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1. INTRODUCTION. MODEL OF THE HYBRID AUTOMATA

A hybrid automaton is a mathematical model of a hybrid
system, where the switchings of a discrete control subsys-
tem are modeled based on automata theory, and the mo-
tion of control objects with lumped parameters is based on
Cauchy problems for ordinary differential equations [1-7].
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Fig. 1. Structural scheme

We consider the input-output model of a dynamic system
with time ¢ € R, a piecewise continuous input function x(t),
x: R — X C R, an output function y(¢), y : R — Y and
a function z(t), z : R — Z, characterizing the time varia-
tion of the state of a dynamic system (Fig. 1). The system
contains discrete control elements and control objects with
lumped parameters interacting with each other.
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Respectively

7 =8x2, |S<oo, Z.cRNe z=(sz.), s€8, z€Z,

1
Y:Yvdxyvcv |Y:i|<oo7 YVCE]RNya y:(yd7YC)a deYd, YCE}/;- ( )

Here S is the finite set of states of the discrete subsystem, Yj is the finite set of values
of the discrete outputs, Z. is the set of states of the continuous subsystem, Y. is the set
of values of the continuous outputs. The time evolution of a discrete control subsystem is
characterized by a sequence of pairs of time intervals and the values of the states of the
discrete subsystem that remain on them {([0, ¢1], s0), ([t1, t2],51),- .-, ([t;, tj+1).s5), .-}
Therefore

T={t, ta, ..., b5, tji1,...} (2)

is the sequence of switching times. The classic model of the hybrid automaton [1-7] is
a tuple
AH: <Z>XaK207R> fpafrafc>fo> (3)

where 2y = (s0,2¢,) € Z = S x Z, is the initial state of the system; R = {(sy, s;)} C Sx S
is the set of arcs of the oriented graph (S,R) which determines the possi-
ble transitions between the states of the discrete subsystem during its switching;
fr  Rx X X Rx Z.— {0,1} is a predicate function that allows or prohibits switching
of a discrete subsystem. For the sequence of switching times (2) is true

fp(tj, X‘tro» (ijl, Sj), Zc‘tij) = 1, tj € T, j = 1,2,3, (4)

Function f, : R x X x R x Z. — Z,. is a function of updating initial conditions at
discrete switching

Zc|tj+0 = fr(tj7 X|tj_07 (Sj—lv Sj)v Zc|tj_0)7 j = 17 27 3a (5)

Function f, : Rx X xSxZ, — Z, is a derivative function defining the right-hand sides
of ordinary differential equations, which model the dynamics of a continuous subsystem
over time intervals corresponding to persisting states of the discrete subsystem

z. = f.(t, X, 80,2:), Z.(0) =2,, t€l0,t1], ()=d()/dt,

: ‘ (6)
Z, — fc(t,X, Sj,ZC), Zc(tj) = Zc‘thrO’ t e [tj,tj+1], ] = 1, 2, 3,
Here zc|1thrO and zc|tj_0, j=1,2,3,... are connected by equation ().
fo:Rx X xS x Z,— Y is an output function
y:f()(t,X,Sj,ZC), j:172737"' (7)

In order for the hybrid automaton to be deterministic, it is required that when ¢t > 0
the predicate function f, can take the value 1 on no more than one arc of the graph
(S, R), originating from the current state of the discrete subsystem. The hybrid automa-
ton is effective software implemented on embedded computing systems. It is of interest
to include this class of mathematical models of control objects with distributed param-
eters [8], and, accordingly, initial-boundary problems for partial differential equations,
but with the possibility of efficient software implementation on embedded computing
systems.
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2. SPECIFICATION OF THE ORIGINAL MODEL

Depending on the specific type of predicate f, and function f,, at the moment of time
t; €T, j=1,2,3,... there can be either a single switches of the states of the discrete
subsystem or a cascade of switching. However, the switching cascade is undesirable due

to energy and structural constraints. We assume that switching cascades are excluded,
and in (2)
0<t1<t2<...<tj<tj+1<... (8)

We assume that the initial state of a dynamical system is an equilibrium state, from
which the dynamical system is derived by varying the input vector function with time
t > 0. Those

x(t) =xg = const, t<0; fo(t,Xo,80,%0) =0, t<0 (9)
Formally, the sequence of Cauchy problems (6) is equivalent to one Cauchy problem
z. = f(t,x,z.), f(t,x,2z.) = Zj:1,2,3,...

fC t? ) y&c)y te 07t )

. { (1% 50.2), € [0.]

(Z0|tj+o - Zc|t]~—0)5(t — 1)+

| (10)
fc(t,X7 Sj,Zc), t e [tj,tj+1], 7=1,23, ..

z.(0) = 2z, (11)

where §(t) is the Dirac impulse function. In (10) zcltﬁo and zc|tj_0, j=1,2,3,.. are
related by equation (5). If the continuous dynamic subsystem contains some links with
constant or variable positive lag periods, and 7., is the maximum lag time, the initial
conditions (11) take the form

Zc(t) = Zcm t € [_Tmaxa O] (12)

The mathematical model of the hybrid automaton (1)-(7) or (1)-(5), (7), (8)—(10),
(12) is the most feasible mathematical model in the MATLAB / Simulink / Stateflow
dynamic system simulation software. MATLAB/ Simulink standard tools provide the
generation of program code for the software implementation of this class of dynamic
systems on embedded computing systems. For further, it is advisable to separate linear
and nonlinear terms as a function of derivatives

N,
f.(t,x,s,2.) = Bx+ Cz. + Zk—l C,ET)Zc(t — 1) 4+ £ (t, %, 5, 2,),
fU . Rx X xS x2Z, — Z,

(13)
B = const € RW==Ne) - ' = const € RWzerlVze)
T, = const, 0 < 7p < Tmax, C,ET) = const € R(NZC’NZC), k=1,N,.
Accordingly, equation (10) takes the form
N
2= Bx+Cz.+ Y Ozt —7) + it x,2), (14)

fl(ta X, ZC) = Z(Zc|tj+0 - Zc|tj—0)5(t - t]) +

§=1,2,3,...

B0t 50.2), ¢ € [0,],
BVt x,50,20), t€ [yt (15)

k=1,2,3,..

In (15) 2|, o and z|, o, j =1,2,3,... are connected by the equation (6).
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3. CONTROL OBJECTS WITH DISTRIBUTED PARAMETERS

A dynamic system can contain not only a discrete controlling subsystem and control
objects with lumped parameters, but also control objects with distributed parameters,
dynamically connected with them across the boundaries. It is a hybrid dynamical sys-
tem (HDS) [9], and its model equations contain a system of ordinary differential equa-
tions and partial differential equations with corresponding initial conditions connected by
means of boundary conditions and constraint’s conditions. In many cases that are impor-
tant for applications from the point of view of the automatic control theory, objects with
distributed parameters are linear and stationary. In this case, the considered non-linear
HDS of a special type correspond to equations (1)—(5), (7)-(9), (15) and equations

NT
7. = Bx + Cz, + Ah + Zk 1 C Mzt — 1) + fi(t,x,2.), h= / L"uds,
= S

/ot = L\ a+ L x + Lz, + L2, + LB x,2.), T e, (16)
L+ L% + LDz, + L8t x, 2.)) =0 5=09,
Z.(t) = Zey, t € [—Tmax,0]; u(r,0) = up(r). (17)

Here h(t), h : R — R is the function characterizing the constraint’s conditions;
A = const € RWy:Nn),

f(§2’3)(t,x, S0,Zc), t€[0,t],

=1,2,3, .. 18
fc(273) <t7 X, Sj; Zc)u te [tj7 tj+1]7 / ( )

f2,3(t7 X, Zc) = {

£ R x RV x § x RN« — RM % . R x R¥ x S x RN>c — R are nonlinear func-
tions that simulate the effects of switching in the discrete subsystem; r € Q C RY" are
independent spatial coordinates of individual points of control objects with distributed
parameters and their area; L = L{7(r), L\ : RN — RWeeVa), Lgi) — Lgi)(r),
L(F) . RN R(NZC,NZC)’ LéF) _ LéF) (r), L(F) RN R(NZC,NQ)’ LgG) _ LgG)(I‘),

34 5

LS RN — ROVeNa) (D — (D), [fP 0 RN RWVeN=o) LD = [((p),

L@ . R¥ — RWeNs) gre matrices that do not depend on time ¢ (similar to [10]);
)

L) (RN — RV — (RY — RM), L) - (RY — RM) — (RY — RM:) are linear un-
bounded operators which do not depend on time ¢; L{#) : (RN — RM«) — (R — RN6)
is a linear bounded or unbounded operator that does not depend on time ¢; u = u(r,t),
u: R x R — R, We assume that the initial conditions (17) correspond to the
equilibrium state, i.e.

x(t) = xo = const, t <0,
£9(t, %0, 50, Zey) = £.7(0, %0, 50, 2¢,), <0, k=123,

Nz T c
Bxg + (C + Zkﬂ C’,(C )) Zc, + Ahgy + f1( )(O,XO, S0,Z¢,) =0, hg = /
= s

L g + L %0 + Lz, + LVE9(0, %0, 50, 20) =0, 1€ Q,
({7 + L %0 + L2, + LYV£(0,x0, 50, zco))’S =0, §=00.

L) uyds, (19)
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4. LINEARIZED SYSTEM TRANSFER FUNCTIONS

Consider (16) and (17) under the assumption z., = 0, up(r) = 0.
The one-sided direct and inverse integral Laplace transform in time ¢ is

B - 1 oo t
O / fByeMdt, () = L7 fN)] = o /U o (e, (20)
>0, [ R R, f C—-C, 1= V1.

Here o, is the abscissa of absolute convergence of the Laplace integral. Denote
formally
B.(N) = 2t x(1),z.(1))], k=1,2.3, (21)

Under homogeneous initial conditions z.,, = 0, up(r) = 0 the equations (16), (17)
after Laplace transform take the form

N - -
\i, — B% + (C +3 C“)e—w) 7.+ Ah+ T, (22)
A =L + L% + (L8 + ALz, + L, req,

(L% + L% + LY zc+L§F)f3)’S =0, §=09 h= /L(H)ﬁds-
S

From linearity (23) follows

h = B,(\)X 4+ C,(N)z, + Co(Mfs + Cs(Mfs,  Bu(A) = Bu()), Cuzs(A) = Cuas().
(24)
Let be (™ = (1,0,0,...,0)7, e = (0,1,0,...,0)7, ....e\") = (0,0,0, ..., 1)7.
From linearity (23), similarly to [10], linear boundary-value problems follow for
finding separate columns of matrices B, ()), Cy,(A), Ca(N), C3(A) with fixed values A

A\ — L(F)V i L(F) (N )’ req, (MG)V+ LgG)egNw)) . =0,

Bu(/\)eng) = /SL(H)VdS’ J=1,Ng,

w =LV + (L7 + AL{)el™) req,

NZC
(Lg )V—l—Lg )e( )) J

=0 Cu(N)elV) = / LvdS, =1, N,
S

awv =L v + LF )e( M) req,

Y

L) =0, Cne™ = /S Ltvds, j=TN,.

AV = LgF)V, r e,

(L{%v + Lgf")e§.N3>)(S =0, Cy(N)ei™ = /S]L(H)vds, j=1,Ns
For small and medium values of A linear boundary value problems (25) can be solved

numerically. When |\| > 1 they are asymptotic integration. Substituting (24) into (22)
leads to the result

\E-C- S e - ACUN)] 7 = (B + ABL())%+
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+f; + ACo(VE, + AC3(Nfs,  E = diag(1,1, ..., 1), (26)
where it comes from
7. = D(N)X + ZS ®p(NE (27)
Z, = ( o1 k k-

In (27) the transfer function matrices are represented as quasi-rational fractions
[9,10]

()= [ME-C - Z;: e — AC, (V)] Qi )/DOY).
D(N) = &1(N\)(B + AB,(N)) = Q(N)/D(N),
Dy(N) = @1 (N)ACH(A) = Q2(N)/D(N),  P3(A) = 1(N)AC3(A) = Q3(A)/D(N),

D) = det [AF - C - S e - ac,(].

(28)

Here D : C — C is the characteristic quasi-polynomial of HDS, @ : C — CW=e:Ne),
Q; : C — CW=elze) )y C — CW=eN2) Q3 : C — CW=e:N3) are matrices whose
elements are perturbing quasi-polynomials of HDS. In [10] the conditions for the ana-
lyticity of the functions B,(\) and C,(\), as well as the characteristic and perturbing
quasi-polynomials D(\) and Q()\) are formulated and proved in the domain |A| > 1,
ReA > —|Alsina, 0 < a < 7/2 (conditions with respect to the functions Cy(\) and
C53(N), as well as perturbing quasi-polynomials @1()), @2(A) and Q3(\) can be formu-
lated and proved similarly). In particular, with sufficiently general assumptions, this is
true for a number of typical mathematical models of control objects with distributed
parameters (heat conduction and diffusion processes, damping and supporting layers of
a viscous incompressible fluid, the dynamics of an elastic medium with a small but finite
energy dissipation).

As a rule, for the most common mathematical models of control objects with dis-
tributed parameters

[Bu()I ="0(AD), NCu(MII ="o(IA]),  [[C2(MII ="o(IA]),  [[Cs(MI ="o(|A]),

: (29)
A— 00, Red > —[\|[sine, 0<a<m/2

5. HYBRID AUTOMATA MODEL EXTENSION

Definition 1. By the extended model of a hybrid automaton, we mean a mathematical
model in which the switching dynamics of a discrete subsystem is modeled by equations
()-(5), (7), (12), and the dynamics of a continuous subsystem is modeled by some
integral or integro-differential equations.

Lemma 1. [f the functions B,()\), Cy()\), C2(N), Cs(N\) are analytic with |\ > 1,
ReA > —|A|sina, 0 < a < 7/2, and conditions (29) are satisfied, then under homoge-
neous initial conditions z., = 0, ug(r) = 0 the nonlinear HDS (16), (17) reduces to a
nonlinear integral convolution type equation.

Proof. In this case

O(N) —0, D(N)—0, k=1,2,3, A—o00, ReA>—|)Nsina, 0<a<n/2 (30)
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and transfer functions are analytical in domain (30). In this case, for ¢ # 0 and suffi-
ciently large o the Mellin integral (20) for inversion of the Laplace transform converges,
and there exist matrices of impulse transition functions

F(t) =27 o(N)], F(t) = L7 [:(V)],
|IE(t)]| < oo, |[Fr(t)|| <oo, 0<t<oo (31)
F(t)=F,(t)=0, t<0, k=123

wherein

t

lim Fi(t) = lim A®y(N) = B, lim | F(¢)d§ = lim A®()) =0,

t—+40 t——+0
t ’ (32)
Jim i Fr(§)d§ = lim AP4(A) =0, k=23
Reversing the integral Laplace transform in (27), we find
t 3
2lt) = [ [Fl-0x(©+ Y, Rl-9fEx@ae 63
0 -

Equation (33) is a non-linear integral equation of convolution type for the unknown
function z.(t). O

When 0 <t <« 1 and when ¢ > 1 for the inversion of the integral Laplace transform
in (31) approximate formulas can be obtained on the basis of its asymptotic properties.
For medium values of ¢ the inversion of the Laplace transform in (31) can be performed
numerically.

Lemma 2. [f the initial conditions (17) correspond to the equilibrium state, i.e.
conditions (19) are fulfilled, functions B,()), C,(\), C2(X), C5(X\) are analytic with
IAl > 1, ReA > —|Asina, 0 < a < 7/2, and conditions (29) are satisfied, then
nonlinear HDS (16), (17) reduces to a nonlinear integral convolution type equation.

Proof. Putting x*(t) = x(t) —xo, z:(t) = z.(t) —2.,, u*(r,t) = u(r,t)—uy(r), h*(t) =
= h(t)—hg, £ (t,x*,2}) = £i.(t, xo+x"(t), 2., +2,(t)) —£(0, %0, 2., ), We obtain a system of
equations for quantities ()*, similar to (16) with homogeneous initial conditions, whence
it Tollows z:(t) = fil [F(t — )x"(€) + Yb_, Falt — E)EH(€,x7(€), 22(€))]dE. We get

20(t) = 7, + [ [PE=€)(x(6) = x0)+
F 0 Fult = OI8(€x(). 2:(6)) — (0, X0, 2, (34)

after returning to the original variables. O

Theorem 1. If the initial conditions (17) correspond to the equilibrium state, i.e.
conditions (19) are fulfilled, functions B,()), Cu,(\), Ca(X), C5(N\) are analytic with
Al > 1, ReA > —|\|sine, 0 < a < 7/2, and conditions (29) are fulfilled, then
nonlinear special type HDS is isomorphic to an extended model of a hybrid automaton
in which the dynamics of a continuous subsystem is modeled by a nonlinear integral
convolution type equation.
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Proof. On the basis of Lemmas 1 and 2 and using (15) and (33), we find

2c(t) = 7y + / (F(t — €)(x(€) — x0)+
+ Z Fk t - f(k) (57 X(é)? Sdy» Zc(g)) - fc(k)(ga X0, Sdg > ZCO)]i| d&, te [07 tl]a
0=+ 3 (a0 = 2, Pl =)+ [ IF(E=(x(O) = x)+

+ Z Fk t— f ) (éa X(f), Sdm Zc(§>> - fc(k)(ov X0, Sdg» Zco)]] dg,
te [tm,tm+1], m=1,2,3,.., tneT.

(35)

The extended model of the hybrid automaton corresponds to equations (1)-(5), (7),
(12) and (35), where zc|t]_+0 and zc|t7__0 are related by equation (5). O

The generalized degree n € R of the characteristic quasi-polynomial D()) is deter-
mined from the condition [9,10]

/\113)10 AT"D(A) =c¢q, 0< |eg] <00, A— 00, ReA>ay, o€ (—00,0) (36)

When conditions (29) are fulfilled, n = N,,, and condition (36) is fulfilled in a wider
domain A — oo, ReA > —[A|sina, 0 < a < 7/2.

The numerical solution of auxiliary linear boundary value problems (25) with |A| < R,
R > 1, ReA > —¢, 0 < ¢ <« 1 is performed on the basis of the Galerkin projec-
tion method [10]. In the considered domain, the absence of singularities of functions
Bu(XN), Cu(N), Ca(N), C3(N) and, consequently, of the characteristic and perturbing quasi-
polynomials D(A), Q(N), Q1(A), Q2(N), Qs(A) is verified numerically on the basis of
principle of argument. The presence of singularities of the characteristic and perturbing
quasi-polynomials when Re A > 0 means the instability of control objects with distribut-
ed parameters as such and requires a change in the parameters of the designed system.
Further, we assume that the functions B,()\), Cy,()), C2(A), C3(X), and also D(X), Q(A),
Q1(A), Q2(N), Q3(N) are analytic in domain Re A > o, ¢ € (—00,0).

[f the quasi-polynomial D()) is analytic with Re A > ¢, 09 € (—00,0) and is stable,
that is, all its roots (zeros) lie strictly to the left of the imaginary axis Re A = 0, then
according to the theorem on the stable quasi-polynomial [9]

1
A arg D(iw) = =nm. (37)
0<w<oo 2

When optimizing the frequency change step w (37) this is a “fast” algorithm for
checking the stability of linearized HDS [9].

Theorem 2. If the initial conditions (17) correspond to the equilibrium state, the
functions B, ()), Cu(\), Ca(N), Cs3(N) are analytic with |A| > 1, ReX > —|)\|sinq,
0 < o < 7/2, conditions (29) are satisfied, and the characteristic quasi-polynomial
D()) is stable, then the kernel of nonlinear integral equations of convolution type (35)
decays exponentially.

Proof. By the conditions of the theorem, the characteristic quasi-polynomial D(\)
is analytic in domain Re A > o, 09 € (—00,0).
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A Im X All the roots (zeros) of D(\) lie strictly to the left of
@ the imaginary axis ReA = 0. Consequently, all the sin-
gular points of the transfer functions (28) lie strictly to
the left of the imaginary axis ReA = 0. If conditions
(29) are true, then from (30) it follows that the singu-
— lar points of the transfer functions cannot be in the domain
ReX ReA > — |Alsine, 0 < o < /2, |A| > 1. In formulas (31)
the path of integration in the Mellin integral (20) for inver-
sion of the Laplace transform can be along a straight line
Re A = —a, a > 0. Further, it can be deformed into the con-
tour [ Ul U I (Fig. 2), completely lying in the domain

Fig. 2. Integration contour ~ where the transfer functions are analytical. In particular,

1
Flt) = —/ BN, = {\= —a+iv, we|-R R}
1 ulul+)

2
I® ={\=—a+iR+ie*P¢, ¢€0,00)}, R>1,0<p<a<n/2, a>0,
1 —a—1 —
Jomeran=1 [@men = 5 - [omenn] o, o,
l l
/ d(N)eMdN| < Me™™ / h e StsinB e — M e
1) 0 tsin 8

M = max ’@(—aj:iRiieiwﬁ)‘ < 00.
£€[0,00)

—at :=0(€—at)’ t N OO,

Those F(t) =o(e™™), t — oo, and similarly Fi(t) =o(e ™), t — oo, k = 1,2,3,
a> 0. OJ

Corollary 2. Under the conditions of Theorem 2, the asymptotic complexity of the
numerical implementation of the extended model of a hybrid automaton based on inte-
gral equations (35) has the same order as the asymptotic complexity of the numerical
implementation of the model of a hybrid automaton based on Cauchy problems for
ordinary differential equations (6).

Remark 1. The numerical integration of linear boundary value problems (25) and
the numerical inversion of the integral Laplace transform in (31) can be performed
on a sulfficiently powerful computing system. Further numerical solution of integral
equations (35) can be performed on the embedded computer system.
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PaccmoTpeHa paclumpeHHast Mofenb rMbpuaHbIX aBTOMAToOB [/ AMHAMUYECKWUX CUCTEM, rhe Hapsidy ¢
LVMCKPETHOI yNpaBnsiioLLeil NoLCUCTEMON 1 0BbeKTaMI yNpaBEeHmst C COCPeOTOHEHHbIMI N0 NPOCTPAHCTBY
napameTpami UMetTCs 0BLEKTHI YNpaBneHns ¢ pacnpefeneHHbIMI N0 NPOCTPaHCTBY NapameTpami (nin-
HEeiHbIE 1 CTALMOHAPHBIE C TOYKIA 3PEHISi TEOPUI aBTOMATUHECKOTO yripaBneHus). MokasaHa BO3MOXHOCTb
MporpamMmHoIi peann3aumin paclunpeHHoR Moaenn rubpuaHsIX aBTOMATOB Ha BCTPOEHHbIX BbIYUCTUTENBHBIX
cucTemax.

KnroueBeble cnosa: r|/|6pV|,qu|e aBToOMarbl, FVI6pI/I,D,Hb|e AnHammn4eckne CMCTembl, BCTPOEHHbIE BblHNCUTENb-
Hble CUCTEMBI.
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