), 0.62-0.73nm (b), 0.85-1.49nm (c). Curves [
and 2 corresponds of the arrangement of oxygen atoms in the PCS in the XY plane,
and /” and 2’ corresponds in Y Z plane

L i

T T

Paccmompum usmenenue modyss [Onea I[1YC npu pacmsaxcenuu 80046 NAOCKO-
cmu Y Z. Tlpu nepBoMm crocobe pacriosiokeHHe aTOMOB KHUCJOPOAA OCYIIEeCTBJSJIOCH Ma-
paJuiesibHo miockoctd Y Z (mo 0.6% B mepsom ciydae u g0 0.9% Bo BTOpoM ciydae), a ¢
Bhite 0.6% u 0.9% nonupoBaHHe aTOMaMH KMCJIOPOA OCYIIECTBJASETCS MePreHAUKYASPHO

MexaHnka 63



@”38. Capar. yH-1a. Hos. cep. Cep. Marematrnka. Mexannka. VHpopmarrka. 2019. T.19, Bbin. 1

miockoctd Y Z. CaenosaresibHo, 10 0.6% B mepsom cayuae u no 0.9% Bo BTOpOM CJIy-
Yyae He HaOJIOLAETCS U3MEHEHWH 3HaueHHs KOMIMOHeHTa Moaysas IOHra npu yBesudeHHUH
KOHLIEHTPALMK aTOMOB KHcJopoja, a npu gonuposanuu ¢ Bbime 0.6% u 0.9%, necmor-
ps Ha TO, UTO 3TO AONHUPOBAHHE aTOMOB KHCJOPOJAA OCYILECTBJSETCS MePHeHIUKYIISIPHO
naockocTH Y Z, HaOgtofaeTcsl yMeHblleHHe 3HaueHusi KoMrnoHeHTa MmonyJst fOHra npu yBe-
JIMUEHUU KOHIIEHTPAIlMK aTOMOB KHCJI0poaa. AHajlorHuHble pe3yJibTaThl HaOI0MA0TCS [J15
monyasi FOura y ITYC ¢ pasmepom Hanomop 0.675HM u | HM.

W13 nosyueHHBIX pe3ysbTaTOB MOXKHO CAEJNAaTh BBIBOI, YTO TPH JOMHUPOBAHHUN aTOMaMH
kucaopona [1YC snauenusi monyns IOHra ymeHblnaoTcsi ¢ yBeJHUeHHEM KOHIEHTPAIUH
aTOMOB KHCJIOpPOJA MpPU HUX pacrosiokeHWd B siuelike [1YC noc/iofiHO U neprneHaAnKY/IsSpHO
OCH pacTsiKeHHUs. 3HaueHus1 Monyss FOHra yBeiMunBatoTCs ¢ yBeJHUEeHHEM KOHLEHTPalHH
aTOMOB KHCJIOPOJA MPH UX XaOTHUYHOM pacroJjiokeHuH B mopax siueriku [1YC.

BbiIBOAbI

C moMoIIbI0 MEeTOI0B KOMIbIOTEPHOTO MOJAENHUPOBAHUS B paboTe BIEpPBbIE MPOBEAEHO
TeopeTHUecKoe UCC/e0BaHHe MeXaHUYeCKUX CBOWCTB AOMUPOBaHHBIX KucjopoxoM [TYC
¢ MJOTHOCTBIO 1.4r1/cM?® ¢ pasHbIM pasMepoM HaHOMOp. B mpolecce MopeqMpoBaHUs T10-
ctpoeHo Tpu Mmopenu [TYC. ¥V nepBoéi cTpyKTypbl pasmep nop BapbupoBascs ot 0.27 mo
0.55HMm, y Bropoit — 0.62-0.73 Hwm, y Tpetbeit — 0.85-1.49 um. CpenHue 3HaYeHHs] MO-
nyas lOura nns 6ecnpumecHbix [IYC co cpennum pasmepom mop 0.41 HM cocTaBasoOT
2.37 Tlla, 0.675um — 0.53 TIla, 1.17 am — 0.43 TIla.

JlonupoBaHue aToMaMH KHCJOPOAA OCYLIECTBJISAIOCH TPU PACIONOKEHUH aTOMOB KHC-
Jopona xaoTu4yHo B siuedike [IYC (B HaHOMOpax) U MOCJOHHO BHYTPH CTPYKTYphl. 3Hade-
aue monyss Ounra nas [IYC, nonupoBaHHOM aTOMaMu KHCJIOPOAA, XAOTHUHO B CTPYKTYpe
yBeJHMUMBAETCS HE3aBUCHMO OT crocoba pacroJio;KeHHsl aTOMOB KHUCJOPOAa B CTPYKTYpe.
EnvHCTBeHHBIM (haKTOpPOM, He BJMSIOIIMM Ha M3MeHeHHe 3HaueHWH Mmonyas IOHra mpu
nonupoBanuu [IYC atomamu kucsnopona, siBjasercs 6oJbliasi BeJMUMHA pa3Mepa HaHOIop,
B KOTOPBIX aTOMBI KHCJOpPOAA pacloJiaraloTcst Aajeko OT CTeHOK HAHOMOp, He OKa3blBas
Ha HUX BausiHue. J[J1s coydaeB pacroJfioxKeHHs aTOMOB KHCJOPOAA MOCJAOHHO BHYTPH TPoO-
tskeHHOH [1Y C cnpaBensivBbl cienyiomiye 3aKA0UEHUS:

1) mpu mapaJiesbHOM pPacroJioXKEeHHH NOMMPOBAHHBIX aTOMOB KHCJOPOAA OCH pacTs-
xkenus [1YC nabmionaercss yBeqndyeHue 3HaueHWH mony.s IOHra npu yBesWYeHHH KOH-
[eHTpallUK TOMHUPOBAHHBIX aTOMOB,;

2) npu neprneHIUKYASPHOM PACTIONOKEHHH AOHPOBAHHBIX aTOMOB KMCJOPOIA OCH pac-
tsixkenus [1Y C Habmonaercs ymeHblieHHe 3HadeHUH Moayns KOHra npu yBesnyeHUH KOH-
LIeHTpallUK IONHPOBAHHBIX aTOMOB.

Ha ocHoBe mosiy4eHHBIX pe3y/IbTaTOB MOXKHO 3aKJ/JHOUHTh, UTO Haubosee npoyHou [1YC
IBJISIeTCS NOMMpOBaHHas aroMaMu kucjaopona [1YC ¢ HauMeHbLIMM pasMepoM HaHOMOP U ¢
HauOoJblIeH KOHLIeHTPalluel B Hell aTOMOB KMCJOPOJa B LIEHTPAJbHOH YaCTH SYEHKH, KO-
IJla aTOMbl KHMCJIOpPO/ia pacroJsaraloTcs Haubosee 6JM3K0 K aToMaM yriepoaa. [losyueHHble
pe3yJIbTaThl COTJIACYIOTCS C pe3yJsibTaTaMH, KOTOpble OBbILIH MoJydeHbl B pabotax [7,12].
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Porous carbon structures are actively used in various fields of science and technology. The mechanical strength
of porous carbon structures with a density of 1.4 g/cm? with different pore sizes and different concentrations of
oxygen atoms was investigated. Investigation of the mechanical properties of porous carbon nanostructures
was carried out on three models with different sizes of nanopores (0.4-0.8 nm, 0.2-1.12nm, 0.7-1.3nm).
The nature of the change in Young’'s modulus of porous nanostructures is determined depending on the
concentration and arrangement of oxygen atoms in nanopores.
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MoMmeHTHasi KOHTaKTHasl Harpy3ka npu 0 AHOCTOPOHHEM KOHTaKTe 6anok
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PaccMmoTpeHa KOHTaKTHast 3aiadqa st KOHCTPYKLMK, COCTOSILE U3 ABYX 6anok ¢ pas3nnyHbIMIA ANNHAMK
11 Pa3NIMYHBIMI NepeMeHHbIMI TonWwmMHam. OfH KOHeL, KOPOTKON Bankii 3allemMneH; coBnafatolmii ¢ HiM
KOHeLl ANNHHON Banku 3aKpenneH WwapHUpHoO. BTopoit koHel kaxaoit 6anku ceobomeH. K oanHHon banke
NpunoXeHa 3afaHHas Harpyska. o4 fAeicTBMEM 3TN Harpy3ku 6anki UCTIbITLIBAIOT CNabbili COBMECTHbIN
13rnb ¢ BO3MOXHLIM OTCTaBaHWEM, TO €CTb MMEETCS OJHOCTOPOHHMIA KOHTAKT. TpeHne mexay 6ankamu ot-
cyTcTByerT. M3rnb kax aoii 6anki onucsiBaeTcs Mofenbto bepHyniu — ditnepa. KoHTakTHas 3aada cocTout
B OTbICKaHUI KOHTAKTHOI Harpy3ku, To €CTb CUN B3aUMOAEICTBIS Banok. OTa 3aaaqa UMeeT psif, M3BECTHbIX
0C0OEHHOCTEN, XapaKTepuayHlLMx Kak Booblle KOHTaKTHble 3aAaqn Afist 6anoyHbIX KOHCTPYKLMIA, TaK 1
KOHTaKTHbIE 3224y NS KOHCTPYKLIMA, COAepXKaLLnx banky, KoTopasi He MOXeT O0cTaBaTbCsi B PaBHOBECUN
Npu NtoBOA NPUNOXKEHHOI K Hel Harpyske. Hapsiy ¢ 3TMK 0COBEHHOCTSIMI B PACCMOTPEHHOI KOHTaKTHOM
3afiaye nosiBnsieTCs elle 0fHa, paHee HeM3BECTHAsi 0COOEHHOCTb, COCTOSILASH B TOM, YTO B KOHTaKTHOM
Harpy3ke MOXET COAepXXaTbCs COCPeLOTOHEHHBIA MOMEHT. HeoTpuuaTtensHOCTb KOHTaKTHOI Harpyskin Kak
HeobXo1Moe YCoBle OHOCTOPOHHErO KOHTAKTa MW 3TOM He HapylaeTcsl, Tak Kak cocpeoTOHEHHbIN
MOMEHT HaXOOMTCS Ha KOHLIe 6anok n ero «oTpuLiaTeNbHast YacTb» PacronoXeHa 3a npeaenami 6anox,
He BXOAS B KOHTaKTHyI0 Harpysky. [peanoxeHa matematiyeckast NOCTaHOBKA KOHTAKTHOM 3amaqu, Ao-
Ka3aHa e[IMHCTBEHHOCTb PELLIEHMs U MOCTPOEHO aHaNNTNYECKOE PELIEHE B HEKOTOPLIX YaCTHbIX Clyyasix.
YCTaHoBNEHa CBsI3b PACCMOTPEHHOM 3ajayi C U3BECTHOI 3afajelt 0 KOHTaKTe ABYX KOHCOMbHbIX 6anox.

Knroqesble cnoa: 6anka bepHynnm - Jitnepa, KoHTakTHas 3aa4a, 0OHOCTOPOHHMIA KOHTAKT, KOHTAKTHas
Harpyaka, CocpeA0TOHEHHbIIi MOMEHT, €AUHCTBEHHOCTb PELLEHNS,, aHANMTUHECKOE PeLLEHNE.
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BBEJEHUE

KoHTakTHbIe 3aauu AJisi 6aJ0YHBIX KOHCTPYKUMH [1-17] siBasioTCSt cBoeoOpasHoit pas-
HOBMJIHOCTbIO KOHTAKTHBIX 3aJa4 TeOPUH YIIPYrOCTH; OCHOBHOE TeXHUUYECKOe MPUJIoKeHHe
3leCh — pacueT JHUCTOBBIX peccop [1-5]. B 3amauax 3Toii pa3HOBHUIHOCTH, B OTJIHYHE OT
TpaIUIMOHHBIX 3amauyd [epia u 3agaud o mramne [6,7, 18], Bo3HHKaeT psii 0COOGEHHO-
CTeH: cocpeOoTOUEHHble CUJbl B KOHTAKTHOH Harpys3Ke, pas3pbiBbl B paclpejiesieHHOH ya-
CTH 3TOW HArpyskH, CJAOXKHBIH BUJ 00JACTH KOHTaKTa. EC/M B KOHCTPYKLHUHU CONEPKHUTCSH
6anka, KoTopas He MOXKeT B OTHe/JbHOCTH HAaXOAMTbCS B PaBHOBECHU IMPU MPOHU3BOJIb-
HOH Harpyske, TO MOSIBJSIIOTCS JOMOJHUTE bHBIE 0COOEHHOCTH [8]: Ha/MMUHe B MOCTaHOBKe
3a/1aul yCJIOBHSI pAaBHOBECHS TaKoW OaJsiKy; HaJu4He MapaMeTpa, ONKCBIBAIOIIEr0 Heompe-
JIeJIEHHYI0 4YacThb MepeMelleHHs] 3TOH Oaslku (M TMOAJeXAallero HaXOXKIEHUI0 Hapsiny C
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KOHTAKTHOH Harpyskoi); HeoOXOAMMOCTb 10Ka3aTeJbCTBA €IWHCTBEHHOCTH OIpeleseHUs
He TOJIbKO KOHTaKTHOW Harpysku, HO W YNOMSIHYTOrO MapaMeTpa; UCKJ/IOYeHHe HyJeBbIX
BHELIHUX HArpy3oK Ajs 00eCleyeHHs eIHHCTBEHHOCTH PelleHHs.

B Hacrosell cTatbe u3ydaeTcss 6aqouyHas KOHCTPYKLUS, B KOTOPOH MOSIBJISIETCS elle
OflHa 0COOEHHOCTb — HEeOOXOAUMOCTb PAaCIIMPEHHs MHOXKeCTBA JOMYCTUMbIX KOHTAKTHBIX
Harpy3ok, MpUYeM 3TO pacllMpeHHe MMeeT HeOXKHIAHHBIM XapakTep: NpHU HAJIUYHUH O[-
HOCTOPOHHEIr0 KOHTAaKTa CJeAYyeT BKJIUHUTb B KOHTAKTHYI HAarpy3Ky COCPeLOTOYEHHbIH
MOMEHT, KOTOPBIH, Ka3aJocb Obl, HE MOXKET COHEPXKAaThbCS B 3TOH HArpy3ke MPU TAKOM
KOHTaKTe. DTa KOHCTPYKIHUS U COMYTCTBYOLas el ynoMsiHyTass 0COOeHHOCTb KOHTAKTHOH
Harpy3KH B JIUTepaType paHee He pacCMaTPUBAJIHCH.

CHayasa KpaTKO pacCMOTpeHbl [1Be KOHCTPYKLHH, B KOTOPbIX JAaHHAas O0COOEHHOCTb
OTCYTCTBYeT; 3TO TpebyeTcs AJs AajbHEHIIero M3JjoxeHHUs. 3aTeM pacCMOTPeHa HOBas
KOHCTPYKLHs (MOX0XKasi HA JIBe YIIOMSIHYThble) U ee 0COOEHHOCTH.

1. OOHOCTOPOHHUIA KOHTAKT ABYX 3ALLEMIEHHbBIX BAIOK

PaccMotpum nBe 6anku ¢ pa3auyHbBIMU AauHaMud L > L > 0 (Tuabpoil o603HayaroTCs
BeJIMYMHBI, OTHOCSILIMECS K IJIMHHOK 6aJsike), 3alieMJjeHHble B ToUKe = (), HaXOASILIHeCs
MoJl 3aflaHHOl Harpy3ko# ¢(x) = 0 (puc. 1, a).

y
L -
L X

q(x)
a/a 6/b

Puc. 1. Banounble KOHCTPYKLIHMH B KOHTAKTHBIX 3afgadax 1 u 3
Fig. 1. Beam structures for the contact problems 1 and 3

AN

B orcyrcTBHe 3TON Harpy3ku 6ajsKu MpsMOJHHEHHBI U MJIOTHO TPUJIETAIOT APYT K IpPY-
ry. CeueHusi 6asoK §IBJSIIOTCS MPSIMOYTOJbHUKAMU OJMHAKOBOH LIMPUHBI w, HO Pa3Jidy-
HOM TepeMeHHOH TOJILKHB; Moaynb IOHra E onuHakoB ans o6eux 6ajok. [lon Harpysko#
OaJIK{ UCIIBITBIBAIOT CJIA0BIH COBMECTHBIH U3rM0 C BOSMOXKHBIM OTCTaBaHHeM (OHOCTOPOH-
HUH KOHTaKT). TpeHue Mexay 6ajJKaMu OTCYTCTBYET; U3THO KaxKIOH OaJKH OMHUChIBAETCS
mozesibio Bepuysnu — Jitnepa [19]. O603Hauum uepe3 f(z) KOHTaKTHYIO Harpysky. KoH-
TaKTHas 3aJaya 3aKJ/uaeTcsi B OTbICKaHUU f(x).

Hcnonbayst Teoputo BepHysnu — ditsepa, MOKHO HaUTH [D] ynpyrue jquHuu y(z), §(z)
6asok U najnee paccrosinue r(z) = y(x) — g(x) Mexny 6anKaMu:

r(z) = /0 (z — 5)a(s) (/L (t— ) f(t) dt — k(s)) s, (1)

rie 0 <z <L,

12 /1 1 1 L
o) = 5 (705 * 73 vy [ st @

h(z), h(x) — nepeMeHHble TOJIIMHBI CeUeHHIl (reOMETPUUECKH — MPH ornpeseseHun QyHK-
LUMH y ¥ § — TOJILIMHBEI CYMTAIOTCS PaBHBIMH HYJI0). Bynem cuurarte, uro h(z), h(z) > 0
IBaxbl HemnpepelBHO nuddepeHuupyembl, U ¢(x) HempepbiBHa npu 0 < x < L, Torna
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a(x) > 0 HempepbiBHA (/1 3TOH (DYHKUHMH HYXKHa TOJbKO HEMPepbiBHOCTb) U k(x) > 0
JBaX<Jbl HEMpepbiBHO nuddepeHIUpyemMa. YCJI0BUsT OIHOCTOPOHHETO KOHTaKTa 0aJjioK MpH
0 <z < L cocrosAT B TOM, uto f(x) = 0,

r(z) 20, (3)
flz)>0 = r(x)=0. (4)

13 (3), (4) u (1) momkHa ObITb HalimeHa f(x), HO CJedyeT ellle yKa3aTb MHOXKECTBO
HOMYyCTUMBIX f(x) (IIOMMMO HX HEOTPHLATEJBHOCTH). DTO MHOXKECTBO MoAOHpaeTcs Tak,
uToObl (M3 (DU3HUecKHX coobpaxeHuil) f(z) cyulecTBoBasa W Oblia ennHcTBeHHOH. C
OIIHOM CTOPOHBI, AJIs1 00ecreyeHusi CyIIeCTBOBaHUS f(x) MHOXKECTBO JOJKHO ObITh 10CTa-
TOUHO WHpPOKKM. Ecsin, Hanpumep, nckaTh f(r) B MHOXKeCTBe HeMpPepbIBHBIX (YHKIHH, TO
UCKOMOH f(x) MOXeT He 0Ka3aTbCsl, MOCKOMBKY [4,5] (cM. Huxke) f(x) MoxXkeT ObITh pas-
DBIBHOM M MOXKET COJIep’KaThb COCpPeNoTOUYeHHble CUJbl (O-PpyHKUKH). C IpPyroil CTOPOHBHI,
nysi obecrieyeHUs] eIUHCTBEHHOCTH f(x) MHOXKECTBO AOJ/KHO ObITh JHOCTATOUHO Y3KHM.
Ecnu, Hampumep, MOMYCTHTH Ji0Oble pa3pbiBHbIE (PYHKIIMH, TO MOXKET OKa3aTbCsi MHOTO
paznuuHbix f(x), ynoBaerBopsiomux (3) u (4), Tak Kak n06aBJieHHe MOJOKHUTENbHOTO
KOHEUHOTO «TOUEUHOro BeIOpoca» K f(x) B TOUKe ee MOJOXKUTEJIbHOCTH He HU3MeHHUT (3)
u (4); caemoBaTesibHO, HYXXHO TMOTPeOOBATh, HANPUMep, OAHOCTOPOHHEH HeNpepbBHOCTH
f(z). B utore, «moaxonsiliiM» MpeACTaBAsSETCS MHOXKECTBO (DYHKLHH BHIA

p(x) + ZZ Po(x — x;), ()

rie p(x) > 0 KycouHO-HempepbIBHa, HempepbiBHa cjeBa npu 0 < x < L W HempepblBHA
cnpaBa npu x = 0; P; > 0; x; > 0; cymma KoHeyHa. [IBe gyHkuuu Buga (5) cuurtaroTcs
PaBHBIMM, €CJH MX PasHOCTb TOXKAECTBEHHO paBHa HyJw mpu 0 < x < L. 3aMeTHM, 4To
ycnoBue x; > 0 Cyl1ecTBEHHO, TakK Kak gobaBieHHe K f(x) cmaraemoro Pd(z) (P > 0) He
MeHsieT (3) u (4) U, ciaenoBaTesNbHO, IPUBOAUT K HeelHHCTBeHHOCTH f(x). OKOHYATeNbHO
NPUXOAUM K CJEeAYILled MaTeMaTHYeCKOM MOCTAHOBKE KOHTAKTHOMU 3a4ayH.

3apaua 1. Haidmu ¢ynxyuro f(x) suda (5) maxyro, umo npu 0 < x < L svinoare-
Hot (3) u (4), ede r(z) sopasxcaemcs gopmyroii (1).

B [4] nmokasaHa eIMHCTBEHHOCTh pelleHus 3anaud 1. B [5] mocTpoeHo aHanuTHYecKoe
perreHue 3amadu | B HEKOTOPHIX YaCTHBIX Caydasx (Takoe MOCTPOEHHE 3/1eCh H jaaee
JI0Ka3blBaeT CYIIECTBOBAHHE DEIIeHHs), a HMEHHO J0Ka3aHbl CJENYIOIIHE YTBEPXKAECHHS.

YrBepxknenue 1. Ecau k" (x) < 0 npu 0 < x < L, mo pewenue 3adauu 1 umeem uo

(puc. 2, a)
f(z) = Pé(x — L), (6)

ede

P /OL (L — 2)a(z)k(z) dx//OL (L — 2)2a(x) dz. )

YrBepxaenue 2. Ecau K'(z) > 0 npu 0 < x < L u k(L) =0, mo pewenue 3adauu 1
umeem sud (puc. 2, 6)

fx) =K' (). (8)

Ycnosue k(L) = 0 o3Ha4yaeT, KaK HETPYAHO MOJNYUUThb U3 (2), UTO 3aJaHHAsh HArpy3Ka
q(r) paBHa HYJIO Ha BBICTyMAOIIEH YaCTH AJHHHOU OaJIKH.
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YrBepxaenue 3. Ecau k" (x) > 0 npu 0 < o < L u k(L) > 0, mo pewenue 3adauu 1
umeem caedyrowyutl 8u0:

a) ecau ©(0) <0, mo f(x) supaxcaemces gpopmyroti (6) (puc. 2, a).

6) ecau ®(0) > 0, mo (puc. 2, 8)

) = 150w = 1)+ (K - 725 o - + { M 0ETE
ede .
2(1) = [ o)L 0 BA/(L ~ )~ H)/(L ~ ) (10)

0 < A < L — kopersv ypasrnenus ®(A) = 0.

B dopmynax (6), (9) u nanee npeanosaraercsi, 4To 6(x — L) «IIOJHOCTBIO» CONEPIKUTCS
Ha oTpe3ke 0 < = < L.

— S e v w—
A o b
Y s B 2 Y
a/a 6/0b 6/ c
Puc. 2. BapuanTtbl KOHTaKTHOH Harpysku B 3ajpaude 1
Fig. 2. The types of contact loading for the problem 1

2. OIHOCTOPOHHUA KOHTAKT 3AILEM/IEHHOWN U WAPHUPHO 3AKPEN/IEHHOW BAJOK,
PA3ENIEHHbIX 3A30POM

[Tyctb Tenepb omHa M3 0asjioK 3akpernJseHa LIAPHUPHO; AJMHbBI 0asoK L OZMHAKOBHI;
TOJILIMHBI h TIOCTOSTHHBl U OOMHAKOBbI; H > 0 — 3a3op Mexny 6ankamu (puc. 3, a). s
IIAPHUPHO 3aKPerieHHOH (aJsik¥ JOJ/KHO BBIMIOJIHSATBCS YCJIOBHE PaBHOBecHs (pPaBEHCTBO
HYJII0 CYMMapHOI'O0 MOMEHTa CHJl OTHOCHUTEJIbHO LIapHHPA)

L L
/ fx)xdr = / q(z)x dx. (11)
0 0

Hcnonb3ayst Teoputo Bepuysu — ditnepa, MoxkHO Ha#iTh (cM. [8]) ynpyrue JuHHUH 6a0K
W nanee pacctosiHue r(x) Mexnay OaqKamu:

r(z) = —C’x—i—H—Fa/Oz(x—s) (/L (t— $)(F(1) —q(t)/2)dt) ds, (12)

rie C' — HeU3BeCTHasl MOCTOsSIHHAS, TOSIBJsIIONIAsics B caaraeMoM C'z ypaBHEHHSs YNPyro#
JIUHUH [IAPHUPHO 3aKperieHHo# Gajiku, a = 24/(Ewh®). KoHtakTHas 3agaua 3akJ/ioua-
eTcs Ternepb B oTbickaHuu f(x) u C. Bymem cuutatsh, uto f(z) umeer Bupn (5). Takum
06pa3oM, 3[ecb He TMPOUCXOIUT PACIIMPEHHs] MHOXKECTBA MOMYCTUMbIX KOHTAKTHBIX Ha-
rPy30K MO cpaBHeHHIO ¢ 3anadedl 1. Bynewm, kak u B 3amaue 1, cuuratb, uto ¢(z) = 0
HernpepbiBHa npu 0 < 2 < L, HO 3[ech CllefyeT ellle Mpeanosarats, 4yto ¢(z) # 0, Tak Kak
nHaue npu f(x) =0 Gyner HeompenesneHHoH (HeemuHcTBeHHOH) C' < 0. OKOHYaTeJbHO
NPUXOAUM K CJeyIolleld MaTeMaTH4eCKOH NMOCTAaHOBKe KOHTAKTHOH 3a[auH.

3apmaua 2. Hatimu ¢yuxyuro f(x) euda (5) u uucso C maxue, umo gvinoanero (11)
unpu 0 < x < L sonoanenor (3) u (4), ede r(x) sopascaemes gpopmyroti (12).
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B [8] mokazaHa eqMHCTBEHHOCTb pelleHHUs 3alayu 2 U MOCTPOEHO aHaJUTHYECKoe pe-
IIeHHe; TIPU TOCTPOEHHH 3TOTO pelleHHs CYIIeCTBEHHO MCIOJb30BaHO ycjaoBue H > 0.
YcTaHOBJIEHO, UTO MMeeTCsl Ba BapuaHTa KOHTaKTHOH Harpy3ku f(x): qubo cymma pac-
npeeJIeHHON 110 HEKOTOPOMY OTpe3Ky A < o < L Harpy3ku U COCPeOTOYeHHOH B TOYKe
x = A cunnl (puc. 3, 6), 160 OflHA COCpenOTOYeHHass B Touke x = L cuna (puc. 3, 8).

Y

i Loy —r —3
[4() RSN ¥

ala 6/b 6/c

Puc. 3. BanoyHast KOHCTPYKIHMSI ¥ BapUaHTbl KOHTAKTHOH Harpy3kd B 3amade 2
Fig. 3. Beam structure and the types of contact loading for the problem 2

NN\

/&\

3. OOHOCTOPOHHMWIA KOHTAKT 3ALLEM/IEHHOW U WAPHUPHO 3AKPEMNIEHHOW BANOK
BE3 3A30PA

3.1. MocTaHOBKa KOHTAaKTHOMN 3a4a4u

PaccMoTpum Temepb KOHCTPYKILHIO 3a[add 1, HO TpU 3TOM JJMHHAs Oajika sIBJISIEeTCs
[IaPHUPHO 3aKpernJieHHOH (puc. 1, 6). DTO U eCcTh KOHCTPYKIHS C HOBOH OCOOEHHOCTBIO.
J171s1 lapHUPHO 3aKperJieHHON Gasiky J0JIXKHO BHIMOJHSTbCS YCJIOBUE PAaBHOBECHS], aHaJIO-
ruuHoe (11)

/0 ’ f@)zds = /O ' ¢(z)z dz, (13)

a pacctosiHue r(xr) Mexnay Oajkamu Bbipaxkaetcs gopmysoil (1) ¢ no6aBneHuem, aHaso-
ruyHbiM (12):

r(z) = —Ca + /0 (z — s)a(s) (/L (t— s)f(t)dt — k(s)) ds. (14)

3nech, Kak ¥ B maparp. 2, OyieMm IO yKa3aHHbBIM TaM MNPHUYHHAM [MpearnosaraTb, 4TO
q(z) # 0.

Jlanee MOXHO cOpMyJHPOBATh MaTeMaTHYECKYl0 MOCTAHOBKY KOHTAaKTHOH 3aiaud,
aHaJIOTHUHYIO MOCTAHOBKe 3a1a4u 2. MO0oXKHO TakKe J0Ka3aTb €IWHCTBEHHOCTb pelleHHs
3TOH 3ajlaud Ha MHOXKeCTBe monycTUMbX f(x) Buma (5). OmHako MOMBITKA MO aHaJjo-
TUU C pelleHUssMH Taparp. 1 U 2 MOCTPOUTH pellieHHst B YaCTHBIX CJIydassX MPUBOTHUT K
HeOXKUIAaHHOMY pPe3yJbTaTy: B HEKOTOPHIX CJy4asix pellleHHe He cyllecTByeT. IlokasaTb
5TO HETPYIHO CJENYIOHUM 00pa3oM (HO y»Ke MOoCJje WCCAeOBaHUS TaHHOH CUTyallUH, CM.
. 3.4). CHayasa paccMaTprBaeTcst 6oJiee LIMPOKOe MHOXKeCTBO HonycTUMBIX f(xz). Hanee
IJis1 3TOTO MHOXKECTBA [0KA3blBAeTCsl €IMHCTBEHHOCTb pelleHHsl. 3aTeM CTPOUTCS pelile-
HUe, TpUHAJJIeXKalllee PaACLUIMPEeHHOMY MHOXKECTBY, HO He MpHHAaJexallee HCXOTHOMY
MHOXecTBY. OTCloia cyielyeT, YTO Ha UCXONHOM MHOXKECTBE pellleHHsl He CYLIeCTBYeT.

CTpyKTypa pacIIMpeHHOr0 MHOXKECTBa JIONMYCTHUMBIX f(z) Oblla yCTaHOBJIEHA U3 CJe-
OYIOIIHUX 3BPUCTHUECKHUX COOOpakeHWH. Dbino HaipeHo (cM. m. 3.7), 4TO HEKOTOpOe TpH-
OJIMXKeHHe K PelleHHI0 COlIepKUT caaraemoe P(e)d(x — €), rae € > 0 — Masblil mapamerp,
a cobcTBeHHO pelleHue f(x) noaydaercss mpu € — +0, npudyem Ttorma P(e) — 400 U
P(e)e - M < oo. Takum o6pa3oM, KOHTaKTHasi Harpyska f(z) COLEPKUT COCPeNOTOYeH-
Hyto npd x = 0 (6eCKOHEeUHYI0) CHJIY MU cocpenoTodeHHbld mpu x = 0 momeHT M. Tak
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Kak f(x) He MoxeT (Mo TpeAnoJioXKeHHI0 maparp. 1) comepkaThb COCPENOTOUEHHYIO MPH
x = 0 cuJly, TO OCTaeTCs TOJbKO MOMEHT. DTO O3HayaeT, uyTo f(x) CONEPKHUT ciaraemoe
—2M¢'(x). MHOXUTeNb 2 TOSBJSIETCS 3eCh MOTOMY, 4TO Ha oTpe3ke 0 < x < L pacro-
JIO’KEHA TOJIbKO «IOJIOBHHA» (DYHKUHUH —2M ' (x), MO3TOMY MHTerpas OT 3TOH (YHKLUHH B
JeBol yactu (13) paBeH M, TO eCTb UMEHHO MOMEHTY TAaKOH Harpysku. 3aMeTHM 3[eCh,
urto caaraemoe —2M o' (x) B f(x) Bauser Ha popmyay (13), HO, KaK HETPYAHO YOeOUThCS,
He Bausier Ha Gopmyay (14). «[losoBuHHOe» yuacTue PyHKuUMH —2M'(z) B KOHTAKTHOH
Harpyske oGecreudBaeT HEOTPUIATENBHOCTb 3TOH Harpysku. JeHCTBHUTENbHO, (YHKIHUS
—2M§'(x) COmepX HUT «OTPULATEJbHYI0 YacTb» HE3aBUCHMO OT 3HaKa BeJH4YMHb M, HO
ecii M > 0, To ycnoBue f(x) > 0 nmpu 0 < x < L He Hapyluaercsi, Tak Kak Toraa
«OoTpHULaTeNbHast YacTb» —2Md'(x) pacnosoxeHa npu z < 0.

Takke CyllecTBYIOT 3BPUCTHYECKHE COOOpaKeHHSs!, 110 KOTOPBIM CJIELYeT HOMOJHUTh
KOHTaKTHOe YycJjoBue (4), ecqd B cOCTaBe KOHTAKTHOH HArpy3Kd HMeeTCsl cJaraeMoe
—2M ' (x). IleHCcTBUTEIBHO, 3TO CJaraeMoe MoJoXUTeabHO (mpu M > () He B «caMo#»
Touke = = 0, a B «GeCKOHeUHO GJIM3KON» K Heil (cripaBa) Touke. [TosTomy 7(z) cornacHo (4)
JOJDKHO 00paTHUTbCsl B HYJIb B 9TOH «OeckoHeuHo 6sn3koi» Touke. Tak kak r(0) = 0 (kak
JIerko 1osyyuTh U3 (14)), To 3To o3Hauaert, uto npu M > 0 DOJMKHO BBITNOJHSITHCS paBeH-
ctBo 7/(0) = 0. 3aMeTuM, UTO €CJIM 3TO YCJIOBHE He BBIMOJIHEHO, TO OyeT HeolpeneeHHOH
(HeemUHCTBEHHOM) mocTosiHHAsi (', TaK KaK TOTJAa MOXKHO MOJNOXUThb f(z) = —2MJ'(x),
rie M nabineno us (13), u BeIOpaTh JIHIIb AOCTAaTOYHO GOJbIIYIO MO MOAy/t0 C' (4TOOBI
obecneunts ycaosue r(x) = 0).

HMrak, MHOXeCTBO JOMYCTUMBIX f(x) UMeeT BULL

p(z) + Zi Pid(x — x;) — 2M§' (), (15)

rle OTHOCHUTEJbHO p(x), P;, x; ¥ CyMMBI IeJalTCs Te Ke MPEeANOJOXKEHHs, UTO U [Jis
byHkuuu (5), ¥ NOMOMHUTEbHO mpeanosaraercs, yto M > 0. K KoHTakKTHOMY YycJ0-
BUIO (4) moGaBJsisieTcs, KaK YKa3aHO BHIILIE, YCJIOBHUE:

M>0 = 1'(0)=0. (16)

3amerum, uto r'(0) = —C'; 310 HeTpynHo mnosyuutbh u3 (14) u (15). OxoHuaTesbHO
MPUXOIUM K CJIENYIOLlell MaTeMaTHYeCKOH MOCTAHOBKE KOHTAKTHOM 3ajauu.

3apaua 3. Hatimu ¢ynkyuro f(x) suda (15) u uucaro C makue, umo svinoanero (13);
npu 0 < z < L sownoanenst (3), (4) u (16); r(x) ecrody sviparcaemes gopmyaroii (14).

3.2. Jloka3aTenbCTBO € AUHCTBEHHOCTH peleHuns KOHTAKTHOMN 3a4a4u

YrBepxkaenue 4. 3adaua 3 moxem umems moAbKO 00HO peuieHue.

Hoxka3sareabctBo. [lycts f(x), C u f.(x), C, — nBa peluenus 3agauu 3. [To popmy-
ae (14) um cootBercTBYOT PyHKUMHU r(x) U 74 (x). O603HAYUM

p(x) = f(z) = ful). (17)

Tak kak f(x) u f.(z) umetor Bun (15), To p(z) Takxke umeer Bun (15), Ho p(z), F;
M woryT ObITb OoTpHUllaTeNbHBIMUA. O603HAUNM

A= [ o) = @) el o (18)
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Wz (3), (4) u (17) HetpynHO ycTaHOBUTb, uTo B (18) mompiHTerpasbHasi (QyHKIIHUS
HemoJIoXKUTe bHa; caenoBatenbHo, A < 0. C apyroél ctopoHsl, noacrasssis (14) B (18) u
yuutbiBast (17), MOXXHO HaUTH, 4TO

A= (C,— C’)/O gp(x)xdm+/0 a(x)J?(x) dr, (19)

rue
J(z) = / (s — x)p(s)ds. (20)

s (13) u (17) caenyer, uto nepBoe caaraemoe B (19) paBHo Hysto; Torna us (19) ce-
nyet, yto A > 0; Tak kak A < 0, To A = 0. lanee, yuutsiBas (19), (20) u ynoMsiHyThIH
BbIILIe BUJ (x), HETPYIHO BBIBECTH U3 paBeHCTBa A = (), 4TO UacTh (), He comepxKaras
cslaraemMoe, MporopLxoHanbHoe ¢'(z), ToxAecTBeHHO paBHa Hyqo npu 0 < = < L. Ecau
x)e ¢(x) ~ d'(z), To us (13) u (17) cnenyert, 4to U B 3T0M cayudae ¢(x) = 0. Takum 06-
paszoM, f(z) = f.(z) npu 0 < x < L. Ocraercsi nokasatb, uto C' = C,. U3 (14) caenyer,
uro r(x) — ri(x) = (Cy — C)x. Tlpennonoxum, uto C # C,; torma r(x) u r.(xz) Moryr
obpalarbcsi B Hy/1b OAHOBPEMEHHO TOJbKO NpU x = 0, mo3ToMy npu KaxaoM 0 < = < L
au6o r(x) > 0 u rorma f(x) = 0, mubo r.(z) > 0 u torna f.(xr) = f(zr) = 0, To ecTb
f(z) =0 mpu 0 < x < L. Tak KaK KycOo4YHO-HempepblBHAs yacTb f(x) HempepbiBHA Clpa-
Ba npu = = 0, a d(x) He MOXKeT, KakK MPeaINoJarajioch Bbllle, colepxkarbes B f(x), TO
u3 (15) caenyer, uto f(z) = —2M¢'(x); torna u f.(x) = —2M¢'(z). Ecmu M > 0, To
(0) = —C =0wur,(0) = =C, =0, to ectb C = (,, 4TO NPOTUBOPEUUT MPUHITOMY
BbIlle npeanosnoxenuto. CienoBatensno, M = 0; torna f(z) =0 npu 0 < « < L; ato npo-
THBOpeurT (13) B MPUHATOM MPeNroJoKeHUH HelpepeiBHOH HeoTpuuatenbHol ¢(x) # 0.
Takum o6pasom, C' = C,; TeM caMbIM yTBepKIeHHe 4 MOJHOCThIO 10Ka3aHOo. O

3.3. CBsi3b peweHnn 3apa41m3

YrBepkaenue 5. [lycmo fi(x) — pewenue 3adauu 1. Ecau My > 0, ede

L L
M= [ awpeds - [ f@eds (21)
0 0
mo peuierue 3adauu 3 umeem uod
f(z) = filz) = 2M¢'(z), C=0. (22)

Hoxka3arteabctBo. Tak kak fi(x) umeer Bun (5), To f(z) umeer Bun (15). Iloxcras-
asig (22) B (13) u yuutsiBas (21), naxomum, uto (13) BeimosHeHo. Hasee, mpu C' = 0
Bun (14) cosmanaer ¢ Bugom (1), onHako B (14) crenyer noncraButh f(z) us (22), a B (1)
crenyet ToAcTaBuTh fi(x). Kak 6bl0 3ameueno B . 3.1, cmaraemoe —2M;0'(x) B f(x) He
BausieT Ha (14), mostomy (1) u (14) coBnanator npu BeinosHenuu (22). Tak kak fi(x) —
peweHue 3anaud 1, To (3) u (4) BbimosHensl. Hanee us (14) naxonum 77/(0) = —C = 0,
cienoBatesibHO (16) BBIMOJIHEHO U yTBepXKAeHUE 5 J0Ka3aHO. O

Tak kak yTBepKaeHus 1, 2, 3 naroT pelleHus 3aaaun 1 B 4aCTHBIX C/Iydasix, TO C TOMO-
I[bIO YTBEPKIEHHS D MOJyuyaeM B ITHX CJAyUasix PelIeHHs 3aJaud 3 TPU JOMOJHHUTENbHOM
yeaoBun My > 0. Ecsin 310 yc/ioBHe He BBINOJHEHO, TO pellleHHe 3afadyu 3 Hy»KHO CTPOUTh
OTJEJIbHO.

MexaHnka 75



@”38. Capar. yH-1a. Hos. cep. Cep. Marematrnka. Mexannka. VHpopmarrka. 2019. T.19, Bbin. 1

3.4. PewweHue 3agaun 3 npu ycnosum yreepxaeHus 1

[Tyets k”(x) < 0 mpu 0 < x < L, To ecTb BBINOJHEHO ycaoBue yTBepxkaenus 1. Torna
u3 (6) (o fi(x)) u (21) Haxomum, uTo HepaBeHCcTBO M > 0 mpuHUMaeT BUA () > P, rue

L
Q= %/0 q(z)x dx. (23)

Bo3MoxKHO Jit060€ COOTHOLIEHHE MeXKIy BeJHUHHaMu () U P; B 3TOM HeTpyaHO yOe-
auThes Ha npuMmepe: ¢(z) = const, a(x) = const, k(x) ~ (L — z2).

Eciu Q > P, 1o (22) ecTb pelieHde 3anayu 3 (puc. 4, a, MOMEHT MOKa3aH AyroBOH
CTpeJIKOH), mpudeM ecau () > P, to M; > 0; 3T0, BMecTe ¢ yCTaHOBJIEHHOH BbIllle eIHH-
CTBEHHOCTbIO pellleHHs, J0KasbiBaeT (KaK MpeaBapUTeNbHO YIOMHHAJ0Ch B M. 3.1), uTo
pelleHue 3aaun 3 MOXKeT He CyLIeCTBOBaTb Ha MHOXecTBe (D), 6oJiee y3KOM, YeM MHOXKe-
ctBO (15). Ecin Q < P, To pelleHHe 3amayd 3 CTPOUTCS OTHEJNbHO; OHO C(POPMYJTHUPOBAHO
B HMXKECJeNYIOUIEM YTBEPXKIEHUH.

YrBepxkaenue 6. Ecau k" (x) < 0 npu 0 <z < L u Q < P, mo pewenue 3adauu 3
umeem sud (puc. 4, 6)

)= Qi 1), c=2F

L
/ (L — z)%a(x) dx. (24)
0
HokasareabctBo. OueBunHo, uto f(x) umeer Bua (15). IloncraBasia (24) B (13) u
yuuthiBasi (23), Haxonum, 4to (13) BbimosiHeHo. [loncraBass (24) B (14) u yuurtsiBas (7),
noayaum, yto 7(0) =0, (L) =0, r'(0) = —-C >0 u

r(z) = a(z)(L — z) (Q — b(x)),

rae b(x) = k(x)/(L —z); npu atom b'(z) = c(x) /(L —x)?, tne c(z) = k(z)+ k' (z)(L—z) u
d(z) = k'(z)(L — x). Pynkuus f(x) MoxeT OBbITH MOJNOXKHUTEJbHA TOJNBKO TpU = = L,
a r(L) =0, cnemoBatenbHo, (4) BoimosHeHo. OcraeTcs nokaszaTb (3). 3ameTum, 4TO
k(L) > 0, tak xak ecau k(L) = 0, To u3 (2) HerpyaHo BeBecTH, uTo k(L) = 0; 310
MPOTHBOPEYUT MpuHsATOMY ycaoBuwo k”(x) < 0 mpu 0 < x < L. Ianee, tak Kak (x) <0
npu 0 < x < L u ¢(L) = k(L) > 0, o ¢(x) > 0 mpu 0 < = < L; cjenoBaresbHo,
b(x) Bospactaer mpu 0 < = < L. Ilockosmbky @) > b(0) (uto crenyer u3z (23) u (2)), a
b(L — 0) = +o0 (rak kak k(L) > 0), To U3 Bo3pacTaHus b(x) cjenyer, yTO CYIIECTByeT
0 < & < L Takoe, uto @ > b(z) (torma r"(z) > 0) mpu 0 < =z < £ u @ < b(x) (rorna
r"(x) < 0) npu £ < x < L. Taxkoit Bux r”(x) BMecTe ¢ yKa3aHHBIMH BBILE YCJIOBHUSMHU
' (0) > 0, (0) = 0, 7(L) = 0 1 HECNOKHBIMH I'eOMeTPUUECKHMH COOOPaKEHUSIMU TIPUBO-
nut K HepaBeHCTBY 7(x) = 0 mpu 0 < = < L, u (3) nokasaHo. YcioBue (16) nmpoBepsiTh He
HY>KHO, TaK Kak B JaHHOM cjydae M = 0. YTBep:kaeHHe 6 10Ka3aHO. U

3.5. PelueHue 3agauu 3 npu ycnoBusx yreepXxaeHuns 2

[Tyers £"(x) 2 0npu 0 < o < L u k(L) =0, To ecTh BBITIOJIHEHBI YCJIOBUSI YTBEPKIe-
aus 2. Torma u3z (8) (mas fi(x)), (2), (21) Haxomum, uto HepaBeHCTBO M; > 0 MpHHHU-
maer Bua k(0)h3(0)/h3(0) > Lk'(L). Ecmu k(L) =0, 10, Kak ynomssyTo B naparp. I,
q(z) =0 mpu L < x < L. Torma us (2) caenyet, uto k'(L) = 0; Mo3TOMy HepaBeHCTBO
M, > 0 sxBuBaseHTHO HepaBeHcTBy k(0)h3(0)/h3(0) > 0, KOTOpOe, OUEBHIHO, BHITIOIHE-

Ho. Takum 006pa3om, B JaHHOM CJydyae pellieHHe 3agadd 3 Bcerjga BbipaxkaetTcst Gpopmysia-
mu (22) (puc. 4, 8).
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Fig. 4. The types of contact loading for the problem 3

3.6. Pewenne 3aaumn 3 npu ycnosusax yreepXx,aeHusa 3

[Tycts £"(x) > 0 mpu 0 < = < L, k(L) > 0 u ®(0) < 0, To ecTb BHINOJHEHDI
ycsoBusi a) yrBepxkaenust 3. Torna us (6) (nas fi(x)) u (21) HaxomuM, UTO HEpPaBEHCTBO
M > 0 npuHuMaert, Kak 4 B 1. 3.4, Bung Q > P.

31ech Tak)Ke BO3MOXKHO JI00O€ COOTHOILEHHe MeXIy BeJuuuHamu () U P; B 3TOM
HeTpYIHO yOeauThest Ha mpumepe: ¢(x) = const, a(z) = const, k(z) ~ (L — )2,

Eciu Q > P, 1o (22) ecTb pemenue 3anauu 3 (puc. 4, a). Ecau Q < P, To pelieHue
3ajaud 3 CTPOUTCS OTAEJIbHO; OHO C(POPMYJHUPOBAHO B HHKECJENYIOUIEM YTBEPKIEHHH.

YrBepxknenue 7. Ecau k"(z) > 0 npu 0 < o < L, k(L) >0, ®(0) <0u Q < P, mo
peuterue 3adauu 3 umeem sud (24) (puc. 4, 6).

Jloka3aTeabCTBO. YTBEPXKAEHHUS 7 aHAJOTHUHO I0KA3aTebCTBY yTBepxaeHus 6. [

[Tycts tenepp k() > 0 npu 0 < x < L, k(L) > 0 u ®(0) > 0, To eCTb BBINOJHEHBI
ycaoBusi 6) yrBepxkuenus 3. Torma uz (9) (mas fi(z)), (2), (21) naxomum, uto Hepa-
BeHCTBO M; > 0 skBHBajeHTHO HepaseHcTBY k(0)R3(0)/h(0) > 0, KOTOpPOE, OUEBHIHO,
BbIMOJIHEHO. TakuM 06pa3oM, B JAaHHOM CJjyuae pellieHHe 3aJaud 3 BCErja Bblpakaercs
dopmynamu (22) (puc. 4, e).

3.7. lpumep yncneHHoOro pelleHus 3anayu 3

3anadyy 3 MOXHO pelIUTb YucjeHHO. [Ipu TakoM pellleHHH HCKOMasi KOHTaKTHas Ha-
rpy3ka f(x) npencraBasiercsi [11] mMHOkecTBoM cocpemotoueHHbiX cua P (1 < i < N),
pacrioJIoXKeHHBIX B 3aJJlaHHBIX y3Jax x;, pasouBarwomux otpesok 0 < z < L. [lasnee npoBo-
JIUTCSl UTEPALlMOHHOE YTOUHEHHe MHOXKeCTBa Y3JI0B KOHTAKTa 10 BhMOJHeHUs (3) U (4) B
yanax u ycjoBusi P; > 0; ycaoBue (13) Takxke yuuThiBaetcsi; ycaoBue (16) He yuuTHIBaeT-
cs. UuceseHHoe pellleHHe — 3To 3HavyeHus f(z) B y3nax: f(z;) = P;/(x; —z;_1) (nonaraem
To = 0)

PaccMoTpumM caenymomuii mpumep: L/L = (8 —2v/2)/7, h(z) = h(z) = ho, q(z) = qo.
HeTpynHo ycTaHOBHUTB, YTO B 3TOM CJydae BbLINOJHEHBl YCJIOBHUS 0) yTBEpXKIEHHS 3 H
CorJiacHo M. 3.6 aHaJUTHUECKOe pellleHHe 3aJaun 3 nojydaetcs mo dopmynaam (22) u (9):

/2 (0<z<L/2)

0 (L)2<z<L) 2Mi' (@), (25)

f(z) = P.é(x — L) + Puo(x — L/2) + {

rie P, = qoL(3 +2v2)/16, P.. = qoL/16, M, = qoL*(9 + 4v/2)/32.

Yuc/ieHHOe pellleHHe MOKa3aHO TOUYKAMM Ha PHUC. D; PsIOM C HEKOTOPBIMH TOYKAMH B
ckoOKax yKazaH Homep ¢ yaJa. [lapamerpsl anroputma: N = 24, x; = Lexp((1 — N/i)/2)
(mpakTHKa pacueToB [OKa3aja, 4TO Y3Jbl JOJKHBI CYLIECTBEHHO CryIIaTbCsi BOJIH3H
x =0).
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Puc. 5. UucneHHoe pelieHHe 3a1aud 3
Fig. 5. The numerical solution of the problem 3

Ecsn snauenusi f(x;)/qo paBHBI HYJII0 WJIH MOPSIAKA €IMHHLBI, TO OHH MHTEPIPETHPY-
I0TCH KaK KycOYHO-HenpepblBHas yacTb f(x). Ha puc. 5 BunHo, uto f(z;)/qo npu 3 <i < 9
1 11 < ¢ < 23 X0poIIo COBNanaloT ¢ TPeTbUM caaraeMbiM B (25) (f(x2)/qo = 0, a He 6su3-
KO K 1/2, HO 3TO — He3HauUTeJbHasl MOrPEIIHOCTh, TaK KakK /L = 0.004087 maJo).

Ecou 3nauenus f(x;)/qo nopsinka L/(x; — x;_1), TO OHH HHTEPIPETUPYIOTCS KaK CO-
cpemorodyeHHble cuabl B f(x). Ha puc. 5 Takue cuibl oOHapy:KHUBalOTCS MpU i = 24
1 ¢ = 10, 4TO XOpOIIO COOTBETCTBYeT MEPBOMY M BTOpPOMY cjaraembiM B (25). Besu-
upHa cunel P = (f(x;) — (f(zim1) + f(@it1))/2)(x; — xi-1) (cpenHee apugpmMeTHue-
CKOoe 3HaueHWH f(z) B COCeNHUX y3/ax BbluMTaercss U3 f(x;), 4TOObl yCTPAHHUThH «IIPHU-
MeCb» KyCOUYHO-HemnpepblBHOH dacTH f(x)). UncnenHsle 3HaueHust Pay/(qoL) = 0,3643 u
Pio/(qoL) = 0.06626 xopoiio copnajawT ¢ aHanutHueckumu P,/(qoL) = (3 +2v/2)/16 u
P../(qoL) =1/16 B (25).

Ecau snauenve f(r1)/qo nopsaka (L/z1)? (To ecTb aHOMa/NbHO BEJHKO), TO OHO HH-
TeprpeTHpyeTcsl KaK cocpefoToYeHHbIH npu x = 0 MmoMeHT B f(z). Takas Touka Ha puc. 5
TMPUCYTCTBYET, YTO XOPOIIO COOTBETCTBYET MOCJeAHeMYy cJjaraeMomy B (25). BesmuunHa
Momenta M; = f(xy)z?; uucaenHoe sHauenue M;/(qoL?) = 0.4581 xopoiuo coBnajgaet ¢
ananutudeckum M, /(qoL?) = (9 +4+/2)/32 B (25).

Takum 06pa3oM, YHC/IEHHOE pellleHHe MOATBEPXKIAeT aHaJUTHYeCKOe; B UACTHOCTH,
MOATBEPKAAeTCS HeOOXOMAUMOCTh YueTa KOHTAKTHOrO COCPEeIOTOUEHHOTO MOMEHTA.

3AK/TIOHEHUE

[IpensioKeHHbIH paHee aBTOpaMM MOAXOA K MaTeMaTHUECKOH MOCTAHOBKE M peELIEHHI0
KOHTaKTHBIX 3aja4 [J/s 0aJouHbIX KOHCTPYKUMH [4,5,8] man Bo3MOXKHOCTL 0GHAPYKHTh
HOBYI0, HEOXKHIaHHYI0 0COOEHHOCTb B OIHOM M3 3ajad 3TOro Kjacca. EcrecTBeHHas mo-
AuQUKALKsST TaHHOTO MOAXO0AA, YUYHUTHIBAMOLAsi 0OHAPYKEHHYI O0COOEHHOCTD, M03BOJINIIA
c(hOopMyTHPOBATH MaTEMaTHUECKYO TOCTAHOBKY 9TOH KOHTAKTHOM 3a[1auH, 10Ka3aTh e1HH-
CTBEHHOCTb peLIeHHUs] U OCTPOUTh aHAJUTHYECKOe pellieHHe B HEKOTOPbIX YaCTHBIX Cyda-
s1X. MOXKHO HaJesITbCsl, UTO AAHHBIH TMOAXOA OKaXKETCsl YCIEIIHbIM B IPUMEHEHHUH K GoJsiee
CJIOKHBIM KOHTAKTHBIM 3ajadaM, HalpuMep, 3afadam 1 4 3 mpu 0TKase OT MPEeANON0KEHHUST
0 MOCTOsIHCTBe 3Haka (pyHkuuu k”(x).
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A Couple Contact Loading at the Unilateral Contact of Beams

M. A. Osipenko, A. A. Kasatkin

Michael A. Osipenko, https://orcid.org/0000-0003-3267-0618, Perm National Research Polytechnic Univer-
sity, 29 Komsomolsky Ave., 614990 Perm, Russia, osipenko.michael @yandex.ru

Anton A. Kasatkin, Perm National Research Polytechnic University, 29 Komsomolsky Ave., 614990 Perm,
Russia, dedulyama@yandex.ru

The contact problem for the structure consisting of two beams is considered. The beams have the different
lengths and the different variable thicknesses. One end of the shorter beam is clamped coinciding with the
hinged end of the longer beam. The other ends of the beams are free. The given loading is applied to the longer
beam. The beams undergo the weak joint bending with the unilateral (receding) contact. There is no friction
between the beams. The bending of each beam is described by Bernoulli — Euler model. The contact problem
is to find the contact loading, i.e. the forces of interaction of beams. This problem has a number of well-known
characteristic features. Some of them inhere in the contact problems for the beam structures on the whole.
The others inhere in the structures containing the beam that cannot be in the equilibrium for the arbitrary
loading. Besides, this problem has the novel peculiarity consisting in the appearance of the concentrated
couple in the contact loading. The non-negativity of the contact loading, as the necessary condition of the
unilateral contact, is not spoiled because the concentrated couple is at the end of the beams and its “negative
part” is located outside the beams and does not belong to the contact loading. The mathematical formulation
of the contact problem is propounded. The uniqueness of the solution of this problem is proved. The analytical
solution is constructed in some special cases. The relation between the problem under consideration and the
well-known contact problem for two cantilever beams is established.

Keywords: Bernoulli — Euler beam, contact problem, unilateral contact, contact loading, concentrated couple,
uniqueness of solution, analytical solution.
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Pa6ota nocasieHa npobneme yaanenns HaHoCNyTHUKOB cpopmara CubSat3U 6eckoHTakTHEIM cnocobom ¢
MOMOLLBIO IOHHOTO MOTOKA, CO3[,aBAEMOr0 ABUraTeniemM akTMBHOrO KOCMUYECKOro annapara ¢ HU3KOi 0Kono-
3eMHOI opbuThl. MpenmyLLecTBOM Takoro cnocoba SBNSIeTCs 0TCYTCTBIE HEOOXOAMMOCTU JONONHUTENbHBIX
CPeLCTB CTHIKOBKM 1 3axBata. Pa3paboTaHa mMarematiyeckasi MOLEMb, ONMCbIBatoLLAst NNOCKOE [BIUXKE-
HUE HaHOCMYTHMKA NOJ, AENCTBUEM NOHHOMO MOTOKA C Y4ETOM rpaBuTaLMOHHbIX Cil. [ns MOAenupoBaHus
CUMOBOrO BO3AENCTBUS OHHOrO noToka Ha CubSat3U npumeHeHsl ABa noaxoaa. Mepsbi noapasymesa-
eT 1CMo/b30BaHNe U3BECTHbIX Be3pa3MepHbIX a3poaNHAMNYECKNX KOIGXPULIMEHTOB. BTopol ocHOBaH Ha
pa3bueHnn Tena Ha TPeyroNbHUKM 1 BbIYUCTIEHNI BO3LENCTBUS HA KX Abli U3 HUX, NPW 3TOM NPUMEHEHa
runoTesa o NoHOM LUKCY3HOM OTPXKEHUI HacTUL, OT NOBEPXHOCTU. poBeLEHO MOLEeNMPOBaHMe Crycka
HAHOCMYTHIKA C HU3KONA OpbuTbl B0 MOBEPXHOCTM 3eMnn 1 nokasaHo, 4To oba monxona AaioT bnuskue
pesynbTaThl, B 4aCTHOCTW pasHuLa BO BPEMEHU crycka ¢ BbiCoTbl 500 KM He npeBbiwaet 4 %, n aspoau-
HaM14ecKne XapakTepucTiki MoryT ObiTb CMONb30BaHBI HA 3Tane NpefBapUTENbHOTO NPOEKTUPOBAHUS
nporpammbl YBOAa HECPYHKLIMOHMPYHOLLEro CryTHUKA. [1ony4eHHbIe pesynbTaThl MOXHO UCMONb30BaTh Npu
yNpaBneHn NOHHBIM MOTOKOM 1 MPY MOAENMPOBAHIN LIBUXEHIS CUCTEMbI BECKOHTAKTHOIO yAaneHns Koc-
MI4ECKOr0 Mycopa.

KnroyeBbie cnoBa: KOCMUHECKMIA Mycop, GECKOHTAKTHBINA Crocob, MOHHBINA MOTOK, a3poanHaMMYeckie Ko-
3PULIMEHTHI, HAHOCTYTHUK.

Moctynuna B pepakuuto: 28.05.18 / MpuHsita: 15.09.18 / OnybnukoBaHa oHnaiH: 28.02.2019
DOI: https://doi.org/10.18500/1816-9791-2019-19-1-82-93

BBEJEHUE

TexHoreHHOe 3arpsi3HeHHEe OKOJIO3€MHOI'0 KOCMMYECKOrO TMPOCTPAHCTBA SIBJSETCS CY-
[ECTBEHHBIM HEraTUBHBIM (hDaKTOPOM, BJIMSIOIIEM Ha KauecTBO (DYHKIMOHHPOBAHHUS KOC-
mudeckux amnmnapatoB (KA). I[lpu croskHOBeHMM ¢ KocMHYecKMM Mycopom KA moxer
BBIATH U3 cTposi. CeroaHsi HaWOOJBIIYIO OMACHOCTb MPEACTABJSET KPYMHOraGapUTHBIH
KOCMHYECKHH Mycop, K KOTOPOMY OTHOCST He(DyHKLIMOHUPYIOIIHE anmnapaTthl, BEpXHHE CTY-
MeHH paKeT, pa3roHHble 0JIOKH. B3auMHble CTONKHOBEHHS] TAaKMX KPYMHBIX 00BEKTOB MO-
TYT NMPHUBOAUTH K MOSIBJIEHHIO HOBOro GoJsiee MejKoro mycopa. CorjacHO HCC/IeI0BaHUSIM
D. J. Kessler, B. G. Cour-Palais [1], c/10XHBLIHHCS MOAX0OL K KOCMHUECKOH AeSITeIbHO-
CTH ¥ HUTHOPUPOBaHHe MpPoOJeMbl 3aCOPEHHOCTH OPOUT KOCMHYECKHM MYCOPOM TPHUBEIET
K HEKOHTPOJHUPYEMOMY POCTY KOCMHUECKOT'0 MycCopa M cliejlaeT HEBO3MOXKHBIM BbIBOJ HO-
BbiX KA ¥ HCrosib30BaHKWE OKOJIO3€MHOT0 MPOCTPAHCTBA. TeM caMbiM [Jisl YeJoBeYecTBa
NOCTYI K KocMocy OyneT 3akpwiT [1,2].
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B HayuHOH cpese paccMaTpUBAaIOTCS pPa3/jUuHble BapUAHThl YOOPKM KOCMHUYECKOTO MYy-
copa [3], KoTopble MOXKHO Pa3lesuTh Ha Ba BUAA: KOHTAKTHBIH C110C00, K KOTOPOMY OTHO-
CAT yaJieHue C MOMOIIbI0 BCIIOMOTATebHBIX YCTPOHCTB, TAaKUX Kak rapnyH [4], ceTb [5],
MexaHHdeckas pyka [6], «mynasbie» [7], © 6€CKOHTaKTHBIH CrMoco® B3aUMOIEHCTBHUS.
K Hemy orTHocaT y6opky ¢ momolibio TeHbl [8], snasepHbIX ycTaHOBOK [9], BHeriHero
noHHoro noroka [10], kymoHoBckux cua [11,12]. B cratbe paccmarpuBaercs ynasieHue
He(DYHKLIMOHHPYIOLUIUX CITyTHUKOB C MOMOILbI0 HOHHOTIO MOTOKA, KOTOPbIH co3naeTcs of-
HHUM U3 [IBUTaTe/eldl akTHBHOTO KOCMUYECKOro anmnapata. AKTHBHBI KOCMUYECKHH anmnapaTt
CIyCKaeT KOCMHYeCKHH Mycop [0 IpaHMLbl aTMocdepbl, 10ocjae Yero nepexoiuT Kk yoopke
CJeNyIolero oobexTa.

B 3apmaue y60opkM KOCMHUYECKOIO0 Mycopa MOHHBIM [OTOKOM MpHUHLMIIHA/IbHOE 3Haye-
HHe HMeeT Mojie/IMpoBaHue notoka. B [13] onucana mMopesib paciinpeHuss HOHHOTO MOTOKA
B BakyyMme. B cratbe [14]| mpensiokeHbl pas3sinuHble CIOCOOBI MOIENHPOBAHHS HOHHOTO
MOTOKA U OLEHKH ero (U3MuecKoro BJAUSHUS Ha pa3pylileHHe KocMuueckoro mycopa. [Ipo-
M3BeleH aHa/lnW3 JUHAMHUKH W YIIpaBJeHUs CpepuuecKoro W LHJIUHIPUUYECKHX TeJl TOJ
IeHCTBUEM MOHHOTO MoToka. B cratbe [15] paccmarpuBaioTes ABe (pasel MUCCHU MO Yaa-
JIEHHI0 KOCMHUECKOro Mycopa: (pasa mopsera ¢ gajbHero paccTosHUs U (asa cOMMKeHUs
c oobekToM. Ha arane yBona o6beKkTa KOCMHYECKOTO Mycopa HEOOXOAWMO 3HATh M0J0XKe-
HHe He()yHKLUHOHHUPYIOLIEero CyTHUKA MO OTHOLUEHHIO K HaberawlleMy HOHHOMY MOTOKY
M pacCTOsIHUE M0 lleJId OT COIia ABUrartessl 1/ ONpeeseHUs MaKCUMaJbHOIO 3HaYeHHUS
CHJIbI OT MOHHOT0 MOTOKa. B naHHoi pabore, B otinuue ot [14,15], yuutbiBaeTcst n1BHXKe-
HHMe KOCMHYeCKOro Mycopa BOKPYr LeHTpa macc. [y BbIYMC/IEHUS MepefaBaeMoil CHJIbI
OT MOHHOTO M10TOKA MpejJiaraeTcst pacCMOTpeTb U CPaBHUTH [Ba noaxona. Ilepseiil moppa-
3yMeBaeT HUCIO0JIb30BaHHE U3BECTHBIX He3pa3MepHbIX a9pOAHHAMUYECKUX KOI(PPHUIIUEHTOB.
Bropoil ocHOBaH Ha pa30HeHHH TeJsia HA TPEYroJbHUKH U BBIUUCJIEHUM BO3LEHCTBUSA Ha
KaXIbld U3 HUX, MPH 3TOM IMPHUMEHeHa T'Urnore3a O MOJHOM AU(pEGY3HOM OTparKeHHH ua-
CTHL[ OT MOBEPXHOCTH.

B crarbe paccmatpuBaercs yBon ¢ op6uThl HaHocnyTHHKA Gopmara CubSat3U. Hano-
CIYTHUKH He OTHOCATCS K KPYNHOrabapuTHOMY KOCMHYECKOMY MYyCOpY, OHH MOTYT CJy-
KUTh yN0OHOU 0a30i AJis1 MpoBeleHHUs] OPOUTANbHBIX SKCIIEPHMEHTOB C LieJblo 0TPabOTKH
HOBOH TeXHOJIOTMH OeCKOHTAaKTHOIO yBOAa KocMHueckoro mycopa. HaHocnmyTHUK MoxeT
ObITh OCHAllEeH JAaTUHKaMH, U3MepSIIOLIMMU NapaMeTpbl ero IBHKEHHS, UTO I103BOJNUT Be-
pU(ULIMPOBATb U, 10 HEOOXOAUMOCTH, YTOUHHUTb UCIOJb3yeMble MaTeMaTHYeCKHe MOJeJH.
[lenbio paboThl fiBIsieTCS MOAEJNMPOBaHME M aHaJ/M3 JIBUXKEHUS HAHOCIyTHUKa (opmaTta
CubSat3U non BoanelicTBHEM HMOHHOTO NMOTOKA HAa HU3KMX OKOJIO3eMHBIX opbuTtax. [Ipen-
nosiaraetcsi, 4ro CubSat3U mo/sHOCTbIO HAXOOUTCA BHYTPHU HOHHOTO IMOTOKA, a CHCTEMa
yTpaBJieHHsI aKTUBHOI'0 KOCMHUECKOT0 arrnapara yiepKHBaeT ero Ha MOCTOSIHHOM PacCTo-
SIHUM OT HaHOCMYTHHKA. PaccMaTpuBaeTcs CMyCK HAHOCIYTHHUKA ¢ HU3KOH OKOJIO3€MHOH
OpOHUTHI 10 MoBepxHOCTH 3eMasd. [IpoBoauTcsl cpaBHeHMe pe3ysnbTaToB Npu yBome KA Ha
HU3KYI0 OpOMTY B CJjydae pacyeTa CHUJbl METOAOM, HCIOJb3YIOUIUM a3pOAMHAMHYECKHe
XapaKTepUCTUKH 00beKTa ylajeHHs, ¢ METOAOM MOJHOTO AU(PQY3HOro OTpaKeHUs] HOHOB
OT ero MOBEepPXHOCTH.

1. MATEMATUYECKWE MOAENN

Onepauuioo yBoma HaHOCITYTHUKA ¢ OPOHUTHl MOXKHO pasle/UTh Ha JBa 3Tama: opOu-
TaJIbHBIA TOJIET [0 TPAHHUIBl aTMOC(epbl U HEKOHTPOJUPYEMBIH CIYCK 10 TOBEPXHOCTH.
Ha nepBoM 3Tane Ha HaHOCIYTHUK NEHCTBYIOT BHELIHWH WOHHBIA MOTOK YU I'PaBHUTAI[HOH-
Hasi cusaa. Ha BTOpom 3Tame — asponuHaMHuUecKHe W TpaBHUTAIMOHHAS CHUJIBL. B maHHOM
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naparpage OyneT OMMCaH MeTOJA pacyeTa CHJI W MOMEHTOB OT HOHHOTO MOTOKAa aKTHB-
HOTO KOCMHYECKOro arrapara C MOMOIIbI0 a9pOAMHAMUYECKHUX XapaKTepUCTHK, a TaKxKe
paccMOTpeHa MOJeJsb MJIOCKOTO ABHXKEHHS] HAHOCHYTHHKA C Y4YeTOM [BHKEHUSI BOKPYT
LleHTpa Macc Mof AeHCTBUEM CHJIbl BHEIIHErO MOHHOIO MO0TOKa M FPaBUTALLMOHHON CHJIbL.
Kpome Toro, 6yayT 3amucaHbl ypaBHeHHs HeylpaBJ/IieMOro ABHXKEeHHs HAHOCIyTHHKA B
aTMmocdepe.

1.1. MocTpoeHne mopenu MOHHOrO NOTOKA

OnHo# U3 ryaBHBIX 3324 MPU MOIAEJHUPOBAHUH JBHUKEHHS 00beKTa KOCMHUECKOT0 MY-
copa TMoj [eHCTBHEM HOHHOTO IMOTOKAa SIBJSETCS OMNpejesieHHe CHJ U MOMEHTOB, TOJY-
YyaeMbIX OT BHEIIHEro MOHHOTrO MOTOKa. B HaydHOH JuTepaType MPUBOASITCS Pa3JHUHBIE
MOJIeJI pacnpocTpaHenust HoHHoro nortoka [10]. st onpenesieHus: pacnpeneseHus MaoT-
HOCTH MOHOB IO JJIMHE TTOTOKA BOCIMOJIb3yeMCsl CaMONOA0OHON MOJIE/IbI0 PACPOCTPAHEHHUS
MOHOB, paccmoTpenHo# B [10,16].

Camonono6Hast MozieIb CTPOUTCS HA MPEATION0KEHHH, UTO XapaKTep pacripoCcTpaHeHUs
MOHOB MOXKHO OTIHCATh C MOMOIIbI0 6e3pa3MepHON (PYHKUNHU NTono6us h(Z), KoTopasi MOXKeT
OBITh HalileHa W3 TU(QepeHLHaTbHOIO YpaBHEHUS MIPH HauadbHbIX ycaoBusax h (0) =1

12 -1n(h)
W =\ ——=—+10)
2 )
M
mlu2 o
rie My = v-TS — uucgo Maxa B HadaJie najbHed 00JacTH MOHHOrO MOTOKa, m; —
e

Macca HOHOB (KCeHOHa), u; — CKOpPOCTb HOHOB B Haudaje JAajbHed o0JacTd, 7 — IoO-

JIUTPOTHBIA KO3 PULMEHT oxJaxaeHus, T,y — TemIepaTypa 3JeKTPOHA Ha BbIXOIE H3
coruia aBuratess. Mone/ab pacnpocTpaHeHHs] HOHOB 3aBUCHT OT YTJa MOJypacTBopa MoTo-
Ka ag = arctan (b’ (0)). Tlpu Gonbmux 3HaueHusx M, xapakTep pacnpoCTpaHeHHsi HOHOB
npuoOpeTaeT KOHHUECKYIO (hopMy, U (PYHKIHIO caMOmonoOusi h MOXKHO 3amucaTb B BHIE
h(Z) =1+ Ztg ay.

[110THOCTb MOHOB B J1I060H TOYKe MOTOKA MOXKHO OMpefesuTh Kak [13]

Un 2 d2
n(d, Z) = hQ—(g) - exp (—C : W) 3 (1)

riae my — MJIOTHOCTh TOTOKA MOHOB Ha BbIXOIe M3 comja asuraress; C? = 3 — Gespas-
MepHasi BeJIMUMHA, OTpe/ieisiiolast IPOLEHT COXPaHeHHsI HOHOB B MOTOKe paauyca d < Rp;
Ry — paauyc MOHHOTO TOTOKA HAa BBIXOJE M3 corsia ABurarteJis. /s yrnpolleHUs: Mogeau
CUMTAIOT, YTO aKCHaJbHAsi COCTABJSIOLLIAs CKOPOCTH MOHOB He MeHseTcst: u,(d, z) = up.

J1/1s1 BBIUKC/IEHHST TIepeaBaeMO CHUJIbI UCIIO/Mb3YIOTCS Pa3HuHble MOAXOMbl, TAKHE KakK
MHTETrPUPOBAHKE 3JIeMEHTAPHOU CHJIBI MO MOBEPXHOCTH 00bekTa [16], nHTerprpoBaHue Mo
[IEHTPAJbHOH MPOEKIHH YBOIMMOr0 00beKTa Ha BHIOpaHHYIO MmiockocTh [17]. B manHoi
craTbe OYyAyT PAacCMOTpPEHBI JBa crocoba: mepBbld Crocob UCMOJb3yeT H3BECTHbIe Ge3pas-
MepHble a’3poAMHAMHUYECKHe XapaKTepUCTHKH KA, KOTOpble PacCUMTBIBAIOTCS HA PaHHUX
3Tanax NpoeKTHPOBaHHs. BTopoil crmoco6 ocHOBbIBaeTCsl Ha Pa3OHEHHU Tesla Ha TPEYroJib-
HUKU U UCTIOJb30BAHHH THIIOTE3bl O MOJHOM AH(PQY3HOM OTPaKEHHU YACTHIL OT 0O1yBae-
MOH TOBEPXHOCTH. JIJIsi KaXK[OT0 TPEYroJbHHKA BBIUKC/ISIFOTCSI MOMEHT M CHJIa OT HOHHOTO
MOTOKA B BH[E MPOEKIMU Ha OCH OpOMTAbHOM cHcTeMbl KoopauHat. [Iporpamma pacyera
MOHHBIX CHJl U MOMEHTOB Obljla paspaboTaHa B paMkax uccienoBanus [18].

J1/1s1 BHIUMCJIEHUST CHJT HOHHOTO TIOTOKA C MOMOIIbI0 a3POJHHAMHUYECKHUX XapaKTePUCTUK
HY>KHO 3HAaTh Ha PACCTOSIHUH d OT MCTOUHHKA IJIOTHOCTh MOTOKA MOHOB p; = myn(d, z),
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rae n(d, z) Berumcasercs mno dopmyne (1). B sTom cayuae npoekuus cunsl Fy, F, U Mo-
MeHTa M, MOHHOTO TIOTOKA Ha OCH OpOHTAJLHOM CHCTeMBbl KOOpaUHAT (puc. 1) MOTYT GHITH
HalileHbl cJeqyoluM 00pa3oM:

Fac = CyQi’Sa Fy = CinSa Mz = mzqul7 (2)

TIE Cy, Cy, M, — 0Oe3paszMepHble KOI(MMOUUUEHTH CHJIBI a3POAUHAMUUYECKOTO CONPOTHUBIIE-
HUS, NOABbEMHON CHJIbl U MOMEHTa TaHra)ka COOTBeTCTBeHHO, S — IJolanb MUaess, [ —
2
—_ P

XapakTepHbIM pasMep Tesa, ¢; = ~5- — CKOPOCTHOH Harop HOHHOTO MOTOKA.

1.2. YpaBHeHMs opOUTaNnbHOro 4BUXEHUS HAHOCMYTHUKA

Jns onmucaHWs NBUXKEHHS HAHOCIYTHHUKA MOJA JAEHCTBHEM HOHHOTO TOTOKa C yde-
TOM BJIMSIHUSI TPABUTALMOHHBIX CHJI BBEIEM IMpPSAMOYroJbHble HHepuuanbHyio O;X,Y;,
opbutanbuyto O,X,Y, u cesizannyio O.X.Y, cuctembl koopauHat. Llentp O, uHepuu-
anpHo# CK sexut B uentpe mace 3emsu. Ocb X; TPOXOOUT yepe3 mepureid opOHTHI
HaHOCTyTHUKA. LleHTp CBf3aHHOH CHCTeMBl KOOpPAMHAT HAHOCHYTHHKA JIEXKHUT B €ro
ueHtpe macc O.. Ocp X, HampasJe-

Ha 110 TPOJOJBHOH OCH HAaHOCHYTHHKA. Yit
Ocb Y. /J1€2KUT B MJOCKOCTH €ro CUM-
meTpuH. Ocb X, opOUTANBHON CUCTEMBI
KOOpMHAT HamnpapJeHa BLOJb paauyc-
BeKTopa LieHTpa Macc r, ocb Y, MO Ha- B
npaBJieHHI0 1BUXKeHHUs. CHCTeMbl KOOp-
IWHAT NpUBeeHbl Ha puc. 1. Y,

Jlns monydeHus ypaBHEHHH JBH-
JKEHHUS] BOCIOJIb3yeMCSl YpaBHEHHUSMHU Fy
Jlarpanxka BTOporo poxa:

d oL 0L A
i ) %

dt aql aql %

rie L =T — U — JlarpaHxuaH cucTe- r
MBI, ¢; = {V,7,} — 0000IIeHHbIE KO-
OpPAMHATHI, ¥ — YroJ UCTUHHOH aHOMa- v
JUM, T — PACCTOSIHME OT LeHTpa Macc o >
3eMJIM 10 LleHTpa MacC HAaHOCHYTHHKA,
@ — yroa otkJoHenus ocu O.X. or
ocu 0,X,, ) — 0000LIeHHbIE Hemo-
TeHILMaJ/bHble CHJIBI.

KuHeTHnyeckasi sHeprusi CUCTeMbl HAXOAUTCS B CJeNyIOLleM BUJE:

Puc. 1. CucreMbl KOOpAUHAT
Fig. 1. Coordinate systems

o M) LU R )

[ToTeHuuanbHasi sHeprusi cucteMsl 6ynet uMetb Bup [18]

I,+1,+1) 3u(l,cos®>p+I,sin?p+1,
g km y 1) 3 @+ I,sin” ¢ )7 5)

r 23 23

rIe j. — IPaBUTAlMOHHbIA nmapamerp, J,, Jy, J, — MOMEHTHl HHEPLMH HAHOCIYTHHKA.
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O606LU,€HHI>I€ HENoTeHIlHaJbHbI€ CUJIBI MOTYT OBLITH HaﬁﬂeHbI KaK
ng = _Mza Qr = Ex7 QV = Eyr + Mza (6)

rae Fi,, Fj, — NpOEKLHH CHUJIbl HOHHOIO NM0TOKa Ha ocH opbuTtaibHoi CK.

[Toc/ie mopcTaHOBKM KMHETHYECKOH (4) U MOTeHIHa bHOU (D) aHeprui B (3) mosyuum
cucteMy nuddepeHIHaNbHBIX YpaBHeHHH. Pa3peliM ee OTHOCUTENBHO BTOPBIX MPOU3BOI-
Hbix [18]:

I, cos® I,sin®p— 1, —I,+ 21, -
7":7“1)2—&—1—3”(3 cos” ¢ + 31, sin” ¢ v+ )—l—Q—,

72 2mr? m
. 2rv 3u(l, — I,) cos ¢ sin + &y
o2 3 y>5 psing | Qo+ Gy (7)
r mr mr
. 27 3u(l, — I,) cos @sin (I, + mr? +Q,
s L 3u( y) cos psin p( ) Qe Qe+ @y
r I.mrd I mr?

[lepBble nBa ypaBHeHHSsI cucTeMbl (7) ONMUCHIBAIOT JBHKEHME LIEHTPA Macc HAHOCIYTHHKA,
a 1nocJeqHee — JBH)KEeHHEe BOKPYT LleHTpa Mmacc.

1.3. YpaBHeHus OBUXEHUS HAHOCNYTHUKA B aTMoccpepe

[Ipu crnycke B aTMocdepe KOCMHYECKHUH arnmapaT UCIBITHIBAET TEIJIOBbIE M IMHAMHUE-
CKHe HarpyskH, KOTOpble JOJKHBI IPHHUMATbCsI BO BHUMaHHe TPH MPoeKTHpoBaHHu KA u
pas3paboTKe MporpaMMbl ero nojeta. MoneaupoBaHUe HEYPABJISIEMOTO CITYCKA HAHOCIYT-
HHMKa B aTMocdepe OyaeM MPOBOAUTh MPU CJAEAYIOMIHUX IOMYIIEeHHUSIX: IBHKEHHE TPOUCXO-
JUT MO JIeHCTBHEM TOJIBKO CHJIbI TSXKECTH M a3DOAMHAMMYECKOH CHJIBI, T10JIE TSATOTEHHS
[IeHTPaJbHOE, IBHKEHHE BO3AYIIHBIX MAcC He YUHTBIBAETCS.

JIBHKeHWe HAHOCITyTHUKA MOXKHO TPeICTaBUTh KaK OTHOCHTEJIbHOE JIBHXKEHHE LeHTpa
Macc W BpallleHHe BOKPYT 1eHTpa Macc [19,20]:

V= —cmqﬁ — g(H)sind,
m

. S H V cos 6
ezcqu—v—$0089+m, (8)
H = Vsind,
L& —m,(a)gSl =0,
rge S — muolagb MHIENs, m — Macca HaHOCMyTHHKA, Rp — paguyc 3emnau, V. —
CKOPOCTb LIEHTPA MacC HAaHOCMYTHUKA, H — pacCcTOsIHUE OT MOBEPXHOCTH 3€MJIH JI0 LIEHTPa
mace KA, 0 — yron HakJ/oHa TpaekTopuu B aTMocdepy, g(H) = go (Rng>2 — yCKOpeHHe

CBOOOHOTO Ma/eHHsl, gy — YCKOpEeHHe CBOOOMHOTO MajeHHst Hall CPeIHUM YPOBHEM MO,
q= ,o(H)VT2 — CKOpOCTHOU Hamop, p(H) — MJI0THOCTb aTMoC(epbl, &« — YroJ aTaku, | —
XapaKTepHbIi pasmep Tena, J, — MOMEHT HHEPLHUH Teja OTHOCUTEbHO ocH (), CBSI3aHHOM
cucreMbl KoopauHart. [lepBeie Tpu ypaBHeHHs cicTeMbl (8) OMUCHIBAIOT [IBHKEHHE LEHTpA
Mace, rmocjiefiHee ypaBHeHHE OIMKUCHIBAET IBUMKEHHE BOKDYT [I€HTpa Macc.

J1Jist OLIeHKH BO3MOXKHOCTH paspylieHHsi HAHOCIYTHHKA MPH CIyCKe B aTMocdepy Heob-
XOMUMO BBIYMCUTD KOHBEKTHBHBIN TEMJIOBOU MOTOK (yoppexr ¥ CYMMApPHOE KOJIHUECTBO Tell-
Jia, MOJIBOIMMOr0 Ha JIOGOBOM y4acTKe MOBEPXHOCTH 3a Bce BpeMsi crycka ) [19,21]:

(xonBekr — bempp(H)l/QV&lS’ (9)
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Q - /qKOHBEKT dt; (10)
t

rae bemp = 5.5164 - 1072 kr/2 - 2. M~ 115 — sMnupuueckuil KO3QOHUILHENT.

2. PE3YNIbTATbI N OBCYXAEHNA

PaccMoTpUM crycK HaHOCIYTHHKA ¢ KpyroBod opOuThl BeicoTod 500 kM. Mopenupo-
BaHMe OylIeM MPOU3BOIHUTD 10 BepxHel rpanuibl atMocdepsl (H = 100 km). HanocnyTHHK
nMeer maccy m = 3.019kr, MoMeHTbl HHepuuu J, = 0.0047 kr-m?, J, = J, = 0.0241 kr-M?,
niowans muneas S = 0.01 m2. Paccrosinue ot conua asurarens KA 1o o6bekTa KocMuue-
CKOTO MycOpa CoCTaBJisieT 15 M, CKOpPOCTh HCTedeHHs] HOHOB u; = 38000 M/c, UHCJIO HOHOB
Ha BbIXofle g = 2.6 - 10 M3, Yros mosmypacTBOpa HOHHOrO MOTOKA (v = 15°.

[IpoBeneM cpaBHeHHE pe3yJbTATOB MHTETPUPOBAHMS CHCTEMBI ypaBHeHUU (7), omw-
CBIBAIOLIUX MJOCKOE JIBHXKEeHHe HAHOCIMyTHHUKA, NMPU ABYX Pas3JU4yHBIX crocobax pacuera
nepenaBaeMoOd CHJIBI OT HOHHOT'O MOTOKa (pHc. 2).

Cy, Mz
0.8} g
0.6 | g
Mz Cy Croco0 2
0.4 Method 2 1

0.2

Cy Croco0 1

Cnoco0 1 -0.8 Method 1
9 ‘ Methqd 1 ‘ ‘ ‘ ‘ |
0 1 2 3 4 5 @ rad 0 1 2 3 4 5  ¢,rad
ala 6/b

Puc. 2.bespasmepHble KO3 PHUIIMEHTE HOHHOTO MOTOKA
Fig. 2. Dimensionless ion beam coefficients

B nepBom crnoco6e pacuetr cujbl OyaeT MPOUCXOAUTDH C MOMOLILbI0O H3BECTHBIX a3pPOMHU-
HaMHUYeCKHX XapaKTepUCTUK oObekTa ymajeHus (puc. 2, crsolnHas jJuHHUs1). Bo BTOpom
criocobe BBIYUCJEHHE CHUJIBI OYET BBIMOJHEHO C MCMOJIb30BAHHEM MOIEJH TOJHOTO IH(-
(by3HOTO OTpakeHHsi MIOHOB OT MOBEPXHOCTH (pUC. 2, MyHKTHPHAs JIUHUS). DeapasmepHble
KO3(PPULHUEHTBI MOABEMHOH CHJBI OyIyT 3aMeTHO pas3JuiuaThCsi, MPH 3TOM pa3jvuHe B
KO3 PUIHEHTAX CHJIbI COMPOTHBJIEHHS cocTaBsieT He Gosiee 7.58 %.

CpaBHeHHe pe3yJbTaTOB CIyCKa MPH [BYX PasJUYHBIX crocobax pacyera CHUJbl OT
MOHHOT'0 MOTOKA NpHUBeJeHbl Ha pUc. 3.

Bpewms cniycka HaHOCIYTHHUKA MIPU pacuyeTe CUJbI C TOMOILbIO MOZIE€NH MOJHOr0 AU(y3-
HOTO OoTpakeHusi coctapsser 12.93 nus. [lpu ucnosb30BaHNN a9poaUHAMUYECKUX XapaK-
TEPUCTHK BpeMs crycka cocTasJjsier 12.5 nueit. Pasuuua B 3.3 % roBopuT 0 BO3MOXKHOCTH
UCII0JIb30BAHHUS TIEPBOr0 Crocoba MpH OlleHKe CHUJIbl OT BHEIIHEr0 HOHHOTO MOTOKa. B mep-
BOM CJjlydae CIYCK MPOUCXOAUT OblcTpee (pHc. 3, @), COOTBETCTBEHHO W M3MEHEHHe yrIJia
UCTUHHOH aHOMaJIuHu OyneT MPOUCXOAUThL ObICTpee, YTO MOXKHO HabJwonaTh Ha puc. 3, 6.
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x 10°

x 1073

v,paz/c

1.18}
Crnioco6 2 1
\\\ Method 2 ) 1.16-

7 \
Crioco6 2
Method 2

Croco6 1 114

Method 1

6.45

0 2 4 6 8 10 t, THU 1.1 : : : : : :
0 2 4 6 8 10 1, THU

a/a 6/0b
Puc. 3. 3aBUCHMOCTb BHICOTHI (@) M yIJia UCTUHOH aHOMaJsuu (6) OT BpeMeHH
Fig. 3. Dependence of the height (a) and of the angle of true anomaly (b) of the time

Ha puc. 4, a nokasansl aBa rpacduka H3MeHEHHs yIya , MOJyueHHble /s ABYX
croco6oB pacueta cuJbl. BugHo, 4To (hasbl KosebGaHUN yraa ¢ OBICTPO PaCXOAATCS, MPU
3TOM aMIJIUTYIBl OCTAIOTCS OJM3KUMH HA IOCTATOUHO JIJUTENbHOM MPOMEXKYTKE BPEMEHH.
3a 12.5 nHelt pasHuua B amnautyne cocrasaset 0.25 pam.

= 0.5 = 0.35
= <
= <
s 0 ) 1 03 1
] | ==
—0.5¢ : :' 1 < 025! v ‘ ‘ |
-1t : : ! ]
I' 1 1 02 r 1
—1.5¢ ) . ; 1
' ) . 0.15} 1
-2 1 ' N 4
! ! ! Croco6 1 01
-2.5 ! ! ! : Method 14 ST |
31 ‘." ' 5 ‘\'\Cnoc06 ) ] 0.05} 8
35 ‘ ‘ . Method2 | 0 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 200 400 600 800 1000 7 0 2 4 6 8 10 12 14 16 7
x 103
a/a 6/0b

Puc. 4. Mamenenue yraa ¢ (a) v pasuuua ammiautyn (6)
Fig. 4. The change in the angle ¢ (a) and the amplitude difference ()

[Ipn moctuxkenuu BblcoThl 100 KM HaHOCHYTHHK OyAeT coBepluaTh OasJHCTHYECKHH
ClycK B aTMmocgepe. B nepsoM csyuae pacuera, Koraa AJs BBIYMCJAEHHS CHJ HOHHOTO
MOTOKA HCMOJb3YIOTCS apOAHHAMHUYECKHE XapaKTEePUCTHKH, BPeMs CIyCKa COCTaBJsieT
21.06 muH. Bo BTOpoM cayuae Bpemsi crnycka OyneT Ha 6c¢ Gogblue. Takum obpasom,
BbIOOpP MeTOfa pacueTra MepefaBaeMOd CHUJbl HA OPOMTA/JbHOM y4acTKe MOYTH He BJUSET
Ha BpeMs CIIyCKa B aTMocdepe.

JIs OLleHKH TemJoOBBIX M NUHAMUYECKHX HArpy3okK, NeHCTBYIOIIMX HAa HAHOCIYTHHK
MpHU JBUKEHHH B aTtMmocdepe, MOCTPOUM (DYHKLUHOHAJTbHBIE 3aBUCHMOCTH TEMJIOBHIX Ha-
TPY30K M CKOPOCTHOIO Hamopa OT NapaMeTpoB Ha rpaHule atmocgepsl. s cropaHus
HaHOCMYTHUKA B aTMoc(epe TeMJOBble HATPY3KH MOJKHBI OBITh MaKCHUMH3HUPOBaHbI. Pac-
CMOTPHUM HEKOHTPOJIHUPYeMbIH cycK ¢ BbicoThl H=100 KM B MJIOTHBIE CJIOH aTMOC(EPHI TIPH
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pa3JMYHBIX 3HAYEHHUAX yraa Bxoma # = —15°... —2° u ckopoctu V = 5000...7600 m/c c
yUeTOM JIBHXKEHHS BOKDPYT IIeHTpa Macc. Pe3ysibraTsl MOe IMPOBAHUSA TT0KA3aHbl HA PHUC. .

—

8000

6000
V,m/c 5000 —15

6/b 8/ c
Puc. 5. [ToBepxHOCTh KOHBEKTUBHOTrO TemJa (&), cymmapHoro TemnJja (6) U CKOPOCTHOrO Harmopa (8)
Fig. 5. The surface of convective heat (a), total heat (b) and velocity head (c)

MakcumanbHOe 3HaueHHe KOHBEKTHBHOro Tema (9) v CKOPOCTHOro Hamopa HOCTHUTa-
eTcsl IPY MaKCHUMaJbHbIX 3HAUEHHUSX yrJa Bxoma B atmocdepy u ckopocTH. CymmapHoe
temio (10), mosydaemoe HAHOCITYTHUKOM TIPH CITyCKe, IOCTUTAeTCsl MPH MUHUMAJIbHOM yT-
Jie BXOJla B aTMoc(epy U MakCHMMaJsbHOHM CKOPOCTH BXoAa. Bpems crycka B JaHHOM cJaydae
MaKCHMaJbHO. JlaHHbIe pe3y/bTaThl MOTYT UCIOJb30BAaThCS /I pACYETOB CHUCTEMBI TerJIo-
3alIUTHl TIPU OTIPeleJIeHHH BO3MOXKHOCTH pa3pylleHus (cropaHusi) 00beKTa KOCMHUECKOro
Mycopa 0 JOCTHXKEHHUS UM TOBEPXHOCTH 3eMJIH.

BbIBOA

B cratbe paccmoTpeHa MojesbHas 3amada 1Mo 6€CKOHTAKTHOMY METOAY YBOJAA KOCMH-
4ecKOro Mycopa C MOMOILbI0 HOHHOrO MOTOKa. B kauecTBe oObekTa ynaseHUs paccMmart-
prBaeTcs HaHOCTYTHHK. MopesupoBaHue MPOUCXOAUT C yUETOM JIBH2KEHHS BOKPYT IleH-
Tpa Macc KA u ¢ yyeToM TpaBUTAllMOHHOH CHJIbl M CHJIBI MOHHOTO TOTOKAa. PaccmoTpeH
yBoA HaHocmyTHHKa ¢ BbicoThl D00 kM n0 moBepxHocTH 3emsd. [lokazaHo, 4To aspo-
IVUHAMHAYeCKHe XapaKTePUCTHKH KOCMHUECKOTO0 Mycopa MOTYT ObITb HCIIOJb30BAHBI /IS
MpeiBAPUTENbHON OLIEHKW BPEMEHH €ro yBoia ¢ OpOWTHL. DBIIM MOCTPOEHbl MOBEPXHOCTH
CKOPOCTHOTO Haropa, KOHBEKTHBHOT'O TelJa U CyMMapHOTO Temsa Mpu 6ajJUCTUYECKOM
HEKOHTPOJIMPYEMOM CITyCKe HAHOCIYTHHKA MPH Pa3JWYHOM CKOPOCTH M yrJax BXoda B
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aTMocdepy c Lesblo Belbopa MapaMeTpoB MAJs MaKCHUMH3aLHUM TeNJIOBBIX Harpysok. Pe-
3yJbTaThl PabOTBl MOTYT ObITb HCIOJNb30BaHbI A/ MOATOTOBKH 3KCIEPUMEHTa C LEeJbIO
OTpPabOTKHU TEXHOJOTMH U yTOUHEHHUS MaTeMaTHUeCKUX MojeJel.

BaarogapHoctu. Pa6ora BhINoJHeHa Tpy (pUHAHCOBOH moanep:kke Poccuiickoro Ha-
yuHoro ¢onzaa (npoekt Ne 16-19-10158).
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Descent of Nanosatellite from Low Earth Orbit by lon Beam
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The work is devoted to the problem of contactless CubSat3U nanosatellites removal from low Earth orbit by
means of an ion beam, which is created by the engine of an active spacecraft. The advantage of this method is
that there is no need for additional means of docking and gripping. A mathematical model of the nanosatellite
plane motion under the action of the ion beam and gravitational forces is developed. Two approaches are
used to simulate the ion beam impact on nanosatellite. The first one involves the use of known dimensionless
aerodynamic coefficients. The second approach is based on the division of the body into triangles and the
calculation of the effect of the beam on each of them. Wherein the hypothesis of a complete diffuse reflection
of particles from the surface of the body is used. The descent of the nanosatellite from a low Earth orbit to
the surface has been simulated. It is shown that both approaches give close results, in particular, the dif-
ference in the descent time from an altitude of 500 km does not exceed 4 %. The closeness of the results allows
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to use aerodynamic characteristics at the stage of preliminary design of the non-functioning satellite removal
missions. The obtained results can be used for the ion beam control development and for modeling the motion
of the system of contactless space debris removal.

Keywords: space debris, noncontact method, ion beam, aerodynamic coefficients, nanosatellite.
Received: 28.05.18 / Accepted: 15.09.18 / Published online: 28.02.2019

Acknowledgements: This work was supported by the Russian Science Foundation (project
no. 16-19-10158).

References

1. Kessler D. J., Cour-Palais B. G. Collision frequency of artificial satellites: the creation of a
debris belt. Journal of geophysical research, 1978, vol. 83, iss. A6, pp. 2637-2646. DOI:
https://doi.org/10.1029/JA083i1A06p02637

2. Veniaminov S. S., Chervonov A. M. Kosmicheskij musor — ugroza chelovechestvu [Space
debris — a threat to mankind]. Moscow, Space Research Institute, RAS, 2012, 192 p. (in
Russian).

3. Shan M., Guo J., Gill E. Review and comparison of active space debris capturing
and removal methods. Progress in Aerospace Sciences, 2016, vol. 80, pp. 18-32. DOL:
https://doi.org/10.1016/j.paerosci.2015.11.001

4. Dudziak R., Tuttle S., Barraclough, S. Harpoon technology development for the active
removal of space debris. Advances in Space Research, 2015, vol. 56, iss. 5, pp. 509-527.
DOI: https://doi.org/10.1016/j.asr.2015.04.012

5. Benvenuto R., Salvi S., Lavagna M. Dynamics analysis and GNC design of flexible systems
for space debris active removal. Acta Astronautica, 2015, vol. 110, pp. 247-265. DOI:
https://doi.org/10.1016/j.actaastro.2015.01.014

6. Larouche B. P., Zhu Z. H. Autonomous robotic capture of non-cooperative target using
visual servoing and motion predictive control. Autonomous Robots, 2014, vol. 37, iss. 2,
pp. 1567-167. DOI: https://doi.org/10.1007/s10514-014-9383-2

7. McMahan W., Chitrakaran V., Csencsits M., Dawson D., Walker I. D., Jones B. A.,
Pritts M., Dienno D., Grissom M., Rahn C. D. Field trials and testing of the octarm
continuum manipulator. IEEE International Conference on Robotics and Automation.
Orlando, Florida, 2006, pp. 2336-2341.

8. Andrenucci M., Pergola P., Ruggiero A. Active removal of space debris-expanding
foam appication for active debris removal : ESA Final Report, Pisa, 2011. 132 p.
Available at:  https://www.esa.int/gsp/ACT/doc/ARI/ARI%20Study%20Report/ACT-
RPT-MAD-ARI-10-6411-Pisa-Active_Removal_of_Space_Debris-Foam.pdf (accessed 21
May 2018).

9. Phipps C. R. A laser-optical system to re-enter or lower low earth or-
bit space debris. Acta Astronautica, 2014, wvol. 93, pp. 418-429. DOL
https://doi.org/10.1016/j.actaastro.2013.07.031

10. Merino M., Ahedo E., Bombardelli C., Urrutxua H., Pelaez J. Ion Beam Shepherd Satellite
for Space Debris Removal. Progress in Propulsion Physics, 2013, vol. 4, pp. 789-802. DOI:
https://doi.org/10.1051/eucass/201304789

11. Schaub H., Parker G. G., King L. B. Challenges and prospects of Coulomb spacecraft
formation control. Journal of Astronautical Sciences, 2004, vol. 52, iss 1, pp. 169-193.

12. Aslanov V. S. Exact solutions and adiabatic invariants for equations of satellite attitude
motion under Coulomb torque. Nonlinear Dynamics, 2017, vol. 90, iss. 4, pp. 2545-2556.
DOI: https://doi.org/10.1007/s11071-017-3822-5

13. Cichocki F., Merino M., Ahedo E. Modeling and simulation of EP plasma plume expansion
into vacuum. 50th AIAA /ASME /SAE /ASEE Joint Propulsion Conference, Cleveland, OH,
2014, pp. 5008-5024. DOI: https://doi.org/10.2514/6.2014-3828

92 HayyHbir oTaen



B. B. Pszaros, A. C.NeqroB. YBog HaHOCMYTHNKa C HN3KON opbnThl @

14.

15.

16.

17.

18.

19.

20.

21.

Bombardelli C., Merino M., Ahedo E., Pelaez J., Urrutxua H., Iturri-Torreay A.,
Herrera-Montojoy J. Ariadna call for ideas: Active removal of space debris ion beam
shepherd for contactless debris removal : ESA Final Report, Madrid, 2011. 90 p. Available
at:  https://www.esa.int/gsp/ACT/doc/ARI/ARI%20Study%20Report/ACT-RPT-MAD-
ARI-10-6411c-1107-FR-Ariadna-lon_Beam_Shepherd_Madrid_4000101447.pdf  (accessed
21 May 2018).

Zuiani F., Vasile M. Preliminary design of debris removal missions by means of simplified
models for low-thrust, many-revolution transfers. Journal of Aerospace Engineering, 2012,
vol. 2012, article ID 836250, 22 p. DOI: https://doi.org/10.1155/2012/836250

Cichocki F., Merino M., Ahedo E., Smirnova M., Mingo A., Dobkevicius M. Electric
Propulsion Subsystem Optimization for “lon Beam Shepherd” missions. Journal of Propul-
sion and Power, 2016, vol. 33, iss. 2, pp. 370-379. DOI: https://doi.org/10.2514/1.B36105
Alpatov A., Cichocki F., Fokov A., Khoroshylov S., Merino M., Zakrzhevskii A.
Determination of the force transmitted by an ion thruster plasma plume
to an orbital object. Acta Astronautica, 2016, vol. 119, pp. 241-251. DOLI:
https://doi.org/10.1016/j.actaastro.2015.11.020

Aslanov V. S., Ledkov A. S. Attitude motion of cylindrical space debris during its removal
by ion beam. Mathematical Problems in Engineering, 2017, vol. 2017, article ID 1986374,
7 p. DOI: https://doi.org/10.1155/2017/1986374

Aslanov V. S., Ledkov A. S. Tether-assisted re-entry capsule deorbiting from
an elliptical orbit. Acta Astronautica, 2017, vol. 130, pp. 180-186. DOI:
https://doi.org/10.1016/j.actaastro.2016.10.028

Lipnickij Ju. M., Krasil’'nikov A. V., Pokrovskij A. N., Shmanenkov V. N. Nestacionar-
naja ajerodinamika ballisticheskogo poleta [Unsteady aerodynamics of ballistic flight].
Moscow, Fizmatlit, 2003. 176 p. (in Russian).

Andreevskij V. V. Dinamika spuska kosmicheskih apparatov na Zemlju [The dynamics of
descent of space vehicles to Earth]. Moscow, Mashinostroenie, 1970. 235 p. (in Russian).

Cite this article as:

Ryazanov V. V., Ledkov A. S. Descent of Nanosatellite from Low Earth Orbit by lon Beam. /zv.
Saratov Univ. (N.S.), Ser. Math. Mech. Inform., 2019, vol. 19, iss. 1, pp. 82-93 (in Russian).
DOI: https://doi.org/10.18500/1816-9791-2019-19-1-82-93

MexaHnka 93



@”38. Capar. yH-1a. Hos. cep. Cep. Marematrnka. Mexannka. VHpopmarrka. 2019. T.19, Bbin. 1

@3¢

/_/k J
HAYYHbIA
OTAEN

N

0

WHDOOPMATUKA
Hybrid Automation Extended Model

D. K. Andreichenko, K. P. Andreichenko, I. A. Batraeva

Dmitry K. Andreichenko, https://orcid.org/0000-0003-0525-984X, Saratov
State University, 83 Astrakhanskaya St., 410012 Saratov, Russia, andre-
ichenkodk @gmail.com

Konstantin P. Andreichenko, https://orcid.org/0000-0002-8729-4317, Yuri
Gagarin State Technical University of Saratov, 77 Politechnicheskaya St.,
410054 Saratov, Russia, kp_andreichenko@renet.ru

Inna A. Batraeva, https://orcid.org/0000-0002-6539-8473, Saratov State
University, 83 Astrakhanskaya St., 410012 Saratov, Russia, batraeva-
ia@info.sgu.ru

An extended model of hybrid automata for dynamic systems is considered,
where, along with a discrete control subsystem and control objects with
lumped parameters, there are control objects with distributed parameters
(linear and stationary from the point of view of automatic control theory).
The possibility of software implementation of an extended model of hybrid
automata on embedded computing systems is shown.

Keywords: hybrid automata, hybrid dynamical systems, embedded com-
puting systems.

Received: 21.10.2018 / Accepted: 22.12.2018
Published online: 28.02.2019

DOI: https://doi.org/10.18500/1816-9791-2019-19-1-94-104

1. INTRODUCTION. MODEL OF THE HYBRID AUTOMATA

A hybrid automaton is a mathematical model of a hybrid
system, where the switchings of a discrete control subsys-
tem are modeled based on automata theory, and the mo-
tion of control objects with lumped parameters is based on
Cauchy problems for ordinary differential equations [1-7].

x(1) y(t)

— 2(t) —>

Fig. 1. Structural scheme

We consider the input-output model of a dynamic system
with time ¢ € R, a piecewise continuous input function x(t),
x: R — X C R, an output function y(¢), y : R — Y and
a function z(t), z : R — Z, characterizing the time varia-
tion of the state of a dynamic system (Fig. 1). The system
contains discrete control elements and control objects with
lumped parameters interacting with each other.
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Respectively

7 =8x2, |S<oo, Z.cRNe z=(sz.), s€8, z€Z,

1
Y:Yvdxyvcv |Y:i|<oo7 YVCE]RNya y:(yd7YC)a deYd, YCE}/;- ( )

Here S is the finite set of states of the discrete subsystem, Yj is the finite set of values
of the discrete outputs, Z. is the set of states of the continuous subsystem, Y. is the set
of values of the continuous outputs. The time evolution of a discrete control subsystem is
characterized by a sequence of pairs of time intervals and the values of the states of the
discrete subsystem that remain on them {([0, ¢1], s0), ([t1, t2],51),- .-, ([t;, tj+1).s5), .-}
Therefore

T={t, ta, ..., b5, tji1,...} (2)

is the sequence of switching times. The classic model of the hybrid automaton [1-7] is
a tuple
AH: <Z>XaK207R> fpafrafc>fo> (3)

where 2y = (s0,2¢,) € Z = S x Z, is the initial state of the system; R = {(sy, s;)} C Sx S
is the set of arcs of the oriented graph (S,R) which determines the possi-
ble transitions between the states of the discrete subsystem during its switching;
fr  Rx X X Rx Z.— {0,1} is a predicate function that allows or prohibits switching
of a discrete subsystem. For the sequence of switching times (2) is true

fp(tj, X‘tro» (ijl, Sj), Zc‘tij) = 1, tj € T, j = 1,2,3, (4)

Function f, : R x X x R x Z. — Z,. is a function of updating initial conditions at
discrete switching

Zc|tj+0 = fr(tj7 X|tj_07 (Sj—lv Sj)v Zc|tj_0)7 j = 17 27 3a (5)

Function f, : Rx X xSxZ, — Z, is a derivative function defining the right-hand sides
of ordinary differential equations, which model the dynamics of a continuous subsystem
over time intervals corresponding to persisting states of the discrete subsystem

z. = f.(t, X, 80,2:), Z.(0) =2,, t€l0,t1], ()=d()/dt,

: ‘ (6)
Z, — fc(t,X, Sj,ZC), Zc(tj) = Zc‘thrO’ t e [tj,tj+1], ] = 1, 2, 3,
Here zc|1thrO and zc|tj_0, j=1,2,3,... are connected by equation ().
fo:Rx X xS x Z,— Y is an output function
y:f()(t,X,Sj,ZC), j:172737"' (7)

In order for the hybrid automaton to be deterministic, it is required that when ¢t > 0
the predicate function f, can take the value 1 on no more than one arc of the graph
(S, R), originating from the current state of the discrete subsystem. The hybrid automa-
ton is effective software implemented on embedded computing systems. It is of interest
to include this class of mathematical models of control objects with distributed param-
eters [8], and, accordingly, initial-boundary problems for partial differential equations,
but with the possibility of efficient software implementation on embedded computing
systems.
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2. SPECIFICATION OF THE ORIGINAL MODEL

Depending on the specific type of predicate f, and function f,, at the moment of time
t; €T, j=1,2,3,... there can be either a single switches of the states of the discrete
subsystem or a cascade of switching. However, the switching cascade is undesirable due

to energy and structural constraints. We assume that switching cascades are excluded,
and in (2)
0<t1<t2<...<tj<tj+1<... (8)

We assume that the initial state of a dynamical system is an equilibrium state, from
which the dynamical system is derived by varying the input vector function with time
t > 0. Those

x(t) =xg = const, t<0; fo(t,Xo,80,%0) =0, t<0 (9)
Formally, the sequence of Cauchy problems (6) is equivalent to one Cauchy problem
z. = f(t,x,z.), f(t,x,2z.) = Zj:1,2,3,...

fC t? ) y&c)y te 07t )

. { (1% 50.2), € [0.]

(Z0|tj+o - Zc|t]~—0)5(t — 1)+

| (10)
fc(t,X7 Sj,Zc), t e [tj,tj+1], 7=1,23, ..

z.(0) = 2z, (11)

where §(t) is the Dirac impulse function. In (10) zcltﬁo and zc|tj_0, j=1,2,3,.. are
related by equation (5). If the continuous dynamic subsystem contains some links with
constant or variable positive lag periods, and 7., is the maximum lag time, the initial
conditions (11) take the form

Zc(t) = Zcm t € [_Tmaxa O] (12)

The mathematical model of the hybrid automaton (1)-(7) or (1)-(5), (7), (8)—(10),
(12) is the most feasible mathematical model in the MATLAB / Simulink / Stateflow
dynamic system simulation software. MATLAB/ Simulink standard tools provide the
generation of program code for the software implementation of this class of dynamic
systems on embedded computing systems. For further, it is advisable to separate linear
and nonlinear terms as a function of derivatives

N,
f.(t,x,s,2.) = Bx+ Cz. + Zk—l C,ET)Zc(t — 1) 4+ £ (t, %, 5, 2,),
fU . Rx X xS x2Z, — Z,

(13)
B = const € RW==Ne) - ' = const € RWzerlVze)
T, = const, 0 < 7p < Tmax, C,ET) = const € R(NZC’NZC), k=1,N,.
Accordingly, equation (10) takes the form
N
2= Bx+Cz.+ Y Ozt —7) + it x,2), (14)

fl(ta X, ZC) = Z(Zc|tj+0 - Zc|tj—0)5(t - t]) +

§=1,2,3,...

B0t 50.2), ¢ € [0,],
BVt x,50,20), t€ [yt (15)

k=1,2,3,..

In (15) 2|, o and z|, o, j =1,2,3,... are connected by the equation (6).
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3. CONTROL OBJECTS WITH DISTRIBUTED PARAMETERS

A dynamic system can contain not only a discrete controlling subsystem and control
objects with lumped parameters, but also control objects with distributed parameters,
dynamically connected with them across the boundaries. It is a hybrid dynamical sys-
tem (HDS) [9], and its model equations contain a system of ordinary differential equa-
tions and partial differential equations with corresponding initial conditions connected by
means of boundary conditions and constraint’s conditions. In many cases that are impor-
tant for applications from the point of view of the automatic control theory, objects with
distributed parameters are linear and stationary. In this case, the considered non-linear
HDS of a special type correspond to equations (1)—(5), (7)-(9), (15) and equations

NT
7. = Bx + Cz, + Ah + Zk 1 C Mzt — 1) + fi(t,x,2.), h= / L"uds,
= S

/ot = L\ a+ L x + Lz, + L2, + LB x,2.), T e, (16)
L+ L% + LDz, + L8t x, 2.)) =0 5=09,
Z.(t) = Zey, t € [—Tmax,0]; u(r,0) = up(r). (17)

Here h(t), h : R — R is the function characterizing the constraint’s conditions;
A = const € RWy:Nn),

f(§2’3)(t,x, S0,Zc), t€[0,t],

=1,2,3, .. 18
fc(273) <t7 X, Sj; Zc)u te [tj7 tj+1]7 / ( )

f2,3(t7 X, Zc) = {

£ R x RV x § x RN« — RM % . R x R¥ x S x RN>c — R are nonlinear func-
tions that simulate the effects of switching in the discrete subsystem; r € Q C RY" are
independent spatial coordinates of individual points of control objects with distributed
parameters and their area; L = L{7(r), L\ : RN — RWeeVa), Lgi) — Lgi)(r),
L(F) . RN R(NZC,NZC)’ LéF) _ LéF) (r), L(F) RN R(NZC,NQ)’ LgG) _ LgG)(I‘),

34 5

LS RN — ROVeNa) (D — (D), [fP 0 RN RWVeN=o) LD = [((p),

L@ . R¥ — RWeNs) gre matrices that do not depend on time ¢ (similar to [10]);
)

L) (RN — RV — (RY — RM), L) - (RY — RM) — (RY — RM:) are linear un-
bounded operators which do not depend on time ¢; L{#) : (RN — RM«) — (R — RN6)
is a linear bounded or unbounded operator that does not depend on time ¢; u = u(r,t),
u: R x R — R, We assume that the initial conditions (17) correspond to the
equilibrium state, i.e.

x(t) = xo = const, t <0,
£9(t, %0, 50, Zey) = £.7(0, %0, 50, 2¢,), <0, k=123,

Nz T c
Bxg + (C + Zkﬂ C’,(C )) Zc, + Ahgy + f1( )(O,XO, S0,Z¢,) =0, hg = /
= s

L g + L %0 + Lz, + LVE9(0, %0, 50, 20) =0, 1€ Q,
({7 + L %0 + L2, + LYV£(0,x0, 50, zco))’S =0, §=00.

L) uyds, (19)
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4. LINEARIZED SYSTEM TRANSFER FUNCTIONS

Consider (16) and (17) under the assumption z., = 0, up(r) = 0.
The one-sided direct and inverse integral Laplace transform in time ¢ is

B - 1 oo t
O / fByeMdt, () = L7 fN)] = o /U o (e, (20)
>0, [ R R, f C—-C, 1= V1.

Here o, is the abscissa of absolute convergence of the Laplace integral. Denote
formally
B.(N) = 2t x(1),z.(1))], k=1,2.3, (21)

Under homogeneous initial conditions z.,, = 0, up(r) = 0 the equations (16), (17)
after Laplace transform take the form

N - -
\i, — B% + (C +3 C“)e—w) 7.+ Ah+ T, (22)
A =L + L% + (L8 + ALz, + L, req,

(L% + L% + LY zc+L§F)f3)’S =0, §=09 h= /L(H)ﬁds-
S

From linearity (23) follows

h = B,(\)X 4+ C,(N)z, + Co(Mfs + Cs(Mfs,  Bu(A) = Bu()), Cuzs(A) = Cuas().
(24)
Let be (™ = (1,0,0,...,0)7, e = (0,1,0,...,0)7, ....e\") = (0,0,0, ..., 1)7.
From linearity (23), similarly to [10], linear boundary-value problems follow for
finding separate columns of matrices B, ()), Cy,(A), Ca(N), C3(A) with fixed values A

A\ — L(F)V i L(F) (N )’ req, (MG)V+ LgG)egNw)) . =0,

Bu(/\)eng) = /SL(H)VdS’ J=1,Ng,

w =LV + (L7 + AL{)el™) req,

NZC
(Lg )V—l—Lg )e( )) J

=0 Cu(N)elV) = / LvdS, =1, N,
S

awv =L v + LF )e( M) req,

Y

L) =0, Cne™ = /S Ltvds, j=TN,.

AV = LgF)V, r e,

(L{%v + Lgf")e§.N3>)(S =0, Cy(N)ei™ = /S]L(H)vds, j=1,Ns
For small and medium values of A linear boundary value problems (25) can be solved

numerically. When |\| > 1 they are asymptotic integration. Substituting (24) into (22)
leads to the result

\E-C- S e - ACUN)] 7 = (B + ABL())%+
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+f; + ACo(VE, + AC3(Nfs,  E = diag(1,1, ..., 1), (26)
where it comes from
7. = D(N)X + ZS ®p(NE (27)
Z, = ( o1 k k-

In (27) the transfer function matrices are represented as quasi-rational fractions
[9,10]

()= [ME-C - Z;: e — AC, (V)] Qi )/DOY).
D(N) = &1(N\)(B + AB,(N)) = Q(N)/D(N),
Dy(N) = @1 (N)ACH(A) = Q2(N)/D(N),  P3(A) = 1(N)AC3(A) = Q3(A)/D(N),

D) = det [AF - C - S e - ac,(].

(28)

Here D : C — C is the characteristic quasi-polynomial of HDS, @ : C — CW=e:Ne),
Q; : C — CW=elze) )y C — CW=eN2) Q3 : C — CW=e:N3) are matrices whose
elements are perturbing quasi-polynomials of HDS. In [10] the conditions for the ana-
lyticity of the functions B,(\) and C,(\), as well as the characteristic and perturbing
quasi-polynomials D(\) and Q()\) are formulated and proved in the domain |A| > 1,
ReA > —|Alsina, 0 < a < 7/2 (conditions with respect to the functions Cy(\) and
C53(N), as well as perturbing quasi-polynomials @1()), @2(A) and Q3(\) can be formu-
lated and proved similarly). In particular, with sufficiently general assumptions, this is
true for a number of typical mathematical models of control objects with distributed
parameters (heat conduction and diffusion processes, damping and supporting layers of
a viscous incompressible fluid, the dynamics of an elastic medium with a small but finite
energy dissipation).

As a rule, for the most common mathematical models of control objects with dis-
tributed parameters

[Bu()I ="0(AD), NCu(MII ="o(IA]),  [[C2(MII ="o(IA]),  [[Cs(MI ="o(|A]),

: (29)
A— 00, Red > —[\|[sine, 0<a<m/2

5. HYBRID AUTOMATA MODEL EXTENSION

Definition 1. By the extended model of a hybrid automaton, we mean a mathematical
model in which the switching dynamics of a discrete subsystem is modeled by equations
()-(5), (7), (12), and the dynamics of a continuous subsystem is modeled by some
integral or integro-differential equations.

Lemma 1. [f the functions B,()\), Cy()\), C2(N), Cs(N\) are analytic with |\ > 1,
ReA > —|A|sina, 0 < a < 7/2, and conditions (29) are satisfied, then under homoge-
neous initial conditions z., = 0, ug(r) = 0 the nonlinear HDS (16), (17) reduces to a
nonlinear integral convolution type equation.

Proof. In this case

O(N) —0, D(N)—0, k=1,2,3, A—o00, ReA>—|)Nsina, 0<a<n/2 (30)
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and transfer functions are analytical in domain (30). In this case, for ¢ # 0 and suffi-
ciently large o the Mellin integral (20) for inversion of the Laplace transform converges,
and there exist matrices of impulse transition functions

F(t) =27 o(N)], F(t) = L7 [:(V)],
|IE(t)]| < oo, |[Fr(t)|| <oo, 0<t<oo (31)
F(t)=F,(t)=0, t<0, k=123

wherein

t

lim Fi(t) = lim A®y(N) = B, lim | F(¢)d§ = lim A®()) =0,

t—+40 t——+0
t ’ (32)
Jim i Fr(§)d§ = lim AP4(A) =0, k=23
Reversing the integral Laplace transform in (27), we find
t 3
2lt) = [ [Fl-0x(©+ Y, Rl-9fEx@ae 63
0 -

Equation (33) is a non-linear integral equation of convolution type for the unknown
function z.(t). O

When 0 <t <« 1 and when ¢ > 1 for the inversion of the integral Laplace transform
in (31) approximate formulas can be obtained on the basis of its asymptotic properties.
For medium values of ¢ the inversion of the Laplace transform in (31) can be performed
numerically.

Lemma 2. [f the initial conditions (17) correspond to the equilibrium state, i.e.
conditions (19) are fulfilled, functions B,()), C,(\), C2(X), C5(X\) are analytic with
IAl > 1, ReA > —|Asina, 0 < a < 7/2, and conditions (29) are satisfied, then
nonlinear HDS (16), (17) reduces to a nonlinear integral convolution type equation.

Proof. Putting x*(t) = x(t) —xo, z:(t) = z.(t) —2.,, u*(r,t) = u(r,t)—uy(r), h*(t) =
= h(t)—hg, £ (t,x*,2}) = £i.(t, xo+x"(t), 2., +2,(t)) —£(0, %0, 2., ), We obtain a system of
equations for quantities ()*, similar to (16) with homogeneous initial conditions, whence
it Tollows z:(t) = fil [F(t — )x"(€) + Yb_, Falt — E)EH(€,x7(€), 22(€))]dE. We get

20(t) = 7, + [ [PE=€)(x(6) = x0)+
F 0 Fult = OI8(€x(). 2:(6)) — (0, X0, 2, (34)

after returning to the original variables. O

Theorem 1. If the initial conditions (17) correspond to the equilibrium state, i.e.
conditions (19) are fulfilled, functions B,()), Cu,(\), Ca(X), C5(N\) are analytic with
Al > 1, ReA > —|\|sine, 0 < a < 7/2, and conditions (29) are fulfilled, then
nonlinear special type HDS is isomorphic to an extended model of a hybrid automaton
in which the dynamics of a continuous subsystem is modeled by a nonlinear integral
convolution type equation.
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Proof. On the basis of Lemmas 1 and 2 and using (15) and (33), we find

2c(t) = 7y + / (F(t — €)(x(€) — x0)+
+ Z Fk t - f(k) (57 X(é)? Sdy» Zc(g)) - fc(k)(ga X0, Sdg > ZCO)]i| d&, te [07 tl]a
0=+ 3 (a0 = 2, Pl =)+ [ IF(E=(x(O) = x)+

+ Z Fk t— f ) (éa X(f), Sdm Zc(§>> - fc(k)(ov X0, Sdg» Zco)]] dg,
te [tm,tm+1], m=1,2,3,.., tneT.

(35)

The extended model of the hybrid automaton corresponds to equations (1)-(5), (7),
(12) and (35), where zc|t]_+0 and zc|t7__0 are related by equation (5). O

The generalized degree n € R of the characteristic quasi-polynomial D()) is deter-
mined from the condition [9,10]

/\113)10 AT"D(A) =c¢q, 0< |eg] <00, A— 00, ReA>ay, o€ (—00,0) (36)

When conditions (29) are fulfilled, n = N,,, and condition (36) is fulfilled in a wider
domain A — oo, ReA > —[A|sina, 0 < a < 7/2.

The numerical solution of auxiliary linear boundary value problems (25) with |A| < R,
R > 1, ReA > —¢, 0 < ¢ <« 1 is performed on the basis of the Galerkin projec-
tion method [10]. In the considered domain, the absence of singularities of functions
Bu(XN), Cu(N), Ca(N), C3(N) and, consequently, of the characteristic and perturbing quasi-
polynomials D(A), Q(N), Q1(A), Q2(N), Qs(A) is verified numerically on the basis of
principle of argument. The presence of singularities of the characteristic and perturbing
quasi-polynomials when Re A > 0 means the instability of control objects with distribut-
ed parameters as such and requires a change in the parameters of the designed system.
Further, we assume that the functions B,()\), Cy,()), C2(A), C3(X), and also D(X), Q(A),
Q1(A), Q2(N), Q3(N) are analytic in domain Re A > o, ¢ € (—00,0).

[f the quasi-polynomial D()) is analytic with Re A > ¢, 09 € (—00,0) and is stable,
that is, all its roots (zeros) lie strictly to the left of the imaginary axis Re A = 0, then
according to the theorem on the stable quasi-polynomial [9]

1
A arg D(iw) = =nm. (37)
0<w<oo 2

When optimizing the frequency change step w (37) this is a “fast” algorithm for
checking the stability of linearized HDS [9].

Theorem 2. If the initial conditions (17) correspond to the equilibrium state, the
functions B, ()), Cu(\), Ca(N), Cs3(N) are analytic with |A| > 1, ReX > —|)\|sinq,
0 < o < 7/2, conditions (29) are satisfied, and the characteristic quasi-polynomial
D()) is stable, then the kernel of nonlinear integral equations of convolution type (35)
decays exponentially.

Proof. By the conditions of the theorem, the characteristic quasi-polynomial D(\)
is analytic in domain Re A > o, 09 € (—00,0).
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A Im X All the roots (zeros) of D(\) lie strictly to the left of
@ the imaginary axis ReA = 0. Consequently, all the sin-
gular points of the transfer functions (28) lie strictly to
the left of the imaginary axis ReA = 0. If conditions
(29) are true, then from (30) it follows that the singu-
— lar points of the transfer functions cannot be in the domain
ReX ReA > — |Alsine, 0 < o < /2, |A| > 1. In formulas (31)
the path of integration in the Mellin integral (20) for inver-
sion of the Laplace transform can be along a straight line
Re A = —a, a > 0. Further, it can be deformed into the con-
tour [ Ul U I (Fig. 2), completely lying in the domain

Fig. 2. Integration contour ~ where the transfer functions are analytical. In particular,

1
Flt) = —/ BN, = {\= —a+iv, we|-R R}
1 ulul+)

2
I® ={\=—a+iR+ie*P¢, ¢€0,00)}, R>1,0<p<a<n/2, a>0,
1 —a—1 —
Jomeran=1 [@men = 5 - [omenn] o, o,
l l
/ d(N)eMdN| < Me™™ / h e StsinB e — M e
1) 0 tsin 8

M = max ’@(—aj:iRiieiwﬁ)‘ < 00.
£€[0,00)

—at :=0(€—at)’ t N OO,

Those F(t) =o(e™™), t — oo, and similarly Fi(t) =o(e ™), t — oo, k = 1,2,3,
a> 0. OJ

Corollary 2. Under the conditions of Theorem 2, the asymptotic complexity of the
numerical implementation of the extended model of a hybrid automaton based on inte-
gral equations (35) has the same order as the asymptotic complexity of the numerical
implementation of the model of a hybrid automaton based on Cauchy problems for
ordinary differential equations (6).

Remark 1. The numerical integration of linear boundary value problems (25) and
the numerical inversion of the integral Laplace transform in (31) can be performed
on a sulfficiently powerful computing system. Further numerical solution of integral
equations (35) can be performed on the embedded computer system.
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PaccmoTpeHa paclumpeHHast Mofenb rMbpuaHbIX aBTOMAToOB [/ AMHAMUYECKWUX CUCTEM, rhe Hapsidy ¢
LVMCKPETHOI yNpaBnsiioLLeil NoLCUCTEMON 1 0BbeKTaMI yNpaBEeHmst C COCPeOTOHEHHbIMI N0 NPOCTPAHCTBY
napameTpami UMetTCs 0BLEKTHI YNpaBneHns ¢ pacnpefeneHHbIMI N0 NPOCTPaHCTBY NapameTpami (nin-
HEeiHbIE 1 CTALMOHAPHBIE C TOYKIA 3PEHISi TEOPUI aBTOMATUHECKOTO yripaBneHus). MokasaHa BO3MOXHOCTb
MporpamMmHoIi peann3aumin paclunpeHHoR Moaenn rubpuaHsIX aBTOMATOB Ha BCTPOEHHbIX BbIYUCTUTENBHBIX
cucTemax.
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O6pasen nis UUTHPOBAHUS:

Andreichenko D. K., Andreichenko K. P., Batraeva I. A. Hibrid Automation Extended Model
[Andpetiuenko /1. K., Andpetivenko K. I1., bampaesa H. A. PacuivpenHasi Mofe/ib THOPUIHOTO
aBTomata] // W3B. Capat. yH-ta. HoBs. cep. Cep. Marematrika. Mexanuka. Mudopmaruka. 2019.
T. 19, Bumn. 1. C. 94-104. DOI: https://doi.org/10.18500/1816-9791-2019-19-1-94-104

104 HayyHbif oTaen



E. Yu. Raratetskaia, V. V. Lakshina. Multiple Hedging on Energy Market @
Multiple Hedging on Energy Market

E. Yu. Karatetskaia, V. V. Lakshina

Efrosiniia Yu. Karatetskaia, https://orcid.org/0000-0003-3932-9447, Institute for Statistical Studies and Eco-
nomics of Knowledge, National Research University Higher School of Economics, 11 Myasnitskaya St.,
101000 Moscow, Russia, ekarateczkaya@hse.ru

Valeriya V. Lakshina, https://orcid.org/0000-0003-1447-9377, National Research University Higher School of
Economics, 136 Rodionov St., 603093 Nizhniy Novgorod, Russia, vlakshina@hse.ru

The article is devoted to the calculation of the dynamic hedge ratio based on three different types of volatility
models, among which S-BEKK-GARCH model takes into account cross-sectional dependence. The hedging
strategy is built for eight stock-futures pairs on energy market in Russia.

Keywords: multivariate volatility models, spatial specifications, dynamic hedge ratio, energy market.
Received: 14.08.2018 / Accepted: 01.10.2018 / Published online: 28.02.2019

DOI: https://doi.org/10.18500/1816-9791-2019-19-1-105-113

INTRODUCTION

Energy market can significantly influence economy on different levels. Therefore,
hedging of energy price risk has become an important issue for households, firms and
policy makers. Due to recent increase of energy price volatility a wide range of papers
devoted to volatility estimation and hedging strategy building have been published (see
in [1,2]).

The original hedging strategies assumed that conditional volatility is unchanged in
time [3], i.e. they were static. Later new approaches have been proposed including
dynamic hedging strategies, as well as cross-hedging. Futures contracts are one of the
most widely used financial assets for hedging due to such features as fixed term of
expiration, low transaction cost, high liquidity and low margin requirement.

Dynamic hedging strategies, based on a time-dependent optimal hedge ratio, allow
managing a portiolio of different assets considering cross-correlation of spot and futures
contracts. To calculate the optimal hedge ratio, the first step is to investigate the time-
varying volatility transmission among the assets using one of the parametric models,
for example, VAR-GARCH [4], BEKK-GARCH [5], Markov switching GARCH [6].

In [4] VAR-GARCH and CCC-GARCH (constant conditional correlations) models
are used to define volatility spillovers between oil and stock prices and the authors
come to the conclusion that a better understanding of such links is crucial for portiolio
management. The results also show that for all the pairs, consisted of oil and stock
from some economic sector, short position of financial sector stock is the most effective
strategy to hedge oil price risks.

Time-varying conditional correlations and hedge ratios of Goldman Sach’s Energy
index pared with S&P 500 are examined in [7]. The authors implement a BEKK-GARCH
specification for conditional variances and include US dollar index as an independent
variable in mean equation. According to their empirical results, energy index show
better performance as a hedge instrument for equities during extreme downturns.
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The linkage of crude oil market (proxy of oil price is the West Texas Intermediate
crude oil price) and stock markets of the G-7 countries are studied in [5]. They combine
a bivariate BEKK-GARCH model with wavelet approach in order to analyze volatility
spillovers and compute hedging ratios and optimal weights that are varying across scales.

Moreover, Wang and Liu [8] investigate volatility spillovers and dynamic correlations
between crude oil and stock markets using BEKK-, CCC- and DCC-GARCH models.
They focus on the dynamic relationships between markets in countries that have been
divided into oil-exporting and oil-importing. As a result, in this hedging strategy crude
oil risk can be better hedged by indices of oil-exporting countries. It happens because of
the higher level of sensitivity to geopolitical events compared to oil-importing countries.

In [9] an attempt is made to investigate the time-varying correlations using the
multivariate DECO-FIEGARCH approach. As for hedging, their results show that gold
could be better instrument than oil while reducing stock price risk.

There is a large number of different approaches that increase hedging efficiency.
Ghoddusi and Emamzadehfard [10] apart from estimation of contagion effects consider
the maturity of the futures contracts and build three different hedge estimation methods,
based on OLS, error correction model and GARCH. Among them OLS hedging strategy
shows the best performance on short and long horizons.

For example, the researchers [2] implement quantile hedge ratio and compare it
with minimum variance for three energy-related commodities: crude oil, heating oil and
natural gas. In a case of long hedging horizons, they firstly use wavelet analysis to
decompose the daily return series and find that on horizon of four weeks the both ratios
for crude oil and heating oil converge.

The aim of this paper is to introduce spatial effects, i. e. cross-sectional dependencies,
in building the hedging strategy. The idea to take into account cross-sectional depen-
dencies in finance came from spatial econometrics and was introduced by [11]. Their
model is based on the assumption that a lot of the cross-sectional dependencies between
the stock returns can be captured by three different types of dependence: a general de-
pendence, dependence within industrial branches, and dependence based on geographic
locations.

For instance, authors [12] focus on the modelling of dependencies among the world
financial markets and ability to forecast them. They propose a simple FDI-based measure
of financial distance. The use of this measure in model significantly reduces the mean
squared error in returns prediction and helps to capture the dependencies in world
financial markets.

There is already some evidence that spatial models are good in optimal hedging ratio
calculation, forecasting, modeling the effects of contamination and volatility spillovers
in comparison with other multivariate models [13-15].

In this paper, we build hedging strategy following methodology of time-variant hedge
ratio computation described in [16]. In contrast to previous studies, we rely on such
multivariate volatility model as BEKK-GARCH with spatial effects and use generalized
orthogonal (GO-GARCH) and dynamic conditional correlations (DCC) GARCH models
as a benchmark, (for more details, see [17,18]). The comparison was made using hedging
effectiveness proposed by [3]. We use data from Russian financial market, investigating
eight companies from energy sector during 2011-2018.

The rest of the paper is organized as follows: section 1 gives a short description of
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multivariate GARCH models used in the article. Section 2 describes methodology of
hedging strategy building. Section 3 provides information about the dataset. Section 4
reports estimation results and section 4 concludes.

1. MULTIVARIATE GARCH MODELS

Let xy, 2y = (z14, T2, ..., Tn) be a portiolio consisted of n assets at time moment ¢.
x; is represented as a sum of its mathematical expectation E (x;|.%#;), conditional on all
available at ¢ — 1 information, and innovations ;,

$t:E(l’t’yf/71)+yt, tzl,,T (1)
Innovations ¥, conditional on volatility H; are distributed normally with zero mean,
ye|[Hy ~ N (0, Hy) . (2)

For the purposes of hedging strategy building, we focus our attention on volatility
matrix H,. Its specifications used in the paper are described below.

1.1. S-BEKK model

The spatial specification of the multivariate model of generalized autoregressive con-
ditional heteroscedasticity (spatial BEKK) allows to take into account both temporal and
spatial effects in the dynamics of volatility [17]. Such effects are modelled using weight
matrix that is given exogenously and can be defined either as a binary matrix or as a
function of the economic distances [19].

The variance-covariance matrix H; in spatial BEKK model has the following struc-
ture:

Hy=C'C+ Ay, Ay + B Hy 1By, (3)

where coefficient matrices A, B, C' are defined in (4)—(7) and contain spatial component
in dynamic weight matrices W;.

A1 = diag(ag) + diag(ay)W;_4, (4)
B, = diag(by) + diag(by)W;_1, ()
C'C' = D' diag(do)(D') ™", (6)

where constant matrix D is computing as:
D = I,, — diag(d,)W, (7)
where W — mean value of dynamic weight matrix W,.

Although parameter matrices have parameters only on main diagonals, such
parametrization implies that parameter matrices are complete, owing to the presence
of weight matrices. As a result, the model (3)—(7) provides plausible volatility dynam-
ics together with reduced number of parameters, which is linear in n. In contrast, in
original BEKK model [20] complete parameter matrices are obtained by at least O(n?)
parameters.

The dynamic weight matrix W, contains information about economic distance be-
tween assets and each element of matrix in time ¢, w;;; is computed as follows,

2
d\ 2
Wijt = (1 — (%) ) ,if 7 is one of the neighbours for 7. (8)
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In this matrix element d;;, is the economic distance between assets (see section 3
for more details).

1.2. DCC-GARCH
The DCC model, proposed by [21], is defined as follows,

H, = D\R,D;, D, = diag (\/}Tt) ) 9)

hy =w+ Ay1 © yp—q1 + Bhy_q, (10)

R, = (diag(Q:))"* Qs (diag(Q:)) 7, (11)
Qi=(1—-a-p0)Q+ag_1e1+ BQ_1, (12)

A, B — diagonal matrices of parameters; D; — diagonal matrix of conditional standard
deviations of y;; (); — unconditional variance matrix; R; — conditional correlation matrix
with unities on the main diagonal.

1.3. GO-GARCH

The GO-GARCH model is a special case of the BEKK model [22]. In this model the
volatility matrix is parametrized as follows,

H, = XV, X', (13)

where V; — diagonal n x n matrix with univariate GARCH processes on the main

diagonal; X — n x n matrix based on singular value decomposition, which is not time
depended (see [22] for details).

2. DYNAMIC HEDGE RATIO

In this paper we implement multiple hedging approach instead of traditional one,
where only two assets — spot and futures — are in the portfolio. Following [12], we
compute the portiolio return y, for the investor, who holds n spot positions, which are
hedged with futures contracts, as

yp = W'ys — B'yy, (14)

where y, — stock returns, y; — futures returns, w — n x 1 vector ol weights in unhedged
portfolio, 5 — n x 1 vector of hedge ratios.
The optimal vector of hedge ratios 5* in a case of minimum-variance approach can

be obtained through

dvar(yp) o / / I 118 ,_

where H*/ and H/ are variance-covariance matrices for the spot-futures pairs and futures
respectively.
Therefore, the optimal vector of hedge ratios is:

—1
B = (Hg‘) oY w. (16)
Without loss of generality we take unit vector for w.
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In the framework of the study we compare hedging strategies by hedging efficiency
calculated as financial results of the portfolio (the sum of logarithmic returns) on forecast
subsample and Sharp ratio.

Sharp ratio SR is obtained as

— T (17)
Var(y,)’
where y,, — risk free ratio.

3. DATA DESCRIPTION

Our sample covers the data of eight companies from energy sector in Russia. The list

of companies can be seen in Table 1. All the data are obtained from the Finam website
(https://www.finam.ru/). Descriptive

statistics of spot assets’ returns can be Table 1
found in Appendix, Table Al. Tickers of spot assets

The close price was used as the Company  Ticker Company Ticker
daily price for both spot assets and fu- FSK YeES FEES  Rosneit ROSN
tures. The dates range from June 20, Gazprom  GAZP RusHydro HYDR
2011 until July 12, 2018 excluding pub- Lukoil LKOH Surgutneftegas SNGS
lic holidays, therefore the full sample Novatek ~ NVTK Tatneft TATN

contains 1681 observations.

The economic distances for weight matrices are calculated as a difference in trade
volume (see example of weight matrix in Appendix, Table A2). Using a difference in
trading volume as a proxy is caused by the fact that it is an endogenous variable and
correlates with different measures of volatility [23]. [24] also point out that volatility
of trading volume contains information about the intensivity of trading deals and incor-
porates the price effects of market activity arising because of speculators’ or hedgers’
strategies.

Econometric calculations were carried out on Amazon Elastic Compute Cloud service
with RStudio Amazon Machine Image (AMI) installed (https://aws.amazon.com/). The
AMI contains R version 3.3.1 running on Ubuntu 16.04 LTS (the AMI was developed
by Louis Aslett, www.louisaslett.com/RStudio_AMI/).

4. EMPIRICAL RESULTS

The empirical results of this work include the evaluation of three multivariate
GARCH models, namely DCC, GO-GARCH and S-BEKK; building three different hedg-
ing strategy based on them; comparison of the strategies obtained by hedging efficiency
and Sharp ratio for the hedged portiolio.

Optimal minimum-variance hedge ratios are calculated according to (16) for the
predicted values of volatility. As a forecast subsample we use the last one-third of the
sample which include 560 observations.

The average, maximum and minimum values of the optimal HR are presented in
Appendix, Table A3. The average values for S-BEKK model vary from 0.161 to 1.949.
[t should be noted that only for model with spatial effects the minimum value of HR is
negative in the case of NVTK, FEES and HYDR. For others the values of optimal HR
change from 0.303 to 1.493.

The hedging efficiency measures are presented in Table 2. The unconditional variance
of portfolio is slightly different for the DCC and GO-GARCH models.
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Hedging, based on the model with spatial

Table 2
avie effects (S-BEKK), allows to reduce portfolio
Results on forecast subsample : o
risk to 21% from an initial value of 68% for
Model HE SR Var non-hedoed portfoli
SBEKK 41657 1.588 21.066| ° The gSeBE(I)(KO O‘dl t o be i
DCC 97.679 1.193  16.326 eﬁ N dmﬁ ¢ ”mshf’” ‘;1 c e
GO-GARCH 922647 0881 16.405 most ellective and allows to achieve the great-

est financial result — 42% and shows the high-

Note. HE — hedging efficiency, SR —  est value of Sharp Ratio — 1.588 (considering
Sharp ratio, Var — portfolio variance. the risk free ratio — 8.2% 1').
CONCLUSION

In this study we incorporate spatial dependencies between assets into hedging strat-
egy. To calculate the economic distance we apply the difference between assets’ trade
volumes as a measure of economic proximity. The obtained hedge ratios are time-variant
and calculated for such volatility models as DCC, GO-GARCH and S-BEKK GARCH.
Therefore, the consideration of spatial effects in the S-BEKK model allows to increase
the hedging efficiency to 42% and decrease risk to 21%.

The current research can be continued in several directions. First, portfolio can be
supplemented by assets in other countries. Secondly, the financial indicator which is
used for weight matrices computation can be changed to achieve better results in the
estimation of volatility.

We believe that the results obtained in the paper could provide important implications
for portiolio and risk management practitioners.
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Appendix

Table Al
Descriptive statistics of spot assets‘ return

Statistic  Mean  St. Dev. Min Q(25) Median Q(75) Max

LKOH
GAZP
NVTK
ROSN
SNGS
TATN
FEES
HYDR

0.055 1.564 —10.280 —0.820  0.048 0911 9.240
—0.019 1.641 —14.959 —-0.927 —-0.083 0.907 7.620
0.058 1.945 —17.038 —0.981 0.024 1.054 9.363
0.032 1.681 —8.054 —0.945 0.000 1.004 7.059
0.003 1.785 —10.911 —-0.935 0.000 0.926 8.750
0.086 2166 —9.244 -1.163  0.052 1.299 11.730
—0.041 2806 —24.655 —1.321 —0.050 1.211 15.551
—0.040 2140 —-9.932 -1.178 —0.058 1.068 12.467

Note. Q(25) and Q(75) — 25%th and 75%th quantiles respectively. The rest
designations are self-explanatory.

Table A2
Mean value of weight matrix, x100

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 000 725 722 723 725 723 7.19 7.19 720 720 672 7.19 695 695 686 038
2725 000 722 723 725 724 719 720 720 721 671 719 694 694 686 0.38
3724 724 000 721 725 723 7.9 717 719 717 673 717 694 696 687 043
4 725 725 721 000 724 724 7.8 719 719 7.8 672 720 693 695 6.86 0.40
5 725 726 723 724 000 724 719 718 719 720 670 7.9 694 694 686 039
6 725 726 723 724 724 000 716 7.8 7.8 7.9 673 718 694 698 685 0.39
7 723 723 720 722 722 720 000 719 719 718 672 718 692 697 691 043
8 723 723 7.9 720 721 720 720 000 720 7.9 674 720 698 696 690 038
9 722 721 718 7.9 719 7.9 717 717 000 724 676 725 699 698 6.88 037
10 721 723 718 7.9 721 720 7.8 7.8 723 0.00 673 725 696 698 688 039
11 692 685 699 694 684 690 686 688 6.89 687 000 692 691 687 7.02 3.36
12 721 721 717 720 719 7.9 7.6 717 725 728 674 000 696 7.00 689 0.40
13 706 7.03 7.05 703 7.0 7.05 7.02 7.02 7.07 706 672 7.08 0.00 720 692 1.59
14 706 7.04 705 704 703 714 711 704 710 7.08 681 714 699 0.00 697 140
15 696 696 7.00 697 696 697 7.2 7.03 7.04 699 7.01 7.02 696 692 000 2.10
16 417 411 512 477 449 491 545 735 445 406 151 453 115 100 100 0.00
Note. (1)-(8) and (9)-(16) are spot and futures tickers respectively as listed in Table 1.
Table A3
Statistics for optimal hedge ratio
Model S-BEKK DCC GO-GARCH
Ticker max min mean max min mean max min mean
LKOH | 2.423 0548 1.544 | 1.060 0.841 0.870 | 0.865 0.303 0.852
GAZP | 2645 0250 1.799 | 0.978 0.874 0.876 | 0.892 0.679 0.692
NVTK | 1.078 —-0.940 0.300 | 1.214 1.113 1.210 | 1.104 1.052 1.102
ROSN | 2.482 0.199 0.961 | 0.882 0.691 0.705 | 1.219 1.103 1.110
SNGS | 0906 —-0.667 0.161 | 0.527 0.366 0.400 | 0.620 0.552 0.558
TATN | 2.678 0.155 1286 | 1.493 1.178 1.231 | 1.188 1.171 1.172
FEES 1.479 —-0.392 0.731 | 1.040 0.703 0.724 | 0.974 0.810 0.822
HYDR | 2470 —-0.278 0949 | 0.883 0.870 0.874 | 1.048 0.822 0.861
Note. Max, min and mean correspond to maximum, minimum and mean values of
optimal hedge ratio.
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B pabote npuBoanUTCS CPaBHUTENbHBIN aHANU3 MPON3BOAUTENLHOCTM MPOTOKONA ayTeHTUdnKaLmm LHoppa
W NPOTOKONA ayTEHTUCMKALIMI HA OCHOBE 3aa4M O HAXOX AEHUI raMUibTOHOBA LKNa B rpagpe. MokasaHo,
4TO C MpUMeHeHeM TexHonorn CUDA npon3BoauTeNnsHOCT MPOTOKOMOB Ha rpadpax He YCTynaeT npons-
BOAMTENbHOCTM MpoTokona LLHoppa. BaXHOCTb Takoro UccnejoBaHist 3akio4aeTcs B TOM, YTO MPOTOKONb
Ha rpacpax (MPOTOKON ayTEeHTU(OMKALMK Ha OCHOBE [0Kas3aTeNbcTBa M3OMOPCU3Ma rpadooB, MPOTOKON
ayTeHTUCOMKALIN Ha OCHOBE 3aja4i O HAXOX AEHM raMiIbTOHOBA LiMKa B rpadpe v 1. f.) obnamatot cBoii-
CTBOM HyNIEBOro pasrnalleHins 3HaHusl. JaHHble MPOTOKO/bI 0CHOBaHbI Ha N P-MOMHbIX 3aAa4ax, noaToMy
SBNISIOTCS HE3ABICMMBIMM OT KBAHTOBbIX BbIYMCTIEHN, @ UIMEHHO YCTONYMBLI K KBAHTOBbIM atakam. Takxe
B paboTe NPUBOASATCS MOANCPULNPOBAHHBIE ANrOPUTMbI ABYXWArOBLIX NPOTOKONIOB ayTEeHTUCUKALMI Ha
OCHOBE aCMMETPUYHBIX WMKPPOB C CMONL30BAHIEM SIUMTUYECKNX KPUBbIX.

Knro4eBble cnosa: NpoToKON ayTeHTUUKALMN, HYNEeBOE pasrnalleHue, SMMNTINYECKas KpuBast, TeXHONMOMUs
CUDA.
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BBELEHUE

[IpoTokosel ayTeHTH(DHUKALUU pa3fe/sioT Ha CJAelyHoLlhe KJacChbl: MPOTOKOJbI, OCHO-
BaHHBble Ha Mapossx (caabas ayTeHTH(PHUKALHKS); MPOTOKOJbI, HCMOJb3YIOUINE TEeXHUKY
«3ampoc-oTBeT» (CHUJIbHAs ayTeHTH(HUKAIHS); MPOTOKOJbl, OCHOBAHHBbIE HA TEeXHHUKE [0-
Ka3aTeJbCTBa 3HAHHS; MPOTOKOJBI ayTeHTHU(PHUKALMK, OCHOBaHHble Ha MPOTOKOJNAX JOKa-
3aTesIbCTBA 3HAHMSA C HYJEBBIM pasr/alleHHeM.

B napo/ibHBIX cxemMaxX HapyLIHTeJb MOXKeT 3alOMHHUTb IepelaBaeMble COOOLIEHUS U
B CJeIYIOIIUH pa3 UCIOJb30BaTh 3Ty MH(popMmauuio. B mpoTokosax TUna «3ampoc-oTBeT»
HapyLIUTeNb, KOHTPOJIUPYS KaHaJs CBSI3M, MOXKET HaBS3bIBAaTb CIELMaJbHO MOL0OpaHHbBIE
3ampochl M, aHaJU3UPysl OTBETHl, MOJNYYUTb HH(pOpMaAUHUI O cekpeTe. UToObl M30ekaTb
9TOTO, MPUMEHSIIOT MPOTOKOJBI 10KA3aTeJNbCTBA 3HaHUsI (HEKOTOPOH CeKpeTHOH HH(opMa-
IMM), KOTOpble 00/1afal0T AOMOJHUTEbHBIM CBOHCTBOM HYJIEBOT'O pa3rjallleHHsl CeKpeTa.
Bosiee nogpobuyio MH(OpMaLMIO O AaHHBIX NIPOTOKOJNAX MOXKHO HaWTH, HampuMep, B pa-
6orax [1,2].

Xopoiio u3BeCTHHIH MpoTokoa ayTeHTu(ukauuu [llHoppa [3] ocHoBaH Ha TpymaHOM
3ajaue JHUCKPETHOro JiorapugMupoBaHusl. B Xope BBINOJHEHUS AAHHOTO IMPOTOKOJA He
MPOMCXOAUT HUKAKOH (IOMOJHUTENbHON) yTeUKH MH(POpPMALUU O ceKpeTHOM Kutode. Cy-
IIECTBYIOT TaKKe MPOTOKOJbl ayTeHTU(PUKALKMU HAa OCHOBE TEXHHUKH [10Ka3aTeJbCTB 3Ha-
HUS, NOCTPOEHHBIX Ha OCHOBe [N P-moJiHbIX 3aa4y. TakMMH MPOTOKOJAMH, B YaCTHOCTH,
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SIBJISIIOTCS TTPOTOKOJI ayTeHTH(PUKAIMK Ha OCHOBe J0Ka3aTesbCTBa M3oMopdusMa rpados,
MPOTOKOJ ayTeHTU(UKALMK HAa OCHOBe 3aJaydl O HAaXOXKAEHWHU TaMHJbTOHOBA LHKJA B
rpade u T.A. DTH MPOTOKOJBl OCHOBaHBl Ha /N P-TIONHBIX 3a4adyax U MO3TOMY SIBJSIOTCS
HEe3aBUCHMBIMHM OT KBAHTOBBIX BBIYMCJEHUH.

[lenbto naHHON paboTHI BJSETCS MOMBITKA YCKOPEHUS MPOTOKOJIOB ayTeHTU(PUKALUH
C UCroJib30BaHKUeM rpagoB Ha ocHoBe npumMeHeHus: TexHosornd CUDA (Compute Unified
Device Architecture), B pesysnbraTe yero OyneT MokasaHO, YTO AAHHBIE TPOTOKOJBI He
YCTYNAKT B CKOPOCTH HEKOTOPBIM MPOTOKOJAM ayTeHTH(HKALKUK Ha TpHUMepe MPOTOKOJIA
[ITHoppa. B kauecTBe ucnbiTyeMbIx GepyTcsl NpoTokoJa ayTeHTH(UKauuu IlIHoppa u npo-
TOKOJI ayTeHTU(UKALUN Ha OCHOBE 3a7a4M O HaXOXKAEHUH TaMHJbTOHOBA LIMKJA B rpage.

Tak:xe B paHHOH paboTe HCCNEAYIOTCS TPOTOKOJBI ayTEeHTU(PHUKALUY HA OCHOBE acHM-
MeTPUYHBIX MH(PoB. [IperuMyIecTBO TaAKHUX MPOTOKOJIOB B TOM, YTO OHU SIBJSIOTCS ABYX-
1aroBbIMH. B naHHO#H pa6oTe MpHUBOASTCS HEKOTOPBIE MPOTOKOJBI ayTEeHTH(HKALUHK Ha
OCHOBe aCMMMeTPUYHBIX WHU(POB C UCIONb30BAHHEM JIJIUIITHUECKHUX KPUBBIX. CaMm MpHH-
U (QYHKLIHOHUPOBAHHS KPUIITOCHCTEM HA SJJIUNTHUYECKHUX KPHUBBIX MOAPOOHO H3JI0KEH
B [4]. DesomacHocth Kpunrtocuctem Ha asanunthdeckux kpuBbix ECC (Elliptic Curve
Cryptography), kak npaBu/0, OCHOBaHA Ha TPYAHOCTH pelLIeHHs 3a1a4l AMCKPETHOro JIo-
rapu(pMUpoOBaHUs B IPYIINe TOYEK JIUNTHUECKOH KpuBOH [4]. MccienoBanus nokasbiBa-
IOT, YTO B KJIaCcCe KPUITOCUCTEM C OTKPBITHIM KJIOUOM KPHIITOCHCTEMBI HA SJIJIUNITHUECKUX
KPUBBIX MPEBOCXONSIT KJIaCCHUECKHe KPUIITOCHCTEMbl Ha OCHOBE MOIYJSIPHOH apudmeT-
KW KaK MUHHMYM II0 IBYM BaXXHBbIM MapaMeTpaM: CTeleHH 3alMIIeHHOCTH B pacueTe Ha
KaXK/bld OUT KJlo4a W OBICTPOAEHCTBHIO MPU anmnapaTHOM M MPOrpPaMMHOM peash3alui.
HarssinHo 310 nemoHcTpupyercst B paboTte [5].

1. NPOTOKON AYTEHTUDUKALUA LUIHOPPA

[Ipotokon ayreHtudukaunu [IHoppa [3] ocHOBaH Ha TPynHOH 3amaye AUCKPETHOrO
jgorapudmupoBanusi. [lyctb p — mpoctoe 4ucja0, ¢ — MNPOCTON AeNUTesb 4ucaa p — 1,
g € Z,, uMewolni nopsaok q. A6oHeHT A BbIOMpaeT ciaydyaiiHOe YHCJIO x, AJS KOTOPOro
BbiMoJIHeHO 1 < o < ¢ — 1, W BbIYMC/IsSIeT 3HaUeHHe OTKPBITOrO KJoua y = g~ % (modp).

Hucao x — ceKpeTHBIH KJI0Y, 3JIEMEHTHI P, ¢, g, Y — OTKPbITbIE TapaMeTpbl IPOTOKO1A.
[Iporokon ayrtentudukauuu IllHoppa umeer ciaenyomui BUL:

1) mokaswiBamIIMi A TeHepupyeT cjydaiHoe wLesoe yuciao k, roe 1 < k < ¢ — 1,
BbiuMCaseT r = ¢g¢ (mod p) u oTnpasJaseT nposepsifolleMy B 3HaueHue T

2) mpoBepsilOIIMHA B reHepupyer caydadHbIN 4HCaI0 a U3 Auanasona ot 0 mo 2¢ — 1,
KOTOpOe TepefaeT aboHEHTY A;

3) aboHeHT A BLIYMCJ/SET U NepelnaeT NposepsitoleMy B 3HaueHue s = k + ax (mod q);

4) mpoBepsitolMi B MpoBepsieT BHINOJHEHHWe cpaBHeHUs r = ¢°y*(modp). Ecau oHo
BBINIOJIHEHO, TO JI0Ka3aTe/bCTBO IPUHUMAETCsl, B IPOTUBHOM CJlyyae — OTBepraercs.

2. UTEPATUBHbIW U TPEXILATOBbIN MPOTOKO/IbI AYTEHTU®UKALLIAN
HA OCHOBE 3AJA4YN O HAXOXAEHUW TAMUIbTOHOBA LIUK/IA B TPA®E

[aMU/IbTOHOBBLIM LIMKJIOM B Tpade HasblBaeTCsl HEMPepbIBHBIA MyTb, MPOXOASIIMN Ye-
pe3 Bce BeplLIMHBI Tpaa POBHO MO OfHOMY pasy. [IoHsiTHO, 4TO ecsu B rpacde n BeplLIHH
(3aHyMepoBaHHbIX 4HcaAaMH 1,2,...,n) ¥ B HeM HMeeTCs TFaMHJbTOHOB LHKJ, TO My-
TeM nepebopa BceX MepecTaHOBOK CHMMETPUUECKOH I'PYTIIBI S,, Mbl HalileM raMHJbTOHOB
uuka (7(1),7(2),...,7(n)) nas HeKOTOpod nepectaHoBKU T € S,. Tak kak |S,| = n!, T0
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y»Ke MPU CPaBHUTEJIbHO HEOOJbIIMX 3HAYEHHUSX 1 TaKOW MOAXOJ CTaHOBUTCS IpaKTHue-
CKH HepeasusyeMbiM. JlokazaHo, 4TO 3ajauya HaXOXXJIeHHUS TaMUJIbTOHOBA LMKJA B rpade
siBasietcst N P-1oJiHO# (1J/ist ee pellleHWs] HEHW3BECTHHI aJTOPUTMBI, CYIIECTBEHHO 6oJee
OBICTpBIE, UeM MeTo[ Tepebopa).

PaccmoTpum mpoTokosa, B KOTOpoM ab0oHeHT A OynmeT H0Kas3biBaTb abGoHEHTy B, 4To
OH 3HaeT raMHUJ/bTOHOB LIMKJ B HEKOTOpPOM rpade GG Tak, uToObl aboHEHT I He MOJyuuJI
HUKAKHUX 3HAHUH 00 3TOM IMKJe (I0Ka3aTeqbCTBO C HYJeBbIM pasriamieHueMm). [lyctb
aboHeHT A 3HaeT raMHUJbTOHOB LUK/ B rpadge (G U3 n BeplUUH, KOTOPbIH Nepenasn emy
noBepeHHBIH 1eHTP. OH MOXKET 3TO NOKa3blBaTb a0OHEeHTY B (M BCeM, KTO HMeeT 3TOT
rpad) ¢ MOMOIIBIO OMUCBIBAEMOTO HUXKE MPOTOKOJIA.

[TpoToxos noKazaTesbCcTBa COCTOUT M3 CEAYIOLIMX L1aroB:

1) aboHeHT A csyuallHO BEIOMpaeT MepecTaHoOBKY o € S, U NPUMEHseT ee K HOMepaMm
BepluH rpada G, nonyuus npu atom rpad H = o(G). [ousrtHo, uto rpadel G u H
M30MOP(HBI. 3HAs raMUJIbTOHOB LHUKJ B rpade (G, aboHeHT A 3HaeT raMHUJbTOHOB
uuka U B rpade H. I'padp H nepenaercs nposepsiouiemy B;

2) aboueHT B, nmosyuus rpad H, ciyuaitHbim o6pa3om Buibupaet a € {0, 1} u nepenaer
a aboHeHTy A;

3) ecan a =0, To aboHeHT A mpenocTaBJ/sieT abOHEHTY B mepecTaHOBKY o (TeM caMbIM
TMOKa3biBasi, YTO OH 3HaeT uzomopdusm rpagos G u H). Eciu a = 1, To aboneHT A
NpefoCTaBJsieT NPOBEPSIOILEeMY B raMUJIbTOHOB LHKJ rpada H;

4) mpoBepsitolMil B TpoBepsieT, YTo B ciaydae a = ( TpeqbsiBJeHHAs NepecTaHOBKa
o neHlcTBUTebHO NepeBoAUT rpap G B rpadp H, a B cayyae a = 1 nposepseT
raMUJIbTOHOB LUKJ rpada H.

OTU ueThlpe Iara IMOBTOPSIIOTCS HE3aBUCHMO t pa3. TpexiaroBeld MPOTOKOJ [/
NPeAbIAYLIero cjayydas NPUMeT CJAeAYOUUH B!

1) aboHeHT A cay4aiiHO BEIOMpaeT MepecTaHOBKH o; € S, U NMPHUMeHsIeT UX K HOMepaM
BepIIWH rpada G, moayduB npu stom rpacdel H; = 0;(G), i = 1,...,m, KOTOpbIE
nepenawnTcs aboHeHTy B;

2) mpoBepsiolkil B reHepupyet caydaidiHyio OUTOBYIO CTPOKY (aq,...,a,) € {0,1}™ u
nepenaeT ee aboHeHTYy A;

3) npu a; = 0 aboHeHT A (PUKCHpPYeT MepecTaHOBKY o0;, MPH a; = 1 — MepecTaHOBKY,
SIBJSIOULYIOCS TaMUJBTOHOBOM LMKJOM rpada H;, ¢ = 1,...,m. [laHHBle mepecTa-
HOBKHU MepenanTcsi aboHeHTYy B;

4) aboHeHT B mpoBepsieT, UTO B caydae a; = 0 IpeqbsiBJeHHAsl NepecTaHOBKA o; Nel-
CTBUTeJIbHO NepeBoauT rpad G B rpad H;, a B caydae a; = 1 npoBepsieT raMUJ/bTO-
HOB LMKJ rpaga H;, i =1,...,m.

[IpuBeneHHBIH BHIllE TPOTOKOJ ayTEHTHU(PHUKALHMKH HAa OCHOBE 3alayd O HaXO0XIEHHH
raMUJIbTOHOBA IHKJa B rpade OblI peaju30BaH BTOPHIM aBTOPOM Ha CJEAYIOMIUX IHPOKO
HCIOJIb3yeMbIX si3blKax mporpammupoBanus: Java, C, C#, PHP. B pa6ore [6] nokasaHo,
YTO aCUMITOTHYECKH XOPOIIHe CKOPOCTH BBIMIOJHEHHS MPOTOKOJA TTOKAa3bIBAIOT 3bIKU C U
Java. Tak»ke 1Jisi TaHHOTO TIPOTOKOJA B paMKaX HCCJeIOBAHHUS MPUMEHSIACh TeXHOJOTHS
CUDA. B pa6ore [6] nokasaHo, uto TexHosoruss CUDA nMeeT odeHb BBICOKYIO CKOPOCTb
BBITIOJIHEHHS 110 CPAaBHEHHIO ¢ caMO# OBICTPOH peasnn3anueil Ha sizbike C.
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3. CPABHWUTE/NIbHbIN AHANU3 NPOTOKO/A WHOPPA U TPEXWAMOBOIO MPOTOKOJA
HA OCHOBE 3AAYY O HAXOXKAEHWU TAMWU/IbTOHOBA LIUK/IA B FTPADE

XopolI0 U3BECTHO, UTO HAa COBPEMEHHOM 3Tarle Pa3BUTHS HHPOPMALMOHHBIX TEXHOJO-
THU OIHMM M3 OCHOBHBIX (DaKTOPOB YBeJHYEHHs] BBIUHCJIUTENbHOH MOIIHOCTH SIBJISIETCS
UCII0/Ib30BaHUe rpaduueckux npoteccopoB. OnHumu U3 Haubosee 3(h(HEKTHBHO HCIOJb-
3yeMbIX rpaduueckux mnpoueccopos (GPU — graphics processing unit) mnas BbimosHe-
HUs OOLIMX BBIUMCJIEHHH SIBJSIIOTCS BHIEOYCKOPUTENH KoMmaHuu nVidia ¢ apXuTeKTypoi
CUDA (Compute Unified Device Architecture). BelunciutenbHble 3anauu, peaqr3oBaH-
uble Ha CUDA, nosiyuatoT 3Ha4HMTebHOE YCKOPEHHe B TAKUX 00JIaCTsX, KaK MOJIEKYJIsipHast
nuHamuka [7,8], actpodusuka [9], menuuuHckas auarHoctuka [10] u T. 1.

Ha pucyHke npuBeieHbl rpa@uKy 3aBUCHMOCTH BPEMEHH BBIMOJHEHHS TPEXILIAroBbIX
npoTokoJsioB (mpoTokoJsia [IIHoppa W MpoTOKo/a Ha OCHOBE 3aJlauu O HaXOXKIEHUH TaMHUJIb-
TOHOBa IMKJa B rpade npu m = 12) oT pasMmepa napameTpoB B Gutax. O6a mpoTokosa
peasnin3oBaHbl ¢ Ucnosnb3oBaHueM TexHosornd CUDA. Tlpu aToMm 1151 mepBOro mpoTokoJa
YUUTBIBAETCSl KOJMUECTBO 3HAYallUX OUT NBOUUHOTO MPEACTABJEHHS MPOCTOTO UUCTA P,
IJisl BTOPOTO IMPOTOKOJA — KOJMUYECTBO 3HAYAUIUX OWUT JABOMUYHOTO MPEACTABJIEHHS UHC-
Ja n!, roe n — yucyao BepluuH rpada G.
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Ha nanHoMm pucyHKe BHAHO, uTo npuMeHeHHe TexHosorun CUDA 3HauntesbHO yiyd-
1IaeT TPOU3BOAUTEIbHOCTD TIPOTOKOJIOB ayTEHTU(HUKALMM HA OCHOBe TpadoB (/s POTO-
KOJIa ayTeHTU(HUKALHMHA Ha OCHOBE N0Ka3aTes]bCTBA M30MOp(pH3Ma rpadoB CUTyaLUs aHa-
JoruuHa). bosiee Toro, mpoToKOJIBI Ha OCHOBe rpadoB ¢ npuMeHeHueM TexHosorurn CUDA
UMeIOT 0oJiee BBICOKYIO NPOM3BOAMTEbHOCTb Hexkeu npoTokoda IIHoppa. M ata pasnuua
B NPOU3BOAMUTENBHOCTH CTAHOBUTCH BCe OoJiee 3aMeTHa C POCTOM 4YMCJa BeplIUH rpada.
Bricokasi MpOM3BOANTENBHOCTb BBIYMCJ/IEHUH MPOTOKOJOB Ha rpadax IOCTUraeTcs 3a cyeT
6oJiee ynoOHOTO B3aUMOAEHCTBHUS ¢ OJOKAMHU MaMsITH B rpauyeckoM Mpoueccope, Tak Kak
MaTpHUYHble BbIYMCIEHHSl HanboJsiee ONTHMHU3UPOBAHBI AJ151 TAKOTO POAA PACYETOB.
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Tectol npoBonuauck Ha 1K co caenyromunmu xapakrepuctukamu: OC Windows 10,
GPU GeForce GTX 1050 2 Gb, O3Y DDR3 8 Gb, CPU Intel Core i5 3,2 GHz.

4. NPOTOKO/bl AYTEHTUPUKALIUM HA OCHOBE ACUMMETPUYHbIX LIWDPOB

[locTpoeHne npoTOKOJIOB € HYJEBBIM pasr/allleHHeM MOXXHO peasjiM30BaTh, MCIOJb3Yys
M3BEeCTHbIE aJTOPUTMBI OTKPBITOTO WIHU(POBaHHA. B KauecTBe cekpeTHOH HH(pOpMaLuH,
KOTOpPOH BJIafieeT NOKasbiBaiomias ctopoHa A, OyfeT UCMONb30BaTbCS CEKPETHBIH KJI0Y &
acuMMeTpuuHoro wugpa. [lycte D, — anroput™ pacluu@poBaHHUs Ha CEKPETHOM KJliO-
ye x, F, — airopuTM WH(POBaHUA Ha OTKPBHITOM KJjwoude y. IIposepdromas crtopoHa
wrdpyeT HeKoTopoe cooblieHHe N Ha OTKPBITOM KJUe y W NepefaeT KPUITOIPaMMy
C = E,(M) abonenty A. A6oHeHT A NeMOHCTpUpYyeT BJafieHHe CeKPeTHOH HH(OpMalU-
eil T TeM, UTO paclIM(POBBIBAET COOOLIEHHE CBOUM CeKpeTHHIM KiwuoM: M = D, (C) u
nepenaet coobuienue M mnposepsitollieil ctopoHe B. {5 npoBepsitouledl cTOpoHbl B 3TO
He HeceT HUKAKOW JONOJHUTEJbHOH UH(OPMALKUU O CEKPETHOM KJkoue T, TaK Kak y B 1o
3TOro 6bl7I0 TO Xe camoe coobuieHue M. [Ipu 3TOM npu MocTpoeHUH NPOTOKOJOB C HyJle-
BbIM pasryallleHUueM 3HaHHUSl Hy»KeH HEKOTOPbIH MeXaHH3M, KOTOPBIH M03BOJMUT BJAAEJbLY
CeKpeTHOro KJwua (IoKas3bBawlileMy A) 10 mepeiadyrd BOCCTAHOBJIEHHOro cooOuieHus M
nposepsitouleMy B y6efiuTbCs B TOM, YTO MOCJEIHee yXKe U3BeCTHO NpoBepsiolleMy B.

B kauecTBe Takoro MexaHH3Ma MOTYT HCIIOJb30BATbCS AJTOPUTMbl XeUIMPOBAHUS
(xew-pyHKMK). JlaHHBIE MeXaHM3M HCIOJb3yeTCs B MPOTOKOJAX C HYJEBBIM pasria-
IIeHWeM, OMUCaHHbIX B cTanmapre [11].

B cranpapre [11] pernamenTupyetcsi (hopMUpPOBaHHe 3ampoca B BHUIE Mapbl 3HaYeHHH
(C, H), rne C' — wndpTeKCT, MoyUeHHbIH MyTeM WH(poBaHUs HEKOTOPOro coolieHus: M
0 OTKPBITOMY KJIIOUy J0KasbiBawoulero A u H — 3HaueHHe Xell-QYHKIHUH, BEIYUCAEHHOE
oT coobuienuss M ¢ UCNOJb30BAHHEM HEKOTOPOH CHelU(ULUPOBAHHON Xell-PyHKUUHU h:
H = h(M). Tlonyuas 3anpoc (C, H), 10Ka3blBalOILIK#A HMeeT BO3MOXKHOCTb YOEIUThCS B
TOM, YTO BOCCTAHOBJIEeHHOe UM U3 wHdpTekcta C' coobuieHHe N M3BECTHO MPOBEPSIO-
mweMy. /11 3TOro 10CTaTOYHO BBIUMC/IUTDL 3HaYeHHe Xell-(DYyHKIUHU OT BOCCTAHOBJIEHHOTO
CoOOLIeHHUs] U CPaBHUTb €ro CO 3HayeHHeM BTOPOro 3JeMeHTa 3amnpoca.

B coorBercTBUM ¢ [11] nByXIIaroBblii MPOTOKOJ C HYJEBBIM pasrjallleHHheM 3HaHHS

BKJ/II0YaeT CJedyol1e [Laru:
1) mpoBepsitouuii B BbIOMpaeT NMPOU3BOJIbHOE cooOlIeHHe M |, UCIOJb3ys CIelu(u-

LIUPOBAHHBINA aJITOPUTM OTKPBLITOrO LIKM(PPOBAHUA [, ¥ OTKPBITBIA K04 Yy JOKa3blBa-
1olero, 3amnpossBaeT coobimenune : C' = E (M). 3aTeM, UCNOMb3Ys CHENU(HLIH-
POBaHHYI0 Xell-(DYHKIHIO h, BHIYUC/SET 3HauUeHue xewl-pyHkuuu ot M: H = h(M).
[Tocsie aToro oH oTmpasJsieT noKasbiBawlleMy A napy 3Hadenuit (C, H) B KayecTBe
CBOEro 3aIpoca;

2) nokasbiBatownit A pacingposbiBaet Kpunrorpammy C', HCNOMb3Ysl CBOH JIMUYHBIA
CEKPEeTHBIH KJ/II0Y &, B pe3y/bTaTe 4ero nojyyaer coobuieHne M =D +(C). 3atem
OH BBIYMCJIAET 3HAUEHHe XelUl-(DYHKLHUH OT M: H = h(]\/[) CpaBHMBAeT 3HAYeHUS H
uHuecm H=H, 10 OTNPAaBJSeT NPOBEPSAIOILIEMY 3HAYEHHE M B KauecTBe CBOEro
OTBeTa;

3) ec/M BBINOJIHEHO PaBEHCTBO M = M, to NpoBepsaOIUi B NpUHUMaeT J0Ka3aTeJb-
CTBO; €CJIM PaBEHCTBO HE BBLINOJIHEHO, TO OTBEPraer.

IIporokon ayreHTuukanum Ha ocHoBe mu¢pa ab-Iamansa ¢ ucnosb3oBaHHEM
IMITAYECKAX KPUBBIX. [IycTh ¢ — HEKOTOpHIH (IOCTAaTOUHO OOJBILIOH) MPOCTOH me-
Jqutesb dyncaa |F|, rne F — sJauMNTHUECKas KpUBasi, ¥ HeKoTopas Touka G € E umeer
NOPSIIOK ¢.
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O6enoctynHble napameTpsl cuctemsl: ¢, (G, E. A6oHeHT A BbIOMpaeT CeKpPETHBIN
ko4 z, 0 < & < ¢, U BBIUKCASIET OTKPBIThIH KU Y = [z]G. [IpoTokos ayTeHTHPUKALNH
MMeeT CJeAYIOLHH BUL:

1) mpoBepsitouii B reHepupyet caydaiiHylo Touky M = [r]G € E /s HeKOTOporo
caydarHoro r, 0 < r < ¢, reHepupyeT CJy4alHBIM 00pa3oM HEKOTOpoe 4ucjo k,
0 < k < q, BBIYUCJII€T TOUKH JJIUNTHUECKON KPUBOU

Cl — [k]G, 02 - M + [k]Y,

Boiyncasier H = h(M) u ormpaBisier noKasbiBaiolieMy A TpPOHKY 3HaueHHH
(Cy, Gy, H);

2) noxasbisapoumii A Beiuncaser M = Cy + [¢ — 2]Cy, H = h(M). Ecau H = H, To
OTTIpaBJISieT MPOBEPSIOLIEMY 3HaueHHe M B KauecTBe CBOEro OTBETA.

3) mocJsie 3TOro MPOBEPSOINNA B MpoBepsieT PABEHCTBO M = M.

IIpoTokon ayreHTU(puKanun Ha ocHoBe cxeMbl Jdudgu — Xesnmana ¢ ucnosb3o-
BaHUEM IJIMIITUUYECKUX KPUBBIX. [IycTh ¢ — HEKOTOPBIH (I0CTaTOYHO GOJBILON) MPO-
CTOH nenutesb yucaa |E|, rne £ — sanuntuueckas kpupas. [lycTb HekoTopas Todka
G € E umeet nopsiiok q. AGoHeHT A BbIOMpaeT cjaydaiiHoe YHCJI0 (CeKPEeTHBIH KJIoU) T,
1 <2 < ¢—1, ¥ BblYMC/IIeT 3HaYeHHe OTKphITOro Kawoua Y = [z]G. [IpoTokos ayTeHTH-
(PMKALUU UMeeT CJAeAYIOLUIMH BUL:

1) mpoBepsitoluii B reHepupyet caydaiHoe yucso k, 1 < k < g — 1, BbIYHCASET TOUYKH
3JUJIMNITUYECKOH KPUBOH E 1 cOOTBeTCTBYIOLIee 3HAUeHHe Xell-(yHKIHU:

C =[G, Z=[KY, H=hZ)

¥ OTIIpaBJIsieT NoKasbiBawlleMy A napy 3Hadenudt (C, H);
2) noxaswbiBatowuil A Beruucasier Z = [x]C, H = h(Z). Ecaiu H = H, T0o oTnpaBJsieT

NPOBEPSIOLIEMY TOUKY 3JJIUNTUUYECKOH KPUBOW Z B KauyeCTBe CBOEro OTBETA;
3) mocJsie 3TOro MPOBepPSOIUA B MpoBepsieT PaBeHCTBO Z = 7.

B pa6ore [2] npensiokeH MOAXOA K CUHTE3y JBYXIIAarOBBIX IPOTOKOJIOB C HYJIEBBIM pas-
rJlalleHueM CeKpeTa, OCHOBAHHBIX HAa aCUMMETPHUUHBIX LIM(PaxX, OTIUYAKLIUUCS UCIIO/b-
30BaHMEM MeTOK, BCTPaWBaeMbiX B LIM(pyeMoe coobuieHue. [l DaHHBIX aJrOPUTMOB
TaKKe MOXKHO NPUMEHUThb 3JJIMIITHYECKHe KPUBbIe, KaK U B NPOTOKOJAX, PACCMOTPEHHBIX
BBILLIE.
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