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Let NV be a natural number greater than 1. Select N uniformly dis-
tributed points ¢, = 27k/N +u (0 < &k < N — 1), and de-
note by L, nv(f) = Lan(f,z) (1 < n < N/2) the trigono-
metric polynomial of order n possessing the least quadratic deviation
from f with respect to the system {tk}ﬁ:})l. Select m + 1 points
T =ay) < a1 < ... < Qm-1 < a = w Where m > 2,
and denote Q = {a;}." . Denote by C¥, a class of 27-periodic con-
tinuous functions f, where f is r-times differentiable on each seg-
ment A; = [a;,a:41] and f(7) is absolutely continuous on A;. In
the present article we consider the problem of approximation of func-
tions f € C3 by the polynomials L, n(f,z). We show that in-
stead of the estimate |f(x) — L, n(f,z)| < clnn/n, which follows
from the well-known Lebesgue inequality, we found an exact order es-

%% timate |f(z) — L, n(f,2)| < ¢/n (xz € R) which is uniform with
respect to n (1 < n < N/2). Moreover, we found a local estimate
L y |f(z) — Lyn(f,2)| < c(e)/n? (Jz — a;| > ) which is also uniform
ﬁ with respect to n (1 < n < N/2). The proofs of these estimations are
HAVYHDbI n based on comparing of approximating properties of discrete and continuous

‘ finite Fourier series.
o7 AEN Keywords: function approximation, trigonometric polynomials, Fourier

series.
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INTRODUCTION

We begin by establishing some notations. Let 2 be a set
of m + 1 points {a;},~, (m > 2) such that —7 = qy <
<a; <...<p1 < a,=mr. We denote by Cg’r the class of
2m-periodic functions with r absolutely continuous deriva-
tives on each interval (a;,a;11) and by Cf, the subclass of
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all continuous functions in Cg’r (here we say that a function f is absolutely continuous
on an interval (a,b) if the function f is absolutely continuous on the segment [a,b],
where f(x) = f(x) for x € (a,b), f(a) = f(a+0), and f(b) = f(b—0)).

We denote by L, n(f,x) a trigonometric polynomial of order n possessing the least
quadratic deviation from the function f at the points {t; }Z 01, where t; = u + 27j/N,
n < N/2, N > 2, and u € R. In other words, L, n(f,z) provides the minimum for
the sum Z Y| f(t;) — Tu(t;)|* on the set of all trigonometric polynomials of order
at most n. To read more about function approximation by trigonometric polynomials
see [1-10].

Also, in this paper we denote by ¢ or ¢(by, bs, ..., bx) some positive constants, which
depend only on specified arguments (if any) and may vary from line to line, and by
Sy (f,z) the n-th partial sum of the Fourier series of the function f. We also note that
it is easy to show that the Fourier series of any f € C3 converges uniformly on R and
the following representation is possible:

f(z) = % + (ay cos kx + by sinkx) , (1)
k=1
where
1 [" 1 [7 )
ar = — f(t)cosktdt, by = —/ f(t) sin ktdt. (2)
T ) x TJ .

The goal of this work is to estimate the value |f(z) — L, n(f,z)| for f € C3.
Note that the special case of this problem is considered in [11], where the value
\f(z) — Lyn(f,x)| is estimated for a 27-periodic function f(z) = |z| (z € [—m, 7).
In this work, we generalize the results from [11] for any function f € C3, as stated in
the following theorem:

Theorem 1. For f € C3 the following inequalities hold:

@)~ Ln(f ol < A w e, ®)

5@ - Lol < 2L ete—alze )

The order of these estimates cannot be improved.
To prove this theorem we use a lemma from [12]:

Lemma 1 (Sharapudinov, [12]). If the Fourier series of f converges at the points
ty = u+ 2kmw /N, then the representation

Ln,N(f,SL’) :Sn<f,£)—|—Rn7N(f,I), (5)

where
R.n(f,x) = Z/D (x —t)cos uN(u —t) f(t)dt, (6)
holds true, where 2n < N and D, (x) is the Dirichlet kernel:

1 n
x) = 3 + ; cos kx. (7)
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This lemma considers only the case 2n < N. If 2n = N (when N is even) we can
write (see [12])

Lpon(f,2) = Ly—100(f, ) + aff”)(f) cosn(x — u), (8)
where
1 2n—1
A(f) = o= 37 F(t) cosnlty — u). (9)
2n — F F

To prove the inequalities (3) and (4) from Theorem 1 we use the formulas

|[f(x) = Lo n(f,2)] < If( ) = Su(fs0)| + [Run (f, )] n<N/2, (10)
[f(x) = Lun(f, )] <1f(x) = Sur(fr0)] + [Rocain (fr0)] + [a$ ()], n=N/2, (11)

which immediately follow from (5) and (8).

The estimates for the values |f(z) — S,.(f,z)|, |R.n(f,2)|, and \a,(f")(f)] are found
in the following sections.

1. THE ESTIMATE FOR | f(z) — S, (f, )]

To estimate the value |f(z) — S,.(f, x)| we need the following lemma.

Lemma 2. For f € C3 the [ollowing inequality holds:

c(f)
where k € N, o € R, and
cosz, p=20,
hp(x) = 1 . _ (12)
sinz, p=1.

Proof. Performing integration by parts two times we have

/f(t)hp(k(t+a))dt pH/f Vi (k(t + a))dt =

klzr1<f(ai0)f/(ai+0)>h (a; + ) /f t+04)>dt]-

From this we can get the estimate

L FO (Kt + a))dt g% Ez:‘f/(ai())f'(ai+0))+/7rf”(t)dt] <%.
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Lemma 3. For f € C} the [ollowing inequalities hold:

@) -Sufa) < ) per (13)

(@) - Sa(f.2) < 29

)
n2

|x—az’| Z €. (14)
Proof. Here we prove only (13) because the proof for inequality (14) can be found

in [13, Theorem 2.1]. Using (1) and (2) we can write

o

flz) = Su(f,x) = Z (ag cos kx + by sinkx) .

k=n+1

Applying Lemma 2 to (2) we get |ax| < c¢(f)/k* and |bx| < c(f)/k?, which gives us

f(x) = Su(f2)[ < D (law] + [bi]) < e(f) /-
k=n-+1
]
2. THE ESTIMATE FOR |R,, v (f, )|
From (6) and (7) follows R, n(f,z) = R, y(f, ) + R} x(f, ), where
R;fo Z/f ) cos uN (u — t)dt,
R N(fx) = ZZ/f ) cos k(z —t) cos uN (u — t)dt. (15)

pn=1 k=1"

Obviously, |Ran(f,z)| < |RLy(f.2)] + |R2y(f.2)|. The values |R) y(f,z)| and
‘RiﬁN(f, x)| are estimated later in this section, but first we prove three aux1llary lemmas.

Lemma 4. For f € C3' the following holds:

/f (k(t — 2))hy (N (t — u))dt =

—Tr

m—1

s 3 (7= 0) = o+ 0) s = )l N o = )~
L;ﬁ_ky/f (4(t = ) (N =)+
(—1)H+Pk & !
N — 2 ZO (f(ai = 0) = f(ai + 0)) ha—p(k(a; — x))hg(nN (a; — u))—
—(u—lipig/f Yhap(k(t = 2))hg (N (t — u))dt. (16)

Marematrka 7/
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Proof. Perform integration by parts:

/f k(t —x))hy(uN(t — u))dt =

()
- uN =0 (f(ai = 0) = f(ai + 0)) hy(k(a; — x))h1—g(uN(a; — u))—
uN /f k(t —x))hi—q(uN(t — u))dt+
—l—ﬂ/f (t)h1—p(k(t — ) ha—g (LN (t — u))dt. (17)

Repeat integration by parts for the last integral in (17):

/f k(t —x))he(uN(t — u))dt =

- (;jlv)q (f(a; —0) = f(a; + 0)) hy(k(a; — ) h1—g(uN (a; — u))—
/LN /f k(t — z))hi—g(uN(t — u))dt+
(D)7
(,uN)2 ZO (fla; —0) — f(a; +0)) hi—p(k(a; — z))hy (N (a; — u))—
R

( /f (O)h1—p(k(t — 2))he(uN (t — u))dt+

k(t —x))hy(uN(t — u))dt.

By moving the last integral from the right side to the left and dividing both sides by

% we get (16). OJ

Corollary 1. If f € C3, then f(a; —0) — f(a; +0) =0, so we can write (16) as

[ FOR (b~ ) (¢~ )it = o / £ (O (k(t — )y (N (¢ — u))di—
1+pk
—m / F (- (b{t = )y N (0 = ).
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Lemma 5. The following estimate holds:

!sm%}

Proof. The proof is obvious and follows from well-known formulas

n n+1 n+1 nx
. sin x sm cos x) sin (2
E sin(kz) = (57) E cos(kx) (5 2 )w (5)
1 sm( S1n 5)
O
Lemma 6. Let «ay,as,...,a, be a monotonous sequence (either increasing or

decreasing) of n positive numbers. The following holds:

Z aghy (k)| <
k=1

20, + o
ST
sin3

Proof. After performing Abel transiormation (summation by parts) we have:
k

n—1
Zakh kx) —anZh (jx) Z akH—ozk)th(jx).

k=1 J=1

Using Lemma 5 and the fact that "), |1 — o = [D 5, w1 — i We can write

Zh jz) +Z|&k+1—aklz p(JT)| <

O./n X
n—1
1 2au,
< a, + Zakﬂ—ak <u-
’sm% — |sm§‘
Il
Lemma 7. The following inequality holds: |R} (f,z)| < c(f)/N.
Proof. Using Lemma 2 we have
In| ] (f) =1 _elf)
RL(r.0) < 2 30| [ s cosuN—oir) < TS < T
p=1 " pn=1
U
Lemma 8. The following estimates hold:
c(f
|R2 v (f 2)| < ]\52), z € R, (18)
B (o) < L2 e —af > (19)

Maremartrka 9
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Proof. Rewrite (15) using (12):

R y(f.) ZZ/f Vho(k(t — 2))ho(uN (t — u))dt.

p=1 k=1"

Using Corollary 1 we rewrite the above formula as follows:

R’rQLN fv NZ Z

/ £ (Oho(k(t — 2))ha (N (E — u))dt+

2 w1
—NZ1“_; 7 / £ (Oh (k(E = ) o (N (¢ — u))dt =

:<W

n.,N(.fa .CL') + R?m,%V(f? '7:)

For brevity we only consider here estimation of ]Ri | because |R (f, )‘ can

be estlmated in almost the same way. Obviously, f € C , so we can apply Lemma 4
to RZN(f, z):

Ly s [ OhE — )ha(uN ¢ — 0))dt —

= Ryy (f o) + By (f,2) + RN (@) + RUR (o).

Begin with R} ?(f, ). Applying Lemma 4 we get

K(f2) = WNB,Z Z —
e ( _ <HLN> ) =0
xho(k(a; — )b (N (a; — u))+

10 HayyHbir oTaen
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o0

T o y — Wf’”(t)ho(k(t—x»hl( N (t —u))dt+
WN;M;(l(th)Z)[ H

n m—1

> (a0 = (i +0))

In the same way we can get |RZL!(f, )| < co(f)/N% Now we consider |RZ4(f, z)]

and |R25(f,x)|. We will estimate here only |R2%!(f, )| because the other one can be
estimated in the similar way. After a simple transformation we have

) = D0 S (a0 (0 +0)) N (a ) Y o)

=

,_.
=
[\]
.
Il
o
>
Il
—_
VR
—_
|
/N
Bl
N——
no
~
no

1
,u
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(e
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|
K"\
—
R
_l’_
=
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>
(=)
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|
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w\_/
/
3
20
=
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L____ we have

(-(&)")

Using Lemma 6 and assuming «aj =

"\ hy(k(a; — 1)) < 1 2 1 c

(- T (-e))

Now we can write

In the similar way we can get

|R2L3(f, )‘gnc(f) reRand [R23(, ch(f,s)) Tl >e

N2z’ N2
Finally, for R2\(f, ) we can write
4
~ Li ne(f) , c(f,e)
|Ri,%\f(fax>‘ <Z|REL}V<JC7$)| < N2 5 :CER, ‘R?’L,%V<f7x)| < N2 , ‘x_az‘ 25.
i—1

Using the same approach we can show that the value ‘Riﬁ\,(f, x)] has the same
estimate as |R (f,x)|, which leads us to (18) and (19). O

From the previous lemmas and inequality |R, n(f,z)| < |RL y(f. @) + |R2 y(f,2)|
follow estimates for |R, n(f,2)|:

Ruatf) <™ sem (20)
Run(fl < S22 ol > e @
)

Lemma 9. For the value ag")(f), where f € C% and 2n = N, the estimate
a2 f)‘ < ¢(f)/N? holds.

Proof. For each f € C3 the sum S = Y27 (f(t) — f(trs1)) = 0. We can
represent the above sum as S = S; + Sy, where 5] = k_O (f(tar) — f(tary1)) and
Sy = ,;0 (f(tags1) — f(togs2)). We can see that §; = —S, and |S;| = |S1 — Ss| /2.
From the above formulas we can write the equation for S; — Ss:

n—1

S1— 5 = Z (f(tar) — 2f (tors1) + f(tors2)) Z A f (tor) - (22)

k=0
Denote by G the set of numbers [J,{k:0<k<n, [tors1 —a;| <%} and
G = {k};—) \ G. Rewrite (22) by dividing it into two sums:

= ST At + 3 A (t).

keG keé
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For every k € G we have |togr1—a;| > 27 /N (0 < i < m) so the points Lok, togi1, toria

are inside some interval (a;, a;11) and the function f € C2 has an absolutely continuous
2T

derivative f" on (a;,a;41), therefore we can write |A%f(to)| < (W)Qmaxxe[,,r,ﬂ] |/ (2)].

For k € G we can write |A?f(ta,)] < ¢(f)/N, also note that |G| < 2m. Therefore, we
have

5, = 12 5 %l Cg\‘f). (23)
From (9)
1 2n—1 1 n—1 1
a®(f) = ~ ; f(ty) cosmk = ~ 2 (f(tar) — f(tonsr)) = 5 (24)
From (23) and (24) follows |a{™( f)‘ < co(f)/N2. O

4. THE PROOF OF THEOREM 1

The proof of Theorem 1 consists of two parts: first we prove that the inequalities (3)
and (4) of the theorem hold, then we prove that these estimates cannot be improved for
all f e C3.

From the inequalities (10), (11), the estimates (13), (14), (20), (21) and Lemma 9
we can easily get (3) and (4). To prove that the order of these estimates cannot be
improved we consider the aforementioned 27-periodic function f(z) = |z|, x € [—m, 7).
Obviously, f € C3. Consider only the case when n < N/2. From (5) follows the
inequality |f(z) — Lon(f,z)] = |f(z) — Su(f, )] — |Run(f,z)|. From (20) follows
\R,.n(f,x)] < ¢(f)/N. Therefore, for every ¢ > 0 we can find a natural number Nj,
such that for every N > N, follows |R, n(f,z)| < €. Let Ny(n) be a natural number
such that for every N > Ny(n)

1
< = _
max |Ryn(f,2)] < 5max|f(z) — Sa(f, )],
N>N0(n)

where £ C R. So, we can write

max [£(r) — Lo(f,2)] > 5 max| (@)  S.(f,2)] (25)
N>Ny(n)

Lemma 10. The jfollowing inequalities hold:

max|f(z) = S,(f,2) > e(f)/n, @ €R,
max_|f(z) = Su(f.2)| > e(f.e)/n,  |wk —a| > e.

|rk—x|>e

Proof. From [14, p. 443] we have the following representation:

Marematrka 13
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cos(2k—1)x

From the previous equation we can get f(z) — S,(f.z) = =2 2372, 1 “aic 1)2 . For
x =0 we have
1 < 1
==Y >
[R.(f,0)] T e 2k — 1) c/n

Now we consider the case when z = 7/4 and n+ 1 =4[, [ € N. It is easy to show
that

m 2v/2 1 1 1 1
B (f’Z) T & ((8k—1)2 ’ Bk+1)°  (8k+3)? (8k+5)2) -

~16v2 8k+1 8k +3
B ;( 2 (8k + 3)? +(8k+1)2(8k+5)2>'

Hence we have |R, (f,%)| > ¢/n” O
From (25) and the above lemma follows

ma[é{ |f(l')—Ln7N(f,£L‘)| > ) JIGR,

S
N>Ng(n)
e |£(2) — Low(fi0) 2 S o -kl >
n

|rk—x|>e
N>Np(n)

S|o

Theorem 1 is proved.
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MpubnuxeHne HenpepbIBHbIX 27T-NEPUOANYECKUX KYCOYHO-TFanKUX PYHKLMIA

AUCKPETHbIMKU CyMMaMK d>ypbe

I.T. AKHueB

AkHueB ["acaH apyHOBWY, MAALLWMIA HAYYHbIN COTPYAHMK, LarecTaHckuin HayyHbIn LeHTp PAH, 367025,
Poccus, Maxaukana, yn. M. Magxuesa, 4. 45, hasan.akniyev@gmail.com

Mycte N > 2 — HeKOTopoe HaTypanbHoe 4ucno. BbibepeM Ha BellecTBEHHO oc N paBHO-
MEPHO pacnonoXeHHblx Touek ¢ = 27k/N + u (0 < k < N — 1). ObosHa4um Yepes
Lon(f) = Lon(f,z) (1 < n < N/2) TPUroHOMETPUYECKUA NONMHOM Mopsiaka rn, obnafatowii
HalMEHbLUMM KBapaTU4HLIM OTK/IOHEHWEM OT f OTHOCUTENBHO CUCTEMBI {tk}{f:ﬁ. Bribepem m + 1 Touky
—T=ap < a; < ...<am1 < ay =7 Aem > 2,1 o0603Ha4um Q = {a;};- . Yepes Cf,
0603Ha4MM KNace 27-Nepuoanyeckinx HeMpepbIBHLIX CRYHKLMIA f, r-pa3 LncepepeHLMpYEMbIX Ha KaX LOM
cermente A; = [a;, a;+1), NPU4em npou3soaHas f (") Ha kax oM A; aBCONOTHO HenpepbIBHa. B AaHHoIl
paboTe paccMoTpeHa 3aaava npuenmKeHns yHKLMiA f € CZ nonuHoMammn Ly, n (f, z). MokasaHo, 4to
BMECTO OLeHKM | f(x) — Ly, N (f, )| < clnn/n, koTOpas cneayet n3 u3BecTHOro HepaseHcTaa Jlebera,
HaitfeHa To4Has no nopsaky ouexka | f(x) — Ly, v (f, )| < ¢/n (z € R), koTopast paBHOMepHa OTHO-
cutensHo n (1 < n < IN/2). KpoMe Toro, HaiifieHa nokanbHast oueHka | f(x) — Ly, n (f, )| < e(e)/n?
(Jx — a;] = €), koTOpas TaKxe paBHOMepHa OTHocuTeNbHO n (1 < n < N/2). [lokasarenncrsa 3Tnx
OLIEHOK OCHOBaHbI Ha CPABHEHNM OUCKPETHbIX 11 HEMPEPbIBHBIX KOHEYHbBIX CYMM psiaa Dyphbe.

Knroueseie cnosa: np|/|6n|/|>KeH|/|e (pyHKLI,I/II7I, TPUroHomeTprn4eckne noNNHOMbI, pAL, CDypbe.
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