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MapTuHranbHble HepaBeHCTBa

B CUMMETPUYHbIX NMPOCTPaAHCTBAX
C NONymMmynbTUNINKaTMBHbIM BECOM

C. C. Bonocuseu, H. H. 3aiueB

Bonocueew, Ceprein Cepreesuy, kKaHanaT OM3nKO-MaTeMaTNHeCKux Ha-
YK, LOLEHT Kadpe ipbl TeopUr cyHKLIMIA 1 CTOXacT4eckoro aHanuaa, Capa-
TOBCKMIA HaLMOHANbHbINA 1CCNEA0BaTENLCKIA FOCYAAPCTBEHHBIA YHUBEP-
cuteT umenn H. . YepHoiwesckoro, Poccus, 410012, Capartos, yn. AcT-
paxaHckas, 1. 83, VolosivetsSS @mail.ru

3aiiues Hukonan Hukonaesmy, MaructpaHT kageapbl Teopui CpyHKLNIA
I CTOXacT4eckoro aHannaa, CapaTtoBCKMiA HaLMOHaNbHbIA 1CCnenoBa-
TeNbCKMIA FOCyAAPCTBEHHbIA YHUBEpCuTeT uMeHn H. I, YepHbiweBcKoro,
Poccus, 410012, Capatos, yn. AcTpaxaHckas, 4. 83, zaic.nick@gmail.com

Myctb (€2,3, P) ABNSIETCH NOMHLIM BEPOSTHOCTHBIM MPOCTPAHCTBOM,
F = {Z,}22, — BO3pacTaiolas nocnefoBateNbHOCTL o-anredp,
Takas 410 UDS (.7, nopoxpaer . Ecnm f = {f,}72, sBnser-
CS MapTUHranoM no oTHoWeHwio Kk % u [E, — ycnosHoe (Matemaru-
4ecKoe) OXMAaHWe Mo OTHOWEHMID K .%,, TO MOXHO BBECTU MaKCu-

%% ManbHylo qoyHkumio M (f) = sup,>q|fn| W KBALPATUHHYIO COYHK-
00 1/2

wo () = (£ 1= fial?) 1 1 = 0. B onpas pasvo

\_ Y, =0
~ ﬁ MEpPHO MHTErpupyeMblX MapTuHranos cyuiecteyet g € L'(), Takas
HAVYHbI ﬁ 410 E,,9 = fi, W Mbl paccmaTpuBaem MakCUManbHyH Wapn-gyHKLMO
‘ ft= sup,, >0 Enlg — fn—1|- Pesynetar Bypkxonbaepa-—TaHom—
OT,O,E/\ Hesuca coctout B ToM, 410 C1 || M (f)|lp < [|S()llp < Co||M(f)]]
npnl < p < oo,rpe|l-||,—HopMas LP(Q2)nCy > Cq > 0. MblHa3bl-
N N / Baem HepaseHcteo na || M (f) |, < Ol f*|lp, 1 < p < oo, HepaseH-
\) ctBoM Pedppepmara — CteiiHa. N3BECTHO, YTO MapTUHranbHOE HepaBeH-
ctB0 bypkxonbaepa—anam— [Jasuca cnpasennnBo B nepecTaHoBOYHO-
U NHBapUaHTHbIX 6aHax0BbIX OYHKLIMOHANBHBIX MPOCTPAHCTBAX C HETPUBM-

anbHbIMM nHLekcamn boirna. Mbl oka3biBaeM 310 HepaBeHCTBO B 6onee
LUMPOKOM Krlacce CUMMETPUYECKMX MPOCTPAHCTB (3TO MOHSTME onpefe-
nsetcs kak B m3sectHol mMoHorpadoun C. . KpeitHa, 0. W. MetyHuHa
n E. M. CemeHoBa) C nonyMynbTUMAMKATUBHBEIM BECOM. TakXxe B 3TOM
Xe Knacce CUMMETPUYHbIX MPOCTPAHCTB MOMyYeHbl HepaBeHCTBa Tuna
®edppepmana — CTeiiHa, MCNonb3ytoLme MakcuManbHyHo Wapn-pyHKLMI
1 KBaApaTUYHbIE LWapn-goYHKLNK.

© Borocrsey C. C., 3ariues H. H,, 2019
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BBELOEHUE

B Teopuu MapTHHra/joB XOpOLIO H3BECTHbl HepaBeHCTBa Dypkxosbaepa—lanau —
J13Buca, corsacHo KOTOpbIM LP-HOpMa MakCUMaJsbHOH (YHKUMHM MapTHHTazsa cjaabo K-
BUBaJIeHTHa LP-HOpMe KBajpaTM4YHOH BapHalMK MapTHHrasna nmpu 1 < p < oo (em. [1]).
DTOT pe3ysbTaT Obll IepeHeceH YKa3aHHBIMH aBTOpaMM [2] Ha ciydall MPOCTPAHCTB
Opauua Lg[0,1], roe Beimyksas 4yeTHass (yHkOus P, MOMHUMO CTaHAApPTHBIX TpeboBa-

HUH ligr}rO(I)(x)/a: = 0w 11111 O(x)/r = 400, ynoBJeTBOpsieT Takke Ay-YCIOBHIO

O(2t) < CP(t), t > 0. [lns mepecTaHOBOUHO-HHBAPHAHTHBIX OaHAXOBBIX (DYHKIIMOHAJb-
HbIX npocTpaHcTs (r.i. BFS, TouHoe ompenesieHne cM. HUXKe) C MOJOKUTETbHBIM HUXKHUM
uHAeKcoM boiina anasnornuyHelél pesynbrat Obla noaydeH Y. [xxkonconom u I'. Illextma-
HoMm [3]. B pa6ore M. §. HoBukoBa [4] anasor HepaBeHcTBa Dypkxosbaepa—lanou —
JlsBrca GBI MOJMYUeH Il CAMMETPHYHBIX MPOCTPAHCTB CO CBOHCTBOM ||o,||5 5 = o(1),
7 — 0+ 0 (cMm. caenyromuil naparpad). Bosee toro, B [3] u [4] ycTaHOB/JeHA 3KBHU-
BaJIEHTHOCTb BbINOJIHEHUS] HepaBeHCTBa Bypkxosbaepa — ['anau — [[3Buca B mpocTpaHCcTBe
¥ COOTBETCTBYIOLIMX YCJOBHH Ha mpocTpaHcTBo. M3 pesysbratos [5, ra. 2, §§ 1,4] BeI-
TekaeT, 4To ycaosus ¥. Jlxoncona—I'. Illextmana u M. . HoBukoBa paBHOCHJBHBEI, a
corsiacHo ccblike [6] B [4] pesynbratel M. 1. HoBukoBa Obliu mosoxkens B 1988 romy.
M. Kukyun [6] ycTaHOBHJ 9KBHBaJE€THOCTb YCJIOBHH OrpaHUYEHHOCTH OMepaTopoB Xap-
o1 1 Xapau — JIUTTIByna B MepecTaHOBOUHO-UHBAPHAHTHBIX MPOCTPAHCTBAX U YCJOBHH
BBITIOJTHEHHS] HEKOTOPBIX MApTHHTa/JbHBIX HEPABEHCTB.

MapruHrajbHbld aHajor u3BecTHOH Teopembl U. Peddepmana— M. Creitna [7] 06
olueHKe [P-HOpDMBI MakKCHUMaJ/JbHOW (PYHKLUHMH uyepe3d [P-HopMy wmapn-(yHKUUH OBLI ycTa-
HoBJsieH A. [apcua [8]. Bosiee o6wmmil pesysnbraT 3Toro tuna cMm. [9, ri1. 2, Teopema 2.5.3.]
B nocnenneir monorpacduu @. Beiina nogpo6Ho n3ydyarTcs CBOACTBA MApPTHHTAJIOB U Map-
THUHTAJbHBIX MPOCTPAHCTB C pasHbiX Toyek 3peHus. Ilas mpoctpanctB Opsuua aHasor
teopembl . Peddepmana — M. CreitHa 6bi1 nosnyuen P. Jlonrom [10], a asst mpocTpaHCTB
Jlopenua 6sm3Kue pedysabrathl fokazaHbl M. Penowm [11].

Jlns Tak HasblBaeMbIX I€peCcTaHOBOYHO-UHBAPHUAHTHBIX KBa3HW-O0aHAaXOBBIX (DYyHKLHO-
HaJIbHBIX MPOCTPAHCTB aHaJjoru HepaBeHCTB Dypkxosbnepa —lanau — [I3Buca u Y. Ped-
depmana — M. Creiina 6bi1u yctanosseHbl K. Xo [12]. Passusasi unmeu P. Jloura [10] u
M. Kukyuu [6], K. Xo akTuBHO ncrosib3oBan onepatopbl Xapau — Jluttasyna u Xapau B
N10Ka3aTe/bCTBaX.

[lenbio HacTosilled paboOThl ABJSETCS HAXOXKAEHHe YCJOBHH BBINOJHHUS aHAJIOroB 00-
Cy’KJaeMbIX Bblllle HepaBeHCTB DbDypkxospaepa—lannu— Issuca u Y. Peddepmana -
. CrefiHa B CUMMETPUUYHBIX MPOCTPAHCTBAX C MOJYMYJIbTUIIIMKATHBHBIMH BeCaMH, Kyza
BXOISAT, HallpUMep, CTeleHHble Beca.

1. ONPELOE/NIEHUS

[Tycte (£2,%, P) — moJiHOe BepOSITHOCTHOE TPOCTpaHcTBO, M ({)) — MHOXKeCTBO H3-
MepUMbIX Ha {2 oTHocuTesbHO P (yHkuuid. Has f : Q@ — R yHKuMel pacnpepesieHus
HasoBeM Pr(\) = P{z € Q : |f(z)| > A}, HeBo3pacTamouas nepecTaHoBKa (QYHKUHH f
3ajaercs paBeHCTBOM f*(t) = inf{\: Py(\) < t}, ¢ > 0.

Ecin X = X(R,) — 6aHaxoBo MPOCTPAHCTBO M3MepPUMBIX (YHKLMI Ha R, = [0, +00)
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(re. X C M(R,)), takoe uto nns x,y € M(IR, ) BHIIOJHSETCS ClefyOlIee:
1) u3 Hepasenctsa |z(t)| < |y(t)| na Ry u y € X caenyer, uto 2 € X u lzl| 5 < |yl 5
2) u3 paBHOM3MepuMOCTH |z, |y| 1 o € X caenyer, uto y € X lzl| 5 = llvll 5,

10 X HasbiBaeTcst cuMMeTprdYHbIM. COOTBETCTBEHHO, 6@HAXOBO MPOCTPAHCTBO X C M(9)

Ha3blBAETCS CUMMETPUUHbBIM, €CJIM CyIIeCTBYeT CHMMeTpPUUHOe MpocTpaHcTBo X Ha R,
Takoe uTo AJs Jo6oro f € X BepHo paseHcTso || f|lx = || f*| 5

Omnpeie/IiM 0MepaTop PacTsKeHHs paBeHCTBOM (0,2)(t) = x(t/7) nist © € X. Ussect-

HO, YTO 0, HENPepbiIBHO B CUMMETPHUYHOM MPOCTPAHCTBE X u uto CyHIeCTBYIOT BEJMYHHDBI

ax = lim I forllzx sup I flo-llg % "
7040 Int 0<r<1 Int
U
Ox = lim M = inf % (2)
T+00 Int ler<oo o

HasblBaeMble HHXKHUM H BepXHHUM MHAeKcamu Boiina mpoctpanctBa X (cM. MoHorpaduio
C. T. Kpeiina, 1O. U. Tlerynuna u E. M. CemenoBa [5, ra. II, §4, c. 134], B koTopoii co-
JIEPIKUTCST Pa3BepPHYTasi TEOPUsST CUMMETPHUHBIX TPOCTPAHCTB U MHTEPIOMSIIHHN JTHHEHHBIX
0IepaTopoB).

Ecsu cummMeTtpruHoe npoctpaHcTBo X o6sanaet Takxke cBoiicTBoMm Pary (T. e. ycoBUs
Tp 20,2, T2xnB HAQ U ||2,||x <C <oo,neN,Brekyrz € X 1 ||z]|x = nh_}rglo |l znllx),

TO OHO HA3bIBAaeTCs NepecTaHOBOUHO-HHBAPHAHTHBIM 0aHAXOBBIM (DYHKIIMOHAJIbHBEIM IMPO-
crpanctBoM (r.i. BFS).

[TonoxkutenbHasi u3MepuMmasi Bcrony KoHeyHass Ha (0,+o00) ¢yHKuus v(t) Hasel-
BaeTcsl MOJNYMYJbTHUIIMKATHBHOH, ecau maas t,ts € (0,400) BepHO HepaBeHCTBO
v(tity) < v(ty)v(tz). Cornacho [5, rll, §1, reopema 1.3] nasi onpenesneHHo# Bbille (QyHK-
UMH v(t) CYLIeCTBYIOT BeJHUYMHBI aHajorudnble (1) u (2):

(v) = Inv(t) Inv(t)
V= 2o TInt " ere1 Int ]
. Ino(t) . . Inw(t)
=t e =M

BecoBoe mpoctpancTBO (X, v) COCTOMT M3 M3MepUMbIX Ha () QYHKUUEH f, TAKHUX UTO
1o = £l < oo.

[Tycts .# = {.%#,}n>0 — BO3pacraiollas Mo BJOKEHHUIO NOCIe0BATENBHOCTb o-aaredp
M3 X, TaKHUX 4TO ¥ ecTb o-anaredpa, nopoxiaeHHass U,>o.%,. [lycTe Takxke .F#_; = %.
O603HauMM YCJIOBHOE MaTeMaTHUeCKoe OXHJAAHHe M0 OTHOLIeHHI K .%, depe3 E,. Ilo-
cenoBatTesbHOCTb f = {f,}5°, cayuailHBIX BeJMUMH HA3bIBAeTCsl MapPTHHIAJOM 0 OTHO-
HIEHUIO K %, eCJIH:

1) nnst Bcex n € Z, caydadHas BeJqMUUHA f,, U3MePUMa OTHOCHUTEJbHO F,;

2) nJsi Bcex n € Z, MaTeMaTHYeCKOe OXKHAaHWe f, KOHEYHO;

3) nasi Becex n € N Bepro E,,_1(f) = fu_1.

M3BecTHO, YTO MpH BHITIOJHEHWH 3THUX YCJOBUH f,, CXOAUTCS MOYTH HaBePHOE K HEKO-
TOpOH cJyyallHOW BesqnuuHe fo,. Paccmorpum pasnoctu d;f — fi — fi1, 0 =0, f-1 = 0.
BBeneMm MakcuMasnbHYI0 (DYHKIHUIO U KBagpaTHueckKHe (DYHKIMHU (yCJOBHBIE KBaJpaTHue-

CKHe BapualHiM) MapTHHrana GpopmynaMu
0o 1/2 00 1/2
M(f)=swlfil, S = (2 ld:f*) o s(f) = { Y Ealdif?
'Z i=0 i=0
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MaptuHran [ HasbiBaeTCsl paBHOMEPHO HHTEIPUPYEMBIM, €CJH

lim sup / |fnl dP = 0.
| ful>y

y—+oo neZy

B s1om cayuae cymectsyer g € LY(Q), takas uto f, = E,g, n € Zy. Ias r > 1w
pPaBHOMEPHO WHTErpUpPyeMOro MapTHHTasja [ ONpefesuM CjeAyloline Mapi-(yHKIUH:

/2 1/7‘
f* = supEulg — fo-i, fs—sup Zld f|2] :
7,_/2 1/7"
Fi = sup E, ZEZ 1|df|2]
n =0
Bynem paCCManHBaTb oneparopsl Xapau — JInrrasyna A f(x) =27 [ f(t) dt u Xap-
m A f(x) = [Tt f(t)dt (takne Ha3BaHMs MCMOMB3YIOTCH, HaanMep, [5 . 2]).

I/I3BeCTHo qTo onepaTopbl A u H orpanuuens B LP(R,), 1 < p < oo (cm. [13, Teope-
Mbl 327, 328]).

2. BCMNOMOIATE/IbHbIE YTBEPXXAEHUA

Crnenytomue nBe jeMMmbl yctaHoBseHbl E. A. [TaBnoBbiM [14].

Jlemma 1. [lycmo cummempuuroe npocmparcmao X (Ry) u noaymyromuniukamus-
Has pynkyus v(t) yoosaemsopsarom ycaosuro 3(v) + Bx < 1. Toeda onepamop Xapou —

Jlummasyda A oeparnuuenno Oeticmsyem 6 (X,v).

Jdemma 2. [Tycmo cummempuunoe npocmparcmeo X (R.) u noaymysomuniukamus-
Has Qyukuusa v(t) yoosaemeopsiom ycarosuio «(v) + ax > 0. Toeda onepamop Xapou

J oepanuuenro delicmeyem 8 (X, v).

[TepBoe HepaBeHcTBO JiemMMbl 3 yctaHoBJjeHo P. Jlonrom [10, nemma 4], nBa ocrasb-
Heix — M. Penom [11, nemma 1].

Jlemma 3. [lycmo 1 < r < oo, f = {fu}ns0o — pasromepro unmeepupyemoiii map-
munean, t > 0. Toeda

(M(F)(t) < 45 (t/2) + (M(f))"(2t), 3)
(SO () < A7) (8/2) + (S(f) (20), (4)
(s()7(8) < 4(F7)7(1/2) + (s(f)"(20). ()

Jlemma 4 ycraHoBsena B pa6ote P. Barou u JI. Kyprua [15], cm. Takxe [12].

Jlemma 4. [lycmo f,g usmepumol Ha ) u ydosiremsopsiom Hepasercmsy f*(t) <
< fH(2t) + Cyg*(t/2). Toeda

[ (t) <2Cg*(t/2) + C/ s tg*(s)ds, t>0.
t
Jlemma 5 ycranoBsieHa M. Kukyuu [16].
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Jdemma 5. [Tycmo [ = {fu}nso — mapmuneanr, maxoii umo S(f) € LY(Q) wuau
M(f) € LY(Q). Toeda

< CQIS() (1), (6)
) < CQIM(f)(0). (7)

20e Q(g)(t) = [ utg(u)du, 0 <t < 1.
3. OCHOBHBIE PE3Y/IbTATHI

Teopema 1. [Tycmo 1 < r < oo, X — cummmempuuroe npocmparcmaso, v(t) — noary-
MYyAbMUnAUKAMUBHAA PYHKyus, makue umo ax + «(v) > 0. [as aroboeo pasHomepro
unmeepupyemoeo mapmuneara f = {fn}tn>o cnpasediuso. nepasercmaa

IM(Pllxe < CIFlIxws 1S lxe < CUE s 15Dl < CIE lx0-

Hoka3areabcTBO. Mbl OrpaHHYMMCS 10Ka3aTeJbCTBOM ME€PBOTO H3 HEPABEHCTB, JBa
OCTaJIbHBIX MMOKA3bIBAIOTCS aHAJOTHYHO ¢ HMcmoJb3oBaHdueM (4) u (5) Bmecto (3). B cuay
(3) u neMMbl 4 MBI MeeM

(ML) (1) < AP (1/2) + (M(F)* (26) < 8" (t/2) + 4 / T (Y () da

[Tockonbky dynkuus (f*)* He Bo3pactaert, To

ok+14 ok+1y

L@ (@ [ u de= 2yt

2kt

(MF))"(8) < 8(F)(/2) +4 () (2").
k=0
B noc/senHem HepaBeHCTBe HCIOJB30BAaHO HepaBeHCTBO In2 < 1.
B cuiy HepaBeHCTBa TpeyrosibHHKA A/ HOPMBI || - || M yC/IOBHS TOJTYMYyJbTHIIMKA-
TUBHOCTH v(t) mosydaem

IM(H)llxo = 1)) Bu®)]l 5 < SIF) (E/2)v(2)u(t/2)] 5+
+4Y (@ )25 )27 <

< 8v2)]loallz g I 0l +4D Iorerllzgo@ I v . (8)

k=0
[To onpenenenuto (cm. Takxke teopemy 1.3 u3 [5, ro. I, § 1]) |jo|l 3 .5 < t*X° n
v(t) < t*(")7¢ pu 10CTAaTOYHO MaJIbIX t, MO3TOMY, MOABMPAs € Tak, uTo ax +a(v)—2e > 0,
MbI TOJy4aeM CXOAMMOCTb psina u3 mpasoit uactu (8). B urore |[M(f)|lx.. < Cillf?x0,

rne C 3aBucutT oT v U X. Teopema noKasaHa. U

Teopema 2. [lycmo X — cummempuuroe npocmparncmso, v(t) — norymysomuniu-
kamusHas Qynxyus, makue umo 0 < ay + a(v) < Bx + B(v) < 1. Toeda cyujecmsyrom
koucmanmor Cy > Cy > 0, maxkue umo 042 1106020 PABHOMEPHO UHMESPUPYEMO20
mapmuneara f = {fn}tnso cnpasedsuso nepasercmso bypkxoredepa — anou - [lasuca

CillM(Nlixo < 1SN lxw < Col M)l x0-
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Joka3arenabcTBo. MHTerpupys HepaBeHCTBO (6), mosyuaem

/0 (M(f))* () du < C, / QIS(f)"](u) du. (9)

C nmpyroii cTopoHsl, Tak Kak (M (f))* He Bo3pacTtaeT, To Takxke B cuay (6) u (9)

M) (1) <t / (M(f))* () du < Crt™! / QIS(F)")(w) du = CLBQIS(F)](),

rne % — onepatop Xapnu — Jlurtasyna. Ho pis g € L0, 1] cnpaBeaiBo TOXKIECTBO

BQ —t—l// dsdu—// (ts)~ dsdu+// (ts)'g(s) dsdu =
// (ts)"g duds+/t1du/ 5)ds = B(g)(1) + Q) (1).

[TosTomy
(M(f))*(t) < CL(BI(S(f)*](#) + QUS(f))](1))- (10)

bnaronaps nemMme 1 Mbl HMeeM

I21(S() ol < Calll(S(F) ol x = CallS(Hlx

Tak kak 1/ HeoTpuLaTenbHOH (YHKUMH ¢(t) BepHO HepaBeHcTBO Q(g)(t) < (g)(t),
no semme 2 Mbl HaxonuM, 4to ||Q[(S(f))*|v|ls < Cs||S(f)|x,.. V13 HepaBencTBa (10) MBI
BBIBOJHMM, UTO

IM(F)llxo = [(M(F)) ]z < Cr(Ca + C)[S(F)] x0-

O6paTHOe yTBep:KAeHHe N0Ka3blBaeTCsi aHAJOTHYHO C MOMOIILbI0 HepaBeHcTBa (7). Teo-
pema J0Ka3aHa. O
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Let (2,3, P) be a complete probability space, .7 = {.%,}°2, be an increasing sequence of o-
algebras such that U2 %, generates X. If f = {f,}72, is a martingale with respect to .# and
E,, is the conditional expectation with respect to .%,, then one can introduce a maximal function

oo 1/2
M(f) = sup,>¢ |fn| and a square function S(f) = (Z |fi — fi1|2> , f=1 = 0. In the case
=0

of uniformly integrable martingales there exists g € L'(2) such that E,g = f,, and we consider a
sharp maximal function f* = sup,,~oEn|g — fa—1|. The result of Burkholder - Davis— Gundy is that
Ci|M(H)llp < 1S(H)llp < Co||M(f)] for 1 < p < oo, where || - ||, is the norm in LP(2) and
Cy > Cy > 0. We call the inequality of type || M (f)|l, < C|/f*||l,, 1 < p < oo Fefferman - Stein
inequality. It is known that Burkholder — Davis — Gundy martingale inequality is valid in rearrangement invari-
ant Banach function spaces with non-trivial Boyd indices. We prove this inequality in a more wide class of
symmetric spaces (the last notion is defined as in the famous monograph by S. G. Krein, Yu. I. Petunin and
E. M. Semenov) with semimultiplicative weight. Also, the Fefferman — Stein type inequalities of sharp maximal
function and sharp square functions are obtained in this class of symmetric spaces.

132 Hay4Hbir otgen



W

C. C. Bonocreew, H. H. 3ariueB. MapTrHransHble HepaBeHCTBa B CHMMETPHYHBIX MPOCTPaHCTBax KSR

Keywords: martingale, maximal function, maximal sharp function, square function of martingale, Burkholder —
Davis — Gundy inequality, semimultiplicative function.

Received: 20.04.2018 / Accepted: 04.02.2019 / Published online: 28.05.2019

References

1.

2.

@

10.

11.

12.

13.

14.

15.

16.

Burkholder D. Distribution function inequalities for martingales. Ann. of Probab., 1973,
vol. 1, no. 1, pp. 19-42. DOI: https:/doi.org/10.1214/a0p/1176997023

Burkholder D., Davis B. J., Gundy R. F. Integral inequalities for convex functions of
operators on martingales. Proc. Sixth Berkeley Symp. on Math. Statist. and Prob. Univ.
of Calif. Press, 1972. Vol. 2, pp. 223-240.

Johnson W., Schechtman G. Martingale inequalities in rearrangement invari-
ant function space. [Israel J. Math., 1988, vol. 64, no. 3, pp. 267-275. DOL
https://doi.org/10.1007/BF 02882423

Novikov I. Ya. Martingale inequalities in rearrangement invariant spaces. Siberian Math.
J., 1993, vol. 34, no. 1, pp. 99-105. DOI: https://doi.org/10.1007/BF00971245

Krein S. G., Petunin Yu. [., Semenov E. M. Interpolation of linear operators. Providence,
RI, Amer. Math. Soc., 1982. 375 p. (Russ. ed.: Moscow, Nauka, 1978. 400 p.).

Kikuchi M. Averaging Operators and Martingale Inequalities in Rearrangement Invari-
ant Function Spaces. Canad. Math. Bull., 1999, vol. 42, iss. 3, pp. 321-334. DOL
https://doi.org/10.4153/CMB-1999-038-7

Fefferman C., Stein E. HP spaces of several variables. Acta. Math., 1972, vol. 129, pp. 137-
193. DOL: https://doi.org/10.1007/BF02392215

Garsia A. M. Martingale inequalities. New York, Benjamin Inc., 1973. 184 p.

Weisz F. Martingale Hardy spaces and their Applications in Fourier Analysis.
Lecture Notes in Maths. Vol. 1568. Berlin, Springer-Verlag, 1994. 220 p. DOL:
https://doi.org/10.1007/BFb0073448

Long R. L. Rearrangement techniques in martingale setting. /llinois J. Math., 1991, vol. 35,
no. 3, pp. 506-521.

Ren Y. A note on some inequalities of martingale sharp functions. Math. Inequal. Appl.,
2013, vol. 16, no. 1, pp. 1563-157. DOI: https://doi.org/10.7153/mia-16-11

Ho K. P. Martingale inequalities on rearrangement-invariant quasi-Banach function
spaces. Acta Sci. Math. (Szeged), 2017, vol. 83, no. 3-4, pp. 619-627. DOLI:
https://doi.org/10.14232/actasm-012-817-9

Hardy G. H., Littlewood J. E., Polya G. Inequalities. Cambridge, Cambridge Univ. Press,
1934. 328 p. (Russ. ed.: Moscow, Izd-vo inostr. lit., 1948. 456 p.)

Pavlov E. A. Some properties of Hardy - Littlewood operator. Math. Notes of the
Academy of Sciences of the USSR, 1979, vol. 26, iss. 6, pp. 958-960. DOI:
https://doi.org/10.1007/BF01142082

Bagby R., Kurtz D. A rearranged good A-inequality. Trans. Amer. Math. Soc., 1986,
vol. 293, no. 1, pp. 71-81. DOI: https://doi.org/10.1090/S0002-9947-1986-0814913-7
Kikuchi M. On the Davis inequality in Banach function spaces. Math. Nachrichten, 2008,
vol. 281, no. 5, pp. 697-709. DOI: https:/doi.org/10.1002/mana.200510635

Cite this article as:

Volosivets S. S., Zaitsev N. N. Martingale Inequalities in Symmetric Spaces with Semimulti-
plicative Weight. lzv. Saratov Univ. (N.S.), Ser. Math. Mech. Inform., 2019, vol. 19, iss. 2,
pp. 126-133 (in Russian). DOI: https://doi.org/10.18500/1816-9791-2019-19-2-126-133

Marematrka 133



Hss. Capar. yH-1a. Hos. cep. Cep. Marematrika. Mexannka. HMrgpopmarrka. 2019. T.19, Bbin. 2

YK 517.927.25

O KpaTHOM NONHOTE KOPHEBLIX (PYHKLMIA MY4YKOB

AndpdoepeHumanbHbIX onepaTopoB ¢ NOCTOAHHbIMU KO3 PuULMeHTaMmu
1 pacnagarolwnmMmncs KpaesbiMmu yCnosusmu

B. C Puixnos

Poixno Buktop Cepreesud, kaHamaat qouanko-MaTeMaTnyecknx Hayk, AOLEHT kadpeapbl andpcpepeHLy-
aNnbHbIX YPaBHEHWA 1 NPUKNAAHON MaTematiiku, CapaTtoBCKuiA HALMOHAMbHBIA MCCNeA0BaTeNbCKU FOCY-
DapCTBeHHbI yYHuBepcuTeT umenn H. . YepHblwesckoro, Poccus, 410012, Capartos, yn. ActpaxaHckas,
n. 83, RykhlovVS @yandex.ru

B npoctpaHCTBe CyMMUpYEMbIX C KBAApaTOM CPYHKUMIA Ha oTpeske [0, 1] paccmarpueaetcs knacc nonm-
HOMManbHbIX My4KOB 0BLIKHOBEHHBIX AMGEPepeHLManbHbIX 0nepaTopoB n-ro Nopsiaka. KoahguumeH bl
IMAPIEPEHLIMANBHOMO BbIpaXKEHUS NpeanonaraioTcs NocTosHHbIMI. KpaeBble YCnoBUs sBASIOTCS pacna-
DaoOLMMICS 1 ABYXTO4EHHbIMI B KOHLAX 0 1 1 (I KpaeBbix yCnoBuii 6epyTcs TONbKO B Touke 0, a 0cTasbHble
n — [ — B T04Ke 1). AncpchepeHumansHoe BulpaxkeHie 1 KpaeBble (oopMbl MpeanonaraioTcs OAHOPOAHbI-
MU, T. €. COLAEPKaT TOMbKO rNaBHble YacTi. MpeanonaraeTcs, 4To KOPHN XapakTepuCTUHECKOro ypaBHEHMS
NYyYKOB 3TOr0 Knacca NPOCTbie, OTAINYHBI OT HY/St U NeXar Ha ABYX fy4ax, UCXO AKX 13 Hayana KoopAMHaT,
B KonnyectBax k u n — k. GopMymMpyIoTCs LOCTATONHbIE YCNOBUS 112-KPATHON MOMHOTHI C BO3MOXHbBIM
KOHEYHbIM [1ECDEKTOM CUCTEMbI KOPHEBBIX CPYHKLIMIA MYHKOB 3TOrO K/acca B NPOCTPAHCTBE CYMMUPYEMbIX C
KBaAPaTOM (PYHKLMIA HA OCHOBHOM 0Tpe3Ke. KpaTHOCTb 772 MOMHOTHI 3aBUCHT OT COOTHOLUEHMIA NapaMeTpoB
n, [ v k. MNpwn 3TOM NpeanonaraeTcs oTaMyme OT HyNsti HEKOTOPLIX BMONMHE KOHKPETHLIX OMpeaenuTenei,
MOCTPOEHHbIX N0 KOIPULIMEHTAM KpaeBbIX YCIOBUIA U KOPHSIM XapakTepUCTUHECKOro MHorouneHa. [laetcs
oLieHKa CBEPXY BO3MOXHOI0 KOHEHYHOr0 1eCDeKTa.

Knrodesble cnoBa: nNyqoK 0BbIKHOBEHHBIX AMpCpepeHLnanbHbIX onepaTopoB, MONMHOMUANLHBIA My4oK
LM epeHLManbHbIX 0nepaTopoB, 0AHOPOLHOE ANCPXEPEHLMANBHOE BbpaXeHe, 0AHOPOAHbIE KpaeBble
¢POpPMbI, KpaTHasi MONHOTA, KOPHEBbIE CPYHKLIMN, COBCTBEHHBIE 11 MPUCOEANHEHHbIE PYHKLMK, MPOM3BOHbIE
LIenoyKi, pacnafatolmecs Kpaesble YCIoByS.

Moctynuna B penakumio: 07.04.2018 / Mpunsita: 05.04.2019 / OnybnukosaHa oHnaiH: 28.05.2019
DOI: https://doi.org/10.18500/1816-9791-2019-19-2-134-151

BBEIEHUE
MocTaHoBKa 3a4auu

B L]0, 1] paccMoTpuM MyuoK OOBIKHOBEHHBIX AH((pepeHIHaNbHbIX onepaTopoB L(A),
MOPOXKIEHHBIH OHOPOIHBIM (MIPUCYTCTBYIOT TOJbKO TJIaBHbIE UJieHbl) HU((epeHIHaTbHBIM
BbIpaXkKeHHeM ([1.B.) n-TO MopsiiKa

f(y7 )\) = Z pjs)\sy(j)v pjs S C, Pro 7"é Oa Pon 7& 07 (1)
Jjts=n

U JIMHEHHO He3aBUCHMBIMH ONHOPOAHBIMH ABYXTOYEUHLIMHU pachalalomuMucad HOPMHUPO-
BaHHBIMH KpaeBbIMH YCJIOBUAMHU

Uz(yv )\) = Z )\Saijsy(j)(o) = 07 2 = mv (2)

Jts=sx
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B. C PbixioB. O KparHor ronHoTe KOpHEeBbIX PYHKLIMA My4KOB COPN
Uy, N) = Y MBuy (1) =0, i=I+1n, (3)
Jts=3

rae A, ujs, Bijs € C, 2, e NU{0}, 1 <I<n—1.

Jlasiee ucnosib3yeM, He TIOBTOPSISl B JaHHOM TEKCTE, U3BECTHbIE OIpPe/ieIeHUs] COOCTBEH-
HBIX WU MPUCOETUHEHHBIX (DYHKIHE HJH, KPATKO, KOPHEBbIX (DYHKIHH (K.(h.), m-KpaTHOH
(I < m < n) noaHoTH K.¢. u3 [1-3].

Pemraercst 3aaua 0 Hax0XIEHUU YCJOBUH Ha mapameTpbl myuka L(\), MpH KOTOPBIX
MMeeT MeCTO m-KpaTHasi MOJHOTA K.(). 3TOr0 MydyKa B NpocTpaHcTBe Lo[0, 1].

Kpatkas uctopus Bonpoca

OcHoBormoJiaramlieil Mo 3Toi npobseme siBisietcss padora [4], B KoTopoit Obl1a cop-
MYyJIUpOBaHA TeopeMa 00 n-KpaTHOH MoJHOTe K.¢. mydyka L(\), MOPOXKIEHHOrO A.B. CO
ClelHaJJbHOU TJIaBHOM YaCTbIO

((y, \) == y™ 4+ A"y + {Bo3myeHue}

¥ pacrnajalollliMHUCs KPaeBbIMH YCJOBUSMH. DTa TeopeMa Oblja J0Ka3aHa B [D] B ciaydae
AHAJUTHUECKUX KOI((PHULHUEHTOB I.B. U B [6] — B ciydae CyMMHUpPYeMbIX KO(PPHULHEHTOB.
Cayyail mpou3BOJIbHOKM TJIaBHOH uacTH 1.B. ObL1 paccMoTpeH B [7,8]. [lertanbHoe Hcce-
J0BaHWe BOrpoca o6 m-KpaTHOH M, B UacTHOCTH, m-kpaTHoH (1 < m < n — 1) mosHOTE
K.¢b. myuka L(\), I.B. KOTOPOro MMeeT MOCTOsIHHble KO3((MHULHEHTBI, a KpaeBble YCJIOBHS
— noJypacnanatoivecs, nposeneHo B [9]. [lonypacnanaroiiyecs KpaeBble yCJ0BUS — KO-
raa | (20 > n) KpaeBbIX ycJOBUH GepyTcsl TOJBKO B OMHOM KOHIle OCHOBHOrO oTpe3ka [0, 1]
(nanpumep B 0), a ocrasbHble 1 — [ KpaeBbIX ycJaoBuii 6epyress u B O u B 1.

Bosiee moppo6HO McTopusi Bompoca uajoxeHa B [10,11].

B vactHoctH, B [11] paccmoTpeH caydai, Korja KOPHH XapaKTePUCTHUECKOTO ypaBHe-
HUS My4YKa PacrosioXKeHbl Ha ABYX Jydax, HCXOASALIMX M3 Hadasa. B teopeme 1 us [11]
MOJIy4YeHbl IOCTaTOUHbIE YCJIOBHSI KPATHOH MOJHOTH B pocTpaHcTBe Lof0, 1] cuctemsl K.¢.
nJist 6osiee obrero kKjacca nmydkoB Buga (1)—(3), korna KpaeBble YCJIOBHS MOJypacragaro-
IIMXCS «B LIMPOKOM CMbICJe» (T. €. KOTZa BO3MOXKHO BBIIIOJTHEHHE HE TOJbKO HepaBEHCTBA
2l > n, HO W HepaBeHcTBa 2l < n B caydae 1 < [ < n — 1). Ho, HecmoTpst Ha ToO 4TO
KpaeBble yc/0BUS (2)—(3) ABJAIOTCS YaCTHBIM CJydaeM I0JypacnafaloluXcs «B LIHPOKOM
CMbICJie» KpaeBbIX ycaoBui u3 [11], Teopema 1 o mosHoTe U3 [11] He MOxeT GBITH Hemo-
CPEeJICTBEHHO NpPHMeHeHa K CJydar pacrnafaloliuxcs KpaeBblX yc/aoBUH (2)—(3), Tak Kak
He Bce MapameTpbl B (hopMy/upoBKe TeopeMbl 1 U3 [11] onpenesieHbl AJ/s pacrnagarouidxcst
KpaeBbIX ycao0BHH (2)—(3) (cM. mogpobHee 06 3TOM mocse (hOpPMyJHUPOBKH TeopeMm 1 U 2
HaCTOSILIIEH CTAThH).

BunousmenuB nokaszatesbcTBO TeopeMmbl 1 u3 [11], ymanoch Moay4uTb JOCTaTOUYHBIE
YCJIOBUSI KPATHOH TMOJIHOTBHI U B CJydyae pacrnafaroliuxcs KpaeBbIX YCJIOBHH, HO, K COXa-
JIEeHHWI0, He BO BceX cJjydasx. YToOwbl copMynupoBaThb MOJyUeHHble Pe3yJbTaThl, BBEAEM
HeoOXOAUMbIe MPeAnoNoKeHUs U 0603HaYeHUS.

¢OpMVHMpOBKa OCHOBHbIX pe3ynbTatoB

HpeﬂHOJ'IO)KI/IM, 4YTO KOPHH W1, Wa, . .., Wy XaPAKTEPUCTUYECKOI'O YPaBHEHHSA (I/I.HI/I, KpaT-
KO, XapaKTepI/ICTI/IKI/I) Z pjsuﬂ =0 [IOMapHO pa3JIM4YHbI, OTJUYHBI OT HYJA U JexXKaT Ha
Jjt+s=n

JIBYX WU OJHOM JlydaX, UCXOASIIMX M3 Hauana. [IycTb Ha omHOM Jiyde JjexaT k Xapak-
TepUCTHK, a Ha apyroM — n — k (0 < k < n). He Hapywmas o6IIHOCTH, MOKHO CUHTATh,
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YTO KOPHM PACIOJOKEHbI CJEAYIOIIUM 006pasoM:
wpe? <w, 1% < -os <wpp1e? <0 <wie ¥ <wge P < < wge Y (4)

rae |p| < 7/2. B cayuae ognoro syya (k = n unu k = 0), paau enrHoo6pasus najbHel-
IIUX BBIKJANOK, cyuTaeM, uto ¢ = 0 u k = n, T.e. (opMaJbHO TOXKe 1Ba JIyya, HO OIHH
JIyd He CONEPXKHUT KOpHEH.

OBosnaunm [p, ¢|- = min{p, ¢}, [p,ql+ = max{p,q}, [p]+ = [p,0]+ n nonoxum npu
7=1n

2 v . E v .
Qi5 = QiysWy, 1= 7l> bij = ﬂiusij =10+ 17 n.

v+s=s1; v+s=s1;

Hcnonb3yss 3T 0003HAueHHsl, BBeleM YCJOBHUS OTJAMYMS OT HYJS IJIABHOTO uJieHa
ACHMIITOTHKH XapaKTePUCTHUECKOTro onpefentens nmyyka L(A). [1aBHbIM 4jieHOM acuMI-
TOTHKH SIBJII€TCS COOTBETCTBYIOLLAS PacTyllas 9KCIIOHEHTa C KO3((HULHUEHTOM, KOTOPbIH
ecTb Npou3BelleHHe ABYX onpenenutesed. OQUH onpelesnTeNb BblpaXKaeTcs yepes yuc/a
@;j, a Apyrod — uepes uucnaa b;;. KOHKpeTHBIH BHI TaKMX ONMpeAeIUTeJeH 3aBHCHUT OT
TOrO, B IPABOH WJ/IM JIeBOH MOJIYIJIOCKOCTH paccMaTpUBaeTcs MapaMeTp A, a Takxke OT COo-
OTHOILIEHUH MexXnay n, | u k. Bcero nmeeTcst 4yeThipe mapel TaKUX OnpenesuTesel (mo asa
IJis TIpPaBOH M JIeBOH TIOJYTJIOCKOCTEH pacroJfioKeHHUs MapaMeTpa A), a CJeloBaTesbHO,
yeTblpe yCJOBUS:

det(as; =TI £ 0, det(by YT 200 npu n— k< (5)
det(aZ])J o ZH "£0, det(b”)z llﬁ_nl #0 mpu n—k =1 (6)
det(alJ)J DA0, det(by )T A0 mpr k< (7)
det(aw)] ‘f I #0,  det(bi;)I- ;jhjk“ " 40 npu k=1 (8)

OtmeruM, 4TO B KpaiiHem caydae n—k = [ ycaoBus (5) u (6) coBnagaioT. AHaJIOrHUHO
B KpakHeM cjydae k = [ coBmanatot ycaoBus (7) u (8).

Teopema 1. Ecau [k,n — k|, < | u sownoansromesn ycarosus (5) u (7), mo npu
m = 2(n — 1) cucmema k.¢. nyuka (1)—(3) m-kpamrno noana 6 Ls[0,1] ¢ 8o3mosxcHoiMm

n
KOHeuHbLm Oepekmom, He npesviuiaromum wucia dy == Y, [m—1— 3],
i=l+1

Teopema 2. Ecau [k,n—k|_ > [ u soinosnsromes ycaosus (6) u (8), mo npu m = 21

cucmema k.¢p. nyuka (1)-(3) m-kpamuo noina 6 Lo[0,1] ¢ 803MOKHHbIM KOHEUHBLM
I

degpekmom, He npesovlLLaOUUM YUCAQ doy := Y [m — 1 — 3],
i=1

®dopmynrpoBKa TeopeMbl | MOYTH OAMH B OIHH MOBTOPsieT (OPMYNHPOBKY MyHKTa (a)
TeopeMbl 1 u3 [11], XoTs1 10Ka3aTesbCTBO HEMHOTO OTJIHYAETCs. DTO CBSI3aHO C TEM, UTO B
cJydae TMoJiypacrajarolixcst KpaeBbixX ycjoBuil B TeopeMe 1 u3 [11] ompenesieHbl U Besu-
YUHBI 0, U BEJUUUHBI 3¢;; — Mopsiakd (Gopm B O ¥ 1 B CMeLIaHHBIX KPaeBBIX YCJIOBHUSAX
npu ¢ = [+ 1,n , a BO3MOXKHBbIH KOHEUHBIH Ae(eKT CUCTEMBI K.(. He MPEBOCXOANUT BeJUUH-
HBl dy = )7 [m—1— ]y, tae s = min{s, 2,1 }. B ciyuae xe kpaesbix ycnosu# (3)
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HACTOSIIIEH CTAaTbU BEJHUUMHBI 3¢ He ONpeleJsieHbl, 2 BO3MOXKHBIH KOHEUHBIH Ne(eKT CH-
cTeMbl K.(b. B TeopeMe 1 He peBOCXOAUT Bpofie Obl Ty Ke BEeJUUYUHY dp, HO OTJUUYHE €CTh!
3[1eCb 7¢; €CTh MOPSIIKKM KPaeBbIX yCJ0BHi (3), T.e. s; = ;1 B 0603HaueHUsX ctaTbhu [11].
dopMmyIMpPOBKA Ke TeopeMbl 2 HACTOsILIeH CTaTbU COBCEM OTJHUYaeTcss OT (hOPMYJIH-
POBKH COOTBETCTBYIOLIETO cyyuasi B MyHKTe (¢) Teopembl 1 u3 [11].
IlBa kpaiiHUX mopacaydass u3 TeopeM | u 2 00beAMHHM B OTHE/]bHOH Teopeme. ITO
COOTBETCTBYeT CJydaro PeryJ/sipHOro nydka.

Teopema 3. Ecau [k,n—k|_ = [k,n—k]y =l uau, umo axksusasrenmno, n =2k = 2l u
soinoansromes ycaosus (5) (uau (6)) u (7) (uau (8)), mo cucmema k.¢. nyuxa (1)—(3)
n-kpamno noina 8 Ls[0,1] ¢ 803moscHbIM KOHeuHbiM OeheKmom, He Npesvlularoujum
uucaa [di,ds|_ 6 cayuae, ecau no kpatineil mepe 04s 00H020 i = 1,n BbINOAHAEMCA
HepaseHcmso »; > n — 1, u ¢ Hysre8bim OepeKmom 8 NPOMUBHOM CAYHUAe.

B noxasaresibcTBe TeopeM 1 M 2 oTMeueHO, UTO B Ciydae
[k,n— k]l <l<[k,n—Kk]4, 9)

KOTOPBIH HCKJ/IOYEH M3 PACCMOTPeHHs B TeopeMax -3, UCMOMb3yeMblH METOM pacCyzkjie-
HUH He MPOXOAMT U3-3a MOKa HEeNPeofoJUMbIX TPyaHOCTeH. YeaoBue (9) — caydad myuka
L(\) ¢ ycTOHUMBOH CUJIBHOH HEperyJasipHOCTBIO, T.e€. Takod (cM. ompenesnenue B [3]), Ko-
TOpasi UMeeT MeCTO IIPH JIIOOBIX 3HAUYeHHAX KO3(P(PHULHEHTOB KPaeBbIX YCJIOBHH vijs U (Bijs.

OcrtaBiiasicst 4acTh CTAaTbH MOCBSIEHA 10KA3aTeJNbCTBY C(OPMYJTHUPOBAHHBIX TEOPEM.
CxeMa [0KasaTe/JbCTBa COOTBETCTBYET cXeMe jaokaszaTesbcTBa TeopeMbl 1 B [11]. Llen-
TpaJIbHYI0 POJIb B J0Ka3aTeJbCTBE WrPaeT OCHOBHAs JeMMa 00 OlleHKe, KoTopas (opmy-
JIUpyeTCsl U IOKa3bIBAeTCs B CJAENYIOLIEM pasjele.

1. TMPEABAPUTE/IbHBIE YTBEPXIAEHUSA U IEMMA OB OLLEHKE

Xopomo H3BecTHO, 4To ypaBHeHHe ((y,\) = 0 HMeeT (yHIaMeHTAJbHYIO CHCTEMY
pewenuii (¢.c.p.) {y;(r,\)}j-, Buna

(10)

yi(z,\) = eMi*  j=Tn.
Hapsany ¢ ¢.c.p. (10) 6yner ucnonbsosatbes ¢.c.p. {g;(w,A)}}_,, yroBaeTBopsiomas
HauaJbHbIM yCJIOBUSM
~(s—1 . I
y]( )(07)\): VER j,S:Ln,

rze 0;s ectb cuMBoa KpoHekepa. M3 Teopun 0ObIKHOBEHHBIX AM((epeHIHaNbHbBIX YpaBHe-
HUH M3BECTHO, YTO ¥;(x, ) ecThb leJble aHAJUTHUECKHe (YHKLHH 1O A.

Bynem nanee o6osHauaTh 0GbeKThl, moctpoeHHsle mo ¢.c.p. {7;(z, A)}7_,, Temu xe
6yKBaMH, 4TO M OOBEKThI, NOCTPOeHHbIe N0 (.c.p. {y;(7,A)}7_;, HO C BOJIHOH HaBepxy.

CoOcTBeHHble 3HauyeHHs1 A,, v = 1,2,..., nyuka (1)—(3) sBJsOTCS HYASIMHU 11€JI0H
dyskumn A(N) == det (U (g (2, A), \))

O603HaunM uepes ®;(x, \) QyHKUHIO, noayueHHyio U3 A(\) B pesy/bTaTe 3aMeHbl i-ii
CTPOKHM Ha CTPOKY (71 (z, A), ..., ¥n(x, \)). HemocpencTBeHHO MOXKHO yOEAUTHCS B TOM, YTO
npu ¢uxkcupoBaHHoM m € {1,2,...,n} (3TOT mapameTp onpejessieT KPpaTHOCTb MOJHOTHI
K.(p. 1 6yner BHIOpaH M03Ke) CTOJOIbI

ij=1"

x0T N)

ox B% ’

A=Ay

(11)
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roe ¢ = 1,n, r = 0,s,, ABJAAIOTCA NPOU3BOAHBIMU MO Kenmplly m-uenoukamu s K.d.,
COOTBETCTBYIOILIMX C.3. \,, KOTopoe siBjsieTcss HyJeM A(\) KpaTHOCTH s, + 1.
BBenem B paccmoTpeHue (pYHKLUHH

~ B T )\j_léi(ﬂf,)\) A -
@i()\)—/o ;Wh](x)dx, i=1,n, (12)

rie hj(x) € Ly[0,1], j = T,m, u o603raunm h(z) = (hy(z), ..., hn(z))".
[Tepenwumem (12) B Buze

. A, S
@z(/\) = ~Z()\)7 L= 17”7 (13)
AN
rae A;(\) monyuaercs u3 A()\) 3aMeHo# i- CTPOKH CTPOKOH (T 1.1(N); - - ., Uni1n(N)), B

KOTOPOH
1 m 1
lpy1 () = / > (@)X g, A) da = A / hon (2, NG5 (2, \) daz
0 =1 0

U hp(x, X)) =D 0 hy ()N,
CripaBeJIMBO CJIENyIOllee YTBEPXKIeHHe.

YrBepxkaenue 1. Qyuxyuu O1(x,N), ..., ®)(z, \) asasatomes sunelino He3asuCUMbL-
mu pewenusmu ypasrenus L(y, \) = 0, yoosremsopsoujumu nociedHum n— 1 Kpaesoim
ycaosusm (3), a pyuruuu Orq(x, N), ..., P,(x, ) 28a3r0mes aunelino nHezasucumvimu

pelierusmMu moeo e ypasHeHus, YO0BACMBOPAIOULUMU NepsbiM | Kpaesvim yCA08U-
am (2).

JloKaszaTe/IbCTBO aHAJOTHYHO 10KA3aTeJbCTBY COOTBETCTBYIOIIETO YTBEPXKAEHHUS B [9,
c. 48-49]. Tam xe chopMyIHPOBAHO U JOKA3aHO APYrO€ YTBEPIKIEHHE.

Yreepmaenne 2. Oyuxyuu O1()), ..., ©,(\) ne sasucam om svibopa ¢.c.p. ypas-
Henus ((y, \) = 0.

W3 yrBepxknenus 2 u gopmyasl (13) monyuum

1 =1,n. (14)
BBenem B paccMoTpeHHe ClefyIOlHe MHOXKeCTBa
It = {A eClarg)e [—5,5]}, - = {A eClarg)e [7T—€,7T+€]},

roe € > 0 ¥ I0CTAaTOYHO MaJIo.

Bynem o6o3Hauatb nanee yepes C(e) pasivuHble KOHCTAHTBI, 3aBUCSLIME, BO3ZMOXKHO,
TONIBKO OT &, uepe3 O.(1/|\|) pasnuuHble BeJUUYMHBI, A KOTOPBIX NPU |A| > 1 uMmeloT
mecto oueHkH |O.(1/|A])] < C(e)/|A|]. Kpome Toro, 6ynem Hcrosnb3oBaTh 0603HaYeHHeE
[a. == a+ O(1/|A]) mpu |A] > 1.

CripaBesinBa cjenyouias JjeMmMa o6 OLeHKe, KOTopast siBJIsieTCsl OCHOBHOH IPH JI0Ka-
3aTe/bCTBe C(HOPMYTHUPOBAHHBIX TEOPEM.
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B. C PbixnoB. O KparHori nonHOTE KOPHEBbLIX BYHKLIMF My4KOB CH2

Jlemma 1 (ocHoBHasi 1eMMa 006 oueHke). [Tycmo 0aa nyuka L(\) ¢ napamempanu n,
[ u k sotnoansromes nepasercmsa (4). Toeda npu |A| > 1 umerom mecmo oyenku

O] < CEA™ =, (15)
npu onpeodenenHblx COHemanuax 8eAusun i, n, | u k, a umenHo:
1) 8 cayuae \ € 11T 6 caedyrowjux cumyayusx:

a) npun—k <l u eonoaneruu ycrosus (5) — s i =1+ 1,n;

6) npu n—k =1 u soinosnenuu ycarosus (5) uru (6) (ycrosus (5) u (6) 8 amom
cayuae cosnadarom) — O0As i = 1,n;

B) npu n —k > 1 u soinoaneruu ycrosus (6) — oars i = 1,1;
2) 8 cayuae X\ € 117 8 caedyrowjux cumyayusx:

a) npu k <1 u soinoanenuu ycarosus (7) — ors i =1+ 1,n;

6) npu k =1 u sonoaneruu ycrosus (7) uau (8) (ycaosus (7) u (8) 68 amom
cayuae cognadarom) — oas i = 1,n;

B) npu k > 1 u soinoanenuu ycarosus (8) — oan i =1,1.

Hoka3areabctBo. CripaBel/uBbI CJenyolIre HOPMYJIbL:
(@) mpuo=1,1,j=1,n

Ua(yja )‘) - Z aausw;)\y+s = \" Z aausw;‘/ = )\%aaaj; (16)

v+s=3ts V+s=3ts
(@) nmppa o =1+1,n, j=1,n

Us(gjs ) = D Bonsf NN = N=ed N " B, 0 = NweXib,; (17)

v+s=3, v+s=3t,

Jlnst Gosbluedl ICHOCTH pa3oObeM J0Ka3aTeJbCTBO OCHOBHOH JIEMMBI Ha Psijl JIEMM.
1. Pacemotpum cHavana cayyail A € ITF. Tak kak crpaBensiuBbl cooTHouenust (14), To
4TOOBI OLEHHUTh CBepXY |O;(A)|, MpenBapUTebHO OLeHUM cHU3Y |A(N)].

Jlemma 2. Ecau X € IIT u [N > 1, mo npu n — k < | u soinosnenuu ycaosuii (5)
umeem mecmo cAedyrou,as OYeHKa CHU3Y:

k
6)\ 2 kl4l—n W ,

AN = C(e)| A== (18)

a npu n—k =1 u soinosnenuu ycarosuii (6) — ouenka cHu3y

oS D

[AQ)| = C(e) A==

: (19)

ede C(e) > 0 ecmbv KoHCcmanma, 3a8UCAWASL MOALKO OM € U OM NAPAMempos nyu-
ka L(\).
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Hoxka3zareabctBo. [loncrasssisi (16)—(17) B A(\) ¥ BBIHOCS MHOXHTENH A\* U3 Kax-
N0¥ CTPOKH, MOJYYUM MPeACTaBIeHHe

a1 A1k a7, k+1 Ain
n S| ar e QUi aj k41 Loeooq
A()\> = )\21:1 %Z Aw Aw ):w—i_ )\Z : (20)
e b1, kb, M b . €MD
6)\0.11 bnl e/\cu;C bnk eAwk+1 b ftl eAwnb n

PaccmoTpum nBa mopcayuasi.

Cayuaii a). Ilyetb n — k < [ wau, uto To ke camoe, n — [ < k. PackyansiBaem
onpenenutesb A(\) Mo nepBeIM [ CTpoOKaM, BblIessieM TJIaBHbIH ujieH, TpeOys OTJIHUYHS OT
HYJIsT COOTBETCTBYIOLIUX OMNpENeNUTesed, a UMEHHO BbINOJNHEHUs ycjaoBUE (D). [Toayuum
mpu [A| > 1

A(N) = EAZE 5 Dk det (a0, ) 08T det (b P (21)

Takum o6pasom, B caydae BbinosHeHHs: yeaoBuid (5) u |[A| > 1 moayuum ouenky (18).

Cayuait 6). Ilyetb n — k > [ uau, 4to To Xe camoe, n — [ > k. PacknanbiBaem
onpenenutesb A(A) M0 MepBbIM [ CTPOKAM, BBI€JsieM TJIaBHBIH UJjieH, TpeOysi OTJIHUHUS OT
HYJIsT COOTBETCTBYIOLIUX OMpeNeNUTeseHd, a UMEHHO BbIMOJNHeHUs ycaoBui (6). [Toaydum
npu |A| > 1 ananoruuxo (21)

_ PO )\Zﬁ;l wy NJ=n—l+1n \J=1n—l
A(N) = £A\&==1 e 1 det(aw)g:ﬂ det(bw)g:m[l]a'
Takum o6pasom, B ciyuyae BbIMONHeHHs ycaoBUi (6) U |[A| > 1 noaydum ouenky (19). O
Ouenum Tenepb cBepxy A;(N), ¢ = 1,n. B cootBeTcTBHHU ¢ onpenenenneM A;(\) moce
BbIHECEHUS] MHOXKHUTEJIsE N~ U3 4-i CTPOKM W DPasJIOXKEHHSI OCTABLIETrOCs ONpeleuTe/Ist
M0 3JeMEeHTaM 3TOH CTPOKU MOJYyYUM (POopMyJay

n

AiA) = A"y (—1)HA /1 T (§, A)e™7¢ dE, (22)

=1

rae A;;(A\) ecTb MHHOp 3JeMeHTa (7,7) B ompeneautesne A(N). YuutsiBas popmyny (20),
MOJIyYUM MpeACTaBJIeHHe

11 Ak a1,k+1 Q1n
i ......................................................
o= | A o Qg QA k+1 oo
Azg (A) = )\o=1 )\wlb )\wkb /\w:+1b ,\an ; (23)
€ 1+1,1 € I+1,k € 4-1,k+1 € I4+1,n
M1, kD, e RHIh, 1 ernp,

ij

TIe HMHIEKC «ij» Yy OINpelesuTe/]Is 3[eCh U Jajee O3HA4aeT, 4TO B 3TOM OIpelesuTese
OTCYTCTBYeT ¢-1 CTPOKa U j-H cToJsbeL.
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Jlemma 3. Ecau |A| > 1, mo 8 cayuae 1) us semmor 1, m.e. koeda \ € 11T, umerom
mecmo caedyroujue ymeaepucoenus:
a) npun—k<Il,i=1+1,n cnpasedrusa oyenka ceepxy

AN < Cle)Am 2 Erm o | A Rkt (24)
6) npun—k=1,i=1,n cnpasediusa ma xe oyenka (24);
8) npun—k>1,i=11 cnpasediusa oyexka ceepxy
AV < G 3 T Emme = | A R (25)

Ommemum, umo npu n — k = | ouernku (24) u (25) cosnadarom.

3ameuanune 1. OtmeTuM, 4to B cayyae A € I npu n —k < [, i = 1,1 BMecToO
OlleHKH (24) vMeeT MecTO He yJydlllaeMasi OLEHKa CBEpXY

AN < Cle)Am 2 ETm e | A D

KOTOpasi He MO3BOJISIET MOJYUUTb B AajbHelleM TpeOyeMblil A/ JOKa3aTeJqbCTBA OCHOB-
HBIX TeopeM He GoJiee ueM cTerneHHOH pocT GyHKUMHU |O;(A\)|. AHaIOrMYHO 0OCTOUT HEeJo
Bcayyae A€ IF npun—k>1,i=101+1,n.

Hoka3areabcTBo. PaccMOoTpUM oTHesNbHO Tpu caydas: a) n—k < I; 6) n — k = [;
B)n—k > 1.

Cayuaii a). [lyetb n — k < I wau n — [ < k. [lpennonoxum i = [ + 1,n. BoamokHbI
nBa nmoacayyas 1 < j<kuk+1<j<n.

[lyete 1 < 7 < k. B aToM mopcayyae passokum onpenesnutens B (23) mo MuHOpam
MepBbIX | CTPOK M BbIAEJNHM IVIaBHYIO 4acTb. Tak kKak n — [ — 1 < k — 1, To rsiaBHas
4acTb €CTh UJieH, KOTOPbIH paBeH NMPOH3BeleHNUI0 MUHOpPA [-ro Mopsiika Ha aarebpanyeckoe
nonoJjHeHue n — [ — 1-ro nopsinka ¢ 3JeMeHTaMH, CTOSILUMMH B n — [ — 1 crosnbuax c
HoMepaMu oT k+ 1+ 2 —n no k B caydae 1 < j < k+1+1—n u c HOMepaMH OT
k+l4+1—mnnmoj—1unorj+1mpokscayyae k+1+2—-—n<j<k.

CrnienoBaTte/ibHO, aHAJIOTHUHO BBIBOLY (popMmysibl (21) mosydum cjenytomine (GopMyJibl:

(z) B monmopcayuae 1 < j<k+1+1—nmnpu [\ >1

Al]()‘) — :t)\ZZ:1 ”0*”i6A25=k+l+2—n Wy
% <det(am)T 1,j—-1;54+1,k+14+1— nkJrlnd t(bgT)T Mnk +O (1/’)\|>>

1,0 o=Il+1,i—1;i+1,n

Takum 06pa3om, B 3TOM TOAMOACAYYAe NPH |A| > 1 MONyUUM OLIEHKY CBEpXY:

B e O e

(26)
(17) B monnoncaydae k+1+2—n < j<knpu [\ >1

Aij(N) = £AZo=177 1 M Tk on v —5) 5
% <det(a07—)7— Lk+H—n nk+1nd t(b )7’ k+l+1—n,j— 1,]+1k+0 (1/|/\|)>

1,0 o=l+1,i—1;i+1n
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Taxkum o6pazom, B 3TOM MOACyUae NPH |A| >> 1 MOAYUUM CEIYIOLLYIO OLEHKY CBEpPXY:

1A (V)] < C(e)|A[Eo=r M ksrron =) | (27)

[Tycts Temepp k£ + 1 < j < n. B 31oM nopcaydae pasnoxum onpenenutesb B (23)
TaKKe M0 MHHOpaM MepBbIX [ CTPOK U BBIIEJIUM TJIaBHYIO YacTb. Tak kak n — [ — 1 < k,
TO IVIaBHAsl 4acCTb €CTh YJeH, KOTOpbl paBeH MpPOM3BEJEHHI0 MHUHOpA [-r0 Mopsiika Ha
ajarebpanyeckoe nornojHeHue (n — [ — 1)-ro mopsiaka ¢ sJeMeHTaMM, CTOSIIUMA B n — [ — 1
crosblax ¢ Homepamu ot k + [+ 2 —n 1o k.

CJrienoBaTesIbHO, aHAJIOTHUHO CJIydalo (i), MOMYYUM Clenyroline (GopMyJbl:

Aij (/\) — i)\Zfi:l Mo — 6A2ﬁ=k+l+2—n Wr o

x (detagr) 3 TR dot (b, )RR+ 0:(1/1A))

Taxkum o6paszom, B 3TOM NOACTyYae NPH |A| >> 1 MOSYUUM CEIYIOLLYIO OLEHKY CBEpPXY:

B3N] < ) AZrm 7% | AN mmriacnir| (28)

[ToncraBum HaiineHHble oleHkH (26)—(28) B (22). [Toyuum npu [A| > 1ui=1+1,n

A;(\) = O, |>\|mf1+22=1zg—m AT e |

k+l+1-n 1 k 1
> Z ‘eA(wj_WkJﬁlJrlfn)l ’/ P (€, X)e i (671 d{‘ + Z / B (€, N) e 670 qe | 4
j=1 0 j=kti+2—n /0

n 1
— AWk 4i41-n B (€, N Awi€ 1 '
+3 e | [ s e

j=k+1

OueHuBasi Termepb MHTErpasbl CBEpXy aHAJOTMYHO TOMY, KakK 3To chesaHo B [10,
c. 351-352], monyunm ykazaHHY B (OPMYJHUPOBKE JIeMMbl 3 OIIEHKY cBepxy (24).

Cayuaii 6). B ciyuae n — k = [ npenplayiinde pacCyKIeHHs MOJHOCTBIO MPOXOIST C
OlLIeHKOH cBepXy (24) He TOJBKO MpU 4 = [ + 1,n, HO U TIpU i = 1, 1.

Cayua#t B). PaccMoTpuM Temepb ocTaBuIMEcS caydaldl m — k > [. 31ech NpOXOAST
MPaKTHUYECKH JOCJOBHO PACCyKAeHHs, aHANOTHUHble caydato n — k < [, Ho Tipu i = 1,1,
ec/d NPUMEHATb UX K onpefesnutensiMm A;;(A) (cm. dopmyny (22)), npeactaBieHHBIM B

cjenyroueM BUae:

ey e Mhay, e MRy g e ray,

—Aw —Aw —Aw —Aw
A (N) = St ATy | €0 e €A € g e
ij -

bl+1,1 cee lerl,k bl+1,k+1 cee bl+1,n

bnl bnkz bn,k—l—l bnn

]
[TpumeHsis K onpenesuTeNto B 3TOU (opMyJsie TaKHe Ke pPacCyKIeHHs, UTO U B Caydyae
n — k > [, Ho npeanonaras ¢ = 1,[, MOJy4uM B UTOTe OLEHKY CBepxXy (25). OJ
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2. Paccmotpum Tenepb caydai A € I17.

Jlemma 4. Ecau A € II- u [N > 1, mo npu k <1 u sotnoanenuu ycaosuti (7) umeem
mecmo caedyrou,an OUeHKa CHU3Y:

AN = C) A=z |erdbmraer], (29)
a npu k > 1 u soinoanenuu ycrosutl (8) — ouenxka cHuU3Y
AN > Ce) AT [ Mt wn)| (30)

Hoxka3areabcTtBo. PaccMmoTpum aBa moac/ayuas.

Cayuyait a). I[lycte k& < [ wab, 4yto TO ke camoe, n — [ < n — k. PackjaanpiBaem
onpenenutesb A(\) 1o nepBeIM [ CTPOKaM, BblJeJsieM TJIaBHbIH 4JjeH, Tpebys OTAUYHS OT
HYJIsi COOTBETCTBYIOLIMX OMNpEeNeNUTe e, a UMEHHO BbINONHeHUs ycaoBUd (7). [Tomyuum
npu [A| > 1

A(N) = A== A s det(ay,)7 1 det(byr) T2 1. (31

Takum o6pasom, mpu BbINOJIHEHHUS yCI0BUE (7) U |A| > 1 mosyuuM OLEeHKY CHHU3Y (29).

Cayuait 6). Ilyetb k& > [ uau, uto TO XKe camoe, n — [ > n — k. PackaaneiBaem

onpenenntesib A(A) Mo mepBbIM [ CTPOKaM, BBIIEJsieM T[JIaBHBIE 4jieH, TpeOys OTIUYUS

OT HYJISI COOTBETCTBYIOIIMX ONpeleuTesNel, a UMeHHO BbIMoJHeHUs: ycaoBui (8). [lpu
|A| > 1 no anasnoruu c (31) nomyuum

A = N A O 0%0) det (g, )T det (b, )1 HE I )..

Takum o6pa3om, Tpu BbIMOJNHEHHsT ycaoBui (8) u |[A| > 1 moayuyum OLEHKY CHH-
3y (30). O
Ouenum Tenepb cBepxy A;(A), i = 1,n. CrnpaBenyuBa cjaenyouias JeMmma.

Jlemma 5. Ecau |\ > 1, mo 6 cayuae 2) uz remmol 1, m. e. koeda \ € 1I_, umerom
mecmo caedyroujue ymeaepuoenus:
a) npu k <1, i =1+ 1,n cnpasediusa oyenka ceepxy
N e O D e e | (32)
6) npu k =1, i = 1,n cnpasedausa ma e oyenxa (32);
8) npu k >1, i =1, cnpasediusa oyenka ceepxy
[A(N)] < C(e)| A\t 80— 2 ANt Tiwn) | (33)

Ommemum, umo npu k =1 oyenku (32) u (33) cosnadaiom.

3ameuanue 2. OTmeTHM, uTo B cayyae A € 117 mpu k < [, i = 1,1 BMecTo oueHkH (32)
MMeeT MecTO He yJyullaeMas OLEHKa CBepXy

AN < C) A= $+ 505 | A D

)

KOTOpasi He MO3BOJISIeT MOJYUYUTh B JajbHeliieM TpeOyeMblil [/si 10Ka3aTebCTBA OCHOB-
HBIX TeopeM He GoJiee ueM cTeneHHOH pocT (PyHKUMH |O;(A\)|. AHaIOrMYHO OOCTOUT HEeso
Bcaydae A€ Il npu k> 1, i =1+ 1,n.
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Joka3arenbcTBo. JloKazaTesbCTBO MPOBOAUTCS 0 TOW XKe CXeMe, UTO U 0Ka3aTeJb-

CTBO COOTBeTCTBYIOLIEH seMMbl 3. [loaTomy He mpuBoAKMM TOAPOGHOCTEH. 0J
Ha ocnoBanuu dopmyn (14) u jsemm 2-5 nosydaem yTBep:KAeHHsS NOKa3blBaeMOH OcC-
HOBHOH JieMMbl. Takum o6pasoMm, JemMMa 1 MoJHOCTbIO J0Ka3aHa. O

2. JOKA3ATE/IbCTBO TEOPEM O KPATHOW NONTHOTE
Iloka3arenbcTBo Teopembl 1

[IycTb BBITOJHSAIOTCS TPeNrnoJioKeHus teopemsl 1, T.e. [k,n — k], < [, cnpaBensuBbl
yeqoBusi (5) u (7) um = 2(n — ).

Myctb h := (hy, ... hy,)T € LF[0,1] u opToroHaibHa BceM MPOM3BOAHBIM 1-1I€MOUKAM
(11). Torna B cuay (12)—(14) Bce ocoGerHoCTH MepoMopdHBIX GyHKIHME O;(N), i = [+ 1, n,
YCTPAHUMBI U SIBJSIOTCS T€M CaMbIM LesbiMH (GyHKUMsiMH. Ha ocHoBaHuu oueHok (15) u
npunumna dparmena — Jlunnenéha B caydasx, Korna m — 2 — »; > 0, Gynkuun O;(\)
€CTb IOJIMHOMBI CTeNeHU m — 2 — »¢;, KOTOpble MOT'YT ObITb 3alHCaHbl B BUJE

éz<>\) = Am_2_%i (]_17 C’LO) + /\m—3—%¢ (l_la CZI) + -+ (Ba Ci,m—Q—%i)v

rae G, € L3[0,1] ecTb BHosHe onpejesieHHble BeKTOP-PyHKUMH (B.-(.), a B ciayuasx,
Korma m — 2 — »; < 0, TOJYYUM TOXKIECTBA

[IpoBoxsi masee paccy»KIeHHs], MOJHOCTBIO aHAJNOTHUHBIE paccyxXaeHusm [11, c. 295—
297], mosy4uM, UTO CIpaBelJIUBbl TOXKAECTBA

k 1 m
S [ e SN ey de =0, i =TT (34)
j=1"0 B=1
IS MHOXKECTBA petueHudt (vi,74,...,7%), i = 1,n — [, cucTeMsl
Z aij’)/j - 07 1= H? (35)
j=1
LISl KOTOPBIX BHITIOJIHSIETCS YCIOBHE
’Y}Ln+l+1 ﬁ
Go=| o £ 0. (36)
n—l n—l
Tk—nti+1 - Tk

[Ipu nosyueHHH MoCJ/eHETO YCJIOBHS CYLIECTBEHHO HCI0Jb30BAIOCh MIepBOe HEPABEH-
CTBO B MpPEATONOKEHUH (D).

Jlasiee MPOBOAMM pacCyXKIeHHs, KOTOpble HEMHOTO OTJIMYAITCS OT paccyxkaeHud [l1,
c. 297-298]. IlepenucbiBaem cuctemy (35) B BUIe

l n
Z&iﬂj = - Z aiVi, 1= W
j=1

j=l+1
Ecnu B npaBo#l 4yacTH 3TOH CUCTeMbl BO3bMEM HEHU3BECTHBIE iy, . . ., Y, POU3BOJbHO,
TO B CHJIy TMEpPBOr0 HepaBeHCTBAa B MPeANosoKeHWH (7) HeU3BECTHBIE 7q,...,7; MOTYT
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B. C. Pbix1oB. O KparHori MonHoTe KOPHEBbLIX YHKUHA My4KOB IS SR

ObITh OHO3HAUHO omnpeneseHbl. CjenoBaTebHO, CYIIECTBYeT TaKOe MHOYKECTBO pelleHHH

(Vi As, o), i =n—1+1,m (m=2(n—1)), cucremsi (35), 1/l KOTOPHIX BHIIIOJIHSIETCS
yCJI0BHe
'71n+_1l+1 ot
Go= | oo £ 0. (37)
Ve o T

Il 3TOro MHOXKecTBa pellleHHH cucTeMbl (35) ananornuso [11, c¢. 297-298] moxHO
YCTAHOBHTB, UTO CIIPaBeIIUBbI TOXKAECTBA

n 1 m
Z / ’Y;G)Mﬂ Z Aﬁ—lhﬁ(;p) de =0, i= m (38)
0 B=1

j=k+1

3aBepiuas paccyxieHusi coBeplueHHO aHasoruyHo [11, c. 298-299] u ucnosbsys co-
otHowenus (34), (36)-(38), mpuxomum K BeIBOAY, uTO hj(x) = 0, j = 1,m, mis m.B.
z € [0,1].

CnenoBaTte/ibHO, B CJydyae BBIMIOJHEHHS] YCJOBHH TeopeMbl | cucTema K.d. paccmar-
pUBAaeMOro My4yka m-KpaTHO moJiHa B Lo[0,1] ¢ BO3MOXKHBIM KOHEYHBIM Ae(PEKTOM, He
NpeBbIIAIIINM Yncaa dy. TeM caMbiM TeopeMma | MOMHOCTBIO JOKa3aHa. U

3ameuyanue 3. OTMeTHUM, YTO MPU M = N WJH, YTO SKBUBAJEHTHO, NpU n = 2k = 2,
B caydae, korna »; € {0,1,...,n — 1} npu i = 1,n nedexr cucrempl K.(p. OyneT paseH
HYJI0, TaK KaK B 3TOM CJydae PacCMaTPUBAEMbIH My4OK MOXKeT ObITb JHUHEeapU30BaH B
npoctpanctBe L350, 1] u cnpaBennuBo npeasoxenue [9, nemma 2.1, c. 49].

IlokasatenscTBo Teopemsb! 2

[IycTb BBINOJHAIOTCS MPEANOJIOXKEHUsT TeopeMbl 2, T.e. [k,n — k|- > [, cnpaBenJuBbl
ycqoBus (6) u (8) u m = 2I.

Mycts h == (hy,...h,)T € LP[0,1] u opToroHasbHa BceM MPOM3BOAHBIM 11-1€M0Y-
kam (11). Torma B cuay (12)-(14) Bce ocoGeHHOCTH MepoMOp(HBIX (GyHKIMHE O;()\),
i = 1,1, ycTpaHUMBI U ABJAIOTCA TeM caMbIM LeJbiMH (yHKUMsMH. Ha ocHoBaHMH olle-
HOK (15) u mpununna Pparmena — JIunpenéda B cayvasx, korna m — 2 — s; > 0, QyHK-

unk O;(\) ecTb MOJHHOMBI CTEMEHH M — 2 — 3;, KOTOPble MOTYT ObITh 3alHCaHbl B BHIE
(:)1(/\) =\ (il, Cio) + AT (FL, Ql) +oee At (FL, Ci,m—2—%i>a

rae (;, € L0, 1] ecTh BOJMHE onpefesieHHble B.-()., @ B caydasix, korga m — 2 — s < 0,
MOJIYYUM TOXKAECTBA

Otcrona anasoruuno [11, c. 295], Tpebysi NOMONHHUTENBHYIO OPTOTOHAJIBHOCTH K.(.
HEKOTOPOMY BIIOJIHE KOHKPETHOMY Ha0opy B.-(., cocTosilieMy U3 dy B.-(., IOJYyUYUM CIIpa-
BEJIIMBOCTb TOXKJECTB

1 m
AN = / SNy, Wy () dr =0, i =T,1. (39)
B cooTBetcTBHH ¢ mpeasoxenneM 1 cuctema (yHKimii O, ..., P, ecTh cucTeMa JH-

HeHHO He3aBUCHUMBIX pelleHHH ypaBHeHHUs {(y, A) = 0, yIOBJIETBOPSIOLIUX OCJAEIHUM 1 —
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KpaeBbIM ycsoBusIM (3) B Touke 1. Torma (39) BsedeT ToXKIecTBa

m

/0 y(@, )Y N hy(x)de =0 (40)

=1

n7ist moboro petnenus y(x, ) ypaBHeHus £(y, A) = 0, yIOBJIETBOPSIOIIETO TTOCAETHUM 12—
KpaeBbIM ycJoBHSM (3) B Touke 1.

Huiem atu perenust B Bujge (Kak pas B 3TOM M COCTOHT OJHO H3 TVIABHBIX OTJIHUYHE
[I0Ka3aTesbCTBA TeOPeMbl 2 OT [0Ka3aTe/bCTBa TeopeMbl 1)

y<x’ )\) _ ,716)«4;1(27—1) + ,726)«4)2(3:—1) N &ne)wn(x—l)' (41)

YnoBneTBopsis KpaeBble ycsoBUSI (3) B TOuke 1, MOJYYMM CJEAYIOULYIO OXHOPOAHYIO
cucteMy n — | TMHEHHBIX ajqreOpaudecKMX ypaBHEHHMH JJIS HAXOXKAEHHS HEU3BeCTHBIX ;:

> biA =0, i=I+1Ln. (42)
j=1

Jlasiee POBOAMM PacCyKIEeHHs, aHAJOTHYHbIE COOTBETCTBYOIIUM PACCYXKAEHUSM TPU
JI0Ka3aTeJibCTBE TeopeMbl 1, HO TOJBKO BMeCTO CHCTeMbl (3D) paccMaTpuBaeM CHCTe-
My (42), a BMeCTO MepBbIX HepaBeHCTB B ycjoBHsAX (D) W (7) HCro/sb3yeM BTOphle Hepa-
BEHCTBa B ycJoBHUSX (6) u (8).

Torna us (40)-(42) nmonyuum, UTO CrpaBelJIUBbI TOXKAECTBA

n 1 m
> /0 DN TN () de =0, i =11 (43)
8=1

j=k+1
I MHOXecTBa peweHHH (45,45, ...,4%), i = 1,1, cucteMbl (42), 175 KOTOPOrO BBIMOJ-
HSIeTCS YCJIOBHE
. 21
R /ynflJrl Tn
o= £ 0. (44)
ol N
Yn-t+1 -+ On

[Ipu nosyueHUH MOCJAEHErO YCAOBHUS CYIIECTBEHHO MCIOJIb30BaJOCh BTOPOE HEPABEH-
CTBO B ycJioBHH (6).
CoBepliIeHHO aHaJOrMYHO 0Ka3aTeJbCTBY TeopeMbl | mepenuchiBaem cucremy (42) B

BHIE
k-1 n k
E bij’}/j + E bij’}/j = — E bij’}/j, 1= l + 1,’/7,.
j=1 j=k+1 j=k—l+1
Ecsu B mpaBo#t yacTd 3TOH CHCTEMBI BO3bMEM HEH3BECTHBIE Yk ji1, - - -, Yk POU3BOJIb-
HO, TO B CHJIy BTOPOTO HepaBeHCTBA B yCJOBHH (8) ocTaBIIHECs] HEM3BECTHBIE Y1, . . ., Yi_1,
Akt1s- -+, Yn MOTYT OBITH ONHO3HAUHO ompejeseHbl. Cjie0BaTeNbHO, CYIIECTBYET TaKoe
MHOXKECTBO pewteHud (§4,94,...,74), ¢ =1+ 1,m (m = 2l) cucremsr (42), nasi KOTOPOro
BBITIOJIHSIETCST YCJIOBHE
NES) A1
. Te—t41 -+ Tk
Go=1| ..o, # 0. (45)
2,Mm 2,m
V=141 -+ Tk

146 Hay4Hbir otaen



B. C PbixnoB. O KparHori nonHOTE KOPHEBbLIX BYHKLIMF My4KOB &2

Il 3TOro MHOXKecTBa pellleHHH cucTeMbl (42) ananorununo [11, c¢. 297-298] moxHO
YCTAHOBHTh, UTO CIIPaBeIJIHBbI TOXKAECTBA

n 1 m
> /0 3y N h(2) de =0, i =1+ 1m. (46)
j=k+1 B=1

3aBepliasi paccyXIeHUsi coBeplleHHO aHaJjoruuHo [11, c¢. 298-299] u wucnosabsys co-
otHowenust (43)—(46), npuxoaum K BbiBOLY, 4To hi(x) =0, j = 1,m, nas n.B. z € [0,1].
CremoBate/sibHO, B cJydae BbIIIOJHEHUS] YCJOBHH TeopeMbl 2 cHcTeMa K.(. paccMar-
pUBaeMOro Mmy4yka m-KpaTHO ToJiHa B Lo[0,1] ¢ BO3MOXHBIM KOHEYHBIM Ae(eKTOM, He
MpeBbILIAIOINM YHcaa do. TeM caMbiM TeopeMa 2 TMOJNHOCTBIO I0KAa3aHa. O

3ameuanune 4. OTMETUM, UTO TIPU M = N WJH, YTO SKBUBAJEHTHO, Npu n = 2k = 2I
B cayuae, korga s € {0,1,...,n — 1} npu i = 1,n, nedekr cucremsl K.¢. Oyaer paseH
HYJII0, TaK KaK B 3TOM CJyuyae pacCMaTpUBaeMblil My4OK MOXKeT ObITh JIHHEapU30BaH B
npoctpancte L]0, 1] u cnpaBenauBo npensoxenue [9, nemma 2.1, c. 49] .

Iloka3arenbcTBO TeOpeMbI 3

JlokasaTesnbCcTBO TeopeMbl 3 BhITeKaeT U3 TeopeM | u 2 npu n = 2k = 2/ 1 3amevyaHui 3
u 4.

3. NPUMEPBI NICNOJIb3OBAHUS TEOPEM 1 1 2
I/ICCJTEZIYEM KpPaTHYIO NOJHOTY CHUCTEMBI K.q). my4dkKa
YO — (T4 4i)\y™ + (11 + 28)) A%y + (13 — 56i)\*y" + (320 — 42)\"y + 24Ny,  (47)
y(0) =9 (0) =y"(0) = y(1) =¥/(1) = 0. (48)
[ns paccmatpuBaeMoro nyuka n =5, [ =3
wi=1, w=2, w3=4, wy=1, ws=3i, (49)

T. €. XapaKTePUCTHUKH JIeXKaT Ha JIBYX Jiydax, UCXOASIIMX M3 Hayaja, B KOJHYecTBax k = 3
un—k=2.

Tak kak [k,n — k], = max{3,2} = 3 = [, To O/ HUCCJeNOBaHUS KPATHOH MOJHOTbI
MOXKHO BOCIOJIb30BaThCsl TeopeMoi 1. JIjisi 5TOro Hy»KHO MPOBEPUTH BBIMOJHEHHE YCJIO-
Bul (5) u (7).

[Topcunraem napamerpsl a;; u b;j. 13 Buna kpaesbix yciosuit (48) u (2)—(3) cienyer,
4TO [IJIsl pacCMaTPUBAEMOT0 MydKa

%1207 %2:17 %3:27 %4:Oa %5:17
100 = Q210 = 1, o1 =0, age0 =1, azin = asee =0, Bago = Bs10 =1, Bs01 = 0.

Takum ob6pasom,

2 .
ay; =1, agy=w;, azy=w;, by=1byy=w; j=1,5,
T.e
aip =1, ap=1, ai3=1, anu=1, ais = 1;
a9 — 1, 992 — 2, 93 = 4, [ i, 95 = 32,
az1 =1, azxp =4, azy =106, ay = -1, a3 = —9;

by =1, bip=1, biz=1 bu=1 by =1;
bsi =1, bsy =2, bsz=4, bsy =1, bss = 3i.
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[TpoBepuM OTJIHUKE OT HYJsl ONpeAeUuTesel, KOTopbie (DUIYPUPYIOT B YCJIOBHSX TEO-
peMbl 2, a UMeHHO onpeneautesed (5) u (7):

a11 Q14 Q15 1 1 1
det(aij)z:%k+lin;k+l’n = | Q91 Q24 Q25 | = 1 1 3| =8—41 % O,
as]p Q34 asgs 1 -1 -9
T —— by b 11
det bz j'—k‘+l n+1,k _ 42 43 _ -9 0
€ ( 3>'L=l+l,n bsa  bss 2 4 70,
- apy ap a3 1 1
det(aw)f::f’ll = | Q21 Q922 Q23 | = 1 2 41=6 §é 0,
a31 a3z ass 1 4 16
T in by b 1 1
det (b, )/=bn — | 45— — 2 # 0.
¢ ( J)z:l+1,n bsa  bss i 3 t 7&

CrienoBatesibHO, IJs1 paccMaTpuBaeMoro mnyuka (47)-(48) Bce ycJioBusi TeopeMbl 1
BbINOJIHEHbl. Tak Kak B faHHOM caydae m = 2(n—1) =2(5—3) =4 wu

d1 [m—l—%4]++[m—1—%5]+:[3—0]++[3—1]+:3+2:5,

TO Mo TeopeMe 1 mosy4yum, 4To cuctema K.¢. nyuka (47)—(48) 4-kpaTHo mosHa B L]0, 1]
C BO3MOXKHBIM KOHEYHBIM 1e(DeKTOM He GOoJblie 5.

Hccenenyem Temepb KpaTHYIO TOJNHOTY CHCTEMBI K.(). MydKa, MOPOXKIEHHOTO TeM JKe
1.B. (47), HO IPyTHMH KpaeBbIMH YCJIOBHUSIMH

y(0) =y(1) =y'(1) =y"(1) =y"(1) = 0.

i paccmaTpuBaeMoro nyuka n =5, [ = 1 U XapakTepPUCTHKH Te XKe, UTO U IJIs y¥Ke
pacCMOTPEHHOro MpHuMepa, a UMeHHO (49), T.e. XapaKTepPUCTHKH JexaT Ha ABYX Jyuax,
HUCXOASAIIMX U3 HayaJia, B KoJaudecTBax k=3 un—k = 2.

Tax xak [k,n — k] = min{3,2} =2 > [ = 1, To nJs Hcc/ef0BaHUS KPaTHOH MOJ-
HOTBl MOXKHO BOCIOJIb30BaTbCsi TeopeMoit 2. J[Jist 3TO HYXKHO MPOBEPUTHb BHINOJHEHHE
ycaoBui (6) u (8).

[Topcunraem napamerpel a;; u b;;. M3 Buna kpaessix ycsosuit (50) u (2)—(3) caenyer,
4TO JJISi pacCMaTPHUBAaEMOro Myuka

(50)

%1:0, %2:0, %3:1, %4:2, %5:3,
ago =1, BGwo=030=1, [0 =0, Pao=1, Bau1 = Pa2=0,
Bss0 =1,  [Bso1 = Bs12 = Bs03 = 0.
Takum o6pasom,
aj =1, by =1, byy=w;, by=wj bs;=w;, j=105,
T.e

apnp =1, ap=1, aiz=1, an=1, ajs = 1;

boy =1, bpp=1, byy=1, by=1 by =1;

byt =1, bp=2, bz =4, byu=1, bz =23

biu =1, bip=4, biz=16, by = —1, bys=—-9;

bs1 =1, bsa =38, bsz3 =04, bsy = —i, bss =—2Ti.
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[IpoBepuM OTJIMYKE OT HYJsI ONpPEAeJUTeNeH, KOTOpble (BUIYPUPYIOT B YCJAOBHSX TeO-
peMbl 2, a UMeHHO onpenenutesed (6) u (8):

det(aij)j:n_l+1’" = det(a15) = det(l) =1 7A 0,

i=1,1

ba1 baa bz by 11 1 1
i bz b3y b3z b 1 2 4 )
det (b, =1t — | Dar b2 Dsg baa 64 TRI£0
¢ ( ])Z:H—l’n b41 b42 b43 b44 1 4 16 -1 e ?é '
bs1 bsy bsz bsy 1 8 64 —1
det(aij)g:f_l_l“’k = det(a13) = et(l) =1 7é 0,
ba1 bao Doy bos 1 1 1
S B e bs1 b3a b3y b 1 2 1 31
det (b, =R _ | bar bsz baa bas | 94— 68i L0,
et J)’:Hl’” bai baz bay bys 1 4 —1 -9 i
bsi bso bsa bss 1 8 —1 =210

CnenoBare/ibHO, A5 paccMaTpuBaemoro nydka (47), (50) Bce ycnoBusi TeopeMbl 2 Bbi-
noJiHeHbl. Tak KakK B faHHOM caydae m =2l =21 =2u dy = [m—1—31]y = [1-0]; =1,
TO [0 TeopeMe 2 MoJyuuM, uto cuctema K.(. nyuka (47), (50) 2-kpatHo nosHa B Ls[0, 1]
C BO3MOXHBIM KOHEUHBbIM JAe(eKToM He OoJblie 1.
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Multiple Completeness of the Root Functions of the Pencils of Differential
Operators with Constant Coefficients and Splitting Boundary Conditions

V. S. Rykhlov

Victor S. Rykhlov, https://orcid.org/0000-0003-1556-7707, Saratov State University, 83 Astrakhanskaya St.,
Saratov 410012, Russia, RykhlovVS @yandex.ru

In the space of square summable functions on the main segment [0,1], the class of polynomial pencils of
ordinary differential operators of the n-th order is considered. The coefficients of the differential expression
are assumed to be constants. The boundary conditions are assumed to be splitting and two-point at the
ends 0 and 1 (/ of boundary conditions is taken only at the point 0, and the remaining n — [ is taken at the
point 1). The differential expression and the boundary forms are assumed to be homogeneous, that is, they
contain only main parts. It is supposed that roots of the characteristic equation of the pencils of this class
are simple, non-zero and lie on two rays emanating from the origin in quantities £ and n — k. Sufficient
conditions of m-fold system completeness of root functions of the pencils of this class in the space of square
integrable functions on the main segment (with a possible finite defect) are formulated. The multiplicity m
completeness depends on the relations of the parameters n, [ and k. In this case, it is assumed that some
completely concrete determinants differ from zero. These determinants are constructed from the coefficients
of the boundary forms of the pencil and the roots of the characteristic equation. An upper bound on a possible
finite defect is given.

Keywords: pencil of ordinary differential operators, polynomial pencil of differential operators, homogeneous
differential expression, homogeneous boundary forms, multiple completeness, root functions, eigen- and
associated functions, derived chains, splitting boundary conditions.
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YK 517.9

FapMOHWYECKHUiA aHaNM3 MeLIEHHO MEHSIIOLWMXCS Ha 6ECKOHEYHOCTH
Monyrpynmn onepaTopos

B. E. Ctpykos, W. 1. CtpykoBa

Crpykos Buktop EBreHbesuy, kaHauaar uanko-MateMaTnyeckux Hayk, Hay4HbIi COTPYAHUK Kadpeapbl
CMCTEMHOTO aHanmn3a 1 ynpasneHns, BOpoHeXCKuin rocyaapcTBenHblii yHueepcutet, Pocens, 394036, Bo-
POHEeX, YHuBepcutetckas ni., 4. 1, sv.post.of.chaos @gmail.com

Crpykosa VipuHa VropeBHa, kaHamaar cuanko-MaTeMaTqeckmx Hayk, HayyHblil COTPYAHUK Kacpeapbl
CUCTEMHOrO aHann3a 1 ynpasneHus, BopoHexckuin rocyaapcTBeHHblin yHuBepeuTet, Poceus, 394036, Bo-
POHEX, YHuBepcutetckas ni., 4. 1, irina.k.post@yandex.ru

CraTbsi NOCBSILEHa U3YHEHNI0 CbHO HEMPepbLIBHbIX OrpaHYEHHbIX NOMYrpynMn onepaTopo. B npoctpaH-
CTBE PaBHOMEPHO HEMPepPLIBHbIX CPYHKLIMIA CO 3HAYEHMSIMI B KOMMNIEKCHOM 6aHax0BOM NPOCTpaHCTBE pac-
cMaTpuUBaeTCst NOAMNPOCTPAHCTBO MHTEMPaNbHO MCHe3atolX Ha 6ECKOHEHHOCTI CYHKLMIA, BKKOYatoLee B
cebsi NoAnpPOCTPaHCTBO MCHE3aIoWIMX Ha BECKOHEYHOCTM COyHKLMIA. 3yyatoTcs CBOICTBA LaHHOTO nof-
npocTpaHcTBa. BBOAUTCS MOHSITUE MELIEHHO MEHSIOLLENCSt HA BECKOHEYHOCTU OTHOCUTENBHO 3TOTO MoA-
NPOCTPAHCTBA CPYHKLIW, MOMYYEHb! YCMOBIAS, MPU KOTOPbIX PaBHOMEPHO HenpepbiBHast PyHKUMS By aeT
SBNISATHCS TAKOBOIA. BBOAUTCS MOHSTUE MEJIEHHO MEHSIOWENCSt Ha 6ECKOHEYHOCTI (OTHOCUTENBHO NOAMPO-
CTpaHCTBa MHTErpanbHO UCHe3aloLwmMx Ha BECKOHEYHOCTN CRYHKLINIA) MOMYTpy bl ONepaTopoB U U3YHatTCst X
cBolicTBa. MonyyeHbl YCNOBMS, MY KOTOPbIX CUbHO HEMPepPLIBHAS OrpaHYeHHas Moyrpynna onepaTopos
SBNSIETCS MEANEHHO MEHSIOLENiCs Ha BECKOHEYHOCTI OTHOCUTENBHO LAHHOTO MOANPOCTpaHCTBa. MonyyeH-
Hble pesynbTarbl OyAyT NonesHs! Npu UCCNeLoBaHNM BOMPOCOB CTabUnM3aLm peleHni napabonnyeckinx
yPaBHEHIA NP1 HEOrPaHN4EHHOM BO3paCTaHN BPEMEHN.

KntoyeBele cnosa: monyrpynna onepatopos, MEANEHHO MeHsIoWasicst Ha 6ECKOHEYHOCTI OYHKLMS, MeJ-
NEHHO MeHsitoLasicsl Ha 6eCKOHEYHOCTI MOAYrpynna onepaTopo., crekTp bépnuHra, 6aHaxos Moay/b.

MocTynuna B pefakumio: 05.05.2018 / Mpunsita: 03.02.2019 / OnybnukosaHa oHnaiH: 28.05.2019
DOI: https://doi.org/10.18500/1816-9791-2019-19-2-152-163

1. OCHOBHbBIE PE3Y/IbTATbI

[Iycte X — kommnsekcHoe 6aHaxoBO MmpocTpaHcTBo, Fnd X — 6GaHaxoBa ajrebpa Ju-
HeMHBIX OrpaHHYEHHBIX onepatopoB (3HHOMOpdHU3MOB), meiictByomux B X. [lyets J —
OIMH M3 NpoMexyTkoB R = [0,00), R = (—o0,00). Cumsosom Cj, = C,(J, X) o060-
3HauUM 0aHaXOBO MPOCTPAHCTBO HEMPEPBIBHBIX M OTPaHHUYEHHBIX Ha J (YHKUHUH C HOp-
MOH ||z]|s = sup ||z(t)||x, Cpu = Cpu(J, X) — 3aMKHYyTOE MOANIPOCTPAHCTBO PABHOMEPHO

tel

HenpepelBHBIX (yHKIMHA U3 Cy, Cy = Cy(J, X) — 3aMKHyTOe MOANPOCTPAHCTBO HCUe3a-
IOIIUX Ha OECKOHEYHOCTH (PYHKUMH, T.e. PYHKUHH, AN KOTOPBIX BBIMOJHSETCS YCJI0BHE
lim |z(t)||x = 0.

[t|—o0
B 6anaxosom npoctpanctse Cj,,(J, X') paccMoTpuM (mosy-)rpyrimy onepaTopoB CABHUTa
S :J — End Cy,(J, X), nefictBytomux no npasuay (S(t)z)(r) =xz(t+ 1), t,7 € J.
Hapsiny ¢ moanpoctpanctBom Cy(J, X) paccMoTpuM Gosiee HIMPOKOE MOANPOCTPAHCTBO

%o(J,X) ={z € Cp(J, X) : lirr(l)e|| [ et S(t)adt]] = 0 past ao6oro Ag € R} nHTe-
E— 0

rpajbHO HCYe3aoluxX Ha GeckoHeuyHoCTH QyHKUMEH U3 Cj,(J, X).

© Cipyros B. E., Crpyrosa 1. 1., 2019
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Jlemma 1. [Toonpocmparcmso 6y(J, X) obradaem caedyrowumu ceoiicmeamu:

1) noodnpocmpancmeo %o(J,X) obpasyem 3samkHymoe noonpocmpancmeo u3
Cyu(J, X), unsapuanmnoe omruocumenoro onepamopos S(t), t € J;

2) nodnpocmparcmeo 6y(J, X) seasemcs 6anaxosom L'(R)-modyrem;

3) ¢ynkuyua v € Cy,(J, X) npunadrexcum nodnpocmparncmey 6y(J, X) moeda u
moavKo moeda, koeda 0as Ar0b6ol noumu nepuoduueckot pynkyuu f € AP(J, X) 8ot-
noAHAemcs yciosue

tim S [ als + 0)7()ds] =0

“ 0

4) ecau pynruyus x € 65(I, X), mo fx € €,(J, X) 0aa awoboii noumu nepuoduieckoil
Qyukyuu f € AP(J, X);

5) pymryus x € Cy,(J, X) npunadasexcum npocmparncmesy 6o(J, X)) moeda u moavko
moeda, Koeda 0a1 2106020 Ny € R dasi aw0boli \g-Hanpasarennocmu (f,) 8vinosnsemcs
ycaosue hfyn faxx=0.

YTBepxkaeHHUsT JieMMbl | caenyioT W3 onpeneseHust mnpoctpanctBa 6y(J, X), cBoiicTB
HarpaBseHHOCTeH (f,) ¥ TOTO (haKTa, UTO MOYTH TepUOAUUecKast (DYHKIIUS SIBJISETCS paB-
HOMEpHBIM MpeesoM JHHEHHBIX KOMOMHALIUH SKCIOHEHT.

Onpenenenne 1. Oyukuus x € Cp,(J, X) HaspiBaeTcss medreHHo mensowelica Ha
beckoneurocmu omuocumenrvno noonpocmparncmsa 6o(J, X), ecau nas mwoboro ¢t € J
BBINIOJIHAETCS YCJI0OBHE

(S(t)r —x) € Go(J, X).

Ecsiv B 1aHHOM oTpeniesieHHH 3aMeHUTh TIOATNPOCTPAHCTBO 6o (J, X) moanpocTpaHcTBOM
Co(J, X)), To mosiy4uM ornpeneseHre MeIJeHHO MeHsIOIIeNHCss Ha 6eCKOHEYHOCTH (PYHKLHH
B 00bI4HOM cMbIcse (cMm. [1-6]).

MHO0XeCTBO Me/lJIEeHHO MEHSIOIIMXCSl OTHOCUTEJIbHO MoanpocTpancTa 6o (J, X) pyHK-
LHH 0003HAYUM CHUMBOJIOM Gy oo = Gsi0(J, X). OHO 00pasyeT 3aMKHYTOe MOANPOCTpPaH-
ctBo u3 Cj,(J, X), vHBapHaHTHOe OTHOCHTEJBHO omepatopoB S(t), t € J, u sBasercs
6anaxosbiM L'(R)-monysem. Kpome toro, so6oe nponosxenne y € Gy (R, X) dyHKIHH
T € Cs,00(Ry, X) Ha R cO cBOHCTBOM tiimoo lly(t)||x = 0 mpuHamIERUT Gy o0 (R, X).

B naHHO# cTaTbe paccMaTpuBaeTCs CHJIbHO HeMNpepbiBHAsE OrpaHHUYeHHAas MOJyTpyI-
na onepartopoB (mosyrpynmna knacca Cy) T : Ry — End X c reHepatopoMm (MHpHHH-
Te3uMasbHEIM onepatopom) A : D(A) € X — X. M3 ycjoBUs OrpaHHUEHHOCTH TI0-
ayrpynnel 1’ cienyet, uto crnekTp o(A) ee reHepaTopa pacrosioXeH B IMOJYTJIOCKOCTH
C_={AeC: ReA <0}

Omnpenenenne 2. [lonyrpynna onepatopoB 7' : R, — End X HasbiBaeTcss mMe0AeHHO
Mmensouelics Ha beckoneuHocmu omuocumenvro noonpocmparcmea 6o(R, X), ecan

lir% el [ e SR () (T (7)) — 2)dt|| =0

0

nas oboro \g € R u pst moboro Bekropa « € X (1.e. ¢, (t) = T(t)x, t > 0, npuHane-
MHUT MPOCTPAHCTBY Gy 00 (R, X)).
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Me/ieHHO MeHsIoOLIMecs: Ha 6eCKOHEYHOCTH (B 0OBIYHOM CMbIC/IE) MOJYTPYTIbl OMepa-
TOPOB paccMaTPHUBAJUCh B [7].
OCHOBHBIMH pe3y/ibTaTaMH CTATbH SIBJSIIOTCS CJIEAYIOLINE TEOPEMBbI

Teopema 1. [lycmo Henpepoisruiii cnekmp o.(A) eenepamopa A cuibHO Henpepols-
HOUL oepanuuerHoll nosyepynnor T obaadaem ceoticmeom

0c(A) N (IR) C 0.(A)\{0}. (1)

Tocda noayepynna T ssisemcs meOLeHHO MeHSIOWeLCS HA BeCKOHeUHOCMU OMHOCU-
meavHo noonpocmparcmsa 6o(R., X).

Teopema 2. [lycmov cuavHo Henpepvisras oeparuuennas noayepynna 1 a6as-
emcs MeO0NeHHO MeHAruLelics Ha GecKOHeuHOCmU OMHOCUMEAbHO NOONPOCMPAHCMEQ
%o(R,, X). Toeda 05 ar0boco € > 0 cyujecmsyem medNeHHO MeHAOUWAACA Ha 6ecKo-
HeuHocmu omHocumenvrno noonpocmparcmea 6o(Ry, X) ¢pynkyus B : R, — End X,
donyckaroujan coromopgroe pacuiuperue Ha C do yeroti pyHKuuL IKCNOHEHUUANbHO-
eo muna € u maxas, umo 1T'(t) = B(t) + Bo(t), t > 0, ede By(t)x, t > 0, npunadrexrcum
npocmpancmsy 6o(Ry, X) 0aa kaxcdoeo = € X.

2. BAHAXOBbI L'(R)-MOOYNU U MEANIEHHO MEHSOLWWECS HA BECKOHEYHOCTU
OYHKLUN

[lyetb L'Y(R) — 6OanaxoBa anre6pa oOmpefeseHHbX Ha R M3MEPUMBIX [0
Jlebery W CcyMMHpyeMBIX KOMIIJEKCHO3HAUHBIX (YHKUHMH CO CBEPTKOH (yHKLHH
(f*xg)t) = [ft —T7)g(r)dr, t € R, f,g € L'(R), B kauecTBe yMHOKeHHUs. [IycTb

Z — KOMH.HéRKCHoe 6aHaxoBO TMpocTpaHcTBO U End 2 — 0OaHaxoBa ajrebpa JMHEH-
HBIX OrpaHMYEHHBIX OTEepaTopoB, AeHCTBYWIIMX B 2 . Bynem cuutath, uto 2 sBJjsieTcs
HeBBIPOXKeHHBbIM GaHaxoBbiM L!(R)-monysiem (cm. [8,9]). HeBbipoxaeHHOCTh GaHaxoBa
mMonyJasi 4 o3HauaeT, uTO M3 paBeHcTBa fx = (), CIpPaBemJMBOTO IJsi JIOOOH (PYHKIIHH
f e LY (R), CJIefyeT, 4TO BEKTOp x € 2~ — HyJeBO.

Janee yepes f R — C o6o3Hauaetcsi npeobpasoBaHue Pypbe f ff et

A € R, pynkunn f € LY(R).

Onpenenenune 3. Cnekmpom bépaurnea BeKTopa x € 2 Ha3biBaeTCsl MHOXKECTBO UU-
cen A(z) uz R Buma A(x) = {N € R : fr # 0 nas mo6oit pyukuuu f € L'(R) ¢

F(Xo) # 0}

U3 onpenesenus caenayert, uto A(x) = R\{ug € R : cywecrsyer ¢pyukuus f € L'(R)

takasi, 4To f(ug) # 0u fx =0},
CripaBe[/IMBbI CJeAYIOLIKE CBOHCTBA criekTpa Bépaunra BekTopos u3 Ganaxosa L'(R)-

monyasi 2 (cm. [8-12]):

Jlemma 2. /[aa aroboix f € LY(R) u z € 2" cnpasediussl ceoticmea:

1) us ycaosus fx = 0 oas awoboi gyukyuu f € LY(R) caedyem, umo x = 0 (m.e.
L' (R)-mo0yre 2 wesviponcden);

2) AN(x) — samkHymoe nodmroxcecmso us R, npuuem A(zr) = @ moeda u moarvko
moeda, Koeda r = 0;

3) A(fx) C (suppf) N A(x);
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4) fx =0, ecau (suppfA) NA(z) =9, u fx =z, ecau mromecmso N(x) Komnakmuo
u J?: 1 6 nHekomopoil eeo okpecmHocmu;

5) A(x) = {No} — oO0HOmoueunoe mmoxmcecmso moeda u mMoavko moeda, Koeda
gekmop x # 0 ydosaremsopsiem pasercmeam U(t)x = exp(ilgt)x, t € R, npu ycrosuu,
umo cmpykmypa 6anaxosa L*(R)-modyas na X 3adaemcs pageHcmeom

f*x_/f adr, v € X, f € L'(R), (2)

m.e. cmpykmypa L'(R)-modyin nHa 2 accouuuposana ¢ CuibHO HEnpepovleHbiM U30-
mempuueckum npedcmasienuem (epynnod uzomempuii) U : R — End Z (021 moeo
umobol 3mo noduepkrHymo, uroeda 6ydem ucnorv3osamocs obodnavenue (2 ,U));

6) dynkyus t — U(t)r : R — 2 odaa X ¢ komnakmuoim cnekmpom bépaurnea
donyckaem pacuiuperue 00 yerol QYHKULL.

Banaxoso npocrpanctso Cj (R, X) siBnsiercs: 6anaxoeiM L' (R)-MopyseM ¢ MOLYJIb-
HOW CTPYKTYPOH, onpeaesssieMod paBeHCTBAMHU

(f +2)(t /f t—TdT—/f \o)(t)dr, t € R, (3)

M 3Ta CTPYKTypa acCOLMHUpPOBaHA C MpeacTaBjeHueM (TPYMod CABHroB (HYHKIHH)
S:R— End Gy, (R, X).

[TopnpoctpanetBa Ch(R, X), %o(R,X) u %y(R,X) OanaxoBa mpocTpaHCTBa
Chu(R, X) siBnsitorest 3aMmHyThiMU noamonyasivi L (R)-monyast Cj, (R, X) ¢ MopynbHOH
CTPYKTYpOH, 3aaBaeMod Gpopmysoi (3).

Paccmorpum dakrop-npoctpanctso . (J, X) = Gy, (J, X) /%6 (J, X ), KoTOpOE sIBIISAET-

csi 6aHaXOBBIM MPOCTPAHCTBOM C HOPMOH ||Z| = inf  |y||, rtne T =z + 6,(J, X) —
yex+%o(J,X)

KJacC 3KBHBANEHTHOCTH, comepxawmuil pyukunto = € Cy,(JJ, X). BanaxoBo npocrpasn-
ctBo 7 (J, X) cTaHOBHTCS GaHAaX0BOH anreGpoi, €C yMHOXKEHHEe BBOIHUTCS CJIEYIOLINM
obpasom 7y = zy, 7,y € .F(J, X).

B ¢axrop-npoctpancte .Z (J, X) crpykrypa 6anaxoBa L'(R)-monyns sapaetcs ¢op-
mynok (2), rme B KadecTBe mnpejacTaBieHHs U GepeTcsi CH/JbHO HempepbiBHAs Ipymma
n3omerpuueckux omepatopoB S : R — End .Z#(J,X), onucannas Huxe. Has ¢ > 0
mox S(t) Oynem moHuMaTh (haKTOp-OMepaTop, MOCTPOCHHBIH 10 OrepaTopy S(t), t.e.
Stz = S(t)x nast mo6oit pyukuun z € Cyo(J, X). Ecam t < 0, to S(t) = S(—t),
ecin J = R. s J = R, oneparop g(t), t < 0, onpenesum hopmyJsoH S( )z = S(t)y,
z € F (R4, X), ay — Knacc 5KBUBaJEHTHOCTH, NoCcTpoeHHbI# o PpyHKuuu y € Gy, (I, X).
3nece y € (4, (R, X)) — npousBo/bHOE PaBHOMEPHO HENPepLIBHOE MPOAOJIKEHHE (PYHK-
unn = € Cp (R4, X) Ha R, ynoBseTBOpsiIolIee YCAOBUIO tgmoo lly(t)[|x = 0. OrmeTnm, 4yTO

JaHHOE OrpefieJieHHe KOPPEKTHO, T.e. He 3aBUCHUT OT BbIOOpPA MPOAOJKEHUS Yy (DYHKLUUU T
Ha R.

3ameuanmue 1. HernocpencTseHHO U3 onpefesieHUs caelyeT, 4To (haKTop-NPOCTPAHCTBO
Cou(Ry, X)/6(Ry, X) BxnapeiBaercss B aktop-npoctpanctBo C, (R, X) /6 (R, X),
ABJASACh B HEM 3aMKHYThIM noanpoctpaHcTBoM. IlosTomy B pasnbHedimieM mpu
JOKa3aTe/bCTBE  yTBEPXKAEHWH Oymem  paccmarpuBath — GaHaxoB  L'(R)-momysib
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FR,X) = Cru(R,X)/¢(R,X), B KOTOPOM JAeHCTByeT H30MeTpHUYeCKas Tpymna

onepatopoB S : R — End Z (R, X).

Jlemma 3. [ moeo umober pynxyun x € Cy,(R, X) 6oira medrenno menaroweiica
Ha becKkoneuHocmu omuocumesvio noonpocmparcmsea 6o(R, X), nHeobxodumo u do-
cmamouro, 4mobvl 8bLNOAHANOCH OOHO U3 CAEOYIOWUX MpeX IKBUBANEHMHbLY YJCAOBULL

1) A(Z) C {0} oasa kaacca T = x + 6o(R, X);

2) fxx € (R, X) 0an aroboii pynkuuu f € L'(R), ydosremsopsioweil ycioguro

~

f(0) =0;
3) fxx—x € 6p(R, X) das ar0boii pynkyuu f € L'(R), yoosremesopsrouerl ycrosuro
J(0) = 1.

Has moeo umobovl ¢pynkuus vy € Cp,(Ry, X) 6oira medrenno menawouetics Ha
beckoneyrnocmu omuocumenrvro noonpocmparcmsa 6o(Ry, X), neobxodumo u docma-
mouro, 4mobbl. BbLNOAHANOCL OOHO U3 MpPex NepeducAeHHvlx YCA08ull 04 HeKomo-
poeo npodoasxcenus x € Cyp,(R, X) ¢pynkyuu xy Ha R, ydosiremsopsaioweeo ycrosuro

lim ||z(t)]|x = 0.
t——o0
YTBepKIeHHUS JIeMMbl 3 CJENYIOT U3 TeOpeMbl 3 U JieMM O U 6.

Jlemma 4. [lycmo ® : Ry, — End X — cuabHo Henpepul8Has 02paruverHas QyHk-
uus, 0as Komopol ece Qyukyuu p,(t) = O(t)x, t > 0, npunadrercam €y (R, X).
Toeda odas awboeo € > 0 pynkuus ® npedcmasuma 6 sude ® = &, + Py, ede kancdas
Qyuryus t — Oo(t)x, x € X, npunadrexmcum 6o(Ry, X) u &, : Ry — End X donyc-
Kaem eoromoproe pacuiuperue (0b6o3nauaemoe mem xe cumsorom) Ha C do yerotll
QyHKyUU IKCNOHeHYUarbHo20 muna €, nputiem Py € Gy oo(R, End X).

HokasarenbcTtBo. PaccmorpuM dynkuuio f € LY(R), obnamawouiyio CBOHCTBaMH
f(()) =1, suppfc [—e,¢] u dyHKUKSA f 6eckoHeuHo nuddepenuupyema. Torna us dop-
mynsl f(t) = 5= [, F(N)eMdA, t € R, caenyer, 4To (YHKLUUS f OMyCKaeT PacllHpeHHe
(0o603HauaeMoe TeM Ke CUMBOJIOM)

f(z) = zi / F)edn = 2i / FA)eMe M dN, z=t+iaeC, (4)
T J_, T J_.

KOTOpOe SIBJISIeTCsl [esIoH (PYHKLHeH KCIIOHEHLHAbHOrO THIIA €.

13 dopmyasl (4) caenyert, uto cemelcTBO GyHKUME f,, 2 € C, Bupa f.(t) = f(z —t),
t € R, z € C, npunannexur anreépe L'(R), a pyukuus F : C — L'(R) suna F(z) = f.,
z € C, aBasieTcs ueoil QyHKIHeH 3KCMOHEHIIMAJbHOTO THMa He Bhille . [Ipu 3TOM 1Js
Jo60ro b > () KOHe4YHa BeJUYHHA

sup |[|[F(2)[lr = sup |[[fzlLr.
[Imz|<b [Imz|<b

[Tonoxum &, = f * CT), rae d : R — End X — npono/kenne ¢ Ha R co cBoicTBOM
CUJIBHOH HENpepbIBHOCTH H tlim O(t)r = 0 nna x € X. Ee rosomMopdHBIM MPoOOJIKe-
unem Ha C sBasercs ¢yukums ®i(z) = [* f(z — t)®(t)dt, = € C. OTMeTHM, YTO

Oi(t+2) = (f.*P)(t), t € R, 2 € C. CnenoBatesnpHo, GyHKUHS Py sBASETCS LENOH
(byHKLIMeH 5KCIIOHEHLMAJbHOrO THMA He Bhllle €. HemocpeacTBeHHO U3 onpenesieHUs cJe-
nyet, uto ®; : R — End X HenpepblBHA B PaBHOMEPHOH OMepaTOPHOH TOMOJOTMU (BBHULY
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HenpepbiBHOCTH (PyHKIMH ¢ — f; : R — LY(R)) u kaxkpmas U3z QyHKUMH o, : R — X,
r € X, Buna ¢,(t) = &1(t)r : R — X sBjsercs MelsieHHO MeHstolleHcs Ha GeCKOHEeUHO-
CTH OTHOCHTEJIbHO ToanpoctpaHcTsa %o(R, X) dyHkuued.

W3 cBoiicTBa 3) semMmbl 3 caenyet, uto GyHKuuMs Py Bupa Oy(t) = O(t) — Oy (¢), t > 0,
MPUHALJEKHUT NPocTpaHcTBY Go(R, X). O

Onpenenenue 4. Bekrop x u3 Ganaxosa L'(R)-monyss (27, T) HasbiBaeTcst noumu
nepuoduueckum, ecnu x € 2. u mHoxkectso {T(t)x,t € R} (opbuta BekTOpa x) mpen-
KOMMAaKTHO B 2.

OTmetuM, 4To MHOXKecTBO AP(.Z") MouTH mepuoinvYeCcKUX BEKTOPOB U3 2 obpasyer
3aMKHYTBbIH MOAMOAYJb U3 Z .

JLnsi nokasaTesbcTBa OCHOBHBIX Pe3Y/IbTAaTOB CTAaThbW HAM TOHALOOHUTCS sl ONpeesie-
Hui (cm. [8,9]).

Onpenenenne 5. [Iycte M — HekoTopoe HarpaBJieHHoe MHOXKecTBO U A € R. Orpa-
HUUYEHHAsl HalpaBJeHHOCTb (f,), o € M, dyHkumit us anare6pel L'(R) HasbiBaeTcst A-
HanpasAeHHOCMor0, eCJIU BHIIIOJHEHbl YCIO0BUS:

1) fa()\) =1 nas Bcex a € M,

2) licryn fo* [ =0 nns mo6oit pyukuuu f € L'(R) co cBoiicTBOM f()\) = 0.

[Tpumepamu O-nHanpassenHocted B anredpe L'(R) sBJsiOTCS HanpaBJeHHOCTH

f 2a)7Y, tel-a,a],
Palt) = { 0, t¢|[—a,al, a >0,

ce et t>0
Et: b )
o) {0, t<0, e>0.

HepBaH W3 HUX HallpaBJi€Ha I10 BO3paCTaHHIO «, a BTOpad — IIO Y6bIBaHI/I}O E.

Onpenenenne 6. Uncio \g € R otHeceM K cyujecmeennomy cnekmpy Aqss(x) BeKTO-
pa x u3 Ganaxoa L'(R)-momyns (27, T), eciu CyllecTByeT \g-HarpasJeHHOCTb (f,) 13
anre6pel L'(R), 1Jst KOTOPO# BBINIOJHEHO YCIOBHE

lim|| f,z| > 0. (5)

Ormetum, u4to Aggs(z) C A(x), x € (2, T).

Onpenenenne 7. [lyctb © — HenyseBoi Bektop u3 L'(R)-monyas (2°,T). Yucao
Mo € R n3 A(z) HasoBeM apeoduueckol moukori BeKTOpa ', €CJAH HJST HEKOTOPOH Ao-
HanpaBJeHHOCTH U3 aare6psl L'(R) cyuiecTsyer

lim foxr =29 € 2.

MHOXecTBO 3ProfHyeckKuX TOYeK BeKTopa OyneM 0003HauaTb CHMBOJIOM Ag.4(x). Ecin
npu 3TOM Zo # 0, TO UHCIO )¢ OTHeceM K duckpemrnomy cnexmpy Nq4(r) BekTOpa x.
OTMeTHM, YTO AJISi Xo BBIMOJHSIETCs] CBOMCTBO T'(t)xg = Aoxo masi Beex t € R. Ecan xe
xo = 0, To 9UCJ0 \y OTHECEeM K HenpepoisHomy cnekmpy A.(xr) BekTOpa .
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3ameuanne 2. U3 [8, teopema 2.2.7] cnenyet, uyto mpenes B (opmyse (D) He 3aBH-
CHT OT BbIOOpA Ag-HANpaBJeHHOCTH (f,), MPUUYEM eCJId OH CYIIECTBYeT IJsi HEKOTOPOH
Ao-HarpaBJeHHOCTH, TO OH CYILLEeCTBYeT U IJis JIIOOBIX APYTHX Ag-HanpasjeHHocTel. Cie-
JIOBaTeJIbHO, OMpeleseHust AUCKPETHOTO U HEMPepbIBHOTO CIEKTPOB KOPPEKTHBI, a 3HaK
HepaBeHCTBa (D) He 3aBUCHUT OT BbIOOPA Ag-HAMpaBJEeHHOCTH (f,).

3ameuanne 3. Takxke u3 omnpenesneHuss 7 CJeAyeT, UTO [Jsi A-HampaBieHHOCTU (f,)
cBOHCTBO A € Agy(x) U (R\A(z)) nmeer mecto TOrga u ToJbKO Toraa, kKorma lim f,z
(03

CYHIECTBYET XOTS Obl 1151 OJIHOM, a 3HAUMT, AJ5 BceX )\-HaHpaBﬂeHHOCTeﬁ.

3. CBOWCTBA MELNEHHO MEHSIOWMXCSA HA BECKOHEYHOCTU dYHKLVNA

[Tyctb M — HeKOTOpOe HanpaB/eHHOE MHOXKECTBO, Ha KOTOPOM OIpele/ieHa OrpaHH-
yeHHasi HalpaBJeHHOCTDb (e,) U3 anrebpnl L'(R).

Omnpeneaenune 8. OrpaHuueHHas HANPABJIEHHOCTD (e, ) U3 anredpsl L' (R) HasbiBaetcs
oepanuuenHotl annpokcumamusrotl edunuyetl (0.a.e.) B anreépe L'(R), ecan BbnosHs-
I0TCS1 CJIEYIOLIHE YCJIOBHS:

1) e,(0) = 1 nast Beex o € M,

2) 1i£nea x f = f nns Beex f € LY(R).

U3 nemmbl 4.3 B [9] cienyer, uto lime, * 2 = z aag Bcex = € (p,(R, X). Irot
«

pe3yJabTat 6y11€T CYLI1EeCTBEHHO HCIIOJAb30BaTbCA IMPU A0Ka3aTeJbCTBE CJACAYIOIIHUX ABYX
JIEMM.

Jlemma 5. /{na moeo umobor Qpyukyua x € Cy (R, X) npunadsexnara npocmpan-
cmsy Cs.00(R, X), Heobxodumo u docmamouro, umobs. f * x € Go(R,X) 0aa awbol

Qynkyuu f € LY(R), ydosremsoparoweti ycaosuro f(0) = 0.

JokasarenbctBo. Heob6xodumocms. Pacemorpum  dynkuuto f € LY(R) Buma

o~

f=5Sg—g, g € L'R), « € R. lannas ¢dyukuus obmanaer csoirctsom f(0) = 0.
CorsniacHo Tay6epoBoit Teopeme Bunepa [13], MHOXKeCTBO TaKWX (DYHKIHE MJIOTHO B Mak-
cuMasbHOM uaeane M = {f € L'(R) : f(0) = 0}. TlosToMy yTBepKI€HHE JeMMbI L0CTa-
TOUHO J0Ka3aTh AJsl QYHKUHUH f paccMaTpUBAeMOro BHIA.

BosbMmeM mNpou3BOMBbHYI0 (QYHKLHIO & € %yo0(R,X). M3 onpenenenus wmemnseH-
HO MeHsoIelics OTHOCUTEJbHO ToanmpocTpaHcTBa %y(R, X) ¢yHKUMM caenyer, 4To
S(la)r —z € 6(R, X), otkyna f+xx = (S(a)g—g)*xxz=g=* (S(a)r —x) € 6(R, X).

Hocmamournocmoe. Ilyete € (R, X) u fx2 € (R, X) nas mwoboi

-~

dyukuun  f € LYR) ¢ f(0) = 0. Iycts (e,) — o.a.e. uz anredps L'(R)

u t € R. M3 paBeHCTB ¢, * (S(t)r — z) = (S(t)ea — €a) * @ = fo xx WU
fa(0) = 0 caenyer, uto e, * (S(t)r — x) € %y(R,X). Ho B cuay Ttoro, uto
S(t)r —x =lime, * (S(t)r — x) € €(R, X), moayuaem, 4to = € €y (R, X). O

Jlemma 6. [aa moco umobor pynkyus x € Cp (R, X) npunadrexnara npocmpar-
cmsy Cu.0(R, X), Heobxooumo u docmamouro, umobol fxx—x € 6o(R, X) 0as aoboii

-~

Qynkyuu f € LY(R), yoosremesopsarowetl ycarosuro f(0) = 1.

JlokasareabcTBo. Heobxodumocme. Ilycte © € €y o(R, X). Ilycts f — mpowus-

BosibHast (yukuus uz L'(R) co ceoiicteom f(0) = 1, a (e,) — o.a.e. u3 ajred-
ppi L'(R). CnpaBemiuBo paBeHcTBO lime, * (z — f * ) = z — f * x. Kpome Toro,
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ea* (r— fxx) = (eaxf—€y)*x = foxx, THe fo = €4 * [ — 4. YUUTHIBaAsI, UTO
an(O) = eAa(O)f(O) — €,(0) =0, u3 JeMMbl 5 caenyet, 4To f, * € Go(R, X), a 3HauuT, 1
fxx—ae %R, X).

focmamounocme. Ilyete € Cpo(R,X) nm o — fx2 € (R, X) nas Jo-
oot pynkuuu f € LY(R), ymoBJeTBOpsOLIEH YCIOBHIO f(()) = 1. Torma c¢ yue-
TOM TOrO, 4TO (S/(t)\f)(O) = 1, umeem f x (S(t)xr —x) = (SO)f — f) xz =
=((St)f)xx—z)+ (v — f*x) € G(R, X) nas moboro ¢ € R. [Tockoabky é,(0) = 1,
10 lime, % (S(t)xr —x) = S(t)x —z € Go(R, X) nnsa qwboro ¢ € R, oTKyna caenyer, 4To
€ Cuo(R, X). O

Jlemma 7. Ecau x € 6400(R, X), mo mronecmso A(x)\{0} codepacumca e nenpe-
poisrom cnekmpe N (x) dynkyuu x u Aqss(x) C {0}.

HokasareabctBo. Ilycts 0 # 9 € A(z). Pacemorpum dyukuuw f € LY(R),
o6/ajaloMlylo CBOHCTBAMU 7y ¢ supp f u fA(O) = 1. W3 nemmbl 6 cjemyeT, 4TO
GyHKUMA 9 = x — f % x TUpUHaIeXHUT npoctpaHcTBY %o(R, X). CrnenoBaresnb-
HO, IJIsi JII0GOH ~yg-HampasjeHHocTH (f,) u3 L'(R) crnpaBemivBa Ieroyka paBeHCTB
0 =limf, xxg = im(fy xx — fo x f*x2x) = lim f, x x. B cooTBeTcTBUM C ompenee-

[e3 [} «

HHUeM 7 3TO 03HaYaeT, 4To Yy € A (7). O

Teopema 3. @ynkyus x € C, (R, X) npunadarescum noonpocmpancmay €y (R, X)
moeda u moavko mozda, koeda A(z) = A(z,S) C {0}.

JlokasareabctBo. I3 semMbr 5 caenyer, yto Gpyukuus x € Cy (R, X)) npunansexur
MOANPOCTPAHCTBY %y (R, X)) Torma u Tosbko toraa, korua f *x € 6o(R, X) nas moboi

dyukupn f € L'(R) ¢ f(0) = 0. 3HauuT, = € Cy.00o(R, X) TOrma u TOJBKO TOrIa, KOTAA

-~

f#2 =0,7 € Cpu(R,X)/6 (R, X), nast moboit pyukuuu f € LY(R) ¢ f(0) = 0.
HernocpencTBeHHO U3 omnpeesieHus: 3 CIEYeT, YTO T € Gy (R, X) TOra u TOJIBKO TOTAA,
korpa A(x) C {0}. O

4. JOKASATE/IbCTBA OCHOBHbIX PE3Y/IbTATOB

PaccmoTtpum nuHeliHOe nuddepeHIHanbHOe ypaBHEHHE
#(t) — Ax(t) = y(t), tel, (6)

rne y € 6o(J,X) n A: D(A) C X — X — reHeparop (MH(QUHHUTE3UMAJbHBIH OTEPATOP)
CUJIbHO HeMpepbIBHOH OorpaHU4yeHHOH moJyrpymnmsl onepatopoB 7 : Ry — End X

Omnpenenenne 9. HenpepoiBuas ¢yHkuus x : J — X HaswiBaercs caabvim peuieru-

em (mild solution) ypaBHenus (6) (cm. [14]), ecin ans Bcex s < ¢ u3 J uMeeT MecTo
PaBEHCTBO

x(t) =Tt — s)x(s) + / Tt —71)y(r)dr, s<t, s, tel. (7)

[Ipu J = R. paBeHCTBO [JOJIXKHO OBITH BbIMOJHEeHO mpu s = 0 u ¢t > 0. HcHo, uTo
+
(yHKLHS = PAaBHOMEPHO HerpepbiBHA.
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YpaBuenwue (6) sanumem B Bume .Lx = y, rae oneparop £ : D(Z) C Cp(J, X) —
— Cy(J, X) umeer Bug & = % — A (cm. [15-19]). dynkuus = € Cy(J, X) npunaniexur
obnactu onpenenenus D(.Z) oneparopa .Z, ecau cyuectByer GyHkuus y € Cp(J, X)
Takasi, 4To JJist BceX s < t u3 J BepHbl paBeHcTBa (7).

Jlemma 8. [lycmo cnexmp cenepamopa A noayepynnor T ydosiemsopsiem ycio-
suto (1). Toeda kascdoe oeparnuuennoe Ha J craboe pewenue xy ypasrenus (6) sa6as-
emcsi meOreHHo meHsouetics Ha OecKoreuHocmu QyHKyuetl OmHOCUmMesbHO noOnpo-
cmpancmea 6o(J, X).

Hoxka3areabctBo. [lycth cHauana J = R. Hucno A\g € R BbiGepeM TakuMm o6pasowm,
4T00Bl \g > (v, TIe YHCJO o yaoBJjeTBopsieT ycaosuwo [|T(t)|| < Me™, ¢ > 0, nist HeKOTO-
poii moctostuHoi M > 0. Torma corsnacuo [15] onepatop £ — Aol HempepbiBHO 06paTUM U
obpatHbiii oneparop B = (£ — \ogI)™! € End Cy(R, X) npencrasum B Buge Bxr = G * z,
x € Cy(J,X), tne Go(r) = T(1)e ™", 7 > 0, u Go(r) = 0 pas 7 < 0. CaenosaresbHo,
orepatop B nepecTaHOBOUEH C OMepaTopoM CBepTKH, T.e. B(f x x) = f x Bx, njs no0bix
f € LY(R), z € Cy(R, X). Takum ke CBOKCTBOM oOsanaet u onepatop .£. B uactHocTH,
f*xo € D(Z) u nns moboil dyukuun f € L'(R) umeer MecTo paBeHCTBO

L(fxxo) =[xy € 6(R, X). (8)

PaccMoTprMm mpousBosibHOE HeHyseBoe 4Hcao iy € R. B cuay ycmoBus (1) cyute-
ctByer § > 0 Takoe, uTO OTPe30K [ug — I, po + ] He comepxkut Touku 0. Pacemorpum

6eckoHeyHo auddepenunpyemyio dyHkuuio fo : R — C, nas koTtopo# ﬁ)(ﬂg) # 0u
suppfo C [po — 9, po + 6]. Torna ona siBisiercsi npeobpazoBanueM Pypbe HEKOTOPOH (YHK-
uud fo € L'(R), a gpyHkuus

() = FoV AL — A)1 X € [ — 6, o + 9],
0, A& [po = 0, po + 9]

F

siBJIsieTcsl ipeo6paszoBaHueM Pypbe HEKOTOPOH cyMMupyeMo# GpyHKuuu F': R — End X.
Torna us (8) mosmyuaem, uto F *x L (fo*xxo) = F * fo xy € €(R, X).

OTtmetuM, uto fj* o (BBULY ee GecKOHeUHOH AH((EpPeHIUPYEMOCTH) eCThb KJaccuye-
CKoe pellleHHe ypaBHeHUs (6) ¢ mpaBoil yacTbio fy*y. M3 moc/enHero paBeHcTBa cienyer,
uto foZo = 0 mast To = xo + %o(R, X). CrenoBatenbto, py ¢ A(To). Beuny npoussosib-
HOCTH BbIOOpa uncaa jg # 0 u3 R noaydaem, uto A(7y) C {0}. Torna us ycmaosusi 1)
JIEMMBI 3 CJIEYeT, 4TO Tg € Gsoo(R, X).

[Tyctb Tenepp J = R,. PaccmorpuMm HenpepblBHO audQepeHLUpyeMy0 (DYyHKLHIO
¢ : R — R, obnanaturyio cBoiicTBaMu suppy C [1,00) u ¢(t) = 1 nas Beex ¢ € [2,00).
Hanee cumBosioM pxo 0603HaueHa (DYHKIIMS, paBHas HYJH Ha MpoMexyTke (—oo,0] u
ABJsAOLAsACs npousBeneHreM QyHKUHIE ¢ U xo HA R,. Ho Torma us onpenenenus ome-
patopa .Z caenyert, uto pxg € D(Z) u ZL(pxy) = pxo + ¢y € 6o(R, X), tne dpyHKIus
oy CUMTAeTCsl PABHOM HYJIO Ha MpoMexyTke (—oo,0]. [Ipu aTom onepatop £ cuntaercs
neiictBytomM B npoctpaHcTBe Cy(R, X). Takum o6pasom, cayuait J = R, cBogutes K
cayvawo J = R. O

Hokazameavcmeo meopemot 1. TlockonbKy Kaxaasi U3 GyHKUMH ¢, (t) = T'(t)x, t > 0,
x € X, npuHaanexamas npoctpaHcTtBy Cp (R, X)), fBasiercs cnabbiM pelleHHeM ypas-
HeHus (6), rae y = 0, To U3 JeMMBI 8 CJIefyeT, UTO BCe 3TH (YHKLHUH SABJSIOTCS MeIJEHHO
MEHSIIOIUMHUCS Ha OeCKOHEUHOCTH OTHOCHTEJbHO ToampoctpaHcTBa %o(Ry, X). 3Hauur,
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corjlacHo ompenenenuto 2, noayrpynna 7' : R, — End X sBJasieTcs MenJieHHO MeHso-
iekicss Ha 6€CKOHEYHOCTH OTHOCHUTEJbHO moAampocTpancTBa 6o(R,, X).
Hoxasameavcmeo meopemol 2 ciefyeT U3 JeMMbl 4.
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The article focuses on studying of strongly continuous bounded operator semigroups. In the space of uniformly
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YK 517.968.4

O paspewnmocTi 04HON CUCTEMbI HEMTMHENHDbIX MHTErPanbHbIX
ypaBHeHU# Tuna MammepluTeitHa Ha NPSIMOW

X. A. XauyatpsiH

XayatpsH Xauatyp AraBapLoBud, LOKTOP CPU3NKO-MaTeMATHECKNX HayK, BEAYLNA Hay4HbIA COTPYAHWK,
WHcTutyT matematinkn HAH Apmernn, Pecnybnuka Apmenns, 0019, Epesan, npocn. Mapwana barpamsiHa,
I. 24/5, Khach82 @rambler.ru

B nocnegHue rofbl BO3POC MHTEPEC K HENMHEMHbIM MHTErpanbHbIM YPaBHEHUSIM TNa CBEPTKU B CBS-
31 C WX MPUIOXEHNEM B Pa3NMYHBIX 0BNAcTsX MaTeMaTM4eckol CUanKK, B HacTHOCTW, B p-aAM4eckon
TEOPWN OTKPBITO-3aMKHYTOI CTPYHbI, KIHETUHECKON TEOPIN ra30B, B TEOPUM NEPEHOCA N3Ny4EHMS B Criek-
TpanbHbIX NMHUSIX. Pabota nocesieHa BOMpocam NoCTPOEHUs! HETPUBMATbHBIX PELIEHIA 1 U3YHEHIIO X
ac/MMTOTMYECKOro NOBEAEHUSt AN OAHOM CUCTEMbI HENMMHENHBIX UHTErPaNbHBIX YPABHEHWA TUMA CBEPTKM
C CUMMETPUYHLIM SILPOM Ha BCEIi YNCNOBOI ocu. Pesynbtathl paboTbl 6a3upytoTcst Ha COYETaHUN MeTo-
[I0B MOCTPOEHWSI IHBAPNAHTHBLIX KOHYCHBIX OTPE3KOB A/t COOTBETCTBYIOWErO HENMMHENHOrO MOHOTOHHOMO
oneparopa ¢ MeTofamm TEOpUN IMHENHLIX ONepaTopoB Tna cBepTku. CapopMynmpoBaHa u AoKa3aHa KoH-
CTPYKTMBHASI TEOPEMA O CYLECTBOBAHNM ABYX aCUMNTOTUHECKM Pa3HbIX OAHOMAPaMETPUYECKMX CEMENCTB
MONOXMUTENbHBIX U OFPAHNYEHHBIX PELIEHWIA, YTO SBNSIETCS OCHOBHBIM OTAINHMEM OT PaHEe MoMy4eHHbIX
pesynbTatoB. bonee T0ro, U3 CTPYKTYpbl yKa3aHHON CUCTEMbI HENMHENHBIX YPaBHEHWNA CNeLyeT, 4To BCe-
BO3MOXHbIE CABUIM NOCTPOEHHbLIX PELIEHIA Takxe YA0BNETBOPSIOT AaHHoI cucteme. Ocoboe BHIMaHME
YLENEHO N3YYEHINI0 aCUMNTOTUHECKOrO NOBEAEHIS 3TUX PELIEHIA Ha KOHLLaX NpsiMOiA. BbiumncneHsl npene-
Nbl MOCTPOEHHBIX PEWEHWIA B +00 1 [oKa3aHa MPUHALNEXHOCTb MOCTPOEHHBIX PEWEHWIA MPOCTPAHCTBaM
L1(0,4+00) n Ly (—00, 0) COOTBETCTBEHHO. B KOHLE paboTbl NPUBOLASTCS KOHKPETHbIE YaCTHBIE MPUMEPHI
yKa3aHHbIX CUCTEM YPaBHEHWIA, Y A0BNETBOPSIOLNX BCEM YCNOBUSIM OCHOBHOI TEOPEMbI.

KnroyeBbie cnosa: cuctema ypaBHEHWUNA, BEKTOP-CRYHKLMS, CNIEKTPabHBIA pafnyc, MOHOTOHHOCTb, NOCNe-
noBate/bHble Npubnmkerus, apo, TeopeMa Opobermnyca —MeppoHa.

Mocryruna B pepakuuto: 29.10.2018 / Mpunsita: 26.03.2019 / OnybnukosaHa oHnaiH: 28.05.2019
DOI: https://doi.org/10.18500/1816-9791-2019-19-2-164-181

1. BBEJEHUWE U ®OPMY/IMPOBKA OCHOBHOI'O PE3Y/IbTATA

Pabora mocssillleHa UCCAEI0BAHUIO CJAeAYyIOLUIeH CUCTEMBbl HeJUHEHHbIX UHTerpabHbIX
ypaBHeHU THna [ammepluTeliHa HA BCeH MPSMOM:

Jj=1 R
OTHOCHTENbHO MCKOMOH BekTOp-OyHKUMH f(x) = (fi(x), fo(2), ..., fu(x))T (T — s3Hak
TpaHcroHupoBaHus). MarpuuHoe sapo K(x) = (K,(yc))?;:"1 — ompeneneHHas Ha R

HelpepelBHAsl BEKTOP-(PYHKLMSA, YAOBJETBOPAIOLIAS CAEAYIOLHM YCJAOBUAM:

I) KZ](ZL‘) >0, z € R, Kij S Ll(R) N M(R), 1, = 1,2,...,n, tIne L1<R) —
MPOCTPAHCTBO CyMMUpyeMbIX Ha R ¢yHKuuil, a M(R) — mpocTpaHCTBO CYIIECTBEHHO
orpaHu4eHHbIX (PyHKUMH Ha R;

© XavarpaH X. A, 2019
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nxn

IT) 7(A) =1, rne 7(A) — cnektpanbhblil papuyc matpuubl A = (a;;); 70

Q5 1= /KU(QZ)CZ‘T, Z,j = 1,2,...,71;
R

) K;j(—x) = Ki;(z), v € RT =[0,400), K;j(z) | mo x Ha R™, 4,7 =1,2,...,m;
IV) [2Kj(z)dx < +o0, 4,j=1,2,...,n.
0

Cucrema (1), KpoMe YHCTO TEOpPETHUECKOrO HHTEpeca, UMeeT MPHJOKEHUS B Pas3/ny-
HBbIX 00/1aCTSIX €CTeCTBO3HAaHMS. B yacTHoCTH, TakHWe ypaBHEHHMS BO3HMKAIOT B p-aguyec-
KOH TEOpUH CTPYHBI, B TEOPUM MEepeHOCa HU3Jy4YeHHsl, B KHHETHYECKOH TEOPHUH Ta30B, B
TEOPHUH MapKOBCKHX IMPOLECCOB, B TEOPUH reorpapuyeckoro pacnpoCTpaHeHUs SMUAEMUH
(cm. [1-12]).

B suneitHom ciyuae cucrema (1) uccaenosanacs npu v(Ky;) = [xK(z)dx # 0
R

(i,j =1,2,...,n) B paborax [13-15], a B HeJIMHEHHOM CJjlyuae OHa HCCJeN0BaNach, KOraa
n = 1, HeJTMHEHHOCTb 3aBUCHUT TaKxKe OT nepeMeHHOH ¢ U v(K;;) == v(K) # 0 (cm. [16]).

B nacrosuieil paborte mpu pocTaTodHO 06mMX ycoBuAX Ha {G;}j_; Mbl Gynem 3a-
HUMaThCsl OCTPOEHHEM JBYX aCUMITOTHYECKH PA3HBIX OJHONApPaMeTPHUECKHX CeMeHCTB
TOJIOKUTENBHBIX U OTPAaHUYEHHBIX pellleHu# AJsi cucteM (1) B ciydae, KOra BHIIOJNHSIOT-
cst yeaosus 1)-1V). B konue 6ynyT npusenensl yacThble npumepsl Gynkumnit { Kjj(z)} 0
u {Gi(u)}! |, IMEOIUX U TEOPETUYECKHUH, U NPUKJALHOH MHTEpeC.

JLnst GopMy/IMPOBKM OCHOBHOH TeopeMbl HAacTOsIIeH pabOThbl HAM MOHALOOSTCS HHXKe-
npuBe/ieHHble 0003HaueHHUs ¥ BerioMoraresibHble (pakThl. M3 yenosus 1) cormacHo Teopeme
dpobennyca - [Teppona (cm. [17]) cymectByeT BeKTOP 1 = (11,72, .- )’ C MONOKHUTEND-
HbIMM KOOpAMHATaMH 7);, ¢ = 1,2,...,n, TaKOH, 4TO

Zaijnj:nia i:1727"-7n' (2)
j=1

[lyctb g : R — R, j = 1,2,...,n — A
HerpepbiBHbIE U HeYeTHble (DYHKLHH, YIO0BJETBO-
psilolIre CJeNYIOIHUM ycaoBUsaM (puc. 1):

A) gj(u) 1 mowmna [—n;, 5], j=1,2,...,n,
rie

Mj

1 .
U;:Fa j:172a"'7n; (3) 1 00 ” >
1<en P B CE

B) dynkunn {g;(u)}?_; BbIIYK/Ib BBEpX Ha :
orpeskax (0,77}, j=1,2,...,n COOTBETCTBEH- 17

HO;

C) gin;) = m;, j = 1,2,...,n, npu- Puc. 1. Dckus rpaduka yHKUHH
4eM 7); SIBJISIETCS TIEPBBIM MOJIOKHUTETbHBIM KOp- y = g;(u) Ha [-nj,n;]
HeM ypaBHeHHS ¢;(u) =wu, j =1,2,...,n. Fig. 1. Sketch of y = g;(u) Ifunction
graph on [—n7, 7]
Matemarnka 165
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A [pennonoxum, uro {G;(u)}j_, momyckaior
Y y=Gju) clefyollye TpeacTaBaenus (puc. 2):

Gi(u) =n; —gj(n; —u),
o i(w) 77]. 9](77] ) (4)
velR, j7=12,...,n.

0 - CnpaBensivBa cjenyolias Teopema.
0 moou
Teopema 1. [lycmo evinoanaromcsa yciro-
sus 1)-1V), A)-C) u (4). Toezda cucmema
Pnc./ 9. Sckus rpaduka  GyHKIHH (1) obradaem Osyms nOKOMNOHEHMHO NOAO-
y = Gj(u) a [0,n]] scumenvroinu  pewenusmu  f*(x) = (fi(x),
Fig. 2. Sketch of y = G;(u) Iunction §($)7,f;($))T, flx) = (filz), fa(z), ...,
graph on [0, 7] fu(@)T (puc. 3), npuuem

lim fi(z) =0, lim f/(r)="2n;,

T— 400

- - 5
hrf fi(r) =213, lim filx)=0, j=12...,n, ©)
f; S LI(R+)7 }V‘J € L1<R7)7 ]: 1727' <N, (6)
fi(x) | nownaR, f;(x)T noxnaR, j=1,2,...,n, (7)
£, FECR) j=12..n (8)
y A
2n;
y=Ji)
m_xC
—/ \\\\\ny*(l‘)
0 - -
0 T

Puc. 3. dckusel rpadukos pyukunit y = f7(z) ny = f‘;(x)
Fig. 3. Sketches of y = f7(z) and y = fj(:p) functions graphs

2. JOKASATE/IbCTBO TEOPEMbI

Iar 1. B cuny HenpepbiBHOCTH M MOHOTOHHOCTH (DyHKUMH {g;(u)})j_, Ha oTpeskax
[=n,mi], 7 =1,2,...,n cymectByT obpaTHble K {g;(u)})}_; PyHKIMM

Qj::gj_la j:1727"‘7n' (9)

Hapsiny ¢ cucremoii (1) paccMOTPUM CJ/IeAYIOLLYIO BCIIOMOTATE/bHYIO CHCTEMY:

Qi(pi(x)) = i/Kij(a: —t)p;(t)dt, i=1,2,....,n, z€R (10)

Jj=1 R
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OTHOCHTENIbHO BeKTOP-QyHKIHU p(x) = (¢1(x), p2(x), ..., on(x))T. Tpsamoit npoBepkoi
MOXHO y6enutbesi, 4yTo ecau {i;(z)}?., SBJASIOTCS HENPepbIBHBIMH W OrpaHUYEeHHBIMH
peleHUsIMU CUCTEMBI

Qi(i(2)) = Z/(Kij(az —t) = Ky(z + 1) g;(t)dt, i=1,2,....,n, zeR" (1)
Jj=1 0
0< i) <nf, zeRT,

TO UX HeueTHble Mpono/KeHuss Ha R~ := R\ R* :

[ ) R+7 .
pi(r) = { vila) eem e 1=1,2,...,n (12)

—i(—x), ecmm x € R,

OynyT ynoBseTBopsith cucteMe (10), mpy 3TOM B CHJy HENPEPBIBHOCTH SIAEPHBIX (DYHKLHH
{Kij(z)};72) w wenunedinoctn {Q;(u)})i; pyukumu {¢;(z)})i, OyayT HenpepbiBHBIMH
Ha MHOXxecTBe R H

—nf <pi(z)<n zeR, i=12,...,n. (13)

IIar 2. [lycts {e;}", — uncaoBble mapameTpsl U3 npomexytka (0,1). Paccmorpum
cyleflylollde XapaKTepuCTHUeckKrue ypaBHEeHHS:

Soup [ Kye i = im12n (14)
Jj=1 0

Huxe ybemumcesi, uto aas Jqwoboro i € {1,2,...,n} xapakrepuctuieckoe ypaBHeHue (14)
06/1a1aeT eUHCTBEHHBIM MOJOKHUTEIbHBIM PeLleHUeM p;.
JlelicTBUTE/NbHO, PACCMOTPUM (PYHKIIUH

- * — Ezn: .
Xi<p):ZUj/Kz'j(t)€ ptdt—T, 1=1,2,...,n,
j:l 0

onpezesieHHble Ha MHOXKecTBe [0, +00). 3aMeTHUM, UTO TpH JaboM ¢ = 1,2,...,n
Xi(p) »L no p Ha [07 +OO)7 (15)
1 . * 1 * 1— Ei 5z77;k
xi(0) = 2 ;%m - §5z‘77i - n; >0, xi(+oo) = 5 <0, (16)
xi € C[0, +00). (17

13 (15)-(17) B cuny Teopemsl Bosbuano — Ko (cm. [18]) cienyet, uto nas sawo6oro
i €{1,2,...,n} ypaBuenune (14) numeer ennHcTBeHHOE pelieHue p; > 0. O6o3HaUNUM uepe3

p* :min{p17p27'“7pn}- (18)
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CoBepiuasi aHaJIOTHUHBIE PaCcCYyKIeHHUs, KaK MPH N0Ka3aTesabcTBe jeMMbl 2.1 u op-
MyJibl (2.7) u3 pabothl [19], mpuxonum K cjefyrolieMy HepaBeHCTBY:

> / (Kij(z —t) — Kij(z+ 1) (L—e P dt = mje; (1—eP7),
=1

(19)
1=1,2,...,n, x=0.
Ilar 3. [Insa cucremsl (11) paccMOTpuUM cjenyioliyde UTepauu:
Q@) = Y [ (Kle = 1) = Kyla+ ) " 0. 0
j:1 0
wgo)(x) =nf, zeR" i=1,2,...,n, m=0,1,2,....
Jlerko MoxxHO yOeiuTbCs, UTO
YM(x) Lno m. 1)
Huxe unnykuuedt no m ybenumesi, 4To
(’ITL) 3 g_] * _ —p*gj .
W, (x)}lrgjlgn(n;)m (1—e?®), 20, i=12,...,n, (22)

rae { — eIMHCTBEHHBIH KopeHb ypaBHeHusi Q;(u) = &;u. [Ipu m = 0 HepaBeHcTBO (22)
cpasy cJielyeT U3 LEeMOUKH HePaBEeHCTB:

min <§—i> i (1 — efp*x) < nf min (5—1) < = wi(O)(ﬂU)v
nj

1<G<n \ 1)) 1<i<n

oo & < nf,i=1,2,...,n (puc. 4).

A [Tycth (22) MMeeT MecTO MPU HEKOTO-
Zi poMm m € N. Torna, yuutsiBast (19) u BbI-
Ll S : MyKJI0CTb BHU3 (DYHKIMH {(Q);(u)}! | Ha OT-
yi= Qi(v) peskax [0,7;], uz (20) 6ymem uMeTh:
y=u :
Y = gu m
| Qi (@) =
1 E . 6] _m*
: : > ST\ ep* (1 — P
0 , . _ > lréljlgn (m eim; (1 e ) . (23)
0 & n; u J
x = 0.
Tak kak
o< iy (£) 0 <6

g \7; (24)

Puc. 4. dckus rpaduka GyHKund y = Q;(u) i—19 N

Ha I:O’ 77:} ) ) Y Y
Fig. 4. Sketch of y = Q;(u) function graph TO C y4eTOM BbINYKJOCTH BHHU3 (YHKLHH
on [0, n] (); Ha otpeske [0,7n] u3 (23) u (24) noay-

yaem
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Qi(%(mﬂ)(@) = Q; ( min (5_1) n (11— e_p*m)) ; (25)

1<jgn n;

160 Q;(u) <eu, wel0,§], i=1,2,...,n
B cuny moHotoHHOCTH (DYHKUHMEH (Q; Ha oTpe3ke [—nf, nf| U3 (25) NMpUXOAUM K CJIemLy-
[OlLel OlLleHKe CHU3Y:

D () S min (&) g (1 e > | =
Y, (x)/lrgjlgn(n;)nz (1 e ), x>0, i=1,2,...,n. (26)

Munykuuei no m HeTPyoHO [0Ka3aTb, YTO
»M e CRY), m=0,1,2,...,n, i=12,...,n (27)

M3 (21) u (22) 3akjiouyaeM, 4TO MOCJEI0BATEIbHOCTh HEMpPepbiBHBIX HAa RT BekTOp-
dyskumit ™ (z) = (™ (@), 5 (@), i (@)T, m = 0,1,2,..., uMeer motoueu-
HBIH Tpenes, KOrga m — oo :

lim o{™(2) = ¥i(z), >0, i=12...n, (28)

npuyeM mpeaesbHas BekTop-QyHkuus U(x) = (Y1(x), ¥a(2), ..., ¥u(x))T cormacno Teope-
me bB. Jleu (cm. [20]) u nenmpepsiBHOCTH (yHKUMH {Q;(u)}?_, YHOBIETBOPSET CHCTEME
(11). U3 (21) u (22) pas npenesbHOM BEKTOP-(PYHKIMU TPUXOAUM TaKKe K CJIeIyHOIINM
OIleHKaM:
0 (& o ‘ T
121%1”(% n (1— ) <ti(z) <nf, zeRT, i=12,...,n (29)
W3 nenpepeiBHOCTH QyHKUME {Q);(u)}! | Ha oTpeskax {[—n}, 7]}, ¥ A0epHBIX QYHK-
wuit { K;j(z)}7;-, na R ¢ yuetom (29) u (11) cienyer nenpepbiBHOCTD GyHKUME {1);(7) i)
Ha RT.

Ilar 4. 3anuceiBas utepauuu (20) B caenymoEemM BUIE:

Qi (x Z/KW j (x—7 dT—Z/KU (x+t)y )()d

]10
O)=n:, i=1,2,...,n, m=01,2,...

M YUHTBIBAs MOHOTOHHOCTB siep { K;(x)}7 WHIYKIIHeH Mo m JIerKO MOXKHO JI0Ka3aTh,

i,j=1"
4qTo

wl(m)(x) T moxuaR", i=1,2...,n, m=0,1,2,.... (30)
13 (30) cpasy caenyert, 4To
Yi(r) T moxzmaRT, i=12 ... n (31)

Takum o6pasom, B cuay (31), (29) u HempepsiBHOCTH (yHKUME {¢);(x)}, Ha RT
MOXKEM YTBEPXKIaTh, UTO CYLIECTBYET Mpeje

lim o;(z) =\ < 400, i=1,2,...,n, (32)

r——+00
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npuueM

1<j<n

min (g—i)nfg)\ign;‘, i=1,2,...,n. (33)
;

C Ipyroé CTOPOHBI, UCIIOJIb3YsI H3BECTHOE CBOHUCTBO OMEpPAldK CBEPTKU O MPENe]bHOM
nepexojie MoJ 3HaKOM MHTerpasa, ¢ ydetom (32) 6ynem umetsb (cm. [13,14])

li =1,
x—{glooz/K” t);(t)dt = Za” i, 1=1,2,. (34)

3aMeTHM, 4TO

lim Z/Km Yi(t)dt =0, i=12,...,n. (35)

r——+00
Jj=1 0

JleiicTBUTeNBHO, ¢ yueToM (29) umeem

Z/K”x—i—twj

n

<X [t 0 o) de <
0

J:1

Zn]/ rdr ——0, i=12,..n

Hrak, yuutsiBas (34), (35), (30), HermpepriBHOCTE (hyHKUME {Q;(u)}?_, Ha oTpe3Kax
{[=nf,nf]}~, v nepexons K mpeneay B (11), korna & — +00, NPUXOAUM K CJeLYyIHOLIEH
cHcTeMe HeJHHEHHBIX afrebpandyeckuX ypaBHEHUH:

(\) =D ayd, i=12,...n (36)
Jj=1

OTHOCHTEJNIbHO 3/71eMeHTOB {\; }7 |, yIOBJETBOPSIOIIMX ABOHHBIM HepaBeHCTBaM (33).

IIar 5. Bo-nepBbix, NpsIMOH MNpPOBEPKOH MOXKHO YOeIUTbCS, YTO 4HUcaa A, = 7,
(¢t = 1,2,...,n) ynoBaerBopsitorT cucreme (36). Huxe noxkaxem, uto cucrema (36) B
KJlacCe BEKTOPOB

D T (&
Mm = {C = (c1,62,.,Cn)" 1rgnj1£n (77_;) n; < ¢ < 77:}

ob/aaeT eqMHCTBeHHBbIM petuenueM n* = (57,05, ..., n%)T. Ipeanonoxum o6patHoe. Torna

N =N
B = max77Z _ ig 0

: — = " >0
I<isn ; 772'0

A= (A5, A2 e Aigs Aig1-- An) | siBAISieTCS petueHuem cuctembl (36). M3 BbimyKJ/I0CTH

BHU3 QyHKUM# {Q;(u)}!, Ha oTpe3kax {[0, 7]}, cpa3y cienyert, uTo (pHc. 5)

My — Qio(05) « Qio(05,) = 5,

Mig — 61'0 ’ Mig — 51'0

Qio (Ai()) < )‘io +
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rae
0jp 7= min. (—) iy S Sio < Thig- (38)
A
Yy
y=u
n; :
i ¥/ * i * ) * s«
0 p M, — Qi,(5;,) wt Qi (6;) — 0,
’ v - % % i
77?0 o 5i0 ”7;“0 - 61’0 !
N
P . y = Qi(u)
* 7 :
Qio(&io) |
0l : _
. * *
~0 5’i0 AiU i, u

Puc. 5. dckus rpapuka GpyHkunn y = Q;,(u) na [0,7; |
Fig. 5. Sketch of y = Q;,(u) Tunction graph on [0, 7; |

C npyroii cTopoHsl, u3 (36) B cusy Teopembl @pobennyca — [leppona caenyer, 4To

0 <l — Qig(Nig) = D g (1 — Aj) < max (JU—J) Ny = B, (39)
W3 (37) cnenyer, uto

77:0 - Qio(Aio) > (7]:0 - )‘io) nzﬁo — (51*0

Ouenku (39) u (40) BaekyT 3a co60# cJenyrollee HEPaBEHCTBO:
77’?(0 B )\iO . 77’:(0 B QiO (5:(0)
5, My — O

?

B>

U3 KOTOPOTO CJIefyeT, YTO
(41)

o\ S 5
B:nlo - 0< *7720 10* ngB’
nio 777:0 - QiO ((510)

roe
£ _ g
n; —0; )<1'
)

TS (772‘ — Q6

s (41) npuxonum K npotuBopeuuio. Takum obpasom, A, =7, i=1,2,... n.
Iar 6. Ha sToM mare moka;kem, 4To
(42)

nf— € LiRY), i=1,2,...,n.

C 3T0#i LeJbI0 CriepBa HHAYKLHKEH 10 m yOeauMcsi, uTo

,n, m=0,1,2.... (43)

m— ™ e LyRY), i=1,2,. ..
171
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B cnyuae m = 0 Bkjwouenue (43) cpasy caenyet u3 (20). Ilpennonoxum, yto (43)
uMeeT MecTo npu HekotopoM m € N. Torma, mpuHuMmasi Bo BHUMaHue (29) u mpocTtoe
HepaBeHCTBO Q;(u) < wu, mas Bcex u € [0,77] Ha ocHoBaHHMH TeopeMbl PpobeHnyca—
[Teppona u3 (20) 6yneM umeTb

0< 77: - %-(mﬂ)(»’l?) < 77; - Ql( m+1 Zazjn]
-3 [ Hate =0 0+ Y / Koyl + 0™ (1)t <
Jj=1 0 j=1 0
< /Kz](x—t) (4" 0) dt+2zn;‘/Kw(t)dt— Ji+ L, i=1,2....n
J=17 =1 %

Tak kak K € Li(RY), nj — wj(»m) € Li(R*), o J; € Li(R"). C npyroii cTopoHsl,
nockosbky [ K;j(z)dr < +o0, i,j =1,2,...,n (cMm. ycaosue IV)), TO B CHJIYy TEOPEMBI
0

younu I; € Ly (RY). CnepoBarensHo, J; + I; € Li(R™). Y3 nosnyyeHHoro HepaBeHCTBa

o<y — ™V @) < S+, =12 .n
C y4e€TOM BbIIIE€CKAa3aHHOT' O MoJy4YaeM, YTO
i — " € Li(RY).

Tenepb JOKaxeM CJIEeNYIOIYyI0 alipHOPHYIO OLUEHKY CHHU3Y:

QU™ @) = (- w™ @) B om0, @)
77 -G
rie
a; *= min (fj)nz (1—6_”*), i=1,2,...,n. (45)
1< \ 7y
JI71s IPOCTOTHI asibHEHIIET0 U3JI0KeHHs 0003HAUUM Yepe3
Y = m:—Qi(ai), 1=1,2,...,n.
i — &
CnepBa 3ametum, uto u3 (29) caenyer:
=™ >a,>0, x>1, i=12...,n (46)

B cuny Bemmyk/aocty BHU3 QyHKUMH {Q;(u)}!, Ha orpeskax {[0,n;]}" , Oynem UMeThb

(o (mA+1) 777_@1(042) (m+1) Q’L(al)_ a;
QU () < LB oy D)

z=21, +1=1,2,....,n, m=0,1,2,...,

OTKYZa NMpUxXoaum K (44).
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Tenepb npounTterprupyem no z B npefenax oT 0 1o +o0o o6e 4acTH CJAeAyIOLIero Hepa-

BEHCTBaA:
0= Q@) < Y [ Kole o) (5 - 0" 0) e
j:10
+2277;/Kij(t)dt, i=1,2,....,n, x>=0. (47)
j=1

Torna, yuuTeiBasi 4eTHOCTb siiepHBIX (PyHKUMH {F;(x)}7

i,j=1> (21) (40)’ craenyrliiee
IIPOCTOE€ HEPABEHCTBO!:

= Q" (@) = — 0" (@), i=1,2,...

)

u teopemy Ppobennyca —[leppona, 6ynem nmeThb

1

s« (mt1) T ()
n; n;
0
an/wa Ydxr + — Z /77] /KU Ydrdt =
— —Zn]/xKl] dx—i——z /77] /KZJ det+

Z /n] / Ky (r)drdt < an / oK (2)da+

n * (m)
1 * n; — @Z)] ( )
=D 7] / Kyj(r)dr - max / o dt | +

=l 0 /

L&~ [ - ¢§m)(t)

ioj=1 SN 1 J n =

n * * (m-+1)
1 * n; — wj (t)
1— F an /Kij(T)dT . lrgjaél / o dt | +

1 ]:1 1 J

+ j_¢§m+1()dt <2 12n:*OOK()d +
1<en m S\ 2- ;| wki(z)d
1 - 0

0 x (m+1)
7; —?ﬂj (t) -
s [+ (S i [ ke |

1
* (m+1)
c )t ¢
X max / s % ( )dt
1<j<n n;
0

1
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M3 nosyyeHHOH OLEHKH B CUJY HEOTPULATEJBbHOCTH CJaraeMblX B MpPaBOH 4acTH, B
CBOIO OYepelb, CJeLyeT, 4YTO

1 o)
x _ qpmtD) x _ qpmtD)
max /771 2 (x)dx + min 7, - max / U (:E)dx =

1<i<n 77? 1<i<n 1<i<n 77;
0 1
1 oo
* (m+1) * (m+1)
S — . S — ! €T
= max /771 wz* ( )d$+ mln ’}/] /771 ’l/}z* ( )dl' <
1<i<n n; 1<g<n n;
0 1
T (m+1)
T — ! €T
< 2 max Zn] /xKZJ )dx | + max /771 %* ( )dx +
1<i<n 1<i<n n;

NERSE =" @)
+|1- i pr z;nj /Kij(T)dT ' Jnax / . dx
= 1

HJIN

1r<njl£n Vi — 1122; - x| + 1%13” - Zl 77j ii\T ) T | X
j:

1

1
* (m-i—l)
X max / i ?/11* (x)d < 2 max — an / x)dx. (48)
1<i<n 1; 1<i<n ’[7

0

3aMeTUM, 4TO

| - Qilay) = Qulos
mlnvj—lzmln J J( ])—1: 70 Jo( Jo)_lz
1<<n ISl — oy = o
a{. — . a .
=% = 9alom) o e 12, m),
77]-0 —
néo ay, = lréliiéln< 1>7710 < nj,, a gynkuuu {Q;(u)}i, BBIIYK/Ib BHHU3 Ha OTpe3kax

{[O’ 77?] ?:1

13 (48) cnenyet, 4TO
. : 1 ¢ * i
min (113]1217] — 1> min U—:ZIT}J- /Kij(T)dT X
J= 1

00 1
* (erl) * _ (m+1)
x max / ;i % (x)dl‘—F max / ;i ¢z <x>dl’ <

1<i<n 772?“ 1<i<n 77;*
1 0

<2mex ZZ%/%’K” )iz
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HJIN

min (lgljlgnvj — 1)- lrglgn E 77] / X
x * (m-+1)
ni— (I)
Ve ZZ’%/IKU

;i
0

B CUJIy HEOTPHLATEIbHOCTH MOABIHTErpanbHbIX QyHKUMH. OTKy#a cpasy nosyuaem

° s« (m+1)
/ n; =, (x) g

<
148 n; c) s
0
< min 1r<nj1£n Vi — ; 1%%1” w an i (T)dT X
Jj=1 1
1 &,
X max Eznj /xKij(x)dx : (49)

CnenoBatenbHo, u3 (49) B cusy teopembl B. JleBu 3akitouaem, uto nf —; € Li(RT),
1=1,2,...,n4u

e}

max / Lwi(x)dm <

1<i<n n;.“
0

<2 i —1): mi Kii( X

X max E rKj(
1<i<n U / i

IHar 7. 3ameTUM TakKe, 4yTO

—Qz(’%(l‘)) € Ll(RJr), 1= 1,2,...,71. (50)

HeiictButensHo, u3 (11) ¢ yuetom (29) u teopembr Ppobenuyca—Ileppona Gymem
UMETh

— Qutil 2277]/ dr+2/ — ) dt. (51)

]10
)

Tak kak 77 — ¢; € Li(RY), Ki; € Li(R) u [2K(z)dr < +oo, i,j = 1,2,...,n

I

0

TO B cuJy Teopembl PyOuHH npaBasi yacTb HepaBeHcTBa (1) MpHUHAILIEKHT MPOCTPAH-
ctBy Li(RT). Uz (51) mpuxomum k (50). B cuay (42) u (50) us (12), (11), (31) u (10)
CJIEZIYeT, UTO

o 1ty € LiRT), n'+Qi(g)e€ Li(RT), i=1,2,...,n,
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e yi(r) 1T mo z Ha R, i=12...,n,
® @ZGC(R), i:1,2,...,n

CnienoBartesibHO, (GYHKIUH
fz*(x) = 772*_@2(%(37))7 ZIZ’E]R, L= 172a"'7na (52)

i) =n+Qi(pi(z), z€R, i=12,...n (53)

obsagaiT cBoicTBaMH (5)—(8) COOTBETCTBEHHO.

IMar 8. [lna 3aBeplueHHs N0Ka3aTesJbCTBA TeOpPEMbl HaM OCTAeTCsl MPOBEPHUTH, UTO
byukuuu Buga (52), (53) ymosaerBopsitoT cucteme (1).

HefictButenbHo, yuuteiBas (9), (4), HeyetHocTb pyHKuMi {Q;(u)}?_,, ycnosue II) u
tTeopemy Ppobenunyca —[leppona, nmeem

Z/K” G, ()t = Z/Kw 0 = 05— (1)) dt =
—Zawm > [ Kol — D -Qe )

]1R

Z/ t)g;(Q(—;(t)) dt—m+2/ o;(t)dt =

:nz—i_Ql((p](x)):fl(x)? 221?27"'777’

AHaJIOrMYHO MOXKHO [0Ka3aTh, YTO (YHKLUHUH BHIa (D2) TakkKe YIOBJETBOPSIIOT CHUCTe-
me (1). Takum o6pasom, Teopema MOJHOCTbIO NOKa3aHa. O

3ameuanue 1. [Ipsmoii npoBepkoi MOXKHO yOeIUTbCS, YTO BCEBO3MOXKHbBIE CIBUTH I10-

erpoenbix pewentit f*(x) = (f(x), f5(x), o 1@, F(2) = (Fi(@), fol@), oo Fula))T
Takxe ynoBseTBopsitoT cucteMe (1). Takum o6pa3oM, Mbl MoJyyaeM JBa aCHMITOTHUECKH
pPasHbIX OHOMAapaMeTPUUECKUX CeMeHCTBa MOJIOKHUTEJNbHbBIX pelleHUH.

3. NMPUMEPbI

PaccMoTpum crenyonyo MaTpULy:

nxXn

/ Ky(@)de | = (

1,j=1

lw ol
oot Cof—=

) |

OueBunHo, uyto r(A) = 1. CienoBaTesbHo, coryacHo Teopeme Ppobennyca — [leppoHa,
cymectByeT BeKTop (17, 75)7 ¢ MOJOKHUTEIbHBIMH KOOPAHHATAMH, TaKOH UTO

{

U3 (54) cpasy caenyer, uto n; = n;. B kauectse (n},n;)’ BbiGepem cronder (1,1)7.

U
U

(54)

ool 0l

1t =m
1+ 3m =1

oo|Ut 0o
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PaCCMOTpHM Terepb HEJIMHEWHOCTb BHIA

OueBunHo, uto Q;(nf) =n;, = 1,2. Y6enumcs, uro cucrema (36) B ciayudae Hequ-
HelHOCTH (D) B KJacce BEKTOPOB C MOJOXKHUTENbHBIMH KOOPAMHATAMH 00/1a1aeT TOJBKO
petenvem (1,1)7. B naHHOM ciydyae cucTeMa MPUHUMAET CJEAYIOMIHHA BUIL:

%771 + éTD =77,

3 5 3 (56)
ST + 512 = 13-

O6o03HauuB uepes t := 1;/my > 0, IPUXOAUM K CJeyIOlIeMy aare6pandeckoMy ypaB-
HEeHUI0 4-r0 NMopsiika OTHOCUTEJIBHO ¢ :

B4 —Tt—1=0
nJInu
(t—1)(3t° + 82 +8t+1) = 0. (57)

W3 (57) monyyaem, uto ¢t = 1, a ypaBHeHue 3t° + 8% + 8t + 1 = 0, oueBHUIHO, He HMeeT
MOJIOXKHUTENbHBIX PelIeHHH.

WUrak, 1, = 1. U3 (56) mosnyyaem, uto n? = n;, otkyna n; = 0 uau 1, = +1. Tak kak
7 >0,1=1,2 10Mm =1 =1.

3ameuanne 2. B pa6ore [19] cucrema (36) uccienoBasach B TOM YacTHOM CJly-

yae, korma Q;(u) = cu® + (1 —¢)u, 1 = 1,2,...,n, ¢; € (0,1], a 3/71eMeHTbl MaTPHULIbI
nxn 1?112 aij 1
\lﬂ \n
A= [Ky(r)dr YIOBJIETBOPAIOT yCa0BHAM [[) 1 —2 — > —
R i max  a; V3
=1 1<i,j<n

3aMeTI/IM, 4TO OJid paCCManHBaeMOﬁ MaTpHUILbI A [nocJiefHee yCJI0BHUE HE BBITTIOJIHAECTCA,

TaK KakK .
min a;;

S s 11
ax, ay /8 7T /3

Onnako cuctema (36) B kaacce I o6aanaer eqvHcTBeHHbIM peruenuem (1,1)7.

B kauectBe mpumepoB smepHbiX GyHKuME (K;;(x))! " MOryT CJOyXHTb CJeayloline

ij=1
(YHKLHMH:

D) Ky(o) =% -, dj=12..n

2) Kij(w) =5 -7l i j=1,2,..n.

[Tpusenem teneps npumepnt Gpynkunit {Gj(u)}_;. C 9T0# uesbio cniepea pacCMOTPUM
npumepsl GyHKuub {g;(u) i

D) gj(u) = ¢/(m;)P~tu, j=1,2,...,n, u € R, rne p > 2 — mo6oe HeUeTHOE YUCJIO;
l—e ™ %
—n* 77]7 u > 07 i
2) g](u) - 1;5_13 % J= 1)27"'771;
176771;'.‘ 77]7 U < O’

Marematrka 177



m 1138. Capar. yH-1a. Hos. cep. Cep. Marematnka. Mexannka. VHpopmatnka. 2019. T.19, Bbin. 2

u+ = sin227;;ff, u>0, ‘
3) gj(u) = M . 9 J=12,...,n.
u— —Lsin® %, u <0,
™ 277)-

Torna pyukunn {G;(u)}_; umeor cTpyktypy (4).

banaromapHoctu. Pa6oTa Bbino/sHeHa npu (DHMHAHCOBOH moanepxkke ['ocynapcTBeHHOro
KOMHUTeTa 1o Hayke MuHucTepcTBa 06pa3oBaHus U HayKH Pecry6ukyu ApMeHHs B paMKax
HayuHoro npoekrta Ne SCS 18T-1A004.
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The Solvability of a System of Nonlinear Integral Equations of Hammerstein Type
on the Whole Line

Kh. A. Khachatryan

Khachatur A. Khachatryan, https:/orcid.org/0000-0002-4835-943X, Institute of Mathematics of National
Academy of Sciences of Armenia, 24/5 Marshal Baghramian Ave., Yerevan 0019, Republic of Armenia,
Khach82 @rambler.ru

In recent years, the interest has grown in nonlinear integral equations of convolution type in connection with
their application in various fields of mathematical physics, in particular, in the p-adic theory of an open-closed
string, kinetic theory of gases, in the theory of radiation transfer in spectral lines. The paper is devoted to
the questions of construction of nontrivial solutions and the study of their asymptotic behavior for one system
of nonlinear integral equations of convolution type with a symmetric kernel on the whole axis. The results
of the work are based on the combination of methods of invariant conical segments construction for the
corresponding nonlinear monotone operator with methods of the theory of linear operators of convolution
type. A constructive theorem on the existence of two asymptotically different one-parameter families of positive
and bounded solutions was formulated and proved, which is the main difference from the previously obtained
results. Moreover, from the structure of this system of nonlinear equations follows that all possible shifts of the
constructed solutions also satisfy the system. Special attention is paid to the study of the asymptotic behavior
of these solutions at the ends of the line. The limits of these solutions in oo are calculated and it is proved
that the constructed solutions belong to the L, (0, +00) and L (—o0, 0) spaces respectively.

Keywords: system of equations, vector-function, spectral radius, monotonicity, successive approximations,
kernel, Frobenius — Perron theorem.
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MEXAHVKA
Qﬁ YK 536.423:532.52

BnusiHue ny3bIpbKOB Ha CTPYKTYPY TeYEHUs
W TPEHUe B BOCXOASILLEM TYPOYNEHTHOM
ra3oXu,aKOCTHOM NOTOKe

‘ N B. A. CHurepes

Churepes Bopuc AnekcaHapoBid, JOKTOP TEXHUYECKUX HayK, BEAYLNN
HayYHbliA COTPYAHIK, IHCTUTYT MEXaHIKI 11 MaLWHOCTPOeHNs — 060c06-
NneHHoe cTpykTypHoe noapasaenerne OULL KasHLL PAH, Poceus, 420111,
KasaHb, yn. Jlobauesckoro, 4. 2/31, snigerev@imm.knc.ru

B pabote npecTaBneHbl pesynbTaThl pacHeTHOr0 UCCrEA0BaHNS NoKarb-
HOW CTPYKTYPbl BOCXOASILLEr0 ra3oxnaKOCTHOrO NOTOKa B BEPTMKANBHON
Tpy6e. Matematiyeckast MOAENb OCHOBaHA Ha 1CMONb30BaHNN LBYXKNL-
KOCTHOrO 3iAinepoBa noaxoa ¢ y4eTomM 06paTHoOro BINSIHUS Ny3bIPbKOB Ha
OCpeIHEHHbIE XapaKTepUCTUKM 1 TYpOYNeHTHOCTb HecyLlel gpasbl. 3ani-
CbIBAOTCS YPaBHEHWSi COXPAHEHMUst MACChl 11 KONMYECTBA ABUXEHMS B BUA-
Ie ypasHeHnin HaBbe — CTokca, 0CpeaHeHHbIX Mo PeHONbACY Ans Kax-
D014 (pasbl. [1ns TypOyNeHTHbIX HaNPsKEHMIA 3aNKCHIBAIOTCS COOTHOLIEHUS]
B NpeAnonoxXxeHun runotessbl byccuHecka. TypbyneHTHas BS3KOCTb ANs
HeCyLLel XNIKOI (a3bl onpefenseTcs C MCrnonb3oBaHneM AByXnapameT-
pUYECcKon MoLenn TypbyneHTHOCTM, MOANGULIMPOBAHHOI ANs ABYX(Da3-
HbIX cpefl. B ypaBHeHNs fns nepeHoca KMHETUHECKOIA SHEPrum TypOyeHT-

%% HOCTW 1 ee fuccunaumm BBOLSTCS LOMONHUTENbHbIE Claraemble As Ku-
HETUYECKON 3HEPrun, Bbl3BaHHbIE MynbCaLyUsMi NMy3blipbKoB. [BuKeHne

I\ y ANCNEePCHOI asbl onpeaensercs AENCTBUEM CIN MEX(A3HOro B3au-
\ﬁ MOLENCTBIS. B Ka4ectBe OCHOBHBIX CUN PacCMaTpUBAIOTCS Cnenyolne

HAYYHDI ﬂ KOMMOHEHTbI: ciuna ApxuMena, cuna COnpOTUBNEHUS, NPUCOeLMHEHHAs

‘ cuna, BpallatensHas cuna Mardyca, npucteHoyHas cuna. [Ans onncaHns

oT .0. EN pacnpeneneHns ny3sipbkoB Mo pa3mMepam B ABYX(Pa3HOM MOTOKE 3aniChbl-

BaeTCs ypaBHEHNE LN COXPAHEHUSt KOMMYECTBA HacTuL, y4uTbIBatoLee

N N / npoLecchl KoanecueHumn n npobneHns. [ns peweHnsl ypaBHEHUs Co-
\) XpaHeHMs KONn4ecTsa ny3blpbkoB NPUMEHSIETCS NOAX0L, OCHOBAHHBIN HA

meToze cppakumin. CnekTp pacnpeLeneHns 4actul, no pasmepam LeauTcs

b Ha psia COpakLmiA C OMKCUPOBAHHBIMIA rpaHMLaMu, npu 3ToM npeanona-

raeTcsi BO3MOXHOCTb 0OMeHa My3bipbkamii MexXay pasHbiMiA cppaKLst-
M1 B pesynbTate KoanecueHumn u apobneHus. B pamkax atoro Metofa
pacnpefeneHne nysbipbkoB Mo pasmepam anmnpoKCUMMPYETCst KYCOYHO-
PABHOBEPOSITHBIM pacrpefeneHneM, Takum obpasoM, 3afaqa onmcaHus
CrieKTpa Kanesb Mo pasmepam CBOANTCS K PEWEHNI0 ypaBHEHWIA s 06b-
eMHbIX KOHLIEHTPaLWIA OTAeNbHbIX qopakKLmiA. Y1CNeHHO UccnejoBaHO BI-
SHWE M3MEHEHS! CTeNneHN AUCNepCHOCTI ra3oBoii goasbl, 06bEMHOr0 pac-
XOJIHOTO ra30CcofepIKaHisi, CKOPOCTU AMCTIEPCHOI (pasbl Ha NOKasbHYH0

© Chnrepes b. A, 2019
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BBELEHUE

JIByx(dasHble 1my3blpbKoBble TYpOy/JeHTHblE TeYeHHsl LIMPOKO paclpoCTPaHEeHbl B pas-
JIUUHBIX 06JIaCTSAX MPOMBIILIJIEHHOCTH, TAKMX KaK XUMHUUecKas, NulleBas, (papmaleBTHye-
cKasi, aToMHasi U TemosHepretrka. CJ0KHOCTb MOAENHUPOBAHUS 3TUX TMOTOKOB CBs3aHA C
60J/IbILIMM KOJIMUECTBOM SIBJEHUH Pa3JIMUHOHN MPUPOMIBI, OCKOJbKY TaKUe TeueHHUs Xapak-
TEpPU3YIOTCS CUJIbHBIM B3aUMHBIM BJHSHUEM Hecyllleld W TUCTepCHOH (ha3bl, COMPOBOKAA-
I0TCS TIpoleccaMM TenjooOMeHa, (ha3oBbIX MMEPexXo/oB, KoasecleHUHH, 1pobJeHns U T. 1.
[Tosromy monesnnpoBaHue TypOyJEHTHBIX My3bIPbKOBBIX MOTOKOB MPEACTABJSET HeMaJsblH
MPaKTHUECKUH WHTEpeC U eMy TOCBSIIeHO 00JblIoe KoandecTBo mybnukauui [1-3]. Tem
He MeHee, HeJ0CTaTOUYHO H3YYEHHBIMH OCTAIOTCS BOMNPOCHI O JeTajJbHOW TYpOyJeHTHOH
CTPYKTYype AJs1 ABYyX(a3HbIX MOTOKOB, MOJHUAUCIEPHOCTH pacrpeeseHus My3blpbKOB, 3a-
KOHOMEPHOCTSIX AUHAMHUKH ABYX(A3HOro MOTOKA. DTO CBS3AHO C Te€M, YTO Ha CTPYKTYpYy
TeUeHUs] W TUIpPaBJUYECKOE COMPOTHUBJEHHE B Fa30KMIKOCTHBIX MOTOKax BJHUsET 0O0Jb-
[1I0€ YHUCJIO THAPOAHHAMHUECKHX W FeOMeTPUUYECKHX MapaMeTpPoB, YTO OCOOEHHO BaKHO
B HH)KEHEPHBbIX NMPUJOKeHUsX. B HacToslllee BpeMs B jJinTepaType HMeeTcsl OOJblIOe KO-
JIMUECTBO 3KCIEPUMEHTAJIbHBIX AaHHBIX M pacueTHbIX peKOMeHAALHUH Mo THApOoIMHAMHUYE-
CKOMY COINpPOTHUBJIEHHIO U TeIJOOTAaue MPU TeUeHUH ra30XKHUAKOCTHBIX MOTOKOB B TPybGax
pasHoro nuametpa (cM., Hampumep, MoHorpaduio [3]). DKcnepuMeHTaJIbHOMY H3YYeHHIO
TypOY/NEeHTHBIX MY3bIPbKOBBIX TeUeHHWH MOCBsilleHbl paboThl [4-8]. BakHas unbopmamus
COIEPKUTCS B [D], Tle U3/I0XKeHbl Pe3y/IbTaThl SIKCIIEPUMEHTABHOTO UCCJIeOBAHUS THAPO-
IUHAMHUECKOTO COMPOTUBJEHHS NPU T€UeHHUH NMapoOBOIASHON cMecH B o6orpeBaeMoit Tpyoe.
OnpenesneHo BaUsiHWe 060TpeBa Ha CONPOTHUBJEHHWE TPEHHUS CMECH W JaHa 3MIUpHUYecKas
3aBUCHMOCTbB /Il pacyeTa MoTepH AaBJeHHs TpeHUs B 06JacTH HeOOJbIINX NapocoaepxKa-
Hui. Takxke 1/ cpaBHeHUS] TPUBOASITCA pe3yJbTaThl AJ51 HeoborpeBaembix Tpy6. [loka-
3aHO, UTO HAa OTHOCHUTEJ/bHBIH Mepenaj AaBjeHUsl B TpyOe MpHU TeUeHUU Ia30:KHIKOCTHOTO
NOTOKA OKasblBaeT BJ/IMSIHME He TOJBKO JaBJieHHe, HO M MaccoBas ckopocTb. C yBeJsu-
YyeHHeM MacCOBOH CKOPOCTH TPOUCXOAWUT YMeHblIeHHe OTHOCUTEJbHOH MOTepH NaBJeHHSs
Ha TpeHHUe, a TakxKe yMeHbllleHHe 3HaueHWUs MapocojepKaHus, NMpU KOTOPOM HayHHaeTCs
«KPHU3HUC CONMPOTHBJEHHUSI». B padorax [5,6] B pesynbTaTe H3MepeHHH THAPABIHUYECKOTO
CONPOTHUBJIEHUS] U TPEeHUS B BepTHKAJbHBIX KaHasnax Obla1a oOHapyKeHa 00JlaCTb TeYeHUS
C aHOMaJIbHbIMH 3HAUEHHUSIMU 3TUX BeJUUHH. VI3MepeHHble BeJUUMHBI CONPOTHUBJEHUS Ha
MOPSIOK TMPEBBILIAIOT 3HAYEHUs], MOJydalolldecs M0 COOTBETCTBYIOLIUM pacyeTHbIM Me-
ToAHKaM. Jta 006/JacTb COOTBETCTBYET PeXKMMY MY3bIPbKOBOI'O TeYeHHs MPHU MaJblX MpHU-
BeJIEHHBIX CKOPOCTSAX KHUAKOW (pasbl. Hapsiny ¢ skcrnepuMeHTalbHBIMU HCCJEL0BAHUAMU
ra30KMIKOCTHBIX TIOTOKOB MPOBOASATCS YUCJAEHHble MOAENUPOBAHUS ABYX(A3HbIX My3bIpPb-
KOBBIX TeueHHH. Ha ocHoBe 3ijiepoBa KOHTHHYyaslbHOTO Moaxofaa B pabdorax [9-11] mpen-
JIOXKeHbl 3(p(eKTUBHbIE MeTO/bl, MOJyUeHbl ANMpPOKCUMAlUU ypaBHEHMs, OMHUCbIBAIOIIMe
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3BOJIIOLMIO (DYHKLMM pacnpeeseHds YacTHL 10 pa3MepaM B ra30KUAKOCTHOM MOTOKe.

[{enbto HacTosLlel pabOTHl AB/ISAETCS AeTaJbHOE UHCJIEHHOe UCCJIelOBaHUe XapaKTepH-
CTUK TypOyJIEHTHOTO BOCXOASILIEro NOTOKa B TpyOe NpH U3MEHEHHUH MacCOBBIX CKOPOCTeH U
pacxonHBIX razocoiep:kanuii cpen. OcHOBHOe BHUMaHHe YAeJNeHO aHann3y TYpOy/JaeHTHOH
CTPYKTYPBI T€UeHHUS, NOJUAUCIIEPCHOCTH Ta302KUIKOCTHOIO MOTOKA, a TaK»XKe IOBEPXHOCT-
HOTO TpeHHUsl ABYX(A3HOrO TeUeHHS.

1. NMOCTAHOBKA 3A4A4U

Jlns MateMaTHyecKoro OMUCaHUsl NPOCTPAHCTBEHHOTO NBHXKEHUS ABYX(A3HOW cCpelbl
NPUMEHSIeTCS SUJIePOB MOAXOH, OCHOBAHHBIM HA MOJAEJNH B3aUMOINPOHUKAKOUIMX WU B3au-
MOJIEACTBYIOLIMX KOHTUHYYMOB, KOTOPbIH CBOOUTCSl K ONHUCAHHUIO YCJOBUH pa3aesIeHHOTO
JBHXXeHHS (a3 U ONpelesIeHHI0 BeJHYHH, ONHCHIBAIOLIMX MexkK(asHoe B3aHMOLEHCTBHE.
Cucrema ypaBHenuit Hasbe — CTokca, ocpenHeHHbIX 1o PeliHosbacy, AJs ONMUCAHUS AHU-
HaMHKH Ta30XKUAKOCTHOTO TI0TOKA MMeeT cJenymouui sua [2, 11]:

0 0 .
&(@mam)"i_a?(amgmvmj):(), Oél+Oég:1, m:l7ga 1) = 172737 (1)
J
0 0 oP
) Wi Vs \1 2 0 Wi
+8—x] |:am Heff, m ( 8xj + al’z ):| - gf)—xz (am ,U/eff,ma—xn 513) . (2)

B cucreme ypasuenunit (1)-(2) ¢ — Bpems, g, 0 — MJIOTHOCTH CIIOLIHOH WU ra3oBoi
(has COOTBETCTBEHHO, (v, (r; — OOBEMHbIe KOHLEHTPALMK Hecylled U AuCnepcHOH (asbl,
gi — CWJa TAXKEeCTH, V,,; — KOMIIOHEHTBl CKOPOCTH m (haswl, M,,; — CHUJBl MexX{(pasHo-
ro B3aUMOJEHCTBUSA, P — NaBJEHHE, [legm, — dPPEKTHBHAA AMHAMHUYECKass BA3KOCTb m
(asel. s onrcanus TypOyJeHTHBIX XapaKTePUCTUK Ta30KHUAKOCTHOTO MOTOKA MPHUMEHS-
eTCsl paclUMpeHHas AByXIlapaMeTpUuecKass MOfeJsb TypOY/JeHTHOCTH, ONpefessieMas yepes
3(h(HEKTUBHYIO BASKOCTb [lof m, COCTOALLYIO M3 NMHAMHUYECKOH BA3SKOCTH HECYLIeH cpefbl
am,i » TYPOYJIE€HTHOH BSIBKOCTH fit], BSIBKOCTH fpr) [12], yuuThIBaioLlasi BJAHMSIHHE HAJH-
Yusl My3bIPbKOB B HeCylled cpelne Ha TypOyJieHTHble XapaKTEPUCTUKHU Ta30KHUAKOCTHOTO
NOTOKa B BUJE

Heffi = Mam, 1 + Heg + UBLI- (3)

Jl1s BBIUMC/IEHHS [ TIPUMeHsieTcst popMyna Kosmoroposa, a msisi pipr; — COOTHOLIe-
HUe, TpeaJioXKeHHoe B padoTe [12]:

_Cuak} B Y B
o= ——_—" MBI = Cuwprouds Vg — Vil s e, g = ?Meff, o Cw=206. (4)
! !
151 onpenesieHrst KHHETUYECKOH 3Hepruu TypOyJeHTHOCTH k U CKOPOCTU AUCCUNALUU
JKUAKOU (Da3bl € UCMOJb3yeTCs MOAeNb TypOyJNeHTHOCTH k — &, MOAU(DULIMPOBAHHAS /IS
nByxdasueix cpen [11,12]:

0 9 0 phett, 1 Ok

It (aq 01 ki) + 8—% (o Viiky) = oz, (al o 8xj> + (G — o€), ()
0 0 0 et 1 O €l
5 (worer)+ oz, (uaVie) = or, (Oéz p &cj) +azkl(Cale C.,oc), (6)
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1 oV, oV, \T]’
G = R 7
l 5 Heft, 1 8xj 974 (7)

3HaueHUs MOCTOSIHHBIX B MOJEJH TypOY/JE€HTHOCTH MPUHSATHI PaBHBIMU
C,=0.09, C.,=144, C(C.p=192,00=1.0. (8)

Jas NOJUAHCIIEPCHOr0 MOTOKA BKJA[ Mex«pasmro B3aHMMOJIEHCTBUS B SﬁHGPOBOM npu-
— —

OJIM2KEHUM CKJIA[bIBAETCH U3 CHJIbl CONPOTHBJIEHUS MgD, MOABEMHON CHUJIBI FgL, npucoeIu-

—_
HenHo# cunpl My M:
D L VM
My; = _Mgi = - (Mgi + Mgi + Mgi ) : (9)
ITH CUJBI PACCUMTBIBAIOTCS MO CJAEAYIOMIUM (PopMyJIam:

3

C
MP = 1% Qld_d Vai = Vil (Vgi = Vi), M} = Cragoi(Vei — Vi) x (V x V), (10)

Vi OV

ot ot

MM = Cyvmraga ( ) . Cyar = 0.5. (11)

3necb Cp — K03((ULIHEHT COMPOTUBJEHHUS YACTHLLBL:

24(1 + 0.15Re™%") /Re, Re < 1000,
Cp = (12)
0.44, Re > 1000,

rae Re = 2¢/|Vy; — Vis|ds/p — 1ncio PefiHosbaca oTHOCHTeNbHOTO ABHXKeHHS (a3, d; —
CPeIHHE THaMeTp My3biPbKOB.
Kosadduuuent nogbemHol cuabl C, onpenensiercss Kak

min[0.288tanh(0.121Re); f(Eog)], Eog < 4,
CrL = ¢ f(Eoy), 4 < Eog < 10, (13)
—0.29, Eog > 10,
f(Eog) = 0.00105E03 — 0.0159E0; — 0.0204F04 + 0.474, Fog = g(o — 04)d>/o.

3necw f(Fog) — (yHKUMS, 3aBUCsALIast OT uucaa ITtBomia Fog, 0 — KO3(D(UIHUEHT IO-
BEPXHOCTHOI'0 HATSKEHUS.

Jlns onucaHus MOJMUIMCIEPCHOCTH ABYX(a3HbIX MOTOKOB 3aMUCHIBAIOTCS YpPaBHEHUS
A/ pacyeTa pacrpeiesieHUss My3blpbKOB 110 pa3MepaM BCJeACTBHe (Pa30BbIX NEPeXOM0B,
CJMSIHUS, pa3pylleHUss U JPYTUX MPOLECCOB C y4eTOM TypOyJeHTHOCTH.

B naHHOM paboTe NpPUHUMAIOTCS BO BHMMaHHMe TOJIBKO IPOLECCHl KOaJseCLeHLHH
U NIpoOJieHHs, KOTOpble SIBASIOTCS OCHOBHBIMM MeXaHU3MaMH, NPUBOASILIMMH K IOJH-
JIUCIIePCHOMY pacrpefesieHHI0 My3blpbKOB Mo pasmepam. [Ipennonaraercs, 4To my3blpbKy
MPU 3TOM COXPaHSIOT cepruyeckyto popmy. DBOMIOLHKS CIEKTPa Karesb OMHUChIBAeTCS KHU-
HeTHUYEeCKUM ypaBHEHHEeM [Jisl YAeJbHOH KOHLEHTPalUUH Mmy3blpbkoB n(v,t) [11].

Jlng pacuera MONMAUCIIEPCHOCTH IMY3bIPBKOB NPUMEHSETCS MeTOJ 3UJEepOBBIX (hpak-
LMK, OCHOBAHHBIM Ha pa3OUeHHH BCero CreKTpa YacTHLl Ha OTAeJsbHble TUCKpPETHbIE KJac-
Cbl ¢ (DUKCHPOBAHHBIMHU pa3mepamu v;(i = 1, My, M; — uncno ¢pakuuit). Konnuectso
YacTHL B Ka)KAOM KJjacce, 00ObeM KOTOPbIX HaXOAUTCA B Mpenesax MexXAY U; U Viiq,
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onpepensiercss uyepes N; = fl:"“ n(v,t)dv. MeTon mpeanoJsaraeT BO3MOKHOCTb OOMeHa
My3bIPpbKaMU MEXKJY KJacCaMH YacTHIl C Pa3HBIMH JAMaMeTPaMH B pe3y/bTaTe MPOLECCOB
KOaJleCIeHLIMH U pa3pyLIeHHs.

Beenem ¢yHKUHIO f;, omnpenesnseMyl0 KaK J0JisI KOHLEHTPALHUH TMY3bIPbKOB i-T'0
pasmepa OT O0OLIero 4YucJaa My3bIPpbKOB, JMJIS KOTOPOH BHIMOJHSIOTCS COOTHOIIEHUS
fi = i/ oy, ayfi = N;v;. 3anuiieM ypaBHeHHe 1Jis1 9BOJIOUMH (QYHKUMH f; B BHIe

0 0 ) , , ; .
a(%fi) + %(%ng‘fi) =B, — D, +By,—D;, i=1,Mj, (14)
J
' Vi1 ' Vi1 ‘ Vi1 ' Vi1
B — / Budv, DI = D,dv, Bl = / B,dv, Di = Dy dv.

Cnaraemoe B, omnpefessieT NPUPOCT KOHLEHTPALUU MY3bIPbKOB 3a CUET CJAUSHHUS ya-
CTUL C CyMMapHbIM oObeMoM v, a D), — yOblIb 3a CYeT CJAUSHUSA Y4acTHULl v C OCTaJlb-
HbIMU. V3MeHeHHe KOHLEHTPaLHH 3a CYeT MPOLEeCCOB APOOJIEHHUS OMUCBIBAIOT CJedyoLI1e
IBa cjaraeMblx: B, omnpene/sieT NPUPOCT 3a cuyeT APOOJEHHs 4dacTul OoJibliero oObe-
Ma, D, — yOblBaHHe B pe3ysbTaTe ApoOJseHHUs yacTul ¢ oobeMoM v. s 3aBeplieHus
MIOCTAHOBKH 3alaud TpeOyeTcs 3aJaHHe HauyaslbHOTO pachpeeseHHs 4acTHL Ha BXOJe.

B nanHo# pabote pns onpenesnenuss GyHKuUui B,, By, D,, D) UCNIONB3YIOTCS IMIHPHU-
yecKHe BblpaxkKeHHsi, nosyueHHsle B [13, 14].

lns 3aMbikanus cucteMbl ypaBHeHHH (1)—(14) TpebyeTcss HalTHU cHJbl MeX(a3HOro
B3aMMoOJieHcTBUS, onpenensemble cooTHomeHuaMU (9)—(13). HeusBectHriil napamerp dj,
BbIPAXKAIOLIUH cpeHUN 06beMHO-TOBEPXHOCTHBIA AMaMeTp My3blPbKOB B 00beMe v;, Ompe-
nessieTcs yepes f;:

My My
ds:Zfi/ Zfi/di . (15)

JIBHKeHHe Ta30XKHUAKOCTHOTO MOTOKa OMHUCHIBAETCS CHUCTEMOHM YpaBHEHHH coXpaHe-
HUs I/ Hecylled W raszoBod (a3 (1)-(2), momonHeHHOH MOAM(UIUPOBAHHOH MBYX-
napamMeTPUUECKOH MOJE/ b0 TypOyIeHTHOCTH MJisi [ByX(asHou cpensl (5)—(7). Cuibl Mex-
¢asnoro Blaumoneictaus (9)—(13), nelicTByolire Ha 371eMeHTapHbIH 00beM Cpejibl, ompe-
IeJISIIOTCS Yepe3 XapaKTepPUCTHUKHU MOTOKA, J0/1H 00beMHOI0 ra3oCcolep:KaHus oy, CpeiHe-
ro naMeTpa My3blPbKOB d,. 3Has XapaKTePUCTHKHU MOTOKA B TEKYILIHH MOMEHT BPeMeHH,
pellaeM cucteMy ypaBHeHH# (14) ¥ HaxomuM pacrpeieseHde f; IS KaxKAOH TPYIIIbI
My3bIPbKOB, YTO I03BOJSIET ONpPeNesUTb ds B KaxKAOM 3JeMeHTapHOM KOHEeYHOM oObeMe
ceTkU. Pacnpenesnenve f; naet HOMOJHUTENbHYI0 HH(DOPMALKIO O pacrlpeneseHud 4acTHIl
o pasmepaMm B oObeMe MOTOKa ABYX(a3HOU cpelbl. B pamMkax NaHHOTO MOAXOAa ABHXKe-
HUe TMOJUAUCIIEPCHOTO NBYX(a3HOTO Ta30XKHUAKOCTHOTO MOTOKA OMHCHIBAETCS 3aMKHYTOH
cucremoit ypasHenui (1)—(7), (9)-(15).

PaccuntanHble B TaHHOH paboTe MOTEPH AaBJEHHUS HA TPeHHEe CPAaBHUBAIOTCS C U3BECT-
HbIMU PacYeTHBIMU COOTHOLLEHHUSIMH, MOJyUYeHHbIMH B pe3ysnbTaTte 00pabOTKHU OOJIbLIOTO
gucJia IKCIEePUMEHTaNbHbBIX JAHHBIX JJIS1 PA3/JUUHBIX PEXKHUMOB TeueHUs NBYX(asHOro Io-
Toka. [/ pacdeTa MoTepu AaBJeHHUs Ha TpeHue B AByX(asHom notoke APLY pasnuuaror
JIBa THIa MoJeJield: TOMOreHHble U MOJIeJIH ¢ pa3feseHueM ABxkeHus (a3 [2,15]. [Torepu
NaBJIeHHS HA TPEHHUe OMpeesSioTCs uepe3 3HaUeHHs TpajveHTa NaBJeHHUs ABYX(asHOTO
notoka (dp/dz)EP. Jlns romorenHoi Momesu nByx(asHasi cpefia pacCMaTPUBAETCS B BHIE
CMeCH C MepeMeHHOH MJOTHOCTbIO 07 p, BA3KOCTBIO jipp. [pafiueHT NaBjeHusl BEIYUCASIETCS
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M0 aHAJIOTUYHOH (popmyJie 1Jis ODHO(PA3HOU KUAKOCTH B BHUIE

G3p

(dp/dz)}" = 5D orp Jrp, (16)

rne Grp = oi(Ji) + 04(J,) — TOJNHBIA PAacCXOl CMeCH, a [/ IJIOTHOCTH orp U BSIBKOCTH
CMECH fi7p TPUMEHSIIOTCS COOTHOLIEHHSI

—1
r l1—z
orp = (— + ) , prp =g+ (1 — ). (17)
Qg 01
B (17) x — maccoBoe conepkanue ra3oBoil Gpassl = = o,(.J,)/Grp. 15 onpenenenns
KO3(hpHIHEHTa TPEHHS frp MPUMEHSIETCST COOTHOIIEHHE, aHaJOTHUHOe /st OMHO(Aa3HOro
MOTOKA B BHE

16/R8TP ReTp 2000 GTPD
ReTp = .

TP =9 0.070 Re7%%  Repp > 2000, [irp

(18)

Jl7si cpaBHeHHsI MOTepU JIaBJEHHs] PaCCUMTHIBAIOTCS C MOMOIIBI0 IMIHPUUECKOTO CO-
OTHOILIEHHsI, MOJY4YeHHOTo B pabore [15], rme aBTOpPbl HUCXOAAT M3 M3BECTHOH (HOPMYJIBI
IJIST Tleperajia JaBJeHUs] TIPH TeueHHM OfHOPOLHOH cMecH. ['panueHT moTepy naB/eHHs
Ha TpeHue nas AByx¢asHoro notoka (dp/dz)EP Beipaxkaercss B BuIe HEKOTOPOH (yHK-
LMH, 3aBUCSIIEH OT IPaJMeHTOB AaBJeHHs 1Jisi ONHO(pA3HbIX MOTOKOB dp/dz)'e, (dp/dz)%’
npearnosiarasi, YT0 OJHOPOAHbBIE CPEAbl C YKUAKOCTbIO HJIM ra3oM MpH TeYeHHH M0 Tpyse
UMeIT TOT ke pacxon Grp. B padore [15] annpokcumanus aas onpenesnenust (dp/dz)Er
Tpe/JIoKeHa B BUIE

(dp/dz)}" = F (1 —2)'/* + (dp/dz)} «°, (19)
F = (dp/dz)g + 2[(dp/d=)¥ — (dp/dz)¥] =

B cootHoutenun (19) rpamvenTsl naBjeHdst 1 OAHO(MA3HBIX MOTOKOB dp/dz)R
(dp/dz)%’ BBIYMCASIOTCS MO (hOpMyJsIaM

G

(dp/dz)% =

rae fio, fgo — KOI(DMHULHEHTB TPeHUs [Js Hecylled M QUCIepCHOH (a3, BbIUHCISEMBbIE
aHasiornuno (18).

2. YUCNEHHOE PEWEHME 3AOA4N

Jln1sl 4MCJIeHHOro pelleHHs] CUCTeM ypaBHEHHH HCMOJb3yeTcsl MeTOA KOHEUHbIX oObe-
MOB C HcrnoJsb3oBanueM 6ubanoTekd OpenFOAM, npenocraBsitolleil MoJab30BaTEI0 HH-
CTPYMEHTBI AJis anmpoKCHMaluu AndQepeHINaNbHbIX OMepaTOPoOB Ha CTPYKTYpHUPOBAH-
HBIX U HeCTPYKTypHpoBaHHbIX ceTKax [16]. [Ipu momomm mertoma Iaycca uHTerpaJsbl mo
KOHTPOJIbHOMY 00beMYy CBOASITCS K TIOBEPXHOCTHBIM, a 3HaUeHHe UCKOMOH (PYHKIIMU Ha MO-
BEPXHOCTH SiUeHKH MoJiydaeTcsi MyTeM WHTEPHOJsLUK ee 3HAaYeHWH B LIEHTPOUJAX COCel-
HUX siyeeK. J{/11 KOHBEKTUBHBIX cJlaraeMblx AW(QepeHIIManbHbIX YPaBHEHUH IPUMEHseTCs
npouenypa QUICK. Ins nuckpeTnsaunu npou3BOIHOH 110 BpEMEHH UCI0Ib30BaNaCh HesIB-
Hasi cxeMa JiJiepa TMepBOro nopsinka To4HocTH. Koppekuuu mossi naBjaeHUsi OCyLIeCTBJIS-
I0TCSl 10 KOHeuHO-06beMHOM corsacoBaHHo# npouenype SIMPLEC. B xone peanusauuu
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MeTOla KOHEUHbIX 00beMOB 3a/aya CBOAMTCS K peLIeHHI0 CHCTeM JHUHeHHBbIX anredpau-
YeCKHX ypaBHeHHUH. PellleHre CUCTEMBI BBIMOJNHSAETCS METOAOM COMNPSI2KEHHbIX I'PaHEeHTOB
¢ npenobycnoBauBaHreM. PacueTHas o6sacTh npeacTaBseT cOO0OH KaHa/ C BXOIHOH U Bbl-
XOJIHOW YacTMU U TBEPABIMH CTeHKaMH. Bo BXOIHOM cedyeHHHU S; 3aJalOTCS CleAylOline
YCJIOBUS:

SI: ‘/él:‘/bla Vg:%ga ‘/11:‘/21:‘/19:‘/29207 P = Do, O./g:Oé()7 kl:klo7 €l:€?7
My =6, fs=1, dy = 0.0025, fi =0 (i=1,6, i £3), d" = 0.001, d™ = 0.012,

Ha BBIXOJHOH rpaHuge —
SQ . 81/;/8373 = 8f1/8x3 = 8]9/81’3 = (‘31@;/89&3 = 851/81‘3 =0.

Ha TBepno#t cTeHke S3 NPpUHUMAIOTCS YCJIOBUS MPUNUIIAHUS U TPAHUYHbBIE YCJIOBUS 1151
TypOyJIEHTHBIX NEPEMEeHHBbIX B BHUJE

quzvlzl):‘/;l:v::o, fi:O,kl:O,gl:ut(821/i/8w2):0,

rae (¢, T) — KOMIIOHEHTHl €IMHUYHOrO BEKTOpa HOPMaJjM K TOBEPXHOCTH. YCJOBHSI Ha
TpaHulle CUMMETPUU UMEIOT BUM Sy: Vd{ =V9=0.

3. PE3YJ/IbTATbl YAC/IEHHbIX PACHETOB

[IpoBepKa MpeaCTaBJEHHOH MOie/H Oblja MPOBENeHA MyTeM CPABHEHHs Pe3yJbTaTOB
pacueToB C IKCIEPUMEHTAJSbHBIMHM NAHHBIMU. Dbl BBHIOpaH SKCMEPUMEHT, MPOBEIEHHBIN
B pabore [17], B KOTOPOM H3ydasoCh MOJUIUCIEPCHOE My3bIPHKOBOE TEUEHWE B BEPTH-
KaJbHOH Tpybe. DKCIEePUMEHT MPOBOAHMIICS C BOLOBO3AYIIHOA CMEChIO MPU aTMOC(EPHOM
NaBJIEHUH U MOCTOSIHHOH KOMHATHOU TeMIrepaType.

B rabuuie mpencTaBieHbl OCHOBHBIE MapaMeTphl AJisi BBIOPAHHOTO SKCIIEPUMEHTa, Tje
(Ji), (Jy;) — npuBeneHHblE CKOPOCTH KHUAKOCTH U r'a3a COOTBETCTBEHHO.

XapakrepucTuka sKkcrnepuMenTos [17] Ha Bxone nonaercs mMoHoaucnepc-

Characteristics of the experiments [17] HBIH My3bIPbKOBLIH MOTOK. C yueTom
(7)) M/ | (J,) m/c o dvr | D um NpUBEJEHHBIX 3HAUEHUH CpeJl BbIUUC-
g

Ll 0986 00473 0051 25 508 JAJIUCh HadaJbHbBIe 3HAUeHUd CKO-
L2 | 098 | 0321 | 0231 25 | 508 pocTH TeKywle# cpensl. JlByxdas-
HOe TeueHHWe B BepPTHKAJbHOH Tpy-

6e mpeamnosaraeTcsi OCECHMMETPUYHBIM, TIO3TOMY MAJs YHCJEHHOTO MOAENHUPOBAHUS
BeIOMpaeTcss pacueTHasi o06JacTb, COCTOSLIAs K3 KPYroBOIO CEKTOpa C pPaguycom
ro = D/2 = 2.54 x 10 3™, pnunoéi H = 3.06 M u yrsom pactBopa 5°. [IpoBeseHbl uwmc-
JIeHHble pacueThl Ha CeTKaX KOHEYHbIX 00beMoB, cocrosimiux u3 M, = 32600, 84200,
168600 y3n0B. B cedyeHuWH MAOCKOCTH 0x1xs YUCJO pa3bUeHHH MO KOOPAMHATAM BHOJb
ocH TpyObl U MO AJHUHE AJS PA3JUUHBIX CeTOK cocTaBisgeT L; = 20 x 200, Ly = 40 x 400,
Ly = 60 x 600. UucsienHoe pellleHHe Ha ceTKe Ly oTaiMyaetcs oT Ly MeHee yeM Ha 2%, 110-
3TOMY BCe NpHBeJeHHbIe YUCJIEHHbIE PE3YJIbTaThl BITIOJHEHBI C TIOMOIIBI0 CETKH KOHEUHbIX
00beMOB ¢ pazbueHuem L.

3anatoTes ciaefylolllde TapamMeTpbl KOMIIOHEHTOB ABYX(a3HOH cpeibl BOIAa—BO3IYyX:
o = 998.2kr/M%, p, = 0.2kr/M?, 1y = 1.1 x 1073 a-c, p, = 1.7 x 107" I1a-c. Pacmpe-
IeJIeHre 4YacTHL[ 110 pa3MepaM IMpeJICTaB/IeHO B BHJE LIECTH TPyMN My3blpbkoB (M, = 6)
C MUHHMaJbHBIM IHameTpoM di™ = 1072 M U MakcHUMaJ/bHbIM dp®™ = 1.2 X 1072 M.
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B. A. Chrrepes. BnrisHre ny3bipbKOB_Ha CTPYKTYPY TeYEHHA IS SR

Ha puc. | mokasaHbl KapTHHBI TeUeHHs ra30XKUIKOCTHOrO noToka npu (J;) = 0.986 m/c,
(J,) = 0.321 M/c B BuJe U30JIMHUH OCEBOH CKOPOCTH Hecylueld (asbl VY, U30UHUE 00b-
€MHOI0 ra3oCcolepxKaHHus oy, CPEIHEero AuaMeTpa My3blPbKOB d,.

*&N 035

V3[

i

I N e —

a/a

| SNNNNNN
86/ c
Puc. 1. KapruHa TeueHHsi razoxuakocTHoro motoka (L1) B BuIe H30JMHHUH oce-
Boil ckopoctu Vi, wm/c (d), ofbemHOro rasocomepxanusi o, (6) M CcpemHero
IHMamMeTpa My3bIpbKOB dg, MM (8)

Fig. 1. Flow pattern of the gas-liquid flow (L1) in the form of isolines of the axial
velocity V}f, m/s (a), gas content ay (b), mean diameter of bubbles ds, mm (c)

BunHo, uTo Ha BXONHOM ydacTKe HaOJlofaeTcsi TpeyroJsbHasi 00JlaCTbh MEpPeCcTPORKH
N0/ CKOPOCTEH C paBHOMEPHOr0 MPO(HUIIS CKOPOCTH My3bIPbKOB Ha BXOJe K Mapabosuye-
CKOMY 10 Mepe NPOJBHKEHUS BBepX M0 Tpyde, a TakxkKe yBeJHYeHHe CKOPOCTH My3bIPbKOB
B LIEHTPAJIbHOM YaCTH KaHaja U 3aMe/lJleHue CKOPOCTEeH My3blPbKOB, HaxoAALIMXcs OJHd-
’Ke K CTeHKaM. [IBe 30HBI paBHOMEpPHOro pacnpeieseHHs CKOPOCTH pasiesisieT I110J0Ca,
XapakTepuaywoulascs HanboJiee pe3KUM U3MeHeHHeM KaK HalpaBJeHHUs, TaK U BeJHUYHHBI
ckopoctu. Hanbosee BeIpazkeHHO NpOsIB/IsSeTCsS Ha/JW4YMe NAHHOW 30HBI B paclpeleseHUU
00bEMHOT0 ra30cojepKaHusl BO BXOAHOH 4acTH TPyObl, YTO WJOCTpUpyeT puc. 1, 6. Or-
4YeTJIMBO BHHA 30Ha C PAaBHOMEPHBIM paclpejiesieHHeM 00BbeMHOro ra3ocojep:KaHus, 4To
SIBJISIETCSl CJIeICTBUEM IOTOKA My3bIPbKOB OJMHAKOBOIO AUaMeTpa BO BXONHOW 4acTH TPY-
obl. [Tocko/IbKy Ha BXoJie B aKcrepuMeHTe [17] momaroTcs MysblpbKU MOCTOSIHHOTO pa3mepa
C 1uamMeTpoM dy = 2.5MM, TO OTYETJIIHBO HaOJIONAETCs CYKAILIAsACHd M0 LIHPUHE TPYOhI
30HA C PaBHOMEPHBLIM paclpejeseHHeM .

[IpencraBsienbl pacueTHble W KCIEpUMEHTa/IbHble JaHHBbIE MO paclpelesieHHI0 Xapak-
TEPUCTHUK HeCyLlero U IMOJHUIUCIEPCHOro MOTOKA B PAa3BUTOM TypOYJEHTHOM Te4eHHH
B CeUeHUHU =5/D = 53.6 Bmosb pamumyca TpyOwl (r — paccrosiHHe oT ocd TpyOwl). Ha
pUC. 2, @ TIpUBeJleHbl CPaBHUTEJbHble JaHHble OCPEIHEHHOro MPO(HUJS OCEBOH COCTaB-
JALIEA CKOPOCTH Hecylied (asbl Vi rasoxuakocTHoro motoka aas (J;) = 0.98m/c
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u (J,) =0.0473,0.321 m/c (pexumbl Ly, Lo). Benenue HeGosblLION KOHLEHTPALUH ITy-
3bIppKOB (a; = 0.051) MpPUBOAUT K TOMY, U4TO MPO(HJIb CKOPOCTH JKHUIKOH (ha3bl CTAHO-
BUTCS TPAKTUUYECKH MJIOCKUM B sipe TMOToKa (puc. 2, a, KpuBas /). BausHue mysbipbKoB
NPOSABJIAETCH B TOM, UTO BOJIM3M CTEHKH IPOUCXONUT yBeJMYEHHEe TPagUeHTa CKOPOCTH.
[ToBbIlIeHHEe CKOPOCTH M KOHLEHTPaLUHUH My3blpbKoB (o, = 0.231) NpPUBOAMT K yMeHblie-
HUIO BJIMSIHUS JUCIEPCHOH (pa3bl Ha Mpoduab CKOPOCTHU. ['pagueHTsl npoduis CKOPOCTH
B MPUCTEHOUYHON 00/1aCTH YMEHbIIAKTCS, a caM Npoduab CTAHOBUTCS OoJee mapabosnuye-
CKUM, COOTBETCTBYIOIIUM OAHO(A3HOMY IOTOKY.

/T r
Vi %e

0.4 7 2

0.2

b

K

/"0

| _'_‘_.»60

S TR ¢ TEEET6 O

0.0 0.5 r/r, 0.0 0.5 o
a/a 6/b

Puc. 2. CpaBHeHHe pacyeTHBIX pe3y/bTaToB (MUHHUU [, 2) U 3KCIIEpPUMEH-

TalbHbIX AauHbix L1, L2 (cumBoabl) nas V4, m/c (a) u oy, (6)
Fig. 2. Comparison of calculated results (lines /, 2) and experimental
data L1, L2 (symbols) for V35, m/s (a) and oy ()

[Ipy HeGOMBLINX CKOPOCTAX TEUeHHs CMeCH HabJIofaloTCsl MMKOBAsl KOHLIEHTpaLHs My-
3bIPbKOB B MPUCTEHOUYHOH 00/1aCTH U paBHOMEePHOE MOJIoroe pacrpesiesieHue KOHIeHTPaLun
My3bIPbKOB B si[pe MOTOKA MPHU PA3JHUUHBIX KOHIEHTpauusx raza (puc. 2, 6). Anasoruu-
Hble DPe3yJbTaThl B 3IIOpPe pacHpelie/leH|s <, BAOJb paaudyca TPyObl MOATBEPXKAAITCS
SKCIIePUMEHTa/NbHBIMHA J@aHHBIMH MHOTHX HccJefoBatesed. Tak, ceanooOpasHble npodu-
JIM Ta30COJepKaHUs BAOJb cedeHUs] TPyObl 0OHApyKeHbl SKCIepUMeHTaJbHO MPU TeYeHHUU
BOCXOASIIIEro razoxuakoctHoro noroka B [8—10]. B stux pabortax mukoBoe pacrpenese-
HHe 00BEMHOr0 razocojep:KaHusl B IPUCTEHOYHOH 00J1aCTH U PaBHOMEPHOE B s1ipe M0TOKa
(Ha3bIBaeMOro «CKHH-3(PEeKTOM») MOJYYeHO MPH TeUeHHH My3bIpbKOBOH CMecH B Tpybe
npu Re; = 6.0 x 10% — 6.0 x 10%.

Oranure creneHu BO3MeHCTBUS MeXX(a3HBIX CHJ Ha My3bIPbKH Pa3JUUYHOTO pasmepa
MPUBOAUT K TOMY, UTO TMY3bIPbKH C AUAMETPOM MeHblle MCXOAHOTO CMelLlaloTcs B MpH-
cTeHouHylo 006/acTb. OTMETHUM, UTO pacCMaTpUBaeMbl pexKUM TeYeHHs MOXKHO XapakTe-
pHU30BaTh Kak MOTOK, B KOTOPOM OCHOBHAsl Macca My3bIPbKOB ABUKETCS B MPUCTEHOUHON
obmacTy.

Ha puc. 3 B ceuenun x3/D = 53.6 1mokasaHO pacrpejieieHHe YacTHIL 110 pas3Mepam
B BHJE JOJH 4YacTHll /N; COOTBETCTBYIOLIEro auamerpa d; OoT OOLIero uuc/a My3blpbKOB
B oOsactu notoka N,. [lepexonm or pexuma L; (puc. 3, a) K pexumy Lo (puc. 3, 6)
NPUBOAMT K yBeauuenuio N, = 0.62 x 10% go 1.22 x 10°. YBesinueHue CKOPOCTH MOTOKA
BefleT K 00Jlee HHTEHCUBHOMY BOBJIEYEHHIO My3bIPbKOB B TypOYJEHTHbIE MyJbCallUOHHbBIE
NBUXKEHHUS, KOTOPble COMPOBOXKAAIOTCS MpolleccaMy KoasleCUeHIUH y3blPbKOB.
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B. A. CHrrepeB. BrnsHnne ny3bipbKOB Ha CTPYKTYRY TeYeHns CH2
NN, | NN, T

0.501 0.50F

0.25 0.25

0.0 0005 001 d 0.0 0005 001 d
a/a 6/0b
Puc. 3. Pacnpenenenue yacTtull 1o pasmepam AJsl pexkuMoB TedeHus: L1, L2:
N;/Ng nas L1 (a) u L2 (6)
Fig. 3. Particle size distribution for flow regimes L1, L2: N;/N, for L1 (a)
and L2 (b)

Ha puc. 4, a nokazaHo pacnpesesneHye cpeHero o0beMHO-MOBEPXHOCTHOTO AHaMeTpa
Ny3bIPbKOB ds BLOMb paauyca TpyObl /151 IBYX pexKUMOB. [Ipy MasbIx CKOPOCTSAX TeyeHHs
KUAKOCTH (KpuBas /) HabJrofaeTcsi paBHOMEPHOe paclipeesieHre CpeHero [uaMeTpa my-
3bIPbKOB 10 CeUYeHHI0 KaHaja. B 3ToMm ciaydae B eguHule o6beMa HaXOOUTCS HeOOJbIIOE
YUCJIO MYy3bIPbKOB M MX BJIMSHHUE Majo, TakKKe HHTEHCUBHOCTb MPOLECCOB KoaJeCleH-
LIUU U Ipo0JeHUs NIPU 3TOM He3HAYUTeJbHA, 3aMeTHO HEKOTOPOEe PaBHOBECHOE COCTOSIHHUE.
[Ipr 3TOM 4uC/0 My3bIpbKOB, 00pa3ylolIUXCs B pe3y/bTaTe CAUSHHS, MPUMEPHO PaBHO
KOJIMUECTBY YacTHL, KOTOpble pacrnajuch Ha Gojee MeJKHe B pe3ysbTaTe CTOJKHOBEHHS
C JIPYTUMH YacTHULIAMH. YBeJHUEHHe CKOPOCTH W KOHLEHTPALWH ra3oBoi (pas3bl MPUBOIUT
K pocTy ds 10 4 MM, UTO CBUIETEJNbCTBYET O NpeobsaJaHuHd UHTEHCUBHOCTH MPOLLECCOB
KOaJleClleHLIMH My3bIPbKOB Hal UX CKOPOCTbIO pacnaja.

ds | APLIAP 2
0.005 |
1.25+
1 i
00 05 1 '
0 0.0 0.15 Qg
ala 6/b

Puc. 4. CpaBHeHue pacueTHBbIX (JHHUH [, 2) U IKCIEPUMEHTaNbHbIX AaHHBIX
L1, L2 (cuMBOJIBI) I/l CPeHEro nHaMeTpa My3bIPbKOB ds (8); pe3y/nbTaToB
APLY /APg (6): 1 — pacuer, 2 — [15], 3 — [2]

Fig. 4. Comparison of calculated (lines 7, 2) and experimental data L1,
L2 (symbols) for the mean diameter of bubbles ds (a); the results of
APLY /APg (b): I — calculation, 2 — [15], 3 — [2]

Ha puc. 4, 6 npencraBseHsl pe3yabTaThl pacyeTa OTepH JaBJeHUS HA TPeHHE B ABYX-
dasuom notoke APLF no otHowenuo kK norepsam nasaedus APr B onHO(asHOM MOTOKe
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MPU HAEHTHUHBIX YCJOBHUAX. 3[eCb pacueThl AaHHOH pabOTBl MOMeYeHbl JUHHEH I, 1o
dopmyse (16) —aunuein 3, (19) — nunueit 2. PesynbraThl pacyeToB MOTEPh JaBJEHUS
Mo ToMoreHHoW mopenu (puc. 4, 6, nuHUs 3) NAIOT 3aHMKEHHbIE PE3yJbTaTbl, @ PacyeThl
no cootHouieHussm [15] (puc. 4, 6, nuHus 2) GJU3KKU C pe3yJabTaTaMH JaHHOH PabOTHI.
YBesnueHue TpeHHs AJ5 NBYX(a3HOro MOTOKA M0 CPAaBHEHHUIO C OAHO(MA3HBIM MOATBEp-
JKIAKTCS B 9KCNepuMeHTax [4-7]. DTo oObsICHSAETCS BO3pacTaHHEM TpaJHeHTa CKOPOCTH
B XKHJIKOCTU B MPUCTEHHOH 30He (puc. 2, a) 3a cuet GoJiee MOJOTOH (HOPMBI B IIEHTPaJb-
HOH yacTH AJs ABYX(a3HOro M0 CpaBHEHUIO C OAHO(A3HBIM. YBeJHUeHHe pacxoa ra3oBou
(hasbl MPUBOAUT K POCTY T'MAPABJUUECKOTO COMPOTUBJEHUS] TPEHHUS, OfIHAKO, KaK OTMeye-
HO B paborax [4-7], ¢ yBeJquueHHeM OOIEro pacxona CMeCH OTHOCHUTEJbHOE NaBjeHHe
APLY | APp ymenbmaercs. Jlo6aBienune ra3oBoi (asbl B TyPOYJEHTHBIA MOTOK MPUBOAKT
K BO3PACTaHHIO Tepenaja NaBjaeHUH Ha TPeHHe. DTO BJHUSHHE BO3PACTaeT C yBeJHYEHH-
eM 06beMHOT0 ra3ocofepKaHus. YBeauueHHue CKOPOCTH ABYX(a3HOr0 MOTOKA MPUBOIHUT K
YMEeHbLIEHUI0 OTHOCHUTEJNbHOr'0 AaBJIeHUs] HAa TPeHHe 3a cueT 0oJiee CHUJIBHOrO pocTa Tpe-
HHS B OIHO(A3HOM IMOTOKE 110 CPABHEHMIO C MY3bIPbKOBBIM MOTOKOM. Pe3ysbTaThl pacueTos
YIOBJIETBOPUTEJIBHO COTJIACYIOTCS C 3aBUCUMOCTSIMU U3 padoTsl [15].

3AK/TIOYEHUE

[IpencraBsena siinepoBa NBYX:KHAKOCTHAsi MOAEJb IJsi ONMHUCAHHUS TPOLECCA MePeHo-
ca TOJIMTUCTIEPCHBIX My3bIPbKOB B TYPOYJEHTHBIX Ta30’KUAKOCTHBIX TMOTOKAX MPU 3HAUU-
TeJIbHBIX T'a30COoepKaHUsAX ra3zoBod ¢dasbl. i MoaeaupoBaHusi TypOYJEHTHOTO MOTOKA
JKUIKOU (pasdbl UCMOJb3yeTcss MOAM(UIMPOBAHHAS [ByXMapaMeTpudyeckas monesb Typoy-
JIEHTHOCTH k—¢. Y4eT pacnpefesieHus y3blpbKOB M0 pa3MepaM B ra30kKHUIKOCTHOM IOTOKe
peasin3yeTcsi Ha OCHOBe pa30MeHHsl BCell CHCTeMbl YaCTHI] Ha OTAeJbHBbIE TPymnmbl (dhpak-
IMK) ¢ (PUKCUPOBAHHBIMH NHaMeTPaMH, I/l KaXKJIOH U3 KOTOPbIX 3alHUChIBAaeTCsl ypaBHe-
HUe COXPaHEHMS YaCTHI C YUeTOM IPOLeCCOB KOaseCleHIUH U APOoOJeHUsT MY3blPbKOB.
Hab./topaeTcst ynoB/aeTBOPUTEIbHOE COTJIacke MeXIy pe3ysabTaTaMd PacyeToB U HU3Mepe-
HUH Npodu/ell CKOPOCTH U JIOKANbHOTO Ta30COAePKAHUS M0 CeYeHHIo TPyObl. YBeauueHue
00BEMHOr0 Ia30Co/epKaHus B Ta30XKHUIKOCTHOM MOTOKE MPUBOAUT K BO3PACTAHUIO TPEHUS
Ha CTEeHKe 10 CPAaBHEHHIO ¢ OMHO(A3HBIM TeYeHHeM. DTO BJUsSHHE BO3PACTAET C yBeJHue-
HUeM 00bEMHOT0 PacXOfHOTO ra3ocoiepKaHUusl NUCMepCHOH (asbl. YBeandeHHe CKOPOCTH
IBYX(a3HOro MOTOKA MPUBOAMUT K CHHKEHHIO TPEHHs Ha CTeHKe 3a cyeT 0oJiee CHUJb-
HOTO pOCTa TPeHHUs B OfHO(A3HOM MOTOKe MO CpaBHeHHIO ¢ MHorogasHeiM. Ha ocHoBe
COTOCTABJIEHNS Pe3Yy/JbTaTOB YUCJEHHOHW MOJENH C SKCIEePUMEHTAJNbHBIMHA NAHHBIMH TMPH
TeYeHUU IMy3bIPbKOBOT'0 BOCXOJSIEr0 MOTOKA B BEPTHKAJNbHOH TPybOe MoKa3aHa MpUMeHH-
MOCTb MPEeJ0KEHHOH MOJeNN /sl UNCIEHHOTO MOJIETUPOBAHHUS Ta30KUAKOCTHBIX TOTOKOB
MPU 3HAYUTEJbHBIX [a30COAEPKAHUAX AUCIIEPCHOH (asbl.
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The Effect of Bubbles on the Structure of Flow and the Friction
in Upward Turbulent Gas-Liquid Flow

B. A. Snigerev
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Kazan Scientific Center of RAS, 2/31 Lobachevsky St., Kazan 420111, Russia, snigerev@imm.knc.ru

This paper presents the computational study results of the ascending gas-liquid flow local structure in a vertical
pipe. The mathematical model is based on the use of two-fluid Eulerian approach taking into account the
inverse influence of bubbles on averaged characteristics and turbulence of the carrying phase. The equations
conservation of mass and momentum quantity of motion in the form of Navier — Stokes equations averaged
over Reynolds for each phase are written down. For turbulent stresses the relations under the assumption of
the Boussinesq hypothesis are written. Turbulent viscosity for the carrier liquid phase is determined using a
two-parameter turbulence model modified for two-phase media. In the equations for transferring the kinetic
energy of turbulence and its dissipation, additional terms for the kinetic energy, caused by pulsations of
bubbles are introduced. As the main forces, the following components are considered: Archimedes force,
resistance force, attachment force, Magnus rotational force, near-wall frictional force. To describe the bubble
size distribution in a two-phase flow, an equation for preservation of the number of particles, taking into
account the processes of coalescence and breakup is written. To solve the number of bubbles conservation
equation, an approach based on the method of fractions is applied. The particle size distribution spectrum is
divided into a number of fractions with fixed boundaries. Itis assumed that bubbles can be exchanged between
different fractions as a result of coalescence and breakups. In the framework of this method, the bubble size
distribution is approximated by a piecewise equiprobable. Thus, the problem of describing the spectrum of
drops by size reduces to the solution of equations for the volume concentrations of individual fractions. The
effect of changes in the degree of dispersion of the gas phase volumetric gas flow rate, the velocity of the
dispersed phase to the local structure and surface friction in a two-phase flow are numerically investigated.
Comparison of the simulation results with experimental data showed that the developed approach allows to
adequately describe turbulent gas-liquid flows in a wide range of gas content and initial bubble sizes.

Keywords: multi-phase flow, turbulence, Euler method, pressure drop.
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Qﬁ WHOOPMATUKA

YK 007

MpepoTBpalLeHne aBapuitHbIX KOMOUHALWIA

COObITWIA NPY yNpaBneHUH
4e/1I0BEKO-MaLIMHHLIMU CUCTEMAMM

A. C. boromonos

Boromonos Anekceli Cepreesuy, kKaHanaar (U3NKo-mateMaTnieckinx Ha-
YK, CTaplniA Hay4HbIA COTPYAHWUK, VIHCTUTYT npobnem TOYHONA MexaHu-
ku 1 ynpaeneHust PAH, Poccusi, 410029, Caparos, yn. Pabouyas, 0. 24;
LOLEHT Kadpeapbl MaTeMaTiyeckon KMOEPHETUKN 11 KOMMBIOTEPHBIX Ha-
yK, CapatoBCKUiA HALMOHaNbHBIN UCCNeA0BATENLCKUN FOCY apPCTBEHHbIN
yHuBepcutet umeHn H. I. YepHbiwesckoro, Poceus, 410012, Caparos,
yn. ActpaxaHckas, A. 83, alexbogomolov@ya.ru

B pabote uccnenyetcs npobnema aBapuiiHbix KOMBUHaLWIA coBbITUI. ABa-
PUITHON KOMBUHaLEN COBLITII HA3bIBAETCS COBOKYMHOCTb AEXDEKTOB TEX-
HUK, NPOrPaMMHOro 0Becrne4eHIs 1 YeN0BEHECKIX OWMBOK, OTHOCUTENb-
HO HEOMaCHbIX MO OTAENBHOCTH, HO MPUBOASILNX K aBapuiA NPY BOSHUKHO-
BEHUI B OMPeEeNeHHOM NOpsiaKe Ha onpeaeneHHOM OTPe3Ke BPEMEHMU.
CoBpeMeHHble CpecTBa NpeayrnpexaeHnst MoryT napupoBatb Mpenmy-
ILECTBEHHO OTAENbHbIE HeBNaronpuUsTHLIE BO3AEICTBUS, a ANs aghcpek-
TUBHOTO NPefoTBPALLEHIS KPUTUHECKIX PEXMMOB HEOBX0AMMO MaTeMa-

Tdeckoe obecreyeHre CUCTEMHOO aHann3a aBapUitHbIX KOMBMHALINI CO-
BbITUIA Ha pa3NnyHBIX MHTEpBanax BpeMeHu. 3aaqa ynpasneHus npenor-
. J

BpallleHEM aBapUiiHBIX KOMOUHALIMIA COBLITUI MOCTaBNEHa KaK 3a1a4a Ba-
—~ ﬁ PUALIMOHHOTO UCHUCNEHIS Ha YCNOBHbINA 3KCTPEMyM. [peanaraeTcs MeToz
. PELIeHNst NOCTABNEHHON 3a4a4N Ha OCHOBE aHann3a LepeBbeB 0TKA30B
HAYYHbIN 1 NyTeN YCMewWwHoro oyHKLMOHMPOBaHKS. MpennaraeMbiii METOA NO3BO-
NSIET BbIAENSTb MUHUMANbHbIE MHOXECTBA HEONArOMpUSITHBIX COBLITUR,
o Tﬂ, EN napupoBaHne KOTOPbIX AAET BO3MOXHOCTb CHU3UTb BEPOSATHOCTL aBa-
L ) PUIAHBLIX KOMOUHaLWIA [0 Be3onacHoro ypoBHs. OnpeneneHbl u fokasaHbl
A || /7 CBOWCTBA NyTeN yCnewHOro GoyHKLMOHMPOBaHMS, BKNKOYAS TOHHbIE OLEHKM
LSt X KOMMYECTBA, YTO MO3BONSIET PaHXXMPOBATH 334241 MO BPEMEHHON
U CNOXHOCTM M MOBbICUTL 9GPEKTUBHOCTb MX peLueHns. PaspaboTaHsl 3Bpu-
CTU4eCKIe NOAX0.bl, MO3BONSIHOLLME YYUTHIBATL NOPSA0K BOSHIKHOBEHUS
COBLITVA MpK yNpaBNEHNM NPOLLECCOM MPEAOTBPALLEHNS X aBAPUIAHBIX
KoMOuHaUWiA. 3aaHHbIe NOCNef0BaTENLHOCTI MHLMAEHTOB Y4YUTHIBAKOTCS
3a CYET BblAeNEeHMs NOArPacdOB M arpernpoBaHms CobbITUIA. MonyyeHHble
pesynbTatbl NpeaHa3HaueHbl 415 UCNoNb30BaHMS B CUCTEMAX NOALEPXKKM
MPUHSITUS PELIEHIS Ha Pa3NNYHbIX YPOBHSIX NPW yNpaBNneHn npeoTepa-
LLEHNEM KPUTUHECKIX PEXXVUMOB 1 aBapuii HENOBEKO-MALUNHHBIX 1 OpraHi-
3aLMOHHBIX CUCTEM.

© Boromonos A. C., 2019
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1. BBEAEHWE U NOCTAHOBKA MPOBJIEMbI

Hccnenyercs npobsema aBapuiHBIX KOMOMHALMH COOBITUIH MPU YIIpaBJeHUH UesOBEKO-
MallMHHBIMU cHcTeMaMH. [losaraem, 4To COOBITUSI €1 U €y HAXOAATCS B aBapUHHOH KOM-
OUHALMU, eC/IU COObITHE €1 BbI3bIBA€T HEXBATKY pecypca IJs peakuuu R(ey) cUCTeMBl Ha
coObITHe eo. TakuM 00pa3oM, aBapuiiHble KOMOMHALMK CHUKAIOT 0€30MaCHOCTb CHUCTEMBI
3a CyeT BJIMSHHUS HEKOTOPBIX COOBITHMH Ha BO3MOXKHOCTb MApUPOBAHUS IPYruX COOBITHH.
B Hacrosiuieél paGoTe ass pelleHHss MPoOJeMbl aBapUHUHBIX KOMOWHALUMHA COOBITUH TpH
yIpaBJieHHH 4es0BeKO-MalIMHHBIMUA CHCTEeMaMH paccMaTpHUBaeTcs 3ajada co Cjelyloliel
(hopMasbHOH MOCTAHOBKOHU.

[ycte A = {A;,...,A,} — MHOXeCTBO CHTyallHii, BbI3bIBAEMBIX aBAPUHHBIMH KOMOM-
HalMAMM COOBITHH Ha OTpe3Ke BpeMeHH [ty,t.], P(A,t) — BeposaTHOCTb aBapuu A € A,
s(t) — cocTosiHHe cHcTeMbl, z(t) — COCTOsSIHHe BHeIUIHeH cpelbl, u(t) — ylpaBJsioline
BO3JEHCTBUS Ha CUCTEMY B MOMEHT BpeMeHH t, s(t) € S(t), x(t) € X(t), u(t) € U(x).

TpeGyercs onpenenuTs ynpasJsiolire Bo3feHCTBUSA u(ty), ..., u(ty) Ha [ty, ], IpH KO-
TOPBIX CIIPaBeIJIUBO

Vite[tytd Yal)eX(t) Vie{l,...,n} p(A4;,t) <e; (1)
ZF(S(Q),SE(Q),U(Q),IZ) - min, (2)

rae £ — 3ajJaHHOe JOCTAaTOYHO MaJioe YHc/0 (orpaHHYeHHe 1Jisi BEPOSITHOCTH aBapuil),
F(s(t),z(t),u(t),t) — 3ananHast pyHKIHs, onpeesiolias 3aTpathl 3aganHoro JIITP nmox-
MHOKeCTBa PECYPCOB CHCTEMBI, U BBHIMIOJIHSIOTCS IPAaHHUYHBIE YCJIOBHS, ONPeAesoLHe 0-
BelleHHe CHCTeMbl B HauasbHbIH U KOHEUHbIH MOMEHTbl BPEMEHH:

Fa(s(ty), x(ty), u(ts), ty) =0,  Fi(s(t), x(tx), u(ty), tx) =0,

W OTpaHUYEHHs]
C(t) < Fy(s(t), 2(t), ult),t) < D(1),

CBSI3aHHBIe C (DYHKIIMOHUPOBAHHWEM CUCTeMbl COOTBETCTBEHHO €€ LeJ/IsIM U HOpMaTUBaM, Ilie
Fu(s(t),xz(t),u(t),t), Fu(s(t),z(t),u(t),t), C(t), D(t), Fp(s(t),x(t),u(t),t) — 3anaHHbIE
(PyHKLHUH.

2. PA3PABOTAHHOCTb NPOBJIEMATUKU

Jlns aHanv3a BJUSIHUS Pa3JHUHBIX COOBITHH Ha (DYHKIHOHUPOBAHHE CJOXKHBIX CH-
CTeM HCIOJB3YIOTCS MeTOAbl O0LIell TeopuH CHUCTEM M CHCTEMHOIO aHa/ju3a, AHUCKperT-
HOHM UM HemNpepbiBHOW MaTeMaTHKH, TEOPHH BEPOSTHOCTEH W MaTeMaTHUeCKOW CTATHUCTHUKH,
MpUMEHsIeMble /Il KOJMYECTBEHHOTO M KayeCTBEHHOrO pelleHHs 3afad Ha Pa3JIMuHBbIX
JTamnax KU3HEeHHOTO LuKjaa. OmnpesesieHbl B CTaHIAPTaX M MCCJAEIOBAHbl METOIbl aHAJH-
3a jorndeckux nepeBbeB 0TkKa3oB (FTA, Fault Tree Analysis) u co6wituii (ETA, Event
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Tree Analysis), aHanusa BumoB ¥ KpuTuuHOCTH 0TKazoB (FME(C)A, Failure Modes
Effects (and Criticality)), ananusa pa6ortocnoco6Hoctu cuctembl (HAZOP, Hazardand
Operability Studies) u ananuza ctpykrypHbix cxem HanexxkHoctd (RBD, Reliability Block
Diagram). CyuiecTByIol1e CUCTEMbI TIPEIYTIPeKIeHUsT KPUTHUECKUX PeKUMOB paboTaroT
C OTAe/bHBIMU HeOJIaronpUsITHBIMU COOBITUSIMH 0€3 KOJWYECTBEHHOIO0 M KayeCTBEHHOrO
aHa/lM3a UX cymMmapHoro ad@ekTa, B3aUMOAEUCTBHUS C yxKe MPOU3OLIEAIIUMUA COOBITUAMHU
U peKOMeHJaLUHH MO MpeloTBPALIeHUI0 HACTYMAIMINX aBapUHHBIX KOMOMHALUMH COOBITHH.
OmnpeneneHHblil aHAIU3 BO3MOXKHOTO COBOKYMHOTO 3(h(eKTa pasHOPOAHBIX HeOIaronpusT-
HBIX COOBITMH OCYLIECTBJSETCS, KaK MPaBUJIO, HA 3Tanax NPOEKTHPOBAHMS, a CHUCTEMBI,
JeHCTBYyIOLIMe B MpoLecce 3KCIyaTally, B KadecTBe pe3y/bTaTa aHaan3a ONacHOCTH Bbl-
JAI0T 3HaUeHHUS KaueCTBEHHBIX XapaKTePHUCTHK.

B wuccnenoBanuu HapyuleHW# (QYHKLUHMOHHPOBAHMS UeJOBEKO-MALIMHHBIX CHCTEM H
ornpeneseHUH METONOB MpeayNpeKAeHHsl TaKUX HapyLIeHUH MoJydyeH LUUPOKUH Nuana3oH
3HAYMMBIX pe3y/bTaTOB, KOTOpble JexXaT KaK NperuMyllecTBEHHO B TeXHHYeCKoH obJsa-
ctu [1,2], Tak u B obsacTu aHasiM3a 4ejoBedeckoro (aktopa [3] M COLMOTEXHHUUECKHUX
cuctem [4]. [Ipu 3TOM B KauecTBe NMPUYMH, OOYCJOBJIUBAMOIINX HErAaTHBHOE BO3IEHCTBHE
yesioBeKa B CHCTeMe, pacCMaTPUBAIOTCA KaK (hU3nyecKre HeJOMOraHHUsl, BO3HUKAOLKE H3-
3a ycjoBui pabotel [b,6], Tak ¥ yMmblllJeHHOe MpUuyMHeHHe Bpexa [7-9]. B oGmactu
U3y4YeHUS] COBMECTHOrO NEeHUCTBHA HeOJIarONPUSITHBIX COOBITMH NOCTAaTOYHO NABHO 3aJ0-
KYMEHTUPOBAH M LIMPOKO Hccaenyercss «dpdekt nomuHo» (Domino Effect, kackanubri
apderr) [10-13], aBastommiics 4acTHBIM CIy4aeM Pa3BUTHSI PacCMaTpUBaeMbIX B HACTO-
el paboTe onacHbIX KOMOMHALUM COOBITHH. [[/1s1 ciydyaeB MoKapoomacHbIX U B3PbIBO-
OMacCHBIX MPOMU3BOJACTB, a TaKxKe MPHUPOAHBIX KaTaK/JAU3MOB KacKaaHble 3((eKThl HcCJe-
JOBaJIUCh METOAAMM aHa/ju3a PUCKAa U BEPOSITHOCTHBIMU MeTofaMu. Kputhyeckue coye-
TaHHsl COOBITUH MepBOHAUaJ/JbHO PAaCcCMAaTPUBAJNUCh MPEUMYIIECTBEHHO /IS aBUALMOHHBIX
TpaHcnopTHeIX cucteM [14-18]. Tlpu sToM ompenessiiach BEPOSITHOCTb BO3HUKHOBEHHS
KPUTHUECKOTO COYETaHHUs B ciaydae, eCJd MOPsiA0K COOBITUH HeBaxeH. [[/1s1 3TOro ncnoJib-
30Ba/IUCh JlepeBbs OTKA30B, rpadbl COOBITUH M CHCTEMBbl JUHEHHBIX AH((epeHLnanbHbIX
ypaBHenu# Kosmmoroposa —Uenwmena [19,20]. [Ipu 3ToM non oTkazaMu MOHUMAJHCh MPO-
siBJeHHe Je(heKTOB TeXHHUKH, OLIMOKH OMepaTopoB, KOMIBIOTEPHBIX MPOTpaMM, a TakxKe
HeOJIaroNpUsATHbIE BHEIIHHe COOBITHS, KOMOMHALMH KOTOPBIX MPUBOAAT K HHLHIEHTaM,
aBapusaM u katactpodam. Ilss npeacTaBaeHUs MOAENN aBaPUUHBIX KOMOUHALUK COOBITHH
UCIONb3YIOTCS MHUHHMAaJIbHble CeYeHHUs NlepeBbeB OTKA30B, XapaKTEPU3YIOLIUX pPa3BUTHE
aBapuil U3 3agaHHOro MHoxkectTBa A. [l KaXJI0ro MHHMMAJbHOTO CeUYeHMsl U3 m 3Je-
MEHTOB COCTaBJsilach cucteMa U3 2™ ypaBHeHuil KosmoropoBa —UenMeHa OTHOCUTEbHO
Py(t), ..., Pom_1(t) — BeposiTHOCTEH COOBITHE, COOTBETCTBYIOIINX BepIIHHAM rpada coObl-
TUH (G, OTpPaXKaIOL1ero BO3MOXKHbIe BAPUAHTHI N10CJ€10BATeNbHOCTEH Pa3BUTHS COOBITHUMH
U3 3aJ]aHHON KoMOHWHAUMHU. [l MOCTPOeHUs TaKOH cUCTeMbl 1U(depeHIInalbHbIX YpaBHe-
HUH NOJ/KHBI ObITb U3BECTHBI BEKTOPBI A U [t 3HAUeHUH UHTEHCHUBHOCTH BO3HUKHOBEHUS U
MapupoOBaHHUsl OTKA30B, MPeACTaBJ/seMblX KOHLEBbIMU BeplIMHaMU AepeBa. [Ipu atom A no-
HUMaJUCh KaK BblpaKeHHe BO3MYLIAIOIIMX BO3AEHCTBUH, a MEPONPUSTHS, MO3BOJSIOLIHE
obecreunTb 3HAUYEHHUS ji, TIPU KOTOPBHIX OyIeT BBINOJMHAThCS ycaoBue (1), moHUMaIHCh Kak
MCKOMBIE YIpaBJISIIOLIMe BO3MeHCTBUS u(t).

Takum o6pasom, B ocHOBe pelleHHs] 0003HaYeHHOH BbIlle NPOOJIeMbl pacCMaTpUBaJ/lach
crepyomas 3agada. [lycTe M3BeCTHO JepeBO OTKA30B, OMMCHIBAIOLEe MHOXKECTBO aBApUH
A={A,...,A,}, 1 BEKTOp A\ HHTEHCHBHOCTH BO3HHKHOBeHHUs 0TKa3oB F = {ej,... ek},
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NPUBOASAIIMX K aBapusM u3 A. TpeGyeTcs HaWTH BeKTOp [/ 3HAYeHWE HHTEHCHBHOCTH
napupoBaHust 0TKa3oB E = {ey,..., e}, IPH KOTOPOM [1Jis1 BEPOSITHOCTEH aBapuil U3 MHO-
xecTBa A 6yayT BeimosHATheS yeaosus (1), (2), a Takxke TpeGyeMmble rpaHHYHbIE U Ha-
YaJsibHbIE YCJIOBHSI.

Crnenyer 3aMeTHTb, UTO €CJIM MPH U3BECTHBIX A U (i BEPOSATHOCTH aBapUil MOXKHO MpH
omnpefieJieHHbIX YCIOBUSAX HAHTH U3 pelleHusi cucteM ypaBHeHHH Kosnmoroposa — Yenmena,
TO MOAXOMAbl K CHHXKEHHIO mepeGopa A/ HAXOXKAEHHS TaKMX BEKTOPOB [i, KOTOpble MpH
M3BECTHBIX 3HAYEHHUSX BEKTOPOB A TMPHUBOAUJIM Obl B HCXONHOH 3afadye K BBIIOJHEHHIO
ycioBusi (1), He OblM paspaboTaHbl B JOCTATOYHOH cTerneHW. Be3 TakuX MeTONOB pelile-
HUe 3a[aud sIBJISEeTCS 3aTPYNHHUTEJNbHBIM, TaK KakK MMOKa3aHo, uto ajs mouiHoctu N (T')

MHOX>KeCTBa MHHHMAaJbHBIX CeueHUH aepeBa T ClipaBeAJIMBbl TOYHbIE€ OLI€HKH

Or(D)|+1<INMI< [] Ideg(@)]

deOr(T)
rie Or(T) — MHOXeCTBO BepIIMH nepeBa 7', CBSI3aHHBIX C OMEPaTOPOM AU3BIOHKIUH,
deg(d) — MHOXeCTBO BepIIHH, BXOASIIHUX B BeplIMHY d nepeBa 1. DTO 0O3HAuUaeT, 4ToO

KOJIM4ecTBO ypaBHeHMH Kosmoroposa —HenmeHa MoxeT ObITb AOCTATOYHO BEJIHKO yxXKe
IS OHOH aBapuu. B caiydae GOJMBIIOE MOIIHOCTH MHOXKecTBa aBapuil A mepeGopHBbIi
TIOUCK OJHOTO BEKTOPA /i, AOCTaBJsiIOLIero ycjaoBue (1) misi BceX MUHUMAJIbHBIX CeUeHUH,
ele MeHee IPOAYKTHBEH.

Jlnst npeono/ieHUsl yKa3aHHBIX OTpaHUYeHUH NpefsiaraeTcs cjaely oIl NoAXo, N03Bo-
JISIOLWIMH BBIAE/IATh MUHHMMAJbHbIe MHOXKECTBA COOBITHH ISl NPeJOTBPALEHUS 33aJaHHbIX
aBAPUMHBIX KOMOMHALMK C yUeTOM TOTrO 3HaYeHHs, KOTOPOe UMeeT MOPAJOK BOSHUKAIOLIUX
COOBITHH.

3. MPEONATAEMbIN NOAXOA K PEWEHUIO 3AOA4M

[IpennaraeMbil MoAXOA OCHOBBIBAETCS HA MCIOJIb30BAHMHU MYTeH yCMelHOro (yHKIHO-
nuposanus ([TY®P) nepesa T', MHOKecTBO KOTOPBIX M (T') HAXOAUTCS MO TEM Ke aJrOpPHT-
MaM, UTO U MHOXeCTBO MHUHHUMaJbHbIX cedeHUd N (T'), mpuMeHsieMbIM K HHBEPTHPOBAHHO-
my nepeBy. [1Y® mnpencrapasitoT co6oii MHHMMasbHble moaMHOXKecTBa F = {ey, ..., ex},
KaXK/blHl M3 KOTOPBIX MepeceKaeTcsl coO BCeMU MUHUMaJbHBIMU ceyeHUsIMU nepeBa 1'. [TYD
CUMTaeTCsl peasM30BaHHBIM, e€CJd Bce COOBITHS, BXOAsIMe B Hero, He npousoliu. Co-
OTBeTCTBeHHO, ecau [IY®D peanusyercsi, To MUHMMaJbHblEe CeYeHHs peasn30BaThCs He
MOTYT.

[Toxasano, 4To KosuuecTBO [1Y®D nopunHseTcss TOUHOH OLlEHKe

[And(T)| +1<|M(T)| <[] Ideg(d)],
de And(T)

rie And(T) — MHOXeCTBO BepLIHMH nepeBa 7', CBI3aHHBIX C OMEPATOPOM KOHBIOHKIIHH.

[Ipensiaraercss B yrmoMsiHyTOH BbIllle 3aJade MCKAaTh BEKTOP f// MHTEHCHBHOCTEH Mapw-
poBaHHs coOBITUH U3 HekoToporo [IY® E' C E = {ej,...,e,} TakoH, 4To BepOSITHOCTb
peanusanuu storo [1YD Gyner

Vite[tytd Vait)e X(t) pE t)=>1—¢, (3)

rgpe € — 3aJaHHOe€ JOCTAaTOYHO MaJioe 4YHUCJO H3 (1)
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B cuiy HecoBMeCTHMOCTH peasnn3all¥ MUHHUMaJbHBIX cedeHHH U [IYD ycmosue (3)
npearnosiaraeTcs 3aMeHoM assi ycsoBusi (1). Dta 3ameHa, ¢ ONHOH CTOPOHBI, TO3BOJISET
paccMaTpuBaTh B ciydae Kaxkaoro oTAesnbHO B3AToro [1Y® tosbko onHy cucremy audde-
peHLMaNbHbIX ypaBHeHUH Kosmoroposa — Henmena. C npyroél cTopoHsl, MHOXKecTBO [TYD
JOCTaBJ/IsIleT COBOKYIMHOCTb BAPHAHTOB, KaxKIblH M3 KOTOPBIX MOTEHIMANbHO MOXKeT OBbITb
WCIOJIb30BAH [/ PelleHHs 3aJaud U HaXOXKIeHHs HeoOXOOMMBIX 3HaueHWH p'. Bribop
KOHKpeTHOro BapuaHTta [1Y® cBsizan ¢ TpeGoBaHueM (2), a TakKe IPaHUUHBIMU U Hauallb-
HBIMHU ycJa0BUAMU 3anaud. [Ipu BeiGope I1YD cnenyer yuuTbiBath, yTo HU oauH [1YD He
nepecekaeTcsi OAHOBPeMEHHO co BceMH ocTasbHbIMU [1YD u Hu onun [1YD nepesa T He
COBMNaJaeT HU C OJHMM MHHHUMaJbHBIM cedyeHHeM jepeBa ', ec/iu [epeBO HETPHUBHAJIBHO.
Bri6op [1YD nns pelieHus 3amadd yrnpomiaeTcsi TakxKe 3a CUeT MCMOJNb30BAHHUS ONepaliu
COKpallleHHusl ynca 3aeMeHToB B [1YD.

Wcnonb3oBaHue cokpaueHHbIX YD

Hab6.roneHre, Ha KOTOPOM OCHOBaHa IpejJiaraemMasl 3BPUCTHKA, 3aKJOUaeTcs B TOM,
4yTO He Bcerja TpebyeTcsl NMPeflOTBPATUTb peasM3alll0 BCeX MUHUMAaJbHBIX CeYeHUH ne-
peBa 1T'. Ha npakTuke B psine ciaydaeB TpebyeTcsl MIPOTHBOAEHCTBOBATh peann3alnun HeKo-
Toporo noaMHoxkectBa N’ C N(T') MHOXKecTBa MHUHHUMaJbHBIX cedeHH. B aToMm ciyuae
ucrnonb3oBath [1Y® nosHocTbio He TpebyeTcss W MOKa3aHO, YTO AJs JIOOOTO MHOXKECTBA
nogmHoxkectBa N/ C N(T') MHOXKeCTBa MUHUMAJbHBIX CedeHHH NepeBa T crpaBeasUBbI
c/eqyoLHe YTBePKIAeHUS:

1) eciu Ey € M(T), To MHOXecTBO E) = |J BN Ey siBasiercs [IY® pas npenymnpe-

BeN'
XKIEeHUs peasusauuu ceueHuit u3 N, B — ajeMeHTh MHOXecTBa N';

2) ecit B — IIY®D nas N', 1o E' C Ey, rne Ey — Hekortopbiit [IYD s ucxomHoro
nepesa 1.

Takum o6pasom, AJsi 3aJaHHOTO TOAMHOXKECTBa MHUHHMaJbHBIX ceueHnid N’ C N(T')
0 YKa3aHHOH Bbllle (opMyse Aas F) MOXKHO MONyduTh Bce BapuaHThl [IY®D, koropbie
MpeacTaBasiioT coboil yceueHHble BapuaHThl [IY® u3 M(T). Tak kak OJs peanu3aldu
yCeUeHHBIX BAPUAHTOB MPHU TeX Ke OrpaHHUYeHUAX TpeOyeTcsl MeHbllle PecypcoB, YeM MJisl
peanusanuu noaHbX [1YD, npuBeneHHble pe3ybTaThl MO3BOJSIOT PACIIUPUTD BO3MOXKHO-
CTH JUJISl pelLleHUs 3a/iauk 1Jis pa3jnuHbIX nogMHoxkecTB N (7).

Huke mpensaratoTcsi 3BpUCTHUECKHE METOJbl, MO3BOJSIOLIHME YUeCTb MOPSA0K COObI-
TUH B aBapUUHBIX KOMOMHALHAX U CHU3UTb KOJHMYECTBO pellaeMblX CHUCTEM ypaBHEHHH
Kosnmoroposa — HenmeHa.

4. 3BPUCTUYECKME METOZLbI 419 YHETA NOPS.OKA COBbITUIA B ABAPUNHBIX
KOMBUHALINAX

[Tpu HaxoxKIeHUH BepOSTHOCTEH peasM3allid MUHHMAaJbHBIX CeUeHUH U3 m 3JeMeH-
TOB TPaAULHOHHO pellalTcs cucTeMbl U3 2™ ypaBHeHMH Kosmoroposa —Henmena. [Ipu
pelIeHUH 3TUX CHUCTEM TMOPSNOK COOBITUH B MUHMMaJbHOM C€YEHUM He YUHUTHIBAETCS, YTO
MOXKET He COTIJIaCOBBIBAThbCSl C MPAKTUKOU: He Bce m! mocsenoBaTesbHOCTEH U3 COOBITHH
€1,...,6€, OObBIUHO SBJSIOTCS aBapuiHOM KoMOWHauueH. Beruucisemas B pesy/bTare pe-
IIEHUS] 3TUX CHUCTEM BepOSITHOCTh 0e3 ydeTa Mmopsiika 00Jblie BEPOITHOCTH KOMOWHALUH
B ONpeJesieHHBbIX MOpsIKax. 3aMeTHM, UTO €CJU BBIUHC/sieMble BEPOSITHOCTH MaXKOpHpY-
IOTCSl 3aJlaHHBIM £ KakK B ycsoBUH (1), TO U BEpPOSITHOCTH KOMOWHALMH B ONpeleseHHBIX
nopsiikax Takxke MOANAJAIOT MO 3TO YCJOBHE.
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OnHako MHOrAa MOPSIIOK HACTYTJIEHUs] COOBITHH B aBapuilHOW KOMOWHAUWU GoJsee Ba-
»keH. Hampumep, kK noxapy OObIUHO NPUBOAUT CHUTyalLMsl, KOrJa CHauasla BBIXOAUT M3
CTPOsI MPOTHBOIIOXKAPHOE CPEACTBO, a y2Ke 3aTeM MPOUCXOAUT BO3rOopaHue, a He Ha000pOT.
Jns Takux c/aydaeB MMeeT CMbIC] pa3pabaThiBaTh MOAXOMIBI, MO3BOJSOLINE ONpENeNsaTh
BEPOSITHOCTb HACTYIIJIEHHS] COOBITHH B 3aJaHHOM (TIOJIHOCTBIO MJIM YACTUYHO) MOPSIIKE.

Huxxe npensnaraercs KOHUENUMS 3BPUCTHUECKUX METOLOB, I03BOJISIOLIMX YUHUTHIBATh
NOPSIAOK COOBITUH M BMeCTe C TeM COKpallaTh KOJHMYeCTBO AU((epeHLHa bHBIX ypaB-
HEHWH, pellaeMblX /5 ONpeleseHHs BEPOSTHOCTEeH Pa3BUTHSA aBapUUHBIX KOMOWMHALMH
COOBITHH.

ArperupoBaHue cobbITuiA

[IycTb TpeOyeTcsi HalTH BepOSTHOCTb peasu3aluM Habopa COOBITHH eq,..., €., KO-
TOpble COCTaBJSAIT MUHUMaJbHOe cedeHue uau [IYD. [lpu sTom n3BeCTHO, UTO COOBITHS
€1, -, Eny JJIS HEKOTOPOTO ™M’ < m JOJIKHBI TPOU3OUTH 0 COOBITHH €41, - - -, €. 1aKaS
CUTyal s MOXeT HUMeTb MEeCTO B CJiydae, eCJd MOPsIOK COObITHUH B aBapUHHOM KOMOWHa-
uuu BaxkKeH. Hanpumep, UMEHHO COOBITHSA €q, ..., €, NPUBOAAT K HEBO3MOXKHOCTH MapH-
pOBaHUSI COOBITUH €41, ... ,€E, U, TAKUM 00pa3oM, BeCb HaOOp COCTaBJIET aBAPUHHYIO
KOMOHWHALHIO.

[ns pewenusi cuctrembl Kosnmoroposa —YenmeHa tpeOyioTcsi HadajbHble YCJO0BHSA, a
TaK)Ke WHTEHCHBHOCTH BO3HUKHOBEHUS Ai,..., N\, W MapUPOBAHUS [i1,..., [, COOBITHH
€1y .-y Cm.

PaccmoTpuM aBa coObITHS €1, €2, KOTOPbIE MOJyUaloTcsl 00beinHEHUEM COOBITHH

€1,y Cmi €1 = €1,...,Cp, €2 = Cp/tl, ..., Cm .

3agauy HaxoxKAeHHUs] BePOSTHOCTH KOMOWHALMUHU COOBITHUH ey, ..., €, MNPeICTaBUM Kak
3a7lauy HaxX0XKJeHUs BepPOSTHOCTU KOMOWHALMK OBYX COObITHH €1, €. BeposiTHOCTH é1,
€2 MOXKHO OIPeNeJUTb OTAEJNbHO KaK BEPOSTHOCTH KOMOMHALMUHM COOBITHH €1,...,€, H
Cmis .., Cm TyTeM pellleHust cucteM Kosmoropopa —UYenmena us 2™ 4 2™~™ 4 4 ypas-
HEHHWH COOTBETCTBEHHO, a BEPOSITHOCTb KOMOMHALIMM COOBITUH €1, €3 — NyTeM pelLleHUs
CUCTeMBl U3 YeTblpex aHaJOTHYHbIX ypaBHeHHH. OOlllee KOJUUECTBO pellaeMbiX ypaBHe-
HUE, TakUM 006pasoM, OyaeT paBHO 27 + 2™~ 4 4 4To mpM POCTe M CYIIeCTBEHHO
MeHblle 2™, W, KpOMe TOro, MpHU HeOOJbLUIMX 3HAYEHHUSX M’ COOTBETCTBYIOIIEH CHCTEMBbI
AU pepeHHalbHbIX YPAaBHEHUH MOTYT PellaTbCsl aHAJIUTHUYECKH.

OrpaHuueHHeM OMUCAHHOTO MOAXOA SIBJSETCS MEPBEHCTBO COOBITHH €1, ..., €, U TO,
yTO nocJse peuieHus: cucteM KosmoropoBa —YHenmeHa, B KOTOPbIX OyAYyT HaiileHbl BEPOSIT-
HOCTHU COOBITHH €1 U €2, Hy>KHO OyleT yCTaHOBUTb 4aCTOTBbl UX BO3HUKHOBEHMS U IapH-
POBAaHMA B BHJE MOCTOSHHBIX BEJHYMH A, Ao, fi1, flo, @ TAKXKe HadajbHble YCJOBHS JJSA
pelleH’s] CHUCTEeMbl M3 YeThlpeX yPaBHEHUH NJIsl ONpele/ieHUs BepOSTHOCTH HACTYIJIEHUS
KOMOWHAUUK COOBITUH €1, €. CrenaTb 3TO MOXHO, WMCIOJb3ysl IBPUCTHUYECKHe coobpa-
JKEHHS, CBSI3aHHble C HAua/JbHbIMHU YCJAOBUAMH [/ WUCXOAHOU CHUCTEMBl U IIOBEJEHHEM
HaleHHBIX BeposiTHOCTeH P; (1), Ps,(t). Hanpumep, ecau 3TH BEPOATHOCTH HOCTATOUHO
MaJ/Io MEHSIIOTCA Ha UCCJedyeMbIX OTPe3Kax, MoJiaraTb UX NPAKTUYECKH ITOCTOSHHBIMU MPU
HEKOTOPBIX YCJIOBUSAX.

Yuet 3aaHHOro nops,aka cobbITuit

[Tyctb TpebyeTcst onpene/uTh BEPOSITHOCTb aBapUHHON KOMOUHALMH, B KOTOPOH COObI-
THS UAYT B 3aJJaHHOM TOPSIKE €1, . .., €,. B 3TOM caydae U3 rpaca coObITHH Mpeaaraer-
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csl BbIC€Yb TOJBKO ONUH MYTh, COOTBETCTBYIOMINH 3aJaHHOH MOC/IE0BATENBHOCTH Pa3BHU-
TUs1 COOBITHH, U ypaBHeHUs1 KosnmoropoBa —HenmeHa CTPOSITCS TOJNBKO /151 BEPOSITHOCTeEH
coobituil Py(t), Pey(t), Peyes(t), ..., Pei ey, (t) COOTBETCTBEHHO B KoJHMuecTBe m + 1.
ATO KOJUUECTBO CYLIECTBEHHO MeHblle 2™, YTO CHHUKaeT KOJUUeCTBO AH(depeHLHaNb-
HbIX ypaBHeHHH B cucTeMe. OrpaHuueHHe NAHHOIO MOAXOAA 3aKJIOYaeTcss B TOM, UTO
TpebyeTcsl ONpeesuTh YCJOBUS MAJs BBIMOJHEHHS 3BPUCTHUK, KACAIOUIUXCS BEPOSTHOCTEH
BO3HUKHOBEHHUS1 COOBITUH €1, ..., €, B IPOUYUX MOPSAAKAX, OTIUYHBIX OT 3aLaHHOTO.

[Ipu cobatonennn ycao0BUH, NONYCKAOLUKX TPUMeHeHHe NpelJ/araeMblX 3BPUCTHYECKHUX
METOJIOB, 3TH METOIbl MOTYT KOMOUHUPOBATHCS (B TOM YHCJeE MPUMEHSISICh HEOMHOKPATHO)
U CYLIeCTBEHHO CHMXKaTb CJIOXKHOCTb BbIYHCJIEHUS BEepPOSTHOCTEH pas3BUTHsI aBapHUUHBIX
KOMOWHALMH COOBITHH B cayuyasx, KOTJa 3afaH MOPSL0K UKW HECKOJbKO €ro BapHaHTOB.

3AKNTOYEHUE

[Ipennaraercs merton onpenesieHUs yNpaBJ/SOIIMX BO3AEUCTBUN MO NPeAOTBPaLleHHIO
aBApUUHBIX KOMOWHALUMUH COOBITUH B 4eJIOBEKO-MAlMHHBIX CUcTeMaX. B mpensnaraemom
MOAXOJAEe HMCIOJB3YITCA MYTH YCIHEIHOro (PYHKUHOHUPOBAHHUS CHUCTEMBl, [03BOJSIOIINE
OTNpefessiTh MUHHMMaJbHble MHOXXeCTBAa COOBITMH AJS NPeNOTBpPALLleHUs] aBaApPUHUHBIX KOM-
6unauuii. [Ipennaratorcsi 3BpUCTUUYECKHE METO[bI, MO3BOJSAIOLIKME YUECTh MOPSIOK COObI-
TUH B aBapUHUHOM KOMOMHALMU U CHU3UTb KOJIMUYECTBO AH(PQepeHLHaNbHbIX YPaBHEHHUH,
pelllaeMbIX [JiSl ONpefiesieHNs] BEPOSITHOCTEH Pa3BUTHSl aBAPUHHBIX KOMOMHAUKH COOBITHH.
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Prevention of Accidental Combinations of Events
in the Control of Human-Machine Systems
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In the work the problem of accidental combinations of events is investigated. An accidental combination of
events is a set of defects in equipment, software and human errors, relatively non-dangerous separately but
leading to an accident when they occur in a certain order at a certain time interval. Modern warning tools
can parry mainly individual adverse effects and to effectively prevent critical modes it is necessary to provide
mathematical analysis of systems for accidental combinations of events at different time intervals. The task of
managing the prevention of accidental combinations of events is set as the task of the variational calculus on
the conditional extremum. A method for solving the problem based on the analysis of failure trees and ways of
successful operation is proposed. The given method allows selecting the minimum set of adverse events, the
parrying of which makes it possible to reduce the likelihood of emergency combinations to a safe level. The
properties of the paths of successful functioning were determined and proved including accurate estimates
for their number which allows ranking tasks by time complexity and increasing the efficiency of their solution.
Heuristic approaches were developed which allow to take into account the order of occurrence of events when
managing the process of preventing their emergency combinations. The specified sequence of incidents are
taken into account by allocating graphs and event aggregation. The obtained results are intended for use in
decision support systems at various levels in managing the prevention of critical conditions and accidents of
human-machine and organizational systems.

Keywords: combination of events, human-machine system, tree of failures, probability of an accident, way of
successful functioning, order of events.

Received: 09.09.2018 / Accepted: 07.10.2018 / Published online: 28.05.2019

References

1. Makhutov N. A. Ranges of the Validity of Power Scaling Laws in the Description of
Scale Effects of the Strength of Extended Elements of Machines and Structures. Journal
of Machinery Manufacture and Reliability, 2013, vol. 42, iss. 5, pp. 364-373. DOL:
https://doi.org/10.3103/S51052618813050075

2. Makhutov N. A., Reznikov D. O. A Criterion Base for Assessment of Strength, Life-
time, Reliability, Survivability, and Security of Machines and Man-Machine Systems.
Journal of Machinery Manufacture and Reliability, 2017, vol. 46, iss. 2, pp. 132-141.
DOI: https://doi.org/10.3103/S1052618817020108

204 Hay4rbiri otaen



W

A. C. boromonos. [peaoTspallieHne aBaprriHbix KoMbrnHaun CobbITrv KSR

3.

10.

11.

12.

13.

14.

15.

Braglia M., Di Donato L., Zhang L., Gabbrielli R., Marrazzini L. The house of safety: A
novel method for risk assessment including human misbehaviour. Safety Science, 2018,
no. 110, pp. 249-264. DOI: https://doi.org/10.1016/j.ss¢i.2018.08.015

Avila S. Reliability analysis for socio-technical system, case propene pumping. Engi-
neering Failure Analysis, 2015, no. 56, pp. 177-184. DOI: https://doi.org/10.1016/
j.engfailanal.2015.02.023

Bogomolov A. V., Sviridyuk G. A., Keller A. V., Zinkin V. N., Alekhin M. D.
Information-logical modeling of information collection and processing at the evaluation
of the functional reliability of the aviation ergate control system operator. 2018 Third
International Conference on Human Factors in Complex Technical Systems and En-
vironments (ERGO)s and Environments (ERGO). St. Petersburg, 2018, pp. 106-110.
DOI: https://doi.org/10.1109/ERGO.2018.8443849

Bogomolov A. V. The technique of unification of medical and biological effects of the
combination of effects of physical factors. Sistemnyi analiz v meditsine (SAM 2016).
Materialy X mezhdunarodnoi nauchnoi konferentsii [Systems Analysis in Medicine (SAM
16): Proc. X Int. Sci. Coni.]. Blagoveschensk, 2016, pp. 23-26 (in Russian).

Makhutov N. A., Reznikov D. O., Khaziakhmetov R. Basic scenarios of terrorist attacks at
hydropower engineering facilities. Risk Analysis, Dam Safety, Dam Security and Critical
Infrastructure Management: Proceedings of the SIWRDD-FORUM / ed. 1. E. Bueno. CRC
Press / Balkema; Taylor & Francis Group, 2011, pp. 389-395.

Reznikov D. O. Technological and Intelligent Terrorism: Specific Features and Assessment
Approaches. Comparative Analysis of Technological and Intelligent Terrorism Impacts on
Complex Technical Systems, 2012, no. 102, pp. 45-60. DOI: https://doi.org/10.3233/978-
1-61499-131-1-45

Reniers G. L. L., Audenaert A. Preparing for major terrorist attacks against chem-
ical clusters: Intelligently planning protection measures w.r.t. domino effects. Pro-
cess Safety and Environmental Protection, 2014, vol. 92, no. 6, pp. 583-589.
DOI: https://doi.org/10.1016/j.psep.2013.04.002

Zhang L., Landucci G., Reniers G., Khakzad N., Zhou J. DAMS: A Model to Assess
Domino Effects by Using Agent-Based Modeling and Simulation. Risk Analysis, 2018,
vol. 38, no. 8, pp. 1585-1600. DOI: https://doi.org/10.1111/risa.12955

Chen C., Reniers G., Zhang L. An innovative methodology for quickly model-
ing the spatial-temporal evolution of domino accidents triggered by fire. Jour-
nal of Loss Prevention in the Process Industries, 2018, no. 54, pp. 312-324.
DOI: https://doi.org/10.1016/].jlp.2018.04.012

Khakzad N., Khan F., Amyotte P., Cozzani V. Domino Effect Analysis Us-
ing Bayesian Networks. Risk Analysis, 2013, vol. 33, no. 2, pp. 292-306.
DOI: https://doi.org/10.1111/j.1539-6924.2012.01854.x

Kadri F., Birregah B., Chatelet E., Cozzani V. The Impact of Natural Disasters on Critical
Infrastructures: A Domino Effect-based Study. Journal of Homeland Security and Emer-
gency Management, 2014, vol. 11, iss. 2, pp. 217-241. DOI: https://doi.org/10.1515/jhsem-
2012-0077

Bogomolov A. S., Ivashchenko V. A., Kushnikov V. A., Rezchikov L. Yu., Tsvirkun A. D.,
Tsesarskiy L. G., Filimonyuk L. Yu. Modeling complex for critical events combinations
analysis in aviation transport systems. Control Sciences, 2018, iss. 1, pp. 74-79 (in Rus-
sian).

Rezchikov L. Yu., Kushnikov V. A., Ivashchenko V. A., Bogomolov A. S., Filimo-
nyuk L. Yu. Models and Algorithms of Automata Theory for the Control of an Aircraft
Group. Automation and Remote Control, 2018, vol. 79, iss. 10, pp. 1863-1870. DOI:
https://doi.org/10.1134/S0005117918100107

MHgpopmatrka 205



m 1138. Capar. yH-1a. Hos. cep. Cep. Marematnka. Mexannka. VHpopmatnka. 2019. T.19, Bbin. 2

16. Filimonyuk L. Yu. The problem of critical events’ combinations in air transportation sys-
tems. Advances in Intelligent Systems and Computing, 2017, no. 575, pp. 244-254. DOL:
https://doi.org/10.1007/978-3-319-57261-1-38

17. Rezchikov L. Yu., Kushnikov V. A., Ivashchenko V. A., Bogomolov A. S., Filimo-
nyuk L. Yu., Sholomov K. I. The Dynamical Cause-effect Links’ Presentation in Human-
machine Systems. [zv. Saratov Univ. (N. S.), Ser. Math. Mech. Inform., 2017, vol. 17,
iss. 1, pp. 109-116 (in Russian). DOI: https://doi.org/10.18500/1816-9791-2017-17-1-109-
116

18. Bogomolov A. S. Analysis of the Ways of Occurrence and Prevention of Critical Combina-
tions of Events in Man-machine Systems. /zv. Saratov Univ. (N. S.), Ser. Math. Mech. In-
form., 2017, vol. 17, iss. 2, pp. 219-230 (in Russian). DOI: https://doi.org/10.18500/1816-
9791-2017-17-2-219-230

19. Ostreikovsky V. A., Shevchenko Y. N., Yurkov N. K., Kochegarov I. 1., Grishko A. K.
Time Factor in the Theory of Anthropogenic Risk Prediction in Complex Dynam-
ic Systems. Journal of Physics: Conference Series, 2018, vol. 944, pp. 012085. DOI:
https://doi.org/10.1088/1742-6596/944/1/012085

20. Ostreikovsky V. A. Matematicheskie metody i modeli tekhnogennogo riska v teorii be-
zopasnosti atomnykh stantsiy [Mathematical methods and models of technogenic risk in
the theory of safety of nuclear power plants]. Kurgan, Kurganskii Dom Pechati, 2017.
448 p. (in Russian).

Cite this article as:

Bogomolov A. S. Prevention of Accidental Combinations of Events in the Control of Human-
Machine Systems. [zv. Saratov Univ. (N.S.), Ser. Math. Mech. Inform., 2019, vol. 19, iss. 2,
pp. 196-206 (in Russian). DOI: https://doi.org/10.18500/1816-9791-2019-19-2-196-206

206 Hay4rbiri otaen



B. M. MBaHoB. OueHKa Ka4yeCTBa HeCTaLOHaPHbIX CMCTEM Ha MI0CKOCTH XapakTePHCTHKA COPN
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OueHKa KayecTBa HecTaLLMOHaPHbIX CUCTEM
Ha NNOCKOCTN 06paTHOM YaCTOTHOW XapaKTePUCTMKM

B. M. BaHOB

VBaHoB Bnaaumup Muxaitnosuy, kKaHauAAT TEXHUYECKIX HayK, AOLEHT kadpeapbl aNeKTponpuBoaa 1 aBto-
MaTn3aLum NPOMBILNEHHBIX YCTAHOBOK, Y IbSIHOBCKMIA FOCYAapPCTBEHHbIN TEXHYECKWA yHUBEpcuTeT, Poc-
cust, 432027, Y nbsiHoBek, yn. CeepHblii Berel, 4. 32, v.ivanov @ulstu.ru

Mpu oLeHKe KayecTBa NIMHENHBIX CUCTEM LLIMPOKO UCTIONB3YIOTCS NPSIMbIE MOKa3aTenu KayecTsa, K KOTo-
PbIM OTHOCSITCS: BPEMS PErYNPOBaHIS, NepeperynnpoBanne, AeKpeMeHT 3atyxaHus. Hapsay ¢ npsmbiMu
rnokasarensmi 1Cronb3yKTCs KOCBEHHBIE OLEHKN KaqecTsa. [nst HENMHENHBIX CUCTEM OAHUM U3 TakuX no-
Kasartenei Ka4ecTBa sBNsieTcs CTeneHb YCTOMHMBOCTI UMK, MHAYE, Mepa BbICTPoLeicTBIS. Kak nokasaHo B
psifie paboT, uccnesoBaHNe CBONCTB HENMHEMHBIX CUCTEM B 3TOM Cly4ae CBOAMTCS K aHann3y abcontoTHoN
YCTOIHMBOCTY NPOLIECCOB. B AaHHOM paboTe paccMatpusaeTcst CTPYKTypHOE NpeAcTaBieHne HectalmoHap-
HO NHeapn30BaHHOI CUCTEMbI, KOTOPOE MO3BOMSET BONEe HarnsiAHO Nokasatb MOCTAHOBOYHYH YacTb
3afa4u 1 060cHOBaTb Nepexos K cucteme ¢ 060BLEHHON HENMHEIHOCTLI0. HecTaLmoRapHas napameTpuye-
CKasl XapakTepuctuka, o6ycn05neHHas| MHOXUTENTbHbIM 3BEHOM, MOXXET HaX0ANTbCH B HETbIpEX KBaApaHTaX.
OnHako Ans 6onbLIMHCTBA NPaKTUYECKNX 3aaY XapaKTePUCTMKA MHOXUTENBHOIO 3BeHa MOXET ObiTb Npe -
CTaBNeHa KaK [ByXKBaApaHTHasl, MOCKONbKY OAHA 13 NepemMeHHbIX, XapakTepuayrolas Tekylee 3HaqeHne
napameTpa, BbICTyMaeT Kak nonoxurenbHast BenudnHa. OCHOBHbIE OCOBEHHOCTI CTPYKTYPHOIA CXeMb CBS-
3aHbl C TEM, 4TO W3MEHeHUe KoapapuumerTa Ak 3KBUBANEHTHO BO3MyLuaowemy Bo3nenctsuio Akxg,
BbI3BAHHOMY HayanbHbIMM YCNOBUSIMI. HecTaumnoHapHble CBOCTBA COMPSHXKEHHOTO KOHTYpa SIBNSOTCS OC-
HOBHOI# MPU41HOI CBOBOJHOIO MpoLiecca, KOTOPbIA XapakTepu3yeT Nepexos, 0T HEKOTOPOro HayanbHoro
COCTOSHISA K YCTOHMBOMY COCTOSIHUIO PaBHOBECHS. HaqanbHble yCnoBus OnpeaeneHbl UCXOAHBIM KOHTYPOM
11 3KBUBANEHTHbI BXOAHOMY BO3AEACTBMI0. Takim 06pa3oM, CUCTEMA C MHOXMTENbHBIM 3BEHOM B 06LLEM Crly-
Yae MoxeT ObITb MPeACcTaBNeHa kak cuctema ¢ 0606LLEHHON HENMHEIAHOCTbI0. ViccnejoBaHe Npon3BoANTCS
B NNIOCKOCTM 0BpaTHOIA 4acTOTHON XapakKTepUCTUKLA, YTO MO3BOMSET YNPOCTUTL 3aJaydy aHanuaa CUCTEM C
JBYXMEPHOI HENMHENHOCTBIO MHOXUTENbHBIX 3BEHBEB. B KayecTBe NpakTN4ecKoro NpUIoXeH!s paccmoT-
PEH anropuTM pacyeTa 1 aHanmaa YacToTHbIX XapakTePUCTUK C LieMbIo rpadpnieckoro nx npeacTaBneHus u
onpefieneHns 0bnactei ycTon4nBoCTy.

Knto4esble cnoBa: nByXMepHast HENMHEAHOCTb MHOXMTENbHbIX 3BEHbEB, CTEMEHb YCTOMYMBOCTY, KPYroBON
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BBELEHUE

[Tpu oueHKe KauecTBa JMHEHHBIX CHCTEM LIMPOKO UCIOJB3YIOTCS TIPSIMble MMOKA3aTe
Ka4yecTBa, K KOTOPbIM OTHOCSITCS: BpeMsl PeryJHpOBaHuUs, NepeperyaupoBaHue, T1eKpeMeHT
saryxanus. Hapsiny ¢ mpsiMbIMM TOKa3aTessiMH HCMOJb3YIOTCS KOCBEHHbIE OLEHKH Kaue-
ctBa. JIJisg HeJIMHEHHBIX CUCTEM OJHHUM M3 TaKHX [0OKasaTeJsJel KauecTBa SIBJASETCS CTelleHb
YCTOWYUBOCTH WJIH, WHA4e, Mepa ObICTPONEHCTBHUS.

Kak nokasano B pa6orax [l,2], uccienoBaHie CBOUCTB HeJHHEHHBIX CHCTEM B 3TOM
c/Jydyae CBOAMTCS K aHa/u3y abCoJIOTHOM ycTOHUMBOCTH mpoueccoB. OcHoBomoJaramuei
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paboTo# B 3TOM HampasJeHuH Oblia ctathsi A. . Jlypee u B. H. [loctHukoBa [3], B koTo-
poli ¢ nmomotbio PyHKUUH JIimyHOBa OTBICKMBANUCh YCJAOBUSI YCTOWYUBOCTH PAaBHOBECHS.
B nasnbHefilieM pelieHue AaHHOH 3afaud TMOJYUYHJIO pa3BUTHe B padoTax [4-9].

B nauane 1960-x rr. pymbiHCKUM ydeHbiM B. M. IlonoBbiM 6BLIO MOJyueHO aHaJU-
THYeCKoe ycJoBHe abCOJIIOTHONW YCTOMUMBOCTU MJ51 HEJIMHEHHBIX CHCTEM U JlaHA ero reo-
MmeTpuueckast uHTepnpetauus [10,11]. Ha ocHoBaHUHM 3TOr0 KPUTEpPHUs] MOXKHO CYAUTb 00
a0COJ/IIOTHOH YCTOMYMBOCTH 110 MOAM(DHULHUPOBAHHON YACTOTHOH XapaKTePUCTHKe JTMHEHHON
yacTtu. Pa6otsl B. M. [loroBa 3HaYUTEbHO YIPOCTH/IN UCCeI0BaHHE aOCOMIOTHOH YCTOM-
UHBOCTH HEJIMHEHHBIX CUCTEM M cliesialu ero HarasaabM [12]. HacToTHEIE XapaKTepucTu-
KW B WH)KEHEPHOH INpaKTUKe LIMPOKO MCIOJNb3YIOTCH Kak [J5 aHa/au3a, TakK M CUHTe3a
avHaMudeckux cucteM. OnHAKO Mporecc MOCTPOEHHS] YAaCTOTHBIX XapaKTEPUCTHK SIBJISI-
eTcsl TPYLOEMKHUM H, HECMOTPS Ha CYLIECTBOBAHHE COBPEMEHHbIX MPOrPaMMHBIX MAKETOB,
MCIOJIb3YeMbIX /ISl HayYHbIX W MHXKEHepHBIX BbluncjeHuil [13,14], Tpebyer paspaboTku
JIONIOJTHUTEJ/IbHBIX a/JTOPUTMOB MPHMEHHUTE/IbHO K HEeJHHEHHBIM CUCTEMaM.

B nanHoil pa6oTe paccMaTpuBaeTcsi CTPyKTypPHOe MpeicTaB/leHHe HeCTAallHOHAPHON JIH-
Heapu30BaHHOM CHCTeMbl, KOTOPOE M03BOJIsSeT OoJiee HArJAHO MPeICTaBUTh MOCTAaHOBOY-
HYI0 4YacTb 3a7auyd U OOOCHOBATb TMepexol K cucTeme ¢ 060OLIEHHOH HEJUHEHHOCTBIO.
HccnenoBanue MpOU3BOAUTCS B TJIOCKOCTH OOPAaTHOM 4acTOTHOHM XapaKTepUCTHKH [15],
YTO M03BOJIsSIET YIPOCTUTh 3a/layy aHa/lHW3a CUCTEM, HeJIMHEHHOCTb KOTOPBIX 00yCJ/0BJeHa
IBYXMEPHOH HeJUHEeMHOCTbI0 MHOXKUTENbHbIX 3BeHbeB. B KauecTBe NMpPaKTUUECKOTO IMpHU-
JIOXKEHHUS1 PaCCMOTPEH aJropuTM pacueTa M aHa/ju3a YaCTOTHBIX XaPaKTEPUCTHK C LEJblo
rpauueckoro UX MpeacTaBJieHUsl U onpenesieHUus o0JacTell yCTOHYUBOCTH.

1. JMHEAPU3ALNS HECTALMOHAPHOWN MAPAMETPUYECKOW HEIMHENHOCTY

B HaubGosiee oblieM ciayuae HecTaUMOHApHAS MapaMeTpUyecKasi XapakTepUCTHKa, 00y-
CJIOBJIEHHAsI MHOXKHTEJIbHBIM 3BeHOM (M3), MOxKeT HaXOOUTbCS B UeThIpeX KBaJApaHTax,
OIHAKO A5t OOJBIIMHCTBA MPAKTHUECKUX 3afad XapakTepucThka M3 MoxkeT ObITb mpen-
CTaBJieHa KaK ABYXKBaJpaHTHasl, TOCKOJNbKY OfHA M3 BEJUUHH, XapaKTepU3yIollas TeKy-
llee 3HaYeHHe napameTpa, NpeacTaBaseT cOO0H MOJI0XKUTENbHYIO BEJTUYUHY. DTO M103BOJIS-
eT CBeCTH 3a7ayy aHa/ju3a K MCCJeJOBAHHIO CUCTEM C HeCTallMOHAPHOH HeJHMHEeHHOCTHIO
y = ®(r,t), XxapaKTepUCTHKA KOTOPOH He BBIXOAWUT M3 3amaHHoro cekrtopa [0, k| wiu
[k1, ko], 0OpasoBaHHOrO MPSIMOJIMHEHHBIMU JIY4aMH y = k1& U y = ko, T.e€. YIOBJIETBO-
psoLIas YCJIOBHAM

P(x,t P(x,t
0 ) <k wmm k < (z,1) < ko
x s
D(x,7) Paccmorpum cucremy, rae o00b-
) mx(t) () /403 z(?) eKT ympaBJeHusi 0003HayeH Inepena-

HeHHOCTh OIpelesieHa HecTalHoHap-

1p) x(p) T 1(p) W(p) 2(p) TouHo# (yHkuueir W(p), a Hesu-

k(?) HOW XapaKTePUCTUKOU MHOXKUTEJBbHOTIO

3BeHa (puc. 1).
Puc. 1. CrpykrypHasi cxema CHCTEMbl YIIpaBJeHHUs OnvH M3 MeTO/0B, HCIOMb3YeMbIX
¢ MHOYKHUTEJbHBIM 3BEHOM [Ipu HCCJAeNOBAHHUKW HEJUHEHHBbIX CH-
Fig. 1. Structural diagram of a control system with cTeM, OCHOBaH Ha WX JIMHeapHU3aLMH.
a multiplier link JIMHeapu3auuio MOXKHO TMPOU3BOAUTH

no 3BeHbAM. [Ipu 3TOM (DyHKIHIO ABYX
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nepeMeHHBIX F'(z,y) B HEKOTOPOH OKPECTHOCTH TOUKH M (g, Yo) MOXKHO Pa3JIOXKUTh B PSifi
Telinopa
F(:L‘, y) = F0<.’L', y) + Fl(xay) + F2($7 y) + F3($,y) T

rae Fo(x,y) = F(xo,y0);

1 1
Fi(x,y) = Fl.(x,y) Az + 'F”( YA+ —F" (2,y)Az® + ..

1 1
Ey(w,y) = Fy(x, ) Ay + 55, (z,9) Ay + 31 Fvu (@ y)AY + ..

1 1
! " 2 " 2
lnst MHOXHTesbHOTO 3BeHa P(z,t) = y = kx 0003HAYMM OTKJIOHEHHS BXONHBIX H
BBIXOHBIX BeNIUUUH: Az = x — xo, Ak =k — ko, Ay =y — yo.
Torpa, nosarasi paBHbBIMU HYJII0 YaCTHbIE [IPOU3BOJHbIE BbIllle EPBOrO MOPSAKA U CMe-
lIeHHble TPOU3BOAHbBIE BbIllIe BTOPOrO MOPsIiKA, MOJYyUUM

Yo + Ay = koxg + Akxo + Axky + Az Ak.

CTpyKTypHas cxema B BUIE f(p) Yo Yo o) z(p) 2(p)
IByX B3aUMOCBSI3aHHBIX IOJCH- A ko ‘ o+
N
CTeM [10Ka3aHa Ha puc. 2. 31ech Ay Az(p)
B KauecTBe HCXOAHOTO MPUHSAT Ak — W)

KOHTYD, XapaKTepU3YIOLIMH Ha-
YaJ/bHble YCJOBUS g, Yo, Z20-
CormnpsizkeHHBIH KOHTYp, Xapak-
TEPU3YIOILUK TpUpallleHHe Bbl-
XOMHOU KoopauHaTel Az, cdop-
MHUPOBAaH M3 YCJOBHUA H3MEHe-
HUs Ak B MOMEHT BpeMeHU
t = to > 0. M3ameHeHue BxomHOro curhana f(¢) K 3TOMy MOMEHTY 3aKOHYEHO, ¥ MOXK-
HO cuMTaTh npupailenne Axr = —Az.

OcHoBHble 0COOEHHOCTH CTPYKTYPHOH CXeMbl CBSI3aHbBI C TeM, UTO U3MeHeHHe Koa(hdu-
nveHta Ak 3KBHBaJEeHTHO BO3MYyIlamolleMy BO3LeHCTBHIO Ak, BBI3BAHHOMY HauaJbHBI-
MU ycaoBUsAMU. HecraunoHapHele CBOMCTBA COMPSIKEHHOTO KOHTYpa SIBJASIOTCS OCHOBHOH
NPUYMHOM CBOOOJHOrO IpoLecca, KOTOPbIM XapaKTepu3yeT Mepexof OT HeKOTOPOro Ha-

HaJIbHOTO COCTOAHHUSA K YCTOI(/JI‘-II/IBOMy COCTOSAHHIO paBHOBECHA. HauanbHble YyCJI0BHSA OIlpe-
AeJieHbl HCXOAHbIM KOHTYPOM U

ko

Puc. 2. CrpyKkTypHas cxema JIMHEADU30BAHHOH CHUCTEMBbI
Fig. 2. Structural diagram of a linearized system

3KBHBAJIeHTHbl BXOJHOMY BO3- 1P) ~ xPp) D) W) z(p)
NeHCTBHIO — B Rl S
f(p) k k
fn(p) = 7 - -
1+ koW(p)
C yueToMm 3T0ro, CTPyKTYp- Puc. 3. CrpykrypHasi cxeMa mpeoOpa3oBaHHOH HeJHHEH-
HYI0 CXeMy (CM. pUC. 2) MOXKHO HOH CHCTeMbI

NpeaCcTaBUTh B BUAe Mpeobpa-
30BaHHOW HEJIMHEHHOH CHCTe-
Mbl (puc. 3), roe KoadureH-

Fig. 3. Structural diagram of the transformed nonlinear
system
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Thl ky He OKa3bIBAlOT BJMSIHWUS Ha OCHOBHYIO 0OpaTHYIO CBfI3b. TakuM 00pa3oM, cucTeMa
C MHOXHTeJbHBIM 3BEHOM B O0lleM cJjyudae MOxKeT ObITb NpeicTaBJ/eHa KaK CHCTeMa C
00001eHHO! HeJTMHEHHOCTBIO.

[lepenatouHas QyHKUHs peoOpa3oBaHHON JUHEHHON YacTH OyneT paBHA

_ Wip)

[Mpupartienue Ak(t) COOTBETCTBYeT XapaKTePUCTHKE MPe0OPa30BAHHOIO HEJUHEHHOTO 3J1e-
MeHTa

Whn(p)

Op(z,t) = ko — O(x,1).

Tak kak 3KBUBaJeHTHbIE TPe0OpPa30BaHUA He U3MEHSIOT CBOMCTB CUCTEMbI, TO MpPeod-
pa3oBaHHasl U MCXOOHAas cUcTeMa (CM. pUC. 1) UMEIOT OfHHU U Te »Ke CBOHCTBA M, CJel0Ba-
TeJIbHO, TOXKJEeCTBEHHBI IpyT Apyry. B cayuae abcomoTHO yCTOMYMBON UCXOAHOMW CHCTEMBI
npeoOpa3oBaHHasl CUCTeMa Takxke OyleT YCTOHUYHMBA.

2. OLIEHKA KAYECTBA MO MEPE BbICTPOOEACTBUS

OnHo#i U3 OlEeHOK CBOGOMHOrO TMpolecca B HeJMHEHHBIX CHCTEMax SiBJseTCS CTeleHb
YCTOWUYMBOCTH WJIM, UHaue, Mepa ObicTponeiicTBUs. [lon cTeneHbio yCTOWYMBOCTH MOHHMA-
eTcst abCOJTIIOTHOEe 3HAaUeHHe BellleCTBeHHOH uacTy OJMKaiiiero K MHUMOM 0CH KOpHs [16]

& = min |Rep,]|.
v

BesnnuuHna &, onpenessieT HauOOJbIIYIO MMOCTOSSHHYI BPEMEHH CHUCTEMBI W KOCBEHHO
XapaKkTepusyeT HauboJsbluee ObICTPOAEHCTBHE.

[Ipu paccMoTpeHHH CBOOOIHBIX MpolieccoB [17], BbI3bIBaeMbIX YOBIBAOIIMMH BO3/EH-
CTBUSIMM, BpeMeHHasi XapaKTepUCTHKA JUHEHHOH yacTh npeobpa3oBaHHOHN CUCTEMbl paBHA

wi (t) = w(t)e®r.

C YUYe€TOM 3TOTr0 HaCTOTHasA XapaKTepHUCTHUKA JIMHEWHOH 4acTu Hpeo6pasoBaHH01?1 HeJIn-
HEWHOU CHCTeMbl MOXKET ObITh npeacTraBJ/ieHa B BHIAE CMelleHHOM 4aCTOTHOH XapakKTepu-
CTHUKH

Wi (jw) = /wl(t)ej“’tdt = /w(t)e(j‘“&’)tdt =W(jw — &).
0 0

151 cucTeM ¢ HeyCTOWYMBOHU UM HEUTPaJJbHOH JUHEHHON 4acTblo JOCTATOUYHBIE YCJIO-
Bus [17, 18], mpu BBINOJHEHHH KOTOPHIX MPOLECCH B HEJHWHEHHOH cHucTeMe abCOITHO
YCTOHUMBBI U BCE€ OTKJIOHEHHUS OyAyT UMeTb CTeleHb YCTOHUHMBOCTH £ = {; He MeHblle
3aJlaHHOH, UMEIOT CJIeNYIOIHUH BUL:

L+rW(jw—&) k—r

r<®(z)<k-—r.

Re(1 + qjw)

> 0;

Kputepuii [lonoBa o6obiiaeTcsi TakKe Ha CUCTEMbl C HeCTALHWOHAPHOW HeJHWHEHHO-
CTbIO, THe s abCOMIOTHOW YCTOHYMBOCTH MPOLIECCA, BBI3BAHHOI'O OrPAaHHUUEHHBIM BO3-
nefcTBUeM, NOCTaTOUHO, UTOOBl CMellleHHas 4acTOTHAas XapaKTepHUCTHKa yIOBJETBOPsa
YCJIOBUAM
W(jw — &) n 1

R
el+rW(jw—§0) k—r

>0 (1)
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st Bcex 0 < w < 00 NPU COOTBETCTBYIOLIMX OrpaHuueHusix r < d®(z,t)/dr < k,
HaJIO’KEHHbIX HA HeJMHEHWHBIA 3JIeMEHT.

Kak csienyer u3 (GopMyJqHUpPOBKU KPHUTEPHsl, HUKAKHUX OrpaHUUYEHHEH Ha XapaKkTep H3-
MeHeHHsT Ko3(dHlMeHTa BO BPeMeHM He HaKJ/aJAblBaeTcs, KPOMe OrpaHHUYEHHH Ha ero
MaKCHUMaJlbHOe U MUHHMaJbHOEe 3HAueHHs.

B cayuae ucnosb3oBaHUs 0OpaTHOM CMEIIEHHOH YacTOTHOM XapaKTepUCTHKU YCJO-
Bue (1) MOXHO 3amucaTh B BHJIE

1 1
Re T + = 0. (2)

Woo—ey T kT

[IpencraBum 0OpaTHYIO UACTOTHYIO XapaKTEPUCTUKY JUHEHHOH YacTU B BUE
1
W(jw — &)

rie P(w, &) = Re[l/W(jw — &), Q(w, &) = Im[1/W(jw = &)].
Torpa nocsie nopcranoBku 1/W (jw) B HepaBeHCTBO (2) mosy4um

= P(w, fo) + jQ(Wa 50)7

1 1
Re + >0

Plw,&) +r+jQw. &%)  k—r

HJIHU
P(wvfo) +7r— jQ((“JvSO) 1

(P(w, &) +7)* + Q*(w, &) k-
Beinensisi neHCTBUTE/IBHYIO YaCTh U NPOU3BOAS TOXKAECTBEHHble NMpeoOpa3oBaHus, MO-
JIY4YUM

Re > 0.

PY(w, &) + (k+71)P(w, &) + Q*(w, &) + kr > 0.

HpH6aBHM B IMpaByl0 U JIEBYIO YaCTH pPAaBEHCTBA YJIEHbI W, TOrga ypaBHEHHE
k+r k+7)?
(Plo.g) + 50 4 Qg = B2

Ha TMJOCKOCTH OOBIUHOM 0OpaTHOH uYacTOTHOM XapakTepucTUKH 1/W (jw) ompenmenut
OKPYKHOCTb C LEHTPOM Ha JAEHCTBHUTEJBHOH OCU W MepeceKarllyl MOCJAeJHIK B TOY-
Kax —r, —k. KoopnuHarta LeHTpa OKpPYKHOCTH OIpenessieTcss TOUKOH —k;”’, a ee paguyc
BeJINYMHON R = % [Ipyn sTom pasig BBIMOJIHEHUS YCJOBUH abCOMIOTHOH YyCTOHUYMBOCTH
TMPOLIECCOB JOCTATOUHO, YTOOBI CMellleHHasl YacToTHast xapakTepuctuka 1/ W (jw — &) He
nepecekana (k,r) — OKPY>KHOCTb.

Crnenyer OTMETHTB, UTO aHAJUTHUECKHE METOIbl HCCJ/eN0BaHUs abCOMIOTHON YCTOHYHU-
BOCTH IPOLIECCOB B HEJHMHEHWHBIX CUCTEMaX MMEIOT ONpelesieHHble OrPaHHYeHUSs], TaK Kak
PacrpoCTPaHAIOTCA HA CHUCTEMbl C HEBO3PACTAIOLleH aMIIMTYJHO-4aCTOTHOM XapaKTepH-
cTukoi. [Ipu aTOM naHHBIE yC/IOBUSA BHIMONHSAIOTCS B CUCTEMAaX C TepefaTouHoON (pyHKUHEeH

JUHEUHOH YacTH

K,
W(p) = ——=—,

p£y1+ﬂm

rape n — MNOopAOOK CUCTEMBI, Klp — KOSq)CpI/IL[I/IeHT nepenadyu JIMHEUHOH YaCTU CUCTEMHBI.
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IIpumep. OueHnM ObICTPONEHCTBHE (CTENEHb YCTOHUMBOCTH) CHCTEMBI KaK CHCTEMBI C
nepeMeHHBIM KO3(pULHEHTOM ycuiieHus: k(t), mepenatounast (GyHKUHs JUHEHHOH UacTH

KOTOPOH paBHA
k

W) Tip[Top(Tsp + 1) + 1]
rage T1 = 2T2, T2 = 2T3, T3 = 0,04, K=1.
CwMellleHHasi 4acTOTHAs XapaKTepPUCTHKA JUHEHHOH 4YacTH, MoJyueHHas 3aMeHOH p Ha
(Jw — &), 3anuuercs Tak:

K
T Ti(jw — ) {Ta(jw — &) [Ts(jw — &) + 1] + 1}

O6paTHbI€ CMelleHHbIe YaCTOTHbIE XaPaKTEPUCTHUKHU

W(jw —0)

1
W (jw — &)
+i[MToT3(368 — w?) + 2T Towéy + Thw] =
= 0,000512(3w? — £2)dy + 0,0128(£2 — w?) — 0, 16&+
+4[0,000512(3¢7 — w?)w — 0, 0256w + 0, 16w].

= T\ TyTs(3w? — £3)& + ThTo(€2 — w?) — Théo+

['paduueckue u mporpamMMmHbie Bo3aMoxXHOCTH cucteMbl MATLAB mnosBossitoT mpous-
BOAUTb MPOMEXKYTOUHbIH aHa/JM3 MAaTPUUYHBIX JAHHBIX U HAXOAWTb B3aWMOCBSI3aHHBIE pe-
IIEeHUs] TPU UX MOCTPOeHHH. AJIrOPUTM pacueTa M BbIBOAA TpauueckKod HH(OpMAIUU
BKJIIOUaeT B cebsl c/eylolihe OCHOBHBIE LLIArH:

— IJI 3aIaHHOTO0 MHTepBaJja u3MeHeHHs yacToThl w oT O mo 20 ¢ warom 0.1 mpous-
BOASIT pacyeT BEKTOPOB (P — MeHCTBUTEJbHOM M  — MHUMOH UaCTH) CMelleHHOH Ha e
YaCTOTHOM XapaKTEPUCTHUKH;

— 10 psiAy TOYeK CTPOAT rpaduk rnapamMeTpudeckod QpyHKuuu (q OT p);

— s 00sacTH rpaduka, COOTBETCTBYIOLLETO BBINYKJIOMY MHOXKECTBY, ONpEAEJsoT
BEKTOD I PaJllyCoOB M3 YCJIOBUH ONpe/eseHHUs BIUCAHHOH OKPYXKHOCTH;

— aHAJIM3UPYIOT BEKTOP PaJHMyCOB Ha MAaKCHMyM, ONpeNessiOT LEeHTP OKPYXKHOCTH U
NPOU3BOASAT BbIBOJ OKPYXKHOCTH Ha rpauK.

Huxe npencrabsena nporpaMmma v rpaduku yHKUUU (puc. 4) ¢ 061acTsIMU YCTOHUYH-
BOCTH.

I N S N SO R T

1

function graphic

w=[0:0.1:20]; % yrnosas 4yacrora

for =0:0.5:2 % cTeneHb yCTON4MBOCTM
P p1=0.000512*(3*e.*w:2-€.3)

p2=0.0128*(e2-w:2)

p3=-0.16"¢

p=p1+p2+p3 % LencTBUTENBHAS YacTb

q1=0.000512*(3*e.2*w-w.3)

0.5
0
-0.5
-1

-1.5
q2=-0.0256"¢.*"w q3=0.16*w
- 1 l J =q1+02+93 % MHUMas YacTb
6 5 4 3 2 1 4=q1+qe+qS 7o
hold on
Puc. 4. CMelleHHbIe YaCTOTHbIE XapAKTEPUCTHKH M plot(p,q) % BbIBOL rpagouka Kpueou
UX 00/1aCTH abCOMIOTHOH YCTOHYUBOCTH % D-pa3bueHns

Fig. 4. Displaced frequency characteristics and their
areas of absolute stability
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grid on % onpeaeneHne MakCUManbHOro paamyca BNMCaHHON OKPYXXHOCTM
k=1

while (q(k)>=0) % ans BHyTpeHHel obnact D-pa3bueHus
ds(k)=q(k)+p(k)

if (ds(k)<=0) % ecnm oKpy>XHOCTb BMICLIBAETCS,

r(k)=q(k) % To 3arpyxaem paanyc

d(k)=p(k) % v ero uexTp

else

r(k)=0

d(k)=—1

end

k=k+1;

end

[rm,m]=max(r) % BblbOpKa MaKCManLHOro paaunyca
dm=d(m) % v ero uexTpa

t=[0:0.01:2*pi]; % kpyrosas uHTEPONSLNS
x1=-rm.*(1—sin(t))

x1=x1+(dm+rm) % cmeLeHre No LelcTBUTENBHOW OCH
y1=rm.*cos(t)

hold on

plot(x1,y1,’R’) % BbIBOA, BNNCAHHON OKPYXXHOCTH

r=0

d=0

end

end

OxKpy»XKHOCTH, KacaTesbHble K YaCTOTHBIM XapakTe- L0
DUCTHKAM, ONpelessioT KPUTHYeCKHe 3HadeHus k, H A
Ty KO3((ULUHUEHTOB Mepenayu, COOTBETCTBYIOLUIHe 00Jsa-
CTSIM abCOJIIOTHOH YCTOﬁQHBOCTH COCTOsAHNWSA paBHOBECHHA, .

: P

BHYTPH KOTOPLIX CHCTEMA MMeEET CTEIEHb YCTOﬁqHBOCTH,

F 3

He MeHee 3a1aHHOH &). OTKyzna c/eayer, 4To NpH yBeJu-
YeHUU Mepbl ObICTPOAEHCTBUS ) COOTBETCTBYOLINE 06J1a-
CTH aOCOJIIOTHOH YCTOHUMBOCTH cyzkatoTcsi. Kpusas D —
pa3breHHs Mo KO3(D(PUUHEHTY yCUJEHUS — MpencTaBJIs-
eT co00Hl OTpULATENbHYI 00paTHYI YaCTOTHYIO Xapak-
TEPUCTHKY, UTO T103BOJISI€T JOBOJIBHO JIETKO CONOCTaBUTh
00J1aCTH YCTOWUYHMBOCTH 1O JIMHEHHOMY YAaCTOTHOMY KpHU-
TEpPUIO.

L J

Puc. 5. CwMmeleHHble 4acToT-
Hble XapaKTePUCTUKU U 00.a-
CTHU YCTOUUMUBOCTH AJ51 00beK-

[IpencTaBieHHBIH MeTOH aHasu3a MPHMEHHM W AR 1a ynpapnennus, mpeacrasien-
o o 1
CHCTeMBI ¢ repefaTouHol ¢yHkuuedr W(p) = =, T.€.  woro unrerpupyomum 3seHom

g caydad n = 1.

JlaHHBIH BapHaHT, CB3aHHBIH C MOCTPOEHHEM CMe-
ILEHHBIX YACTOTHBIX XapaKTEePUCTUK JJIsi HHTErPUPYIOLILe-
ro 3BeHa (puc. D), MOXKHO HHTEPIPETHPOBATH CJENYIO-
UM 06pasom:

1) obsacT aGCOMOTHON YCTOHUHMBOCTH HCXOAHOM CH-

cTeMbl (CM. pHC. 1) COOTBETCTBYIOT OKPYKHOCTSIM GE€CKOHEYHOT'0 Pajnyca;

MHpopmaTtrka

Fig. 5. Ofifset frequency cha-

racteristics and areas of stabi-

lity for the control object re-

presented by the integrating
element
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2) nJsi obecriedeHrst ObICTPOAEHUCTBHS He MEHbIle 3aJaHHOI0 MUHUMaJbHBIH KO3(PPH-
LIUEHT MHOMKHTEJIBHOTO 3BeHA kgmin HOJKEH BBIOHpATbCs U3 ycaoBus 1, = & = |Repy|,
4TO COOTBETCTBYET 3HAUEHHIO Kgmin = o/ K, A715 Beex & > 0.

Takum o6pa3oM, UCTOJIB30BAHUE KPYTOBOTO KPUTEPHUS B JAHHOM CJyuae C YYETOM CeK-
TOpaJbHBIX OTPAHUYEHHUH Ha XaPAKTEPUCTUKU MHOKHUTEJbHOTO 3BEHA He MPOTUBOPEUYUT
YCJIOBHSAM a0CO/MIOTHOH YCTOWYHMBOCTH UHTEIPUPYIOLEr0 3B€HA, OXBAYEHHOI'0 OTPULIATE/b-
HOH 0OpaTHOM CBS3bIO.
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Direct quality parameters, such as time of regulation, overshoot, damping decrement are widely used for
estimation of linear systems quality. Alongside with direct parameters indirect estimations of quality are used.
One of such quality parameters for nonlinear systems is the degree of stability or response speed. A number
of research studies show that properties of nonlinear systems investigation is reduced to the analysis of
absolute stability of processes. The study considers structural representation of non-stationary linearized
system, which allows to present additional evidence the statement of problem and to prove transition to the
system with the generalized non-linearity. In general, the non-stationary parametrical characteristic caused by
a multiplying part, can be present in four quadrants. However, in most practical problems the characteristic of
the multiplying part can be presented as two quadrants, because one of the variables, describing the current
value of the parameter is represented by a positive value. The basic features of the block diagram are defined
by the fact that a change of Ak factor is equivalent to A&z revolting influence caused by entry conditions.
Non-stationary properties of the interfaced contour define the free process characterized by transition from
the initial state to a steady status of the balance. Entry conditions are defined by an initial contour and are
equivalent to the input impact. Thus, the system with a multiplying part can be generally presented as a
system with the generalized non-linearity. We studied return the frequency characteristic plane that allows to
simplify analytical problems of the systems with two-dimensional non-linearity of multiplying parts. Practical
applications demonstrate the algorithm of calculation and analysis of the frequency characteristics for the
purpose of their graphic representation and definition of stability.

Keywords: two-dimensional nonlinearity of multipliers, degree of stability, circular criterion, return frequency
characteristic.
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The research proposes an approach to solving the problem of selecting layered nanocomposite components
with given electrical properties. The known methods for modeling the nanocomposites electrical characteristics
are based on a preliminary analysis of such characteristics as the dielectric constant and electrical conductivity
of the materials that make up a nanocomposite. The study proposes an algorithm for the selection of
components of a layered nanocomposite using a genetic algorithm. Mathematical modeling of nanocomposite
electrical properties is carried out using an effective medium model. We consider composite materials based
on nanoporous silicon and partially oxidized porous silicon as an example. We have analyzed the frequency
dependences of the dielectric constant and nanocomposite electrical conductivity when interacting with
electromagnetic radiation. We have also studied efficiency of the proposed method depending on the rate of
convergence and various parameters (mutation coefficient, population size, etc.). We developed a software
package for modeling the electrical properties of a nanocomposite using a genetic algorithm. The results of
the research can reduce the time and cost of creating new functional materials.

Keywords: genetic algorithm, mathematical modeling, layered nanocomposite, software package, effective
medium model.
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INTRODUCTION

Layered nanocomposites are promising
ny

materials that are used in applied science
(aircraft industry, astronautics, microelec-
tronics, radar, etc.). Recent studies [1-3]
show high potential for the development of
design and prediction methods for nanocom-
posites with specified electrical properties.
Works [4,5] present the problem of nanocom-
posite electrical properties modeling using
the effective medium model (Fig. 1), the

nq | N

L a

K€

Fig. 1. Structure of layered nanocomposite

© KmR. P, Romanchuk 5. P., Terin D. V., Korchagin S. A., 2019



Hss. Capar. yH-1a. Hos. cep. Cep. Marematrika. Mexannka. HMrgpopmarrka. 2019. T.19, Bbin. 2

essence of which is that a heterogeneous medium is considered as homogeneous with the
same level of polarization. Such model has been proved in numerous experiments [6,7],
however, it has several limitations, for example, the wavelength of external radiation
must be an order of magnitude larger than the dimensions of the inhomogeneities that
make up the nanocomposite medium. In addition, with an increase in the number of
components that make up a nanocomposite, the number of model parameters increases,
which is reduced to solving polynomial equations of higher orders. When using algo-
rithms for sequential search for roots, we can observe high computational error. Methods
of simultaneous search for roots (the Abert — Erlich method [8] and the Duran — Kerner
method [9]) solve this problem, however, the computation time increases, which is an
important factor when conducting express analysis and observing lack of access to high-
performance computing systems. In some cases, to simulate nanocomposites electrical
properties we can use the method of equivalent circuits, where the nanocomposite com-
ponents are represented as electrical equivalents [10]. The essence of the method lies in
the possibility of using the theory of electrical circuits methods, where the task is partly
solved at the stage of its formulation. In works [11,12] electrical properties were modeled
using quantum mechanical methods of calculation (for example, Agranovich — Ginsburg,
Kudo — Greenwood methods), which provide the most accurate results, but also require
more computational power compared to other methods of modeling.

Today, researchers in the field of mathematical modeling of nanocomposites use
specialized software systems, such as Gaussian, Abinit, GAMESS, SIESTA, and others.
As a rule, the indicated modeling methods and their toolsets are aimed at solving the
problem of direct determination of property of the resulting nanocomposite. One of
the urgent tasks is the selection of nanocomposite material composition that satisfies
a number of properties, for example, the dielectric constant, electrical conductivity,
etc., depending on the frequency of external electromagnetic field, which is an inverse
problem. Automating the process of finding the optimal composition of a nanocomposite
is an important area at the crossroads of information technologies and materials science
[13], which allows reducing the time and cost of designing and creating new materials
with desired properties.

In the present study, the search for nanocomposite components with the required
properties is implemented using a genetic algorithm [14], which is heuristic.

1. MATHEMATICAL MODEL OF A LAYERED NANOCOMPOSITE

A layered nanocomposite consisting of two different materials is the object of the
present study (Fig. 1). The nanocomposite is described by the following parameters: ¢
is the complex dielectric constant; o is electrical conductivity; d is the width of the
block entering into the plane-parallel layer, consisting of 2 material types (a grey block
and a white block, respectively; n is the layer number (the index corresponds to ordinal
numbering); a, b, ¢ are the length, width and height of the nanocomposite. The values
e and o are parameters that depend on the composition of the nanocomposite and the
wavelength of the incident radiation A. The alternation of blocks, which correspond to
certain msterials and constitute the nanocomposites, occurs as the layer number grows.
The values of the parameters d, a, b, ¢ can be controlled.

An effective medium model is proposed to be used as a simulation for the dielectric
constant and electrical conductivity of the research object, since we consider a com-
posite medium with parameters for which the use of this theory is permissible within
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the framework of the study. We view the layers including blocks of 5 to 40 nm width.
The wavelength of electromagnetic radiation is an order of magnitude larger than the
block sizes (from 400 to 1000 nm). In this research an anisotropic medium is inves-
tigated, radiation propagates perpendicular to the layers, therefore, the corresponding
pixel permittivity will appear as the tensor:

€effoe 0 0
Eeffiy = 0 eerp, O = f(€ij1r € D)
0 O €effzz

where €;;,, €;;, is dielectric constant tensor of the blocks of Ist and 2nd material types,
respectively. For the components of the tensor e.sy,,, €eff,,:

n
o 2kt S Ak
I ZL Ay

Zn 8_1 -1

_ k=1Eiji

Eeff - Zn Ak 3
k=1

i.e. for the investigated nanocomposite that consists of 2 materials:

for Eeffon-

. _ -1
- _ Exx1 A + Exzi1 Ay £ _ Eyy1 Ay + Eyy1 As c _ 8zzllAl + 52212A2
effg:a; Al —|—A2 Y effyy Al —'—A2 ) Effzz Al +A2 °
The nanocomposite conductivity tensor will have the form:
Octfre 0 0
Ocffi; = 0 Oef fyy 0 =f (Uijw Oijas A) )
0 0 Ocffa.

where 0;;, is the conductivity tensor of the blocks of the Ist and 2nd material types,
respectively. The effective conductivity is found from the basic macroscopic equations
rot B = 0, divy = 0 and Ohm’s law: 5 = oFE. When substituting averaged magni-

tude <fV?EdV> with the integral of the electric field strength E; inside a separate

block placed in a layer with conductivity tensor o.;; we obtain basic equation for the
conductivity model:

n

> viloess —0i) (E); =0,

i=1
where v; is the dimensionless concentration of the ¢ component (>  v; = 1).
Models for a layered structure corresponding to the components o.y,,, ocsy,, are of
the form:

J= (Alaxxl + AQUxx2>E7 Ocf fozu — A10gg1 + Do0ggo.

For o.¢s.. component:

A A 0221022
E:j< 1+ 2>’ O-effzz_ 1 2

022 0229 Ala—zzl + AQUzzg

MHpopmaTtrka 219



Hss. Capar. yH-1a. Hos. cep. Cep. Marematrika. Mexannka. HMrgpopmarrka. 2019. T.19, Bbin. 2

2. GENETIC ALGORITHM

The genetic algorithm is a method of optimization [15], which is based on the imi-
tation of natural selection processes. We propose using genetic algorithm in this study.
The algorithm helps to solve the problem of searching for the composition of a layered
nanocomposite with specified electrical properties. The genetic algorithm works with a
finite set of solutions generating new data by applying selection, mutation and crossing
operators. Output, external and internal parameters are a quantitative assessment of the
object properties.

The external parameters Z = (1, xs, ..., x,) affect the research object (external elec-
tromagnetic radiation) and are defined as constants or functions. Internal parameters
or control variables ¥ = (y1,¥2, ..., Tn) (composite composition, geometric parameters
of blocks, etc.) describe the internal state of the object and take combination of values
y € Y. Output parameters or quality parameters of the object z = (21, 22, ..., zx) (the
dielectric constant or electrical conductivity of a nanocomposite) provide a numerical
estimate of the nanocomposite properties and depend on the control variables z = z(Y)
To solve the problem, it is necessary to choose the most accurate solution based on
quantitative index ¢ (¢ (V) € o). Where ¢ is the output parameter scale +;. The choice
of the best solution comes down to the choice of those solutions that match the low-
est value of the criteria ¢(¢’ = @(Y’) = mingep ¢(Y)), where Y’ is the best solution,
¢ = @(Y") is the lowest value of the criteria in the search field. As a result it is neces-
sary to find such nanocomposite composition, where the value of the dielectric constant
(conductivity) is as close as possible to the given one.

Development of the algorithm begins with the use of the smallest indivisible unit of
a species subjected to evolutionary transformation. This is an individual species, which
is a layered nanocomposite. It is represented by a vector of internal parameters or a

genotype. A phenotype (a manifesta-

Generating tion of external features) appears in

a population the case individual’s interaction with

T external environment. This pheno-

| Cross-breeding type is characterized by individual’'s
adaptation. Thus, there is a criterion

! for assessing one individual in rela-
Mutation tion to the others. The set of individ-
uals with a similar genotype consti-
tute a population, the area of which
is the set, where individuals are lo-
cated. Fig. 2 shows a general view
of the genetic algorithm consisting
of several main phases: generation,
crossing, mutation, selection.

In the initial stage we generate

'

Selection

‘Adaptability
level is
reached

® e . .
the starting population and assess
Algorithm is completed ® 0 00 . e .
0 ® 0 adaptability of an individual species.
resources are released . . .
®e We calculate the objective function

for this purpose. The next stage
Fig. 2. General view of the genetic algorithm IS,' cross-breedmg'and 'mcreasmg the
size. The population size depends on
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the choice of a cross-breeding mechanism, so the population can double, triple or grow
in any proportion. The genotype that determines descendants of individuals varies, i.e. a
new generation goes through a phase of mutation, which can take place either randomly
or according to a predetermined algorithm. The next stage is the analysis of adaptability
(we calculate the objective function of a nanocomposite and decide to what extent the
obtained characteristics are approximate to the desired ones).

The analysis of adaptability is carried out for each individual in the next stage.
Only the fittest individuals remain in the population, the rest are killed. If we find
nanocomposite composition with the desired properties in this stage, the process stops,
otherwise we perform transition to the cross-breeding stage.

We have implemented the genetic algorithm in the programming language C ++.
Fig. 3 shows the main classes of the developed software package.

The Evolution class mo- )
dels evolution process (cross- Evolution Materials G_manager Genotype
ing, mutation, selection). We — —1
have developed the Materials | P_manager Person G_001 G.N
class that allows us to use the
properties of materials. This M_creator Model A_creator Algoritm
class allows to obtain char- ——
acteristics of various materi- | Model 1 1| [Model N M| | Algoritm 1 Algoritm_N
als and compounds depending —
on the wavelength of external Fig. 3. Class hierarchy

electromagnetic radiation (we have downloaded the data about the properties from the
source [16]).

We have created and configured a genotype (the Genotype class) for the current
task before initiation of the evolution process. Settings and management of a genotype
are performed using the G-Manager class. Genotype contains a set of genotypes for
various composites (structure, number of components, shape of inclusions). Then we
have a generated population (the Person class) and the evolution process starts. We
have developed the Model class for the objective function. This class encapsulates a
method for calculating composite properties and the Algorithm class for implementing
numerical methods to find the roots of polynomial equations with complex variables.

Fig. 4 shows the block diagram of the implemented genetic algorithm of the developed
software package.

3. RESULTS OF A COMPUTATIONAL EXPERIMENT

We have considered the task of selecting layered nanocomposite components (the
object of the present study) as a computational experiment. The research object
should satisfy the following properties: the dielectric constant must be varied within
gefr €0,2:0,8] at the wavelength of external electromagnetic radiation A € [400; 1000].
The results of the calculations have showed that the most suitable materials are
Ti0Oy — Si05 components. Such materials can be used for creating a nanocomposite
with the characteristics and structure considered as the research object. Fig. 5 shows
graphs of the Ti0,— Si0O, nanocomposite dependencies on the wavelength of the electro-
magnetic radiation. The graph shows that only a nanocomposite with parallel connection
of layers corresponds to the conditions of the problem.
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Fig. 4. Block diagram of the implemented genetic algorithm [17]

e Received information about the
1 composition of the material allows to
0.8 ; conduct additional computational ex-
06 periments which will provide addi-
tional information about the nanocom-
04 posite, for example, the dependence
0.21 5 of the complex dielectric constant on
o4~ o T volume fraction entering into the
400 460 520 580 640 700 760 820 880 940 A, nm nanocomposite (Fig. 6).
Fig. 5. The dependence of the dielectric constant The results of the genetic algorithm

on the wavelength of electromagnetic radiation: affect such parameters as population

I — parallel connection of layers, 2 — series size, mutation probability, etc. We have
connection of layers analyzed the effect of these parameters.

We have generated 100 experiments with random characteristics of the genotype and
the same objective function for each population from 10 to 500 individuals in increments
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of 10. The number of iterations has limited evolution. Population size influences the con-
vergence rate of the genetic algorithm. High population size allows you to describe the
largest possible area for solution variants and perform more calculations per iteration.

e//
12
/
e’r 1 2
0.3 1
2 1
0.24 0.8
0 01 02 03 04 05 06 0.7 08 volume 0 01 02 03 04 05 06 0.7 08 volume
a b

Fig. 6. The dependence of the real (a) and imaginary (b) parts of dielectric constant on the
volume fraction: I — parallel connection of layers, 2 — series connection of layers

CONCLUSION

The research presents the possibility of using genetic algorithm in problems of mod-
eling the electrical properties of a layered nanocomposite. We have developed a software
package to solve the problem of predicting the electrical properties of a nanocomposite.
The software package allowed us to carry out a computational selection experiment on
finding optimal components for creating materials with specified characteristics. The
obtained results can reduce time and cost of creating new functional materials.
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B cratbe paccmaTpuBaeTcst NOAX0S K PeLeHmio 3aaa4u noabopa KOMMOHEHT CNIOUCTOr0 HAHOKOMMO3WTa ¢
3a/1aHHbIMM 3MEKTPUHECKIMI CBOACTBAMM. VI3BECTHBIE METOAbI MOLENMPOBAHIS ANEKTPUHECKMX XapaKTe-
PUCTMK HAHOKOMMO3TOB OCHOBaHbI HA NPeABAPUTENIbHOM aHANN3e TaKuX XapakTepUCTMK, KaKk AU3NeKTpuye-
CcKasi NPOHMLIAEMOCTb M 3NIEKTPONPOBOLHOCTb MaTepuaoB, BXOASIUMX B COCTaB HaHOKoMnoauTa. B pabote
npennaraetcst anroputM noadopa KOMMOHEHT CMIOUCTOr0 HAHOKOMMO3WTA C UCTONb30BaHNEM TFeHeTIYe-
cKoro anroputMa. MaremaTn4eckoe MoLeNNpoBaH1e ANEeKTPUYECKMX CBONCTB HAHOKOMMO3uTa (B Ka4ecTee
npumepa PaccMoTPEHbl KOMMO3ULIMOHHbIE MaTepuanbl Ha OCHOBE HAHOMOPMCTOTO KPEMHUSI 1 YACTUYHO
OKWCNIEHHOrO MOPUCTOrO KPEMHUS!) OCYLIECTBASIETCS C MCTONb30BaHNEM MOLENN 3GIXPEKTUBHOI CPeLbl.
MpoBeaeHbl aHaNM3 YacTOTHbIX 3aBUCUMOCTEN AMANEKTPUHECKOI NPOHNLIAEMOCTI U 3M1EKTPONPOBOJHOCTH
HaHOKOMMO3WTa NpU B3aMOLENCTBIN C SNEKTPOMArHUTHLIM U3NyYEHIEM, & TAKXXE aHaN3 3¢hPEKTUBHOCTH
Npe.IOXEHHOr0 METOZA B 3aBUCMMOCTY OT CKOPOCTY CXOXAEHMUS U PasNnyHbIX napameTpoB (KoagpdpuLm-
eHTa MyTaLm, YUCNEHHOCTI MONYAsiLMIA W Npo.). PaspabotaH nporpaMMHbIA KOMMNEKC MOAENMPOBaHMS:
NEKTPUYECKMX CBOICTB HAHOKOMMO3UTA C UCTONb30BaHUEM FEHETUHECKOro anroputma. MonyyeHHble pe-
3yNbTaTbl MOTYT COKPATUTL CPOKIA 1 N3LEPXKIA CO31aHMUS HOBBIX (PYHKLIMOHANBHLIX MaTepianos.

KnroyeBble cnoBa: reHeTn4ecKuii anroput™, matematn4eckoe moaenmposaHue, CNOUCTbIIA HaHOKOMIMO3UT,
I'IpOFpaMMHbIIZ KOMnnekc, moaenb SCDCpeKTI/IBHOIZ cpenbl.
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This paper researches the building principles and administration of virtual data processing centers based on
hyper-converged systems over OpenFlow. We provide the implementation features of such virtual centers on
the basis of software-defined networking that is managed by a dedicated controller (a server). We suggest
the graph administration model of hyper-converged system resources compliant with required performance
on the one hand and economic requirements on the other. Based on the proposed model, the implementation
of a greedy control algorithm for the virtual data processing center over OpenFlow was examined. This
algorithm assigns the requests to physical resources by using of dedicated server software. The advantages
of such hyper-converged system model on performance issues were outlined, e.g., multi-threaded routing
and security, elimination of the majority of current threats. We summarize the possibilities of transition to
network infrastructure in these virtual data processing centers. Such infrastructure is focused on data and
usage of blockchain technology providing high reliability and content protection.
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Virtual data processing center (VDPC) refers to hyper-converged infrastructure
(HCI) that allows us to create virtual machines, data warehouses, switchers and routers,
and communication channels. The main task of VDPC is to accept a client connection
(tenant!) and update it with the help of virtualization technology in network topology.
The basis of the mechanism of VDPC resources administration refers to a model ex-
tended for HCI tasks [1]. The network topology in this model is represented by graph

= (CUMUKUL), C is a plurality of computing nodes, M is a plurality of data
warehouses, K is a plurality of switching elements, L is a plurality of communica-
tion channels. Each of plurality has its own vectors of scalar argument defined. This
argument sets up the parameters of computing nodes — ¢ € C, of data (memory) ware-
houses — m € M, of crosspoints — k € K and of communication channels — [ € L

respectively.
fet(e) = (cta(c), cta(c), .. ( ),
fmt(m) = (mty(m), mtz(m) mitn(m)),
fRt(k) = (kty(k), kta(K), ... fk‘ (k)),
fUt(l) = (it (1), ita(l), ..., Un (1))

A tenant represents the requests for virtual machines, data warehouses, switchers, routers, commu-
nication channels, and all virtual communication channels.

(1)

© Solowev V. M., Belousov A. A, 2019
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In this model VDPC resources are specified by graph R = (V.U S U D),V is a
plurality of applications deployed in virtual machines, S is a plurality of virtual data
warehouses, D is a plurality of communication channels between virtual machines and
data warehouses. Each plurality has its own vectors of scalar argument defined. This
argument sets up the parameters of virtual machines — v € V, virtual data warehouses —
s € S, communication channels including switching elements that provide required
service level agreement (SLA?) — d € D respectively:

for(v) = (vr(v),vre(v), ..., vr, (v)),
fsr(s) = (sri(s), sra(s), ..., sru(s)), (2)
fdr(d) = (dri(d),drs(d), ..., dr,(d)).

The parameters (2) providing SLA coincide with corresponding parameters (1) and
are represented by mapping of resource requests to HCI topology:

O:R—-Tu{o}={V-Ccu{o}, S—Mui{o}, D—Ku{o}, L{o}} 3)

Resource requests from the expression(3) determine three relationship types between
request parameters r; and physical resources t;, based on HCI topology:

— the requested resources correspond to resources identified by topology r; = t;;

— overload of physical resources r; > ¢; that violates SLA;

— underload of physical resources r; < t; that requires a topology reconfiguration for
economic reasons.

In the last case available resources can be represented by residual graph
Tres = (UM U K U L) that redefines the parameters as follows:

feties(c) = fet(c) var . fmtees(m) = fmt(m Zfsr

veV ses (4)
Fhtres(k) = fRt(k) =Y fdr(d),  fltres(l) = flt(l) = > fdr(d)
deD leL

Automatic migration of HCI structures managed by controllers over OpenFlow en-
ables us to meet both SLA and economic requirements. Migration is carried out even
if it is not possible to assign the warehouse on demand, and data is added to multiple
warehouses. In that case, one part of the applications can work with data warehouse,
meanwhile the other part can work with data located in different physical storage. In
accordance with migration plan, virtual structure relocation should comply with the
following requirements:

— there is no SLA violation during relocation;

— relocation is implemented at given time constraints. Automatic operation of con-
trollers enables us to achieve that.

Input to migration is a plurality of incoming requests Z = {R;}, a plurality of
queried requests W = {R;}, a graph of remaining resources T,.;, and time constraint
on migration 7. During migration, a new node s’ and a virtual communication channel
between nodes s and s’ are added to the graph of requested resources R.

2SLA (Service Level Agreement) is a formal contract between a service provider and a client that sets
out agreed service quality, service description and the rights of the parties. Such agreement serves as an
assessment tool for quality of provided network services.
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The administration of VDPC over OpenFlow is based on a greedy algorithm? of
request assignment to physical resources, with the use of controller (server) software.
Expression (4) describes such a greedy algorithm. As an optimization criterion, the
most compact allocation of request elements (2) is applied. A similar approach is widely
used in data processing centers and by cloud providers [2,3]. The quality of VDPC
administration depends on selected greedy criteria: next request — Kg, virtual node —
Ky, physical node — K. Criteria Ky and K¢ rely on the cost function defined as
a weighted sum of required parameters considering the resource deficit. This function
is represented as follows: d(i) = (D gD wcrTri — 2oeccTei)/ 2or Doecr Tei- Lhen the
cost function of an assignment of element e will appear as r(e) = Y ", d(i)r.,. In this
equation the selected element HCI is characterized by a vector of values of required
resource parameters (7¢1,7c2,...,7en). 10 calculate the measure of the resource deficit,
firstly, it is necessary to subtract the values of available physical resources for the
required resource parameter from the common value of this resource parameter in all
requests. Then the measure is calculated as a quotient of this difference by total sum of
required resources. We can define the cost function as weighted sum of required resource
parameters considering the resource deficit. According to criterion Ky, the HCI virtual
element with maximum cost function is chosen. This allows us to assign primarily
the most resource-deficient elements and then assign all the other virtual elements.
According to criterion K¢, the HCI physical element with minimum cost function is
chosen. By this, we can ensure maximal utilization (loading) of computing resources.
According to criterion K¢, the query with the maximum weighted sum of requested
resources is chosen.

The general framework of administration algorithm will be as follows.

1. Scheduler* analyses incoming requests of resources Z = {R;}.

2. If plurality {R;} ¢ @ is not empty, the program selects another request R; accord-

ing to greedy criterion Kg. Otherwise, algorithm terminates its functioning.

3. Using the elements of request R;, the program forms a plurality of virtual nodes
U = {V US}. Where it is not possible to form a plurality of virtual nodes U, it
proceeds to step 14.

4. Scheduler selects another element N from formed plurality of virtual nodes U on
the basis of greedy criterion Ky . Then this element is placed in queue @ which
contains the elements awaiting an assignment.

5. Using the elements C;, scheduler forms a plurality of physical nodes {C;} ¢ @. It is
possible to assign the element IV to these nodes based on correct accomplishment
of mapping(3). Otherwise, if {C;} € @, program calls the procedure of limited
enumeration.

6. The program selects a physical resource from the formed plurality of physical nodes
on the basis of greedy criterion K. It redefines the values of physical resources
parameters according to functions (4).

7. Scheduler selects all virtual channels D; that link element N to elements of request
R; to be assigned.

8. Scheduler sorts a plurality of channels {D;} ¢ @ by the value of the capacity in
ascending order.

3The greedy algorithm is an optimization algorithm based on locally optimal decisions that are made
at each stage. Whereby, we assume that the final decision will also prove optimal.

4Scheduler is a program (service) driven by controller software. The principal scheduler function is to
start other programs.
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9. The program selects a virtual channel L; from a plurality of channels {D;}. It
should ensure the shortest route that links element N to elements of request R;.
Where it is not possible to plot the route, it calls the procedure of virtual channel
assignment on a physical resource. It redefines the values of physical resources
according to functions (4).

10. Scheduler adds the virtual nodes linked with IV to queue . By this, it follows the
order of virtual channels from sorted plurality {D;}. These channels connect the
nodes.

11. Scheduler deletes N from U and Q.

12. 1f @ is not empty, program proceeds to step 4.

13. If U is not empty, program proceeds to step 3. Otherwise, if U is empty, program
proceeds to step 1.

14. The program cancels all assignments of the elements of request R; and removes
the request from a plurality Z = {R;}. Then it proceeds to step 2.

This algorithm contains two procedures described in [2]. The first one is a procedure
of limited enumeration; the second one refers to a procedure of virtual channel assign-
ment to a physical resource. A scheduler calls the procedure of limited enumeration if
it is not possible to assign the next virtual node N from a plurality of requests to any
physical resource. This procedure analyses a subset of a plurality of physical nodes {C;}
from a graph of physical resources. Specified enumeration depth determines the subset
capacity; the quantity of viewed subsets is limited. The program views only subsets
whose total quantity of nodes’ remaining resources allows us to assign the current ele-
ment N. The procedure ensures the execution of step 5 if the program changes (selects)
the enumeration depth and quantity of viewed subsets. Scheduler calls the procedure of
virtual channel assignment to a physical resource when it is not possible to plot a route
that links element N to element of request R; via virtual channel. The route searching
mechanism is based on modified Dijkstra’s algorithm [4]. However, it can include only
switching elements and communication channels of the physical network to which ratios
of mapping accuracy are applied (3). If it is not possible to assign a virtual channel
that connects the storage element, the storage search is accomplished. This storage
should have the resources to create storage element replication. The replication requires
the quantity of resources equivalent to the quantity of storage element resources. All
storages selected for replication creation are considered in ascending order of total route
length. Furthermore, the possibility of creation of communication channel [ for replica-
tion is considered. This channel provides capacity and required data-flow intensity. If the
communication channel [ can not provide the required parameters, program considers
another variation of replication mapping. The result is the route that provides coherence
between element IV and replication. The parameter variations of route and communica-
tion channel provide favorable result. The same approach to virtual machines has been
widely recognized and studied [5].

Analyzed HCI control algorithm over OpenFlow enables us to plan the computing
resources, resources of data storage and network resources of self-organizing cloud plat-
form, by using of SDN technological solutions. This algorithm mechanism also complies
with SLA. The algorithm allows us to use physical resources rationally by eliminating
their segmentation, with the help of virtual resources migration. The algorithm enables
us to administrate the hyper-converged system by specifying the data flows routing
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policies. Whereby, it uses the virtual network control functions of virtual and physical
devices from different manufacturers. We refer to devices that support OpenFlow proto-
col. The proposed solution allows us to integrate different networks administrated over
OpenFlow and transfer data flows between them elfectively, by means of multi-threaded
routing (MRT).

We can consider hyper-converged systems as applied to any computing platforms
(e.g., hard, programming, cloud, neuromorphic, quantum) which provide user an access
to various services. These systems should be user-friendly and support multiple infras-
tructure layers, surely including layers of safety, reliability, communication services;
providing QoS for various data. Furthermore, the network behind HCI should have the
opportunities to work with different types of terminals (mobile, desktop, active network,
advanced UX/UI° etc.). This network should also have single management platform
(controller, server) for the full package of services, applications, hardware, and data
transfer channels. Whereby, it should select data transfer channel in real time based
on QoS and applications needs for capacity and nature of traffic. Convergent technolo-
gies are not the endpoint in evolution of the next-generation computing systems. These
technologies already allow us to take a content-centric approach onto prevalidated HCI
infrastructure. They enable us to create computing systems that leapirog over end-to-end
paradigm towards content or data addressing paradigm (Information Centric Network-
ing, or ICN). This paradigm implies data organization, regardless of location (server,
host), through distributed network caching. Expected benefits of this approach include
more efficient use of expensive network resources, scalability of computing systems and
their adaptability to volatile QoS. The paradigm is based on the primitives publish/sub-
scribe, that is to publish the content (make it available) and declare it. These primitives
are realized in Data Oriented Network Architecture (DONA). It works as follows: the
element of such system receives a request from a similar element or host. Whereby, two
scenarios are possible. If the element contains required data in cash, it will implement
the request. If the DONA element does not contain the content, it will request similar
elements which have data. When it gets a response, it caches the content and imple-
ments the request. This universal mechanism is applicable to any protocol, forming a
global single mechanism of caching and content delivery. In addition, this mechanism
is supported by all network nodes and aimed at all users, not just ICN users. Such a
network ensures content security, not security of its delivery. It relies on a content-based
model and draws on the concept of reputation, because the provider must sign the con-
tent, so users can always define it. Data Oriented Network Architecture interacts well
with blockchain® technology that provides the high reliability of content storage and
protection. Network entry is protected cryptographically. Unauthorized entry requires
enormous computing resources proportional to the network size. It allows us to exclude

PUX/UI (User Experience/User Interface) refers to an interface design that meets current require-
ments.

The revolutionary technology of blockchain was created by Satoshi Nakamoto. This technology helps
to allocate the digital content without copying it. Pertinently, it resembles a digital book data of which
and their modifications are duplicated in the network for several thousands of times and are regularly
updated. This distributed database without a central storage node is stored in the network. It provides its
users the hosting, such as Google Docs during collective work. Each group of blockchain transactions is
a block, and miners conduct the audit of them (digital content). Therefore, this technology operates with
chain of blocks created by complex cryptographic algorithms.
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human or machine error, missed operations, unauthorized entry etc. In future, over the
course of evolution, HCI will employ other network technologies.
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YnpaBneHue BUPTyanbHbIM LLEHTPOM 00paboTKU [aHHbIX
no npotokony OpenFlow

B. M. Conosbes, A. A. benoycos

ConosbeB Bnagumup Muxaitnosud, kaHanaAT TEXHUHECKUX HAYK, LOLEHT Kadpeapbl MaTeMaTNHeckoi Ki-
BEPHETUKN 1 KOMMBITEPHBIX HayK, HaYanbHUK MOBOMKCKOrO pernoHanbHOro LEHTPa HOBbIX MHOPOPMALIMOH-
HbIX TeXHONoruii, CapaToBCKMIA HALMOHAMBHBIN UCCNELOBATENbCKMI FOCY LAPCTBEHHBIN YHUBEPCUTET MMEHN
H. I". YepHblwesckoro, Pocens, 410012, Capartos, yn. ActpaxaHckas, 4. 83, sym@sgu.ru

Benoycos Anekcannp AnekcaHLpoBud, MaricTpaHT, CapatoBCKuiA HaUMOHaNbHbIN UCCNeA0BATENBCKIN FO-
CYLapCTBEHHbIN yH1BepcuTeT umenm H. . HepHbiwesckoro, Poceus, 410012, Capatos, yn. ActpaxaHckas,
n. 83, tortyt1 @ gmail.com

B pabote paccMOTpeHb! MPUHLMMLI NOCTPOEHMS BAPTYanbHbIX LLEHTPOB 06paboTki aHHbIX Ha OCHOBE riA-
MEPKOHBEPrEHTHBIX BbIYUCTIUTENBHBIX CUCTEM 1 yripaBneHne umn no npotokony OpenFlow. MpueeaeHb
0C0oBEHHOCTV peanuaaLym Takix BIPTyasbHbIX LLEHTPOB Ha OCHOBE MPOrpamMMHO-KOHCUTYPUPYEMOI CeTH,
ynpaBnsieMoii BblAeNEHHBIM KOHTPONNEpoM (cepsepoM). MpeanoxeHa rpacoast MOAENb YripaBneHus pe-
cypcamit rnepKoHBEPreHTHON BbIYUCIIUTENBHON CUCTEMBI, OTBEYatoLLAs Tpe60BaHMSIM 3aJaHHOro KayecTea
obcny>uBaHusl, ¢ 0HOI CTOPOHbI, 1 SKOHOMUYECKIMI TPeBOBaHNSIMM, C Apyroii. Ha ocHOBe NpeanoxeH-
HOI MOZLENN PacCMOTPEH BapuaHT peann3auin XaLHoro anroputMa yrpasneHus BUPTyabHbIM LIEHTPOM
06paboTki faHHbIX no npotokony OpenFlow 1 ocywecTBASIOWEro Ha3Ha4eHe 3anpocoB Ha onanyeckne
pecypchl, MCMonb3ys MporpaMMHoe obecrieyeHme BblaeneHHoro cepeepa. MokasaHbl NperMyLecTa Takoi
MOZE/NM TUMNEPKOHBEPTEHTHOI BbIYUCINTENBHON CUCTEMbI B BONPOCAX NPOU3BOAUTENLHOCTY 38 CHET MHOIO-
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MOTOKOBOI MapLpyTU3aLn 11 6e30MacHOCTM, UCKIO4EHIs BOMblUel YacTi COBPEMEHHBIX yrpo3. B pabote
npuBe LeHbI BO3MOXHOCTM NEPEX0a B TakuX BUPTYanbHbIX LIEHTpax 06paboTkn AaHHbIX Ha CETEBYI0 MHAPPa-
CTPYKTYPY, OPUEHTUPOBAHHYIO HA laHHbIe 1 CMONb30BaHIe B Heil TexHonorim blockchain, obecneunsatoweit
BbICOKYI0 HAIEXHOCTb U 3aLUNTY KOHTEHTA.

Knrouesbie cnosa: KOHBepreHTHast IHGPPaCTPYKTypa, rMnepkoHBEPreHTHas MHPaCcTpyKTypa, NporpaMmMHo-
onpenensiemble cetin, OpenFlow, BUPTyanbHbIA LEHTP LaHHbIX, cornalieHne o6 ypoBHE 0BCIYXMBaHUS,
MHOronoTo4Hast MapLupyTH3aLns, kayectBo obenyxusanus, Data Oriented Network Architecture (DONA),
BNoKYelH.
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TecTupoBaHue HeYETKUX NIMHENHDbIX aBTOMATOB

L. B. CnepaHckui

CnepaHckuin Imutpuii Bacunbesuy, LOKTOP TEXHNHECKNX HayK, MPOCECCOP Kadheapbl XXene3HOA0POXHOM
aBTOMaTUKI, TENeMexaHuKn n cBs3n, Poccuiickuin yHusepcntet Tpancnopra (MUNT), Poceuns, 1259938,
Mocksa, yn. HYacosas, 4. 22/2, Speranskiy.dv @ gmail.com

B cratbe paccmatpusaetcs 3afjada CUHTE3a TECTOB AN HEHETKUX NHerHbIx asTomatos (H/1A). Cenvac
N3BECTHO HECKOMbKO pa3HoBuaHocTer HJ1A, ucnonbayeMbix B Ka4ectBe MOAENen peanbHblX HEHETKNX
cuctem. B cratbe BBOAUTCS W UCCnedyeTcs 0fHa KOHKpeTHas pasHosuaHocTs HITA. OHa npeanonaraet
NposIBNEHNe HEHETKOCTN NMOBELEeHNs aBToMara 3a CHeT WCMO/b30BaHUs B XapakTepucTHeckmnx Marpuuax
3NEMEHTOB CrneumanbHoro Buaa. Kaxaplii Takol anemMeHT npeacTaBnsieT coboil HEKOTOPOe MHOXECTBO
9NeMEHTOB NONs, Haf, KoTopbiM 3afaH HITA. B npouecce ¢pyHKLMOHNPOBaHNS aBToMaTa Takoil anbTepHa-
TUBHbIIA 3NEMEHT MaTPULIbl 3aMeLLAeTCs Cy4ailHbIM 06pa30M OLHNM U3 3NEMEHTOB YMOMSIHYTOrO MHOXeCTBa
Ha kaxaom TakTe. [ins HI1A BBOAUTCS NOHSTUE LONYCTUMO HeucnpaBHocTi. CoLepxatenbHo OHa CoCToUT
B 3aMeLLEHNN MHOXECTBA a/bTePHATUBHbIX 3IEMEHTOB MATPIL, OLHIM 3NIEMEHTOM 3T0r0 MHOXecTBa. [Mpes-
NOXEHHbIN B CTATbe METO/, CUHTE3a TECTOB [151 00HAPYXKEHMS HEMCNPABHOCTEl YKa3aHHOTO BAA CBOAMTCS
K PELeHNI0 CICTEM NIMHEHBIX anrebpanieckux ypaBHeHuA. MeTon, OpUEHTUPOBAH Ha f.-OMpeLeneHHble
1 cUHXpoHM3npyemble HITA 1 CuHTE3MpyeT TecTbl AOCTaTO4HO KOPOTKOM [NMHBI, HE NPEBOCXOASILEN ero
pa3mMepHoCTH.

Knroyesble cnoBa: HeYETKNE NUHENHbIE aBTOMATbI, 0BHAPYXKEHe HEUCNIPABHOCTEN, METOS, CUHTE3a TECTOB.
Moctynuna B pefakumio: 25.02.2018 / Mpunsita: 11.11.2018 / Ony6bnukosaHa oHnaiH: 28.05.2019
DOI: https://doi.org/10.18500/1816-9791-2019-19-2-233-240

BBELEHUE

3BecTHO, 4TO NeTepMUHHUPOBAHHBIH aBTOMAT BO MHOTMX CJyyasX siBJjseTcss ynoOHOH
U aleKBaTHOU MOJeJsbl0 MHOTMX peasibHBbIX IMPOLlecCOB M cHUcTeM. BmecTe ¢ TeM Mopesu
UX (YHKLUHMOHUPOBAHHUS MOTYT HOCHUTb MNPHUOJMKEHHbIH XapakTep. DTO CBf3aHO C TeM,
4TO COOTBETCTBYIOLLAsl HH(pOPMALHUS 110 0ObEKTUBHBIM NPUYMHAM MOPOI0 (POPMYIHpyeTCs
B TEPMMHAX IJIOXO (pOpMasNn3yeMbIX TOHATHH (HampHUMep, «MaJjio», «MHOT'O», «BBICOKHH»,
«HU3KHH» U T.1.). [loHATHO, YTO TMpencTaBaeHre MOAOOHOH MH(pOPMALUK HA TPaaULIHOH-
HOM MaTeMaTH4YeCKOM si3blKe, BKJIIOUAIOIIEM KJacCHuecKHhe MOHSATHS (MHOXeCTBa, OTHO-
ILIeHWs], IBY3HaYHasi JIOTHKA U T.II.), TIPUBOAUT K Orpy6JIeHHI0 MaTeMaTHUeCKOH MOJIEJH.

OueBUIHO, UTO IJI1 aIeKBATHOTO OTPaXKeHUsI HEYETKOCTH HCXOMHOH MH(OpPMaLUU Tpe-
OyeTcsi COOTBETCTBYIOLIMH MaTeMaTHYeCKHH MHCTpyMeHTapuil. BaxKHbIM 11arom Ha myTH
ero mMoJiydeHus: siBUJoChb co3nanue JI. 3ame Teopun HeueTkux MHOxkecTB [1]. [TomrBep-
KIEHWEM TI0JIe3HOCTH W 3((HEKTUBHOCTH KOHIEMIHUH HEeYeTKOCTH (Pas3MBITOCTH) SIBJISI-
IOTCS MHOTOUHCJIEHHble MpPaKTUYeCKHe MPHUJIOKEHUS TEOPUM B PA3JUUYHBIX MPeIMeTHbIX
00J1aCTAX.

B nocnenHue roabl 3HauMTeNbHBIH MHTepeC MPOSIBJASETCS K arperdpoBaHHbBIM CHCTe-
MaM. OTnesnbHble KOMIIOHEHTBl TAKUX CUCTEM MOTYT OBbITh KaK JAeTepMUHUPOBAHHBIMH, TaK
U HeueTKO (PYHKLUHOHHUPYIOILUMHU OJ0KaMH. B Takux cucTemMax MOsIBJISIOTCS HOBBIE Kaue-
CTBa, He CBOASILIMECS K KayeCTBaM MX 4acTeH Mo OTAeNbHOCTH. DTO M03BOJSET CO3/1aBaTh
6oJiee aleKBaTHbIe MOJEJH peasbHbIX CJOXKHBIX CHCTEM. YTIOMSIHYyTas HEYETKOCTb MOXKET
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OTHOCHTBCS U K aJropuTMaM (PyHKIIMOHHPOBAHUS, U K UCXOAHBIM JAHHBIM, H K 3HAUEHUSIM
Ha BbIXofaX cucTeMbl. Cellyac U3BECTHBI Pa3JIMUHble PA3HOBUAHOCTH HEUETKHX aBTOMATOB,
MCIIOJIb3yeMbIX B KadecTBe Mopeselt cucteM. OnHa U3 HUX JJIS POHU3BOJIBHBIX aBTOMATOB
npensoxena B [2]. Konkperusauusi 3Tol pa3HOBUAHOCTH /IS Cydasi HEUeTKUX JIMHEHHBIX
aBromatoB (HJIA) omucana B [3] W ucnosb30BaHa HAMU B INpelJiaraeMoi craThe.

[lenbio Halllero UccaeI0BaHUS IBJASETCS U3yUeHHe NPoOaeMbl TECTUPOBAHUS HEUETKHUX
JIUCKPETHBIX JIMHEHHBIX CHCTEM, onmucbiBaeMbix MonenssMu HJIA. BaxkHocTh 310l mpobie-
Mbl B NIPAKTHUYECKOM acleKTe He HYXKAaeTCs B KOMMEHTapHsiX.

1. OMWUCAHUE HNA

Hanomuum BHauaje MOHSTHE AETEPMHUHHUPOBAHHOrO JuHedHoro aBtomata (JIA), 3a-
naHHoro Han noseMm GF'(p), nompoGHoe onucaHHe KoToporo umMeetcst B [4,5]. JIA — 310
crctema ¢ [ BXOZaMH M m BbIXO#aMH. BXoaHble ¥ BBIXOAHBIE CHTHAJBI JIA — 3T0 3/1eMeH-
Tl nosis GF'(p), roe p — npoctoe uucyao. CoctosiHussMU JIA SBJSIOTCS yHoOpsiOYeHHBIe
COBOKYITHOCTH 3JIEMEHTOB 3a/iepKeK, BXOAAUX B coctaB JIA. O60o3HauuM uucI0 3a1ep-
*)ek JIA uepes n, KOTopoe Ha3bIBAIOT padMepHOCThbi0 JIA. DYyHKIIMK MepeXofoB U BEIXOI0B
JIA Han nosem G'F(p) 3amaiTcsi ypaBHEHUSIMU

5(t +1) = As(t) + Bu(t), (1)

y(t) = C5(t) + Du(t). (2)

3nech A = [aijlnxn, B = [bijlnxi» C = [Cijlmxn, D = [dij|lmxi — XapakTepucTudeckue mat-
pHLBEI C 371eMeHTaMu U3 noast GF(p). Bxoxnoit BekTop u(t) = [u1(t),. .., w/(t)]', BbIXORHOH
BekTOp Y(t) = [y1(%), ..., ym(t)]', BeKTOp cocTosiuuit 5(t) = [s1(t),. .., s,(t)]'npencraBasior

co0oi ymopsiioueHHble CTOJOLBl U3 3JEMEHTOB TOro ke moJs. MssectHo [4,5], uto Ko-
HeyHoe cocTosiHMe JIA W ero BBIXOAHAs peaklus B pe3ysbTaTe IMOAAYM HA €ro BXObI
MOCJIe0BATENBHOCTH IJIMHBI ¢ 4+ 1 W3 HadasbHOro coctosiHus S(0) BbIUMCISIOTCS MO (Pop-
MyJaam

5(t+1) = A"™'5(0) + A'Bu(t) + ... + ABu(t — 1) + Bu(t), (3)
y(t) = CA'3(0) + CA" ' Bu(0) + ... + CBu(t — 1) + Du(t). (4)

[Tepeiinem teneps K onpenenenrio HJIA. BHauase oTMeTHM, 4TO Bce CKa3aHHOE BhIlIe
o JIA B nmosHo# Mepe otHocuTes U K HJIA. Uro e Kacaercss HeUeTKOCTH (PYHKIIUOHHPO-
Bauus HJIA, To ee MOKHO peas30BaTh, 3aK/aablBasi COOTBETCTBYIOLIHH MEXaHHU3M B JIIO-
6yr0 KOMOMHAIHMIO W3 YeThipeX MaTpull, GUrypupyomux B ypaBHeHusix (1)—(4).IloscHum
MPUHIUI pabOTHl TAKOro MeXaHKW3Ma Ha MpHUMepe OfHOH MaTpHUIlBl, Y4aCTBYIOIIEH B peasu-
3allMM HEYeTKOCTH (PYHKIIMOHHPOBAHHS COBMECTHO C HEKOTOPBIMH APYTHMU MaTpPHIAMH
u3 ypasHenuil (1)—(4). Ilyctb, Hanpumep, HeueTKoCTb (yHKUHOHHpoBaHUs HJIA mope-
JIUPYETCSl C MCIOJb30BAHWEM MaTpullbl . DjeMeHTbl MaTpullbl B OyneM 3amuchbiBaTh B
dopme bjj = by VbyV...Vbs e b, (i =1,...,f) — cuMBOJIbHAS 3aMHCh 3JEMEHTOB
u3 nossi GF(p), Han koropeim 3anaH HJIA. Dra 3amuce o3Havaet, 4To Ha JIOOGOM TakTe
IMCKDEeTHOro BpeMeHH (GyHKLUHOHHpoBaHUs HJIA sneMeHT b;; MOXKeT o0Ka3aTbCs 3aMellleH-
HBIM JIIOOBIM M3 3/1eMEHTOB by, by, ..., byr. OTclona cienyert, uTo (hopmMa 3anuCH ypaBHEHHH
nepexonoB (1) u Boixomos (2) HJIA He uameHnutcs, Tak xke Kak u Bun gopmyna (3) u (4).

3aMeTHM, UTO ONMHUCAaHHBIH MeXaHU3M BO3HUKHOBEHHS] HEUETKOCTH (DYHKIIMOHHPOBAHHS
aBTOMaTa BIIOJIHE COTJIACyeTCs C CHUTyalHeH, HMeolleid MecTO B peasibHbIX TUCKPETHBIX
yerpoiictBax. [lpounmoctpupyem 310 Ha mpumepe RS — Tpurrepa. M3BecTHO, 4TO KOM-
6uHaMsl BXOAHBIX curHasoB R = 1, S = 1 ABjsieTcss Ajs Hero 3anpelueHHOH. [IpuunHoi
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3arpera CJYXKUT HeomnpeeeHHOCTb cocTosiHus Tpurrepa (0 uiu 1), B KOTOPOM OH MOXKET
OKa3aThCsi MOCJIe ee Mofadyu. MIHBIMU c/I0BaMH, ec/iu 3ampelleHHasi KOMOWHAIMS Ha BXOMIbI
TPUTTepa He TONajfaeT, TO TUCKPETHOe YCTPOHCTBO, ColepKalllee ero B CBOEM COCTaBe,
(YHKLHOHUPYET KaK NeTepMHHUPOBaHHOe. B c/iyyae BOSHHKHOBEHHS Ha BXOIAX TPHUITepa
3amnpellleHHOH KOMOWHAIMK 3TO Ke YCTPOWCTBO MpeBpallaeTcsl B HEYETKO (PYHKLUHOHUPY-
folee.

Ornepalnuy yMHOXKEHHsI U CJIOXKEHHsI MaTpHUIl B NMpUBeleHHBIX (opmynax (1)—(4) Bbi-
TMOJIHSIIOTCS KaK OObIYHbIe MAaTPUUYHbIE ONEPALHH, HO C YUETOM CHMBOJIbHOH (DOPMBI 3aTHCH
3JIEMEHTOB MaTpHll-onepanaoB. OTMETHM, UTO B CUMBOJIbHBIX 3amnucsix B (opmynax (1)-
(4) yyacTBYIOT TpH onepaluud — yMHOXKeHHs (), cioxkeHus (+) u (V), KOTOpylo Ha3oBeM
onepauyer Bbbopa.

IlBe mepBble omepanuyd — 3TO KJacCHUeCKHe orepaluu Haj 3JjeMeHTaMu nojs GF(p).
[Ipy BBIYMC/IEHHSIX MO YMOMSHYTBIM (DOpMyJaM MpearnoJaraercs, 4to orepanusi Bbl6O-
pa «V» obsianaer CBOMCTBAMHM KOMMYTAaTHBHOCTH, aCCOIMATHBHOCTH M OUCTPUOYTHBHOCTH
(OTHOCHTENIBHO OTepaluuil yYMHOXKeHHs U cJoxKeHHs). KOHEUHOH 1esiblo BBIYHMCJIEHUH SB-
JIsieTCs epeBoj CHMBOJIbHBIX BblpaxkeHHH 13 (opmel [[ > B dopmy > [

[IpounmocTpupyeM cKasaHHOe Ha TpUMepe YMHOMKEHHS IBYX CJENYIOIHUX MaTPHULl C
3JIeMeHTaMU B CHUMBOJIbHOM TIPeJCTaBJEHUH:

rVr
{(}h Vp2) (paVps) pr ] ' 17,3 ? _
V
Ps3 DPe (ps p9) ry Vs

_ |:(p1 V pa) (11 Vra) 4+ (pa V ps) 13 +p7(7“4\/7"5)] _
p3(r1V re) +psrs + (ps V po) (ra V 15)

_ [(Pl TV P17V pary V pare) + (par3 V psrs) + (D774 Vpﬂ“s)}
(P31 Vpsre) +psrs+ (PsTaV P75V DoTa V Py Ts)

[TycTe 9T MaTpHLEl COCTOST U3 3/eMeHTOB nosist GF(2) = {0, 1} u aeMeHTH p; U 75
TakKoBel: p1 = 1, po =0, ps =0, ps =1, pr =1, p3=1,ps =1, ps =0, pg =1, r1 =0,
7"2:1, 7"3:0, 7”4:1, 7”5:0.

Torpa marpuua-pesysbTar, OCKOJIbKY OIepalUH CJA0XKEHHS U YMHOXKEHHS BbINOJIHSA-
IOTCS 110 MPaBUJIAM JBOMYHOH apu(METHKH, NIPUMeT CJelyOLUH BUL:

(Ov1IVvOovOo)+(0Vv0)+(1Vvo0) (5)
OV1)+0+(0OVOV1IVO0)

DTa MaTpulla HHTEPNPETUPYETCS KaK MHOXKECTBO MaTPHILL-CTOJNOLOB BHIA [a11a12)’, dJ1€-
MEHTBI @17 KOTOPBIX IMOJy4aroTCsl MPHU BCeX BO3MOXKHBIX BapHaHTax BblOOpa Tpex cJjarae-
MBIX U3 MepBOH CTPOKH B (D). Jlerko moacuuTaTh, UTO ITOT JEMEHT MOKET OBITh MOJyUeH
U3 16 =4 X 2 X 2 BO3MOXXHBIX BAPHUAHTOB CYMM, 3JIEMEHT a1 — U3 8 = 2 X 1 X 4 BapuaH-
ToB. Takum o6pazom, obliee UUCJI0 Pa3IUUHBIX CIOCOOO0B MOJYyYeHHUs] MaTpULbl-pe3yabTaTa
paBHO 16 x 8 = 128. [loHATHO, UTO Cpean HUX MOTYT ObITh coBnanamlre. CaenoBaTebHO,
YUCJIO PA3JMUYHBIX MaTPHUL-Pe3yJbTaTOB MOXKET OKa3aThbCsl 3HAUUTENbHO MeHblle. Tak, B
HallleM MpPUMepe MepBoe cJaraeMoe B a;; UMeeT JBa BO3MOXKHBIX BapuaHTa Bbibopa (0V 1),
BTOpoe — onuH BapuaHT (0) U TpeTbe — aBa BapuaHTa (0V 1). AHAJOrHYHO 1eJ0 OOCTOUT
M C 3JIEMEHTOM a2 — B HEM Te 2Ke BapHaHTHl BbiOopa. [loaTomy martpuna (5) ympoiraercs
U NPUHUMAeT BU (0V1)+(0)+(0V1)

P A Ov1)+(0)+ OVl
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[ToHsiTHO, UTO M3 Hee MaTpHLA-Pe3y/abTaT MOXKeT OBITb ToJydeHa 16 pasJUUHBIMH
criocob6amu. fcHoO, 4TO U Cpelr 3THX MaTPHULL TaKxkKe MOTyT ObIThb coBNaaawllre. B Hamem
npUMepe, Kak JIerKo TPOBEPUTD, MOMAPHO Pa3JIMUHBIX Pe3y/NbTaTOB OyIeT YeTbipe:

R

Ha ocHoBe MaTpHil ¢ 3JieMeHTaMH MOC/JEIHEro BHIA 3a CUeT BbIOOpa pasMUyHbIX ajib-
TepHATHB 3JIeMEHTa MOYKHO TOJYUYHTb BCE MHOXKECTBO BAapHAHTOB MaTpHIl, COOTBETCTBYO-
mux uexonHou HJIA.

2. NMOCTAHOBKA 3ALA4YM

lanee paccmarpuaercs cienytomas 3anada. [lycts 3anan HJIA A u Hekortopas ero
HeHCIpaBHash MOAU(UKALHMSA M3 MHOXKeCTBA AOMYCTHMBIX. TpebyeTcss MOCTPOUTH TaKylo
BXOJIHYIO TIOCJIEIOBATENBHOCTD (TeCT), KOTOpasi 3Ty HEHCIPABHOCTb OOHAPYKHBaeT.

OnwuieM MHOXECTBO MOMYCTHUMbIX HeucrpaBHocTeld. [Ipeamosaraercsi, 4to mosiBJje-
Hue HeucrpaBHocTeidl B HJIA mpuBogMT K 3aMelleHHI0 HEKOTOPBIX 3JIEeMEHTOB MaTpHIl
HJIA npyrumu. Eciu 3ameliaeMbiii 3/1eMeHT HMeeT MHOXKECTBO aJibTepPHATHB (Harmpumep
bij =b1VbyV...Vbs), To OH 3aMelaeTcss KAKMM-JIMO0 ONHUM KOHKDETHBIM 3J1€MEHTOM
M3 COOTBETCTBYIOLIEro MHOXKecTBa. Ecsiy 3jeMeHT MaTpulbl He HMeeT ajbTepPHATHBHBIX
BapUAHTOB, TO OH 3aMeIl[aeTCsi HEKOTOPBIM KOHKPETHBIM 3JieMeHTOM moJisi GF(p) B ciydae
BO3HMKHOBEHHS COOTBETCTBYIOILIEH HEUCIIPABHOCTU. B MPOTUBHOM cilyuae 3jeMeHT MaTpH-
1Bl COXpaHsieT CBoe MpekHee 3HaueHHe. TakuM 00pa3oM, OMUCAHHBIM Mpolece MpeacTas-
JisileT coO0l MexaHU3M nopoxaeHusi HeucnpaBHocTeil B HJIA. HencnpaBHocTH BBeeHHOTO
TUIA BIIOJHE €CTeCTBEHHO TPAKTOBAThb KakK TPaAULHOHHbIE KOHCTAHTHblE HEHCIPABHOCTH
JOUCKPETHBIX YCTPOHCTB. [ToHSITHO, UTO BO3HHKAIOLIME HEUCIIPABHOCTH MpPeobpasyloT HcC-
xonubiit HJIA B nmerepmunupoBaHHbId JIA.

Otmerum, uyto gawbomy HJIA A MOXKHO MOCTaBUTb B COOTBETCTBHE MHOXKECTBO
G() = {A1, Ay, ..., A} nerepmunHupoBaHHBIX JIA, monyueHHbIX U3 A (uKcanueil B ero
MaTpHlaxX OAHOTO U3 KOHKPETHbIX BaPHAHTOB BBIOOpPA aJbTePHATUBHBLIX 3JeMeHTOB. MHBI-
MU CJIOBaMH, MHOXKeCTBO (G(A) eCcThb MHOXKECTBO NeTepMHUHHpOBaHHbIX JIA, KoTopble B
COBOKYITHOCTH MOJIEJIUPYIOT BCE BO3MOXKHBIE BAPUAHTHI MOBeleHUs ncxonHoro HJIA.

Hcxonst M3 ckazaHHOTO, ecTeCTBeHHO cuuTath npoBepsiemblii HJIA A ucnpaBHbIM, eciu
B pe3yJsbTaTe TeCTUPOBAaHHs OyleT YCTAHOBJIEHO, YTO €ro peaklus Ha TeCcT COBNAfaeT C
peakLHeld Ha TOT e TecT ofHoro u3 JIA, BXxomsumx B coctaB MHoxecTBa G(A). Ecau
JKe peakuusi Ha TecT nmpoBepsiemoro HJIA A He coBmameT ¢ peakuued Ha TOT K€ TECT HU
C ONHUM U3 JieTepMHHUpPOBaHHBIX JIA n3 MHoxecTBa G(A), To npoBepsiembiit HJIA 6ynem
CUHTATh HEHUCIPABHBIM.

3. METOA CUHTE3A TECTOB OJ14 HNA

3anaua, aHaJorHuHasi C(hOPMYJTHUPOBAHHOK BbIlle, Obla paccMOTpeHa B [6] musi nerep-
MUHHpPOBaHHBIX JIA. B 0CHOBY OMHCBIBAEMOTO HHKE METOIA MOJIOXKEH MOAXOM, UCIMOJIb30-
BaHHBIHA B [6]. Jl/1f MPOCTOTH HU3JI0XKEHUS] OTPAHUUYUMCSI PaCCMOTPEHHUEM 3afadu [Jisl Tak
Ha3blBaeMBIX [(-OTIpe/le/IeHHBIX ¥ CHHXpoHU3upyeMbix HJIA.

Hanomuuwm, uto nerepmuHrupoBaHHbBIN JIA MMeeT KOHEUHYIO MaMATh TJIYyOUHBI i, €CJH
17151 11060r0 ¢ CrpaBefJIiBO COOTHOLLEHHe

y(t) = f(U(Zf),ﬂ(t - 1)7 ce 7E<t o H:)?y<t o 1)7 st ag(t - ,u))a
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rae u(t) u y(t) — BxonHble U BhIXonHble BekTOpbl JIA. M3 [4,5] usBecTHO, 4TO KaxKABIH
JIA MMeeT KOHEUHYIO MaMATh TJIyOWUHBI 4, THe (1 — pa3MepHocThb JIA.

JIA HasbiBaeTCsi [i-OTIpeIeJIEHHBIM, €CJIU eT0 BBIXOM ¥(f) 3aBHCHT TOJBKO OT MpPeIbIay-
IUX /i BXOIOB:

y(t) = g(ﬂ(t),ﬂ(t - 1)7 s 7ﬂ(t - ))

HMsBecTHo [4,5], 4TO HEOOXOAMMBIM M TOCTATOUYHLIM YCJIOBHEM fi-OTpeaesieHHOoCTH JIA
A siBasietcs BbimosiHeHHe paBeHcTBa C'A = [0], rme [0] — HyneBas matpuua (Bektop), C,
A — wmarpuusl, purypupytoiire B gpopmynax (1) u (2).

Hanomuuwm [4,5], 4yTo BXonHas nocJ/enoBaTesbHOCTb JIA HasbiBaeTCsi CHHXPOHH3UPY-
totet (CIT), ecsid He3aBUCHMMO OT HauaJbHOTO COCTOsIHUS JIA OHa MepeBOAUT €ro B OIHO
M TO K€ KOHeuHoe cocTosiHHe. B [5] mokaszaHo, 4To HEOOXOAMMBIM U JOCTATOUHBIM YCJIO-
Buem 115t cyuiectBoanusi CI1 munbl p JIA A siBisietcst BbinosiHeHHe paBeHcTBa A = [0].
OTciona BbITEKAeT, YTO KaxkKIbli CHHXPOHU3UpPyeMblH JIA sBjsieTcsl ONHOBPEMEHHO W fi-
orpeJesieHHbIM.

BBenem Temnepb aHaJOTHYHbIE MOHATHUS AJs HeueTKHx aBroMatoB. HJIA A Gynem Ha-
3bIBaTh [i-OTpe/ie/IeHHbBIM (CHHXPOHHU3UPYEMBIM), €CJH TaKOBBIMHU siBJsitoTCs Bce JIA w3
MmHoxkecTBa G(A) = {A1, Ay, ..., A}, BBeIleHHOTO BBILLE.

[lycts A*, B*, C*, D* — wmatpuusl HekoToporo tectupyemoro HJIA, a Agy, By, Co,
Dy siBAsitoTCS MaTpHLaMM Kakoro-nu6o koHkperHoro JIA A;, u3s mHoxectBa G(A), co-
otBeTcTByMoIllero ucnpaBHomy HJIA. [lasee o6a 3THX aBTOMaTta MpeAroJiaraioTcs ji-Oll-
pelesleHHBIMH M CHHXPOHHM3UPYyeMbIMH. B o0lieM ciydae OHM HMEOT pasHY TIyOHUHY
MaMsiTH — {41 U iy COOTBETCTBEHHO. [los10KNUM 1t = max(ji1, fi2), TOTAA JIETKO MOHSTD, YTO
CAF =[0] u C*(A*)* = [0] nast Bcex k > pu.

Ecnu Ha ucripaBHBIN ¥ HeucnpaBHBIH JIA monath omHY W Ty Ke BXOAHYIO IMOCJeN0Ba-
tesabHocTb 1" = w(0),u(1),...,aw(p) AMUHBL 4+ 1, TO C Y4ETOM TOJIBKO YTO MPHUBEIEHHBIX
paBeHCTB U (popMyJibl (4) MOJTHOH peakUHH AeTePMUHHPOBAHHOTO JIMHEHHOTO aBTOMATa
peakIlM{ TeCTHPYeMOro U UCIPaBHOTrO aBTomMara A;, He3aBUCHMO OT MX HayaJbHbBIX COCTO-
SHUMA UMEIT BUJ

7 (n) = CH(AP I B*u(0) + C* (A 2B*u(1) + ... + C*B*u(p — 1) + D*u(u),
7(n) = CA* ' Bu(0) + CA*2Bu(1) + ...+ CBu(u — 1) + Du(p).

[IpousBenst BbluMTaHME, MONYUUM
g(n) = 7" () = [CA* ' Bu(0) — C*(A)*" ' BJu(0) + ... + [D — DJu(p). ~ (6)

[ToHsITHO, YTO TeCTHpyeMblil aBTOMAT He HIEHTHUYEeH aBTOMaTy A; , eClH UX peaKlHu
pa3JIUuHBb, T. €. padHocTb y(u) —y* (i) otnuuHa ot Hyss. PaBeHcTBo (6) Gynem paccmatpu-
BaTb KaK CHCTeMy JIHHEHHBIX anreOpandeckux ypaBHeHuidl (CJIAY) oTHocHTesnbHO KOOP-
nuHat Bektopa u = [u1(0),...,u(0),..., 41 (p), ..., w(pn)]. O6o3HauuM uepe3 () MaTpuiLy
cucteMbl (6), Torma oHa PUMET BHUJL

rae § — HeKOTOPbIH m-MepHbId HEHYJEeBOH BEKTOP.

Pemmasi 3Ty cuctemMy mnpu BCeBO3MOXKHBIX HeHYJEBbIX BEKTOpaXxX ¢, MOJYYHUM BCE MHO-
)KecTBo TecToB 7', pasauuatomux tectupyembld HJIA u aBTomar A;,. Ecnu onucanHbiM
Croco60M MOCTPOUTh TECTHl, Pa3NUyaOLIMe TeCTUPYEMbId aBTOMAT U KaKAblH JIMHEHHBIH
aBTOMaT M3 MHOxkecTBa (G(A), TO COBOKYIHOCTb BCEX 3THX TECTOB, OYEBHIHO, U €CTb
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TMOJIHBIH TecT, 0OHapyKuBawLHi HerucrpaBHocTh B HJIA. HanomHuM, uTO HencnpaBHOCTD
HJIA tpakTyeTcs HaMH Tak, KakK 3TO OBLJIO ONpe/eJeHO BBIILE.

[locko/sibKy MHOXKECTBO BCeX HEHYJIeBbIX BEKTOPOB § BEJMKO JaxKe MpPH HeOOJbIIHX
3HayeHusix p, [, u, To mpouecc noucka pewmeHud CJIAY (7) MoxkeT oKasaTbCsi OUeHb
TpyfLoeMKHM. UToObl M30aBUTHCS OT 3TOr0 HEAOCTAaTKa, PACCMOTPHUM TOJbKO OAHY OLHO-
ponuyio CJIAY ¢ matpuueit (). Haiinem ee peiienue, kotopoe o603HauuM kKak Uy, Toraa
MHOXecTBO BeKTOpoB U/Uy, tie U eCTb MHOXECTBO BCeX BEKTOPOB U Pa3MePHOCTH fi+ 1,
OYeBUJIHO, U eCTb HCKOMBIH TecT. TakuMm obpa3om, 3ajgaua cBesachb K peLIeHHUI0 ONHOW
OHOPOJHOH CHCTEMHBI.

3aMeTuM, 4TO MpelJoXKEeHHBIH METOA CUHTe3a TEeCTOB MpejrnoJaraer, 4To HEUCIpaB-
Hole HJIA coxpaHstOT CBOHCTBA p-OMpeNeNeHHOCTH WM CHHXPOHU3UpyeMocTH. Bmecte ¢
TeM 3To TpeOOBaHUe, MO-BUAUMOMY, He SIBJSETCS CJAUIIKOM OrpaHUUHTeNbHbIM. B camom
Jlesie, OHO 3aBEeIOMO BBIMOJHSIETCS, ecd Bo3HUKatomue B HJIA HeucnpaBHOCTH CKa3biBa-
I0TCS TOJIbKO Ha XapakTepucTuueckux matpuuax B, C, D. OnHako He BCKOe U3MEHEeHHe
MaTpulbl A cCOXpaHseT YNOMsHYTble CBOHCTBA.

OTmMeTHM, 4TO MO aHaJoOruu ¢ [6] MOXKHO TPeNsOKHUTb METOH CHHTe3a TEeCTOB MJIsi
npousBosbHbIX HJIA, He TpeGys HaMHUUUS y HUX CBOHCTB p-OTpeNeseHHOCTH UM CHHXPO-
HU3UPYEMOCTH. DTOT METOJ, TaK Ke KakK U B [6] mas cayyas nerepmuHHpoBaHHOrO JIA,
6asupyeTcs Ha TOM, uTo J060# JIA HMeeT KOHEUHYIO MaMATh.

W3 onrcanus npensoKeHHOTO METO/la CHHTE3a TeCTOB CJIelyeT, UTO MOCTPOEHHbIE C €ro
NPUMEHEHHUEM TeCThl UMEIOT AJUHY j+ 1, roe p — rayouna namsatu JIA. M3sectHo [4,5],
4To i < M, e n — pa3MepHOCThb JIA, T.e. METOL CTPOUT HOCTATOYHO KOPOTKHE MO IJIMHE
TECTHI.

3AK/TOYEHUE

[Ipo6sema TecTrpoBaHUS UHU(PPOBBIX YCTPOHUCTB SIBJSIETCS OJHOW M3 BAXKHBIX U CJIOXK-
HbIX. B uyacTHOCTH, uM3BecTHBI paboThl, Hampumep [7, 8], MOCBsIIEHHBIE TECTHPOBAHHIO
YCTPOHCTB, OMUCBHIBAEMBIX MOJENbI0 NeTEePMUHHPOBAHHOIO JHHeHHoro aBromara. OmnHako
MeTO/bl, IPeIJIO’KEHHble B HUX /151 CHHTe3a TeCTOB JaxKe 115 0oJiee MPOCThIX, YeM HeueT-
KO (PYHKLIMOHUPYIOLIME, YCTPOUCTB, MPEANoNaranT psifl CYLIeCTBEeHHbIX OorpaHuueHUd. K
YUCJy TaKUX OIPAaHUYEHUH OTHOCHUTCS, K MpUMepy, Haluyue HUH(OPMaLHUH O HauyaJbHOM
COCTOSIHUHM YCTPOUCTBA UJIK TpeGOBaHHE CIelUaNbHON ero TeXHHYecKod peanusauuu. Cie-
JyeT OTMeTHUTb, UTO IepBOe OrpaHHyYeHHe NMPAKTHUEeCKH MOYTH HUKOI[A He BBINOJHSAETCS,
a BTOpoe TpeOyeT MOMOJNHUTENbHBIX 3aTpar.

[IpensioxkeHHBIH B CTaTbe METOM He MMeeT yKAa3aHHBIX OTPAaHUYEHUH U NPU 3TOM CHH-
Te3UpyeT AOCTATOYHO KOPOTKHe TeCThbl. K 4yHuc/ly MpeuMylLlecTB 3TOr0 MeTOAa OTHOCHTCS
TaK)Ke TO, YTO OH CBONUT HccienyeMmylo 3anady K pemenuto CJIAY, nis yero umeercs
3(ppeKTUBHBIM MaTeMaTUYeCKUH anmnapar.

Bubnuorpacpnyeckuii cnmcok

1. Zadeh L. A. Fuzzy sets // Information and Control. 1965. Vol. 8, iss. 3. P. 338-353. DOI:
https://doi.org/10.1016/S0019-9958(65)90241-X

2. Cnepanckuil /I. B. dxcriepyMeHTHl ¢ HEUETKUMU aBTOMaTaMu // ABTOMaTHKa U TejeMeXaHH-
Ka. 2015. Ne 2. C. 107-124.

3. Speranskiy D. V. Synchronization of fuzzy linear automata // Automatic Control and
Computer Sciences. 2016. Vol. 50, iss. 2. P. 72-79. DOI: https://doi.org/10.3103/
S014641161602005X

4. Tuan A. BBenenue B Teoputo KoHeuHbX aBToMaToB. M. : Hayka, 1966. 288 c.

238 Hay4rbiri otaen



W

. B. CnepaHckni. TeCTnpoBaHne HEeYeTRNX /NHEeAHbIX aBTOMaroB KSR

5. Cnepanckuti /. B. Jlekuuu 1o TeOopwM 3KCIEPUMEHTOB C KOHEYHBIMM aBTOMataMu. M. :
BHMHOM. Jla6oparopust 3nanuii, 2010. 287 c.

6. Cneparnckuii [[. B. O TecTUpOBaHUM JHHEHHBIX aBTOMaTOB //ABTOMAaTHKa M TesJeMeXaHHKa.
2000. Ne 5. C. 157-165.

7. Aeubanos I'. II., IOgpam A. I O nmpocThIX 3KCMEPUMEHTAaX [Jisi JUHEHHBIX WHHUIMAJTbHBIX
aBToMaToB // ABTOMAaTHKa ¥ BHIUHCJAMTENbHas TexHuka. 1972. Ne 2. C. 17-19.

8. Kosecos H. B. TlocTpoeHue MPOBEPSIIOIIEr0 TeCTa /s JHUHEHHOro KOHeYHoro aBtomara //
ABTomatuka u Tenemexanuka. 1982. Ne 2. C. 61-66.

O6pasen oJjs NUTUPOBAHUS:

Cnepanckuti /. B. TecTupoBaHue HeuyeTKHX JHHeiHHbIX aBTomartoB // M3B. Capart. yH-ta. Hos.
cep. Cep. Marematuka. Mexanuka. Mudopmaruka. 2019. T. 19, sem. 2. C. 233-240. DOLI:
https://doi.org/10.18500/1816-9791-2019-19-2-233-240

Fuzzy Linear Automata Testing

D. V. Speranskiy

Dmitriy V. Speranskiy, https://orcid.org/0000-0002-6882-0297, Russian University of Transport (MIIT), 22/2
Chasovaja St., Moscow 125993, Russia, Speranskiy.dv@gmail.com

The article deals with the problem of synthesis of tests for fuzzy linear automata (FLA). Now several varieties
of FLA are used as models of real fuzzy systems. The article introduces and investigates one particular type
of FLA. The fuzziness of the behavior of the automaton is suggested to appear due to the use of elements of
a special type in the characteristic matrices. Each such element is a certain set of elements of the field over
which the FLA is given. During the functioning of the FLA (at each clock cycle) an alternative matrix element
is replaced randomly by one of the elements of the alternative set. The notion of the FLA acceptable fault is
introduced. Substantially it means replacing the alternative elements of matrices by one element of the sets
corresponding to them. The method of the tests synthesis for detecting faults of this type is proposed. This
method reduces to solving systems of linear algebraic equations. The method is oriented to p-definite and
synchronized FLA and synthesizes tests of sufficiently short length (not more than FLA dimension).
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