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MPABUJIA AJ19 ABTOPOB

XypHan npuHuMaet Kk nybnukaumuv cta-
Tbi, COAEPXallne HOBble OPUrMHANbHbIE
pesynbTaThl N0 BCEM OCHOBHbIM pasfenam
MaTeMaTUKM, MEXaHUKu 1 MHHOPMATUKM.
Pepnkonnervei He paccmMaTpyBatoTCs CTaTbi,
HOCSILLME UCKITIOYUTENBHO MPUKIARHOMN Xapak-
Tep, paHee Ony6/MKOBAHHbIE UV MPUHSITHIE K
0ny6/IMKOBAHUIO B IPYUX XypHanax.

06bem nybnukyemoii CTaTbu He JONMKEH
npeBbiwath 12 CTpaHuL, 0GOPMIEHHbIX B
LaTeX cornacHo ctunesomy danny, pas-
MeLLeHHoMy no agpecy http://mmi.sgu.ru/
ru/dlya-avtorov. Ctatbi 66nbluero obbema
MPUHUMAIOTCS TOMBKO MO COrNacoBaHMIO C
peakonneruei XypHana.

Bce pykonucu, nocTynuBLLmMe B pefakLmio
1 COOTBETCTBYIOLLME NPODUNI0 XypHAnNa,
MPOXOLST PELIeH3VPOBaHKe, W 3aTeM peaKo-
Nervst IPUHUMAET PELLEHNE O BO3MOXHOCTU
1x ony6nmkoBaHus B XypHane. B cnyyae no-
NOXUTENBHOIO peLleHns 06 onybarkoBaHUM
CTaTbsi MOABEPraeTcs Hay4HOMY 1 KOHTPOSb-
HOMY PeaaKTUPOBAHUIO.

Cratb, HanpaBneHHas aBTOPY Ha J0-
paboTky, fomkHa ObiTb BO3BpALLEHa B UC-
MPaBNEHHOM BUAE B MAKCUMaIbHO KOPOTKME
cpoku. CTaTbsl, 3aepXaHHas Ha cpok Gonee
TPEX MeCsILiEB, PaCCMaTpPMBAETCS Kak BHOBb
noctynueLuast. K nepepaboTaHHoii pykonucu
HeobX0aMMO NPUIOXMTL MUCHMO OT aBTOPOB,
coAepxalliee OTBEThI HA BCE 3aMeyaHusi 1
MOSICHAIOLLIEE BCE U3MEHEHUS, CAENaHHbIE B
craTbe. Bo3BpalleHue cTatbu Ha 1opaboTky
He 03HayaeT, uTo CTatba Oyaer onybmuko-
BaHa, nocne nepepabotku oHa BHOBb OyaeT
PeLeH31pPoBaThCS.

ABTOpY CTaTbi, MPUHATOI K NyOMKaLMY,
O[IHOBPEMEHHO C PELLEHVEM PeaKOIerum
BbICbINAETCS IMLEH3VNOHHBIA JOrOBOP.

[laToi nocTynnexns cTarbk CHUTaeTcs aara
MOCTYM/IEHNS €8 OKOHYATE/bHOr0 BapUaHTa.

Mnata 3a nybnukaumio pykonuceii He
B3MMAETCS.

Bonee noapobHo ¢ npaBunamu oas as-
TOPOB ¥ NOPSAKOM PELIEH3MPOBAHUS MOXHO
03HAKOMMTbCS Ha CcaiTe xypHana: http://
mmi.sgu.ru.
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AHanutuyeckoe BJI0OXeHUue reomeTpuu
NOCTOSIHHOWU KPUBU3HbI
\ Ha ncespocdepe

B. A. KbipoB

Kbipos Bnagmumup AnekcaHopoBud, kaHanpaT ousmko-matema-
TUYECKUX HayK, OOLEHT Kadoenpbl MatemMaTuku, ousnkm n UH-
doopmaTukn, [TopHO-AnTanckuii rocyaapCTBEHHbIA YHUBEPCUTET,
Poccnsa, Pecnybnuka Antait, 649000, r. [opHo-Antaiick,
yn. JleHkuHa, a. 1, kyrovVA@yandex.ru

B maTematnyeckmx nccnenoBaHmsax BaXHbl reoMeTpun Makcuma-
NbHOW NOABUXHOCTUW. [prMepamMn Takux reoMeTpuin SBASKOTCS:
eBK10Ba, NCEBAOEBKNNA0BA, JToba4yeBCcKOro, CMMNNeKTnyeckas
n 1.4. lNMonHol knaccudmkaumm Takux reomeTpuin HeT. Pas-
NNYaTCs Kak reoMeTpun MakCcumanbHOM NoABUXHOCTY B LIENOM,
HanpvMep reomMeTpun M3 crnmucka TEpCToHa, Tak M reomMeTpuu
fioKanbHOW MakcuMasnbHOM MoABUXHOCTU. Hamu paspaboTaH
MeTon Knaccudukaumm reoMeTpuini nokasnbHOW MakcuManbHOM
NOLBMXHOCTMW, Ha3BaHHbIA MeTOoA0M BnoxeHus. OCHOBHAs Lenb
JlaHHOI paboTbl COCTOUT B HAXOXAEHUN METPUYECKUX COYHKLNIA
reoMeTpuin pa3amMepHoOCTH n + 2 1 gonyckawwmx (n + 2)(n + 3)/2-
napameTpuyeckyro rpynny OBUXEHWA W, KakK aprymeHT, Cco-

%% AepXalyx MeTpru4ecKyio yHKLMIO
ezt —ah)? 4 bea(al —a)? + (2P + (a7)?)
. J

9(i,j) = —— g
—~ ﬁ x
HAVqulﬁ (n + 1)-MepHON reoMeTpun MOCTOSHHOW KPWBWU3HbI Ha MCeB-

nocdoepe. MNpu pelweHnn NocTaBneHHON 3anayn 13 TpeboBaHus
CYLLEeCTBOBaHNS rpynmnbl ABUXEHUA padmepHocT (n+2)(n+3)/2,

n+1

T

n+1
7

OTﬂ,E,\ T.€. Tpynnbl npeobpa3oBaHuii, COXpaHsioWeh MeTPUHECKYIO
PYHKLMIO, 3anNUCbIBAETCS (PYHKLMOHANBHOE YpPaBHEHWE Crie-
A N d UManbHOro BUAA Ha 3Ty YHKUMIO. OTO  (PYHKLMOHANBHOE

ypaBHEeHWe pelwaeTcs aHanuTuyecku, T.e. BCe BXogsuwme B
Hero (pyHKUMW NpefacTaBnsalnTcs psgamm Tennopa, nocne 4ero
CpaBHMBAKOTCS KO3 MPUUMEHTBI B pasnoxeHusx. Pesynbtatom
peleHnsa noctaeneHHon 3anayn sBnsaeTca reoMeTpus Makcuma-
NbHOW MNOJOBUXHOCTU C METPUYECKO (PyHKLMEN

<=

£(0,3) = [ea(al =4 e (@ —a (™ a2,

MeTon BNOXeHNS NPUMEHNM 1 AN APYTUX FTEOMETPUIA NOKaNbHOM
MakcvManbHOW MOABUXHOCTW, Y4TO OaeT HadeXay MOoCTPOeHUs
MosIHOM KnaccuukaLumm Takmx reoMeTpun.

© Kbipos B. A., 2019



. . X
B. A. KblpoB. AHannTH4eCcKoe BAOMKEHKNE reomMeTpHF MOCTOAHHOF KpHBH3HLI Ha ncesgochepe G SR

=

KnroyeBbie crnoBa: reoMeTpusi MakCUManbHOM MOABUXHOCTU, (OYHKLIMOHANbHOE ypaBHEHME,
ondpcpepeHLmanbHoe ypaBHeHNe, MeTpryeckasl (yHKLUS, rpynna ABUXEHWIA.

Moctynuna B pegakuunto: 07.12.2018 / MpuHsata: 09.02.2019 / Ony6nukosaHa: 31.08.2019
CraTtbs onybnnkoBaHa Ha ycnosusx nuueHsmm Creative Commons Attribution License (CC-BY 4.0)

DOI: https://doi.org/10.18500/1816-9791-2019-19-3-246-257

BBELOEHUE

(n + 1)-mepHast reoMeTpHs JIOKaJbHOH MaKCMMasbHOH MOABHKHOCTH B pabote [1] mo-
IycKaeT TPYMIy ABHXKEHHH pasMmepHocTH (n + 1)(n + 2)/2. MHorHe U3 TaKUX reOMeTpHi
XOpOIIO M3BeCTHbl. K MX 4McJy OTHOCATCS: €BKJ/JMIOBA IeOMeTpHsl, ICeBIOeBKJMIOBA,
CUMIJIEKTHUEeCKas reoMeTpusi, cepuyeckas, reomerpus Jlobauesckoro u ap. Ha ncesno-
cdepe B NOAXOAAILMX KOOPAHUHATAX MeTpPHUecKass (PYyHKIIUA

x(r = )+ e (of — ) () + (o))

. i J
g9(i,j) = ntl ntl
Ty X
J
3a/1aeT reOMeTPHUIO NMOCTOSSHHONW KPUBM3HBI, NIPHYEM &, €1, ..., &, = £1. 3aMeHa KOOpAHHAT

2" 5 72" naHnyio MeTpudecKylo (GYHKIHIO MPHBOAUT K CJIELYIOMEMY BHIY:

g(i,j) — [51(332‘1 _le)2 4. +€n<I? —I‘?)Q]Q%?H—F%;H +662mf+1_2

P —2&:?+1

n+1
T e . (1)
Ot MeTpHyecKOH (PYHKLHMH g MOXKHO TakKxKe MepedTH K ClefyloLlei:
1 1
ez —xd)? + - A epaf — a2 (2t — a2

? J J
n+1,_.n+1
i Ly

T
Jlnsi GeCKOHEUHO OJIM3KUX TOUEK MMOCJEeIHsIs MeTpUuecKas (pyHKIUs MpPeBpaliaeTcs B
XOPOIIO U3BECTHYIO METPUKY /s TEOMETPHHU MOCTOSIHHOH KPHUBH3HBI Ha mceBpocdepe:
er(dz')? + - + &, (dx™)? + e(da™t1)?
dqg = .
(zn1)2

OcHoBHas Llesb JaHHOH paboThl — pellleHHe 3a/lauM BJIOXKEHHS /151 FTeOMETPUH C MeT-
puueckol GpyHKiHel (1), T. e. HaxokaeHHe Ha (n+2)-MepHOM MHOr00OpPa3Uy MeTPHUUECKHX
(byHKUMH BUIA

f(l, ]) :X([gl(l’%_l’})a" . '%n(x?—$?)2]e2z?+l+2x?+l +€62x?+1_2x?+1 +€62x;}+1_2x?+1 . wj),

rae (zf, ...,/ w;) u (x},..., 2" w;) — KoopaMHATEI TOYeK i M j (n + 2)-MepHOro
MPOCTPAHCTBA, COXPAHSIOLIMX CBOH BHJ OTHOCHTENBHO T'PYMI MpeoOpa3oBaHUil pasmep-
HocTH (n + 2)(n + 3)/2. Pelnenne 3Tol 3ajauy CBOAUTCS K aHAJTHUTHUECKOMY peLIEHHIO
(yHKLHOHAJIbHOIO ypaBHEHHUS CleLUaNbHOIO BHIA
1 1 . . . .
ey — ;) (Xa (i) = X2 () + -+ Fenlaf — 27)(Xn (1) — Xa(j))+

el —x))® + - +en(al — 3 (X1 (i) + X1 (5)—
—e(Xp1(§) = Xppa () (e — e80T
n+172x7‘z+1 n+17

W (i) Fre 22 W) R 2T 2T —

roe Xy, ..., X1, W, Fy, F, — HeusBecTHble. HensBecTHble HUILYTCA B BUIe PSANOB Teiiso-
pa. JlaHHbIl MeTon ampoGupoBaH B paboTe [2].
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NMOCTAHOBKA 3AOA4YN N OCHOBHbIE PE3YJIbTATDI

PaccmoTpuM (n + 2)-MepHOe aHaIMTHUECKOe MHoOroo6pasue M, KOTOpoe JIOKaJbHO
i peoMopdHO TPSIMOMY TPOU3BeNEHHI0 (1 + 1)-MepHOro aHaJUTHYeCKOro MHOroobpa-
3uss N W OJHOMEpPHOro aHaJUTHYecKoro MHoroo6pasus L, n > 1. JlokanabHbll aud-
(eomMophu3M OCYIleCTBJAsIET aHaJUTHUYecKoe oTobpaxkenue h : M — N x L. Ilyctb
m:NXL—Nmumy: N xL— L — npoekuuu. Paccmorpum pyHkuuu g: N x N — R
C OTKPBITOH U MJIOTHOH 06s1acThio onpenenennst S, B N%, u x : Rx Lx L — R. Onpenenum
npoekuuu p; : M X M — M n py : M x M — M, KOTOpble Ha TOYKAX OEHUCTBYIOT TaK:
p1:(i,7) — i 4 py: (i,j) — j, roe (i,j) — mpousBosibHas Touka B M x M. IToctpoum
byukuuio f: M x M — R no ciaenymwouieil hopmyie:

f=x(g(mi(h(p1)), m1(h(p2))), m2(h(p1)), m2((p2))),

06/1acTb ompesesieHusi Sy KOTOPOH OTKphiTa M muotHa B M?. Ha Toukax

F@,3) = x(g(mu(h(pr (G 9)))), w1 (h(p2((D 5))))), (A1 (G, 5)))), ma(h(p2((E,5))))), - (2)

rae i,j — MPOM3BOJIbHBIE 1Be TOYKH U3 M, mpuuem (i,j) € Sy.

Jlns mpon3Bo/NbHOM TOUKM M3 M paccMOTPUM KOOPAHMHATHYIO oKpecTHoCcTb U C M,
B KOTOpPOH h sBssfeTcss nuddeomopdusMoM U Ajs 00X Touek i,j € U, (i,7) € Sy,
cyumectBytoT okpectHoctu U(i) C U, U(j) C U rakue, uto (7, j") € Sy, Vi’ € U(i),
V 5 € U(j). U3 Beitueckasannoro umeeM nuddeomopduam okpectroctedd h: U — V x W,
rne V', W — HekoTOpble KOOpAHHATHbIE OKpecTHOCTH B N U L cooTBeTcTBeHHO. Koopnu-

HaTBl B OKpeCTHOCTH V' o6osHauum (x!,... z" z"1), a koopuuHary B okpectHocTH W —
(w). Torma B JIOKaJbHBIX KOOPAMHATaX (YHKUHS (2) NPUHHUMAET CJeAYIOMINUH BHUI:
f=10,3) = x(0,wi, wy), (3)
rae g(m(h(i)), m(h(j))) = 0 = O(x},... 2" 2}, ... 2"") — merpuueckas pyHKuHS
(n + 1)-MepHO# reoMeTpUH MOCTOSTHHON KPUBU3HBI Ha TceBIOChepe:
H = 19(2 j)62x?+1+2m?+1 + 8621?+172:p?+1 + 662x7+172z?+1 (4)
- ) )

rue
- 1 1y2 n o, n\2
(i, j) = er(w; — ;)" + - +en(a] — 2f)7,
pUYeM €, €1, ... ,&, = £1. ma(h(i)) = w;, ma(h(j)) = w;. [lycTb BHINOJHAIOTCS aKCHOMBI.
Akcnoma aHamuTuyHOCTU. PyHKUKA Y : R X L X L — R aHa/quTHUecKasi BO BCeX
TOYKax 06J1aCTH omnpejeseHus.
Akcuoma HeBbIpOXKIeHHOCTH. [ PyHKIHH (3) B NPOU3BOJIBHON TOUKE OKPECTHOC-

td U(i) x U(j) C M? cnpaBen/iuBbl HepaBeHCTBA

Ix 5%

5%
%7&07

[Tyctb rpynna Jlu G nefictByeT a3 dekTHBHO U aHaiuTH4YHO B U C M. DTO 03Ha4aer,
UTO 3a/laHO aHaJUTHYEeCKOe HHBEKTHBHOE oToOpakeHHe (3(QeKTHUBHOE NeHCTBUE)

AN UxG—= U,

rie U’ C M — oTkpbiTas 06/1acTh, IPUUEM BBIMOJHSIOTCS CBOHUCTBA:
1) \(i,e) =i, e € G — enunuua, i € U,
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2) AM(A\(7,a),b) = A(i,ab), nas mobdbix a,b € G uie U,

3) pasi mo6oro i € U A(i,a) = i, TOJBKO €Cu a = e.

He#icTBue \,, onpejessieMoe NPOU3BOJBHBIM 3JeMeHTOM a € (7, Ha3blBaeTcsl dsudce-
Huem, ecau IJs Jo0bX Touek i,7 € U takux, 4to (i,5) € Sf, (Aa(i), A\a(j)) € Sy,
BBITIOJTHSIETCS] PABEHCTBO

FQali), Aal4)) = f(E,4)-

IeiictBust rpynnel G MOXKHO omnpefieiuTh B okpectHocTssx U(i) u U(j) Todek ¢ U j,
TMPUYEM eCJIM 3TH OKPECTHOCTH IMepeceKaroTcsl, TO AEHCTBHS B epeceyeHHH COBNaaoT |3,
§ 1]. MHOXeCTBO BCeX TaK ONpeleseHHbIX JBUKEHHH 00pa3yeT aHAJUTUYECKYIO TPYIIy
JIn nBUXeHHUH.

AKcuoMa MaKCHMMaJIbHOW TMOABHIKHOCTU. PasmepHocth rpymnmel Jlu G Makcumalb-
Has U paBHa dim G = (n + 2)(n + 3)/2.

OcHoBHasi 3afa4a 3TOH pabOTEl — MOUCK BCeX (DYHKUMH BUaa (3), SIBJSIOIUXCS IBYX-
TOUEUHBIMH WHBapHaHTaMH (n + 2)(n + 3)/2-MepHOH IpyNIbl ABHKEHUH.

Aunre6pa Jlu rpynmnsl IBHXKEHHH COCTOUT M3 omepatopoB Buma [4, § 16]:

X =X10,0 + -+ X101 + W0, (6)

rie X, = Xo(zt, ... 2" w), W = W(z',..., 2" w) — anaautnueckue QyHKUUM B
U,a=1,...,n+1. Yepes oneparops (6) sanuceiBaeTcsl yCa0BHe JOKAJbHOH HHBAPUAHT-
HOCTH MeTpuueckoil QpyHkuuu [4, § 17]:

X(@)f(0,5) + X() [, 5) =0, (7)

KOTOpOe BbIMOJHsIeTCs1 B oKpecTHOCTsAX U(i) u U(j) Touek ¢ W j, mpU4eM MeTpHUUecKas
Gysukuus f(i, ) onpenenena u ananutuuna B U(i) x U(j).

[Ilycte £ € U C M — Haya/jo HEKOTOPOH cHucTeMbl KOOpAHHAT B U, B KOTOpPOH 3Ta
TOUKa UMeeT HyseBble KoopauHathl (0,...,0). B Takoil cucTeMe KOOpAMHAT CrpaBe//IUBEI
pasJioxkeHus B psin Telsopa IJisi KOMIIOHEHT orepatopa (6) ¥ MeTpuyeckod (QyHKIHMU [D,
ra. 11]:

X = Xl(w) + Dl(Xl)(w)xl —+ 4 Dn+1(X1)(w)q;”+1 4o

X1 = X () + Di(X) (@) + -+ Dy (X)) o, )

W =W(w) + Dy(W)(w)z' + -+ Dpr (W) (w)a™ ™ + -+
f(0,wi,w;) = f(wi,wy) + Di(f)(ws, wy)6 + %Dn(f)(wz‘awj)@z + 9)
rie, Hanpumep, X.(w) = X,(0,...,0,w), Da(X,)(w) = 0X, (@, o o w) oo,
Das(X,)(w) = 62X’V(”3;;;ég’:§n+l’w)|wo, z = (2., 2", a,fy = 1,...,n+ 1,
flwi, w;) = x(0,w;, w;), Di(f)(w;,w;) = W@:o. OcCHOBHBIE pe3y/bTaThl pado-

Tbl C(OPMYJIUPYEM B BUJE TEOPEMBI.

Teopema 1. Paccmompum npouseorenyro mouky k € M u ee xkoopduramryro
okpecmuocmo U (k). Bosomem maxace dse mouku i,j € U(k) ¢ oxpecmruocmamu U (i)
u U(j) makue, umo U(i) UU(j) C U(k), npuwem (i,7), (¢,j") € Sy V¢ € U(i),
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vV j' € U(j). Toeda mempuueckas ¢ynkyus f(i,j), 8 anasumuueckom mHoco06pas3uu
M sadarowas (n+ 2)-mepHyro ceomempuro LOKAAbHOL MAKCUMAALHOL NOO0BUNHOCMLU,
8 okpecmnocmu U(i) x U(j) 8 nodxo0suyux 10KaLbHbLX KOOPOUHAMAX U MACUMAOHOM
npeobpaszosanuu (p(f) — f) umeem uod

f,5) = lea(wi — 25)* + -+ enla] —af)* +e(af™ — a2 er e, (10)

ede e,eq,...,6, = *£1.
JOKASATEJIbCTBO TEOPEMbI

3amnuileM B IBHOM BHE YCJOBHe JIOKaJbHOH MHBapHAHTHOCTH (7) METpPHUECKOH (yHK-
uuu (3) oTHOCcHTeBHO (1 + 2)(n + 3)/2-MepHOU I'PYNIIbl ABHKEHHH:

20p(i, j)e* 2 4 26( X, (1) — Xpir (§)) sh2(al ! — m;?“ﬂWJr
Of(i. i Of(i i
W J;(Z.j) W) J;Si’.j) =0, (11)

rae

pli, j) = er(w; — 2j)(Xu(0) = X1(5)) + - + enla] — 27) (Xa(i) — Xu(5))+
00, 7) (X1 (1) + Xnga () (12)

3ameTuM, uTo BbipaxkeHHe (11) BbIMOMHSIETCS TOXKIECTBEHHO M0 KOOPAHHATAM TOYEK i
M j U3 HeKoTopblx okpecTHocTed U(i) u U(j), npuuem U(i) UU(j) C U(k), rne U(k) —
KOOpIMHATHasi OKpeCTHOCTb. HHrke noKasbiBaroTCs JeMMbl 115 Toxaecta (11) u3 npen-
MOJIO’KEHHUsT aHaMUTHYHOCTH B U (i) X U(j) BXOASLIMX B HEro (GpyHKUHMH. DTH Ke JeMMbI
CIpaBe/IIUBbl TAKXKe U M3 MPEINON0KEHHUs IPUHANEKHOCTH BXOAALIMX B ToKaecTBO (11)
dyurumit kaaccy C® B U(i) x U(j). [pu mokasaresibctse jemm nosaraem m = 1,...,n+1,
k,s,l=1,...,n.

Jlemma 1. B moosdecmse (11) 8o scex moukax Hexkomopwvix oxkpecmuocmetl U (i)
u U<]) n+1 n+1
p<i>j)€2xi 2 + 25(Xn+1(7;) o Xn+1<J)) Sh2<x?+1 B x;z-i-l) 7& 0.

Hoxka3arteabcTBo. [Ipenrnosiokum npoTHBHOE, MYCTb B HEKOTOPBIX OKpecTHOCTsAX U (7)
1 U(j) (160 B UX OTKPBITBIX MOAMHOXKECTBAX) BBIIOJNHIETCS PABEHCTBO
.. n+1 n+1 . .
p(l,])ezx’ T 26(Xny1(i) — Xny1(4)) sh2(a:?+1 - :p?“) =0. (13)

JuddepeHunpys 3TO paBEeHCTBO MO MepeMEHHOW w;, a pe3yJbTaT IO [epeMeHHbIM

! 2", 6ynem umers X!, =0,... s Xluy1yw = 0, caenosarenbho, X, = Xzt ...,

b T
x™™1). B pesysbrare Bhipaxkenue (13) mpespaiiaercs B (yHKIHOHAJIbHOE ypaBHEHHE Ha
orepartopsl anre6psl JIu rpynnsl ABHKEHHUH (n + 1)-MepHOH reoMeTpPHUH JIOKATbHO MaKCH-
MaJIbHOH TMOABMIKHOCTH C MeTpuueckoil (yHKuuei (4). PaamepHOCTh 3TOH Tpymmbl J1BU-
xeHu#l (n + 1)(n + 2)/2. Torna NpoU3BOJBHBIH OMNEpaTOp JHHEHHO BbIparKaeTcsl depes
(n+1)(n + 2)/2 6a3ucHBIX ONEPaTOPOB.

3anumem tenepb ToxkaectBo (11) ¢ yuerom (13):

0f(i,J) NGV,
8u5 +_VV(3> 8uh

T

140 — 0. (14)
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[Tyctb cnawana W = 0. Torma npousBosbHBEIN omepartop ajnredpel JIu rpynnel nBHU-
KEHHH TeOMeTpPUH C MeTpUdyecKod (yHKUHeH (3) sBaseTcs JNHHEHHOH KoMOWHaLMeH
(n 4+ 1)(n + 2)/2 6a3uCHBIX omepaTopoB, a AOMKHO ObITb (n + 2)(n + 3)/2. IlpoTtuBo-
peunue.

[Tycts Teneps W # 0. Torma ot Bbipaxkenus (14) mepexoguM K TOXKAECTBY

W (i)
W(j) ’
1Jsl 4ero JIeBYI0 ¥ MPaBYI0 YaCTH JeJHUM Ha TPOU3BeleHHe W(j)% U BBOIUM 0003HAa-
uenue (0, w;, w;) = ——81(;52’?)/—‘9](;52’7).
Jj 7
Juddepenuupyem (15) mo x} u no z!:
! (Z) n+1 n+1 W(/L) (j) n+1 n+1
z! l 1N\ 220 422" ! l I\ 2z 422"
= = 2¢(x; — '’ )e " ipe, — e = —2g(x; — x;)e i g,
W(j) ! W2(j) !

3aTeM CKJIaAblBA€M pPe€3YJbTAaThbl U pa3aesseM MepeMeHHbIE!

L) _ W)
W)~ W()

= oy = const.

Takum o6pasom, nonyuaem W/, = a;W. Ilocsie nHTErpUPOBAHUA HMEEM
Lo bz
W = c(w, 2" T)em® +ton™ L (),

[TonyyeHHoe noxctasisieM B (15):

ajul 4 HFanu® n+1 n+1 1 l

et = (0, wi, wy)c(w;, i) [e(w, 2 7), u' = x; — x5,
Herpynuo nokasatsb, uto oy = 0. Torma W = c(w,z"™!). HaiinenHoe noxcrasisiem
cHoBa B (15) u nuddepennupyem o "1 noc/e yero pesysnbTaTH CKJagbiBaeM

i H 110 l'j
W BblUUTAEM: ) , . ) )
W(])Wxn+1 (Z) - W(l) g+l (]) _ 4?962x?+1+2z7?+1

W2() L
W DWW (4) + W)W nia (4)
L - = 8esh2(x! ™ — 27 )y,
W) e sh2(z] 2" ) e

BeipaxKas U3 nepBoro paBeHCTBA Yy U MOIACTABJsAS BO BTOpPOE, UMeeM
W ()W () = W)W () _
W2(j)
_ 4196295?“-5-23;?“ W(]) m/n+1(i) + W<Z) ;n+l(j)
W2(5)
IuddepeHuupyst nocjaensee paBeHcTBo 1o v, yuutbisas W = c(w, "), noayuyaem
fp2e T +2a] W ()W (1) + W (W71 ()
W2(j)
CJ1e[I0BaTeJbHO, NPUXOAUM K TOXKIECTBEHHOMY PaBEHCTBY

Winn (1) | Wi (9)

x T

W) W)

8esh2(zt! — x;‘“)

=0,

=0.
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[locne pasnenenus nepemenHoix umeem W..., = 0. Torna W = c(w). Iloacrasnss
HaugeHHoe B (14), umeeM

Beonum sameny: [ dw/c(w) = w. Torna B HOBEIX KoopauHatax W = 1.

Takum o6pasom, mNpPOU3BOJBHBEIN omepatop anrebpel JlM Tpynmbl  IBHKEHUH
(n + 1)-MepHOH TreoMeTPUH JIOKAJbHOH MaKCHUMaJbHOHW MOABHUIKHOCTH C MeTPUUYECKOH
GyHkuuei (4) sBasercs JuUHeHHOH KoMmOWMHauued (n + 1)(n + 2)/2 4+ 1 6asucHbIX ore-
paToOpOB, KOTOPHIX NOJKHO ObiTh (n+2)(n+3)/2. IIpotuBopeune. O

Jlemma 2. B moosdecmse (11) 6o scex moukax Hekomopuix oxpecmuocmetl U (i)
u U(j) cnpasediuso nepasencmeo W # 0.

HMoxka3areabctBo. [Ipeanosioxkum nNpoTHBHOE, MYCTb B HEKOTOPbIX OKpecTHOCTsAX U (7)
u U(j) (1160 B HMX OTKPBITHIX MOAMHOXKecTBax) B ToxkzaectBe (11) W = 0. Torma us

0
JeMMbl | crenyet fé;’j) = 0, 4YTO MPOTUBOPEYHT YCJIOBUIO HEBBIPOKAEHHOCTH (D) MeT-
puueckod GyHkKUuH (3). O
Jlemma 3. B mooscdecmee (11) dan pynxyuu W(zt, ... 2" w) 60 ecex mouxax

Hekomopuolx okpecmuocmeti U(i) u U(j) cnpasedauso nepasercmso

oW\ 2 oW \?
= o 0.
(Gor) =+ () #
Joka3arteabcTBo. [Ipenrnosokum nMpoTHBHOE, MYCTb B HEKOTOPBIX OKpecTHOCTAAX U (7)
1 U(j) (60 B UX OTKPBITBIX NMOAMHOMKECTBAX)

oW\ * oW 2_0
o) T \Ge) TP
dw

noatomy W = W(w) # 0. Torna B (11) ocyuiecTBsieM 3aMeHy KOOPAHHAT: m =w.
w

OueBHziHO, B HOBbIX KoopauHatax W (w) = 1. B pesysnbrare (11) npumer Buz

2[p(i,j)62x?+l+2x?+l +26(Xpy1(i) — Xpy1 () sh 2zt — In+1)]3f(Z>J)+

J 00
AT I ICY)

o, 0w,

=0.

Of(i. i . .
f(gléj)elzz +1+2$j+1, nouty-

[lenst mocsienHee TOXAECTBO Ha HEHYJIEBYIO NPOHU3BOIHYIO

qyaeMm q)YH KIHWOHAJbHOE€ ypaBHEHHUE

er(a! — 2 (X1 (0) — X1(5)) + -+ enl2h — 2 (Xu(i) — X (5))+
+0(i, ) (X1 (8) + X1 (5)) +
(X1 () = X (D) (e — 07y = g0, 204 2w, w),  (16)

]
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¢(97 x;l-‘rl’ I?-‘rla w’wmj) = -

(8f(2a]) a.f@ ])>/28f(2 .7) 2 ?+1+2x?+1
ow; ow '

3arem pemaem ypaHeHue (16) MeTOLOM, ONMHCAHHBIM MOAPOOHO NP NOKA3aTeNbCTBE
nemmbl 1. Tax, Toxpectso (16) nuddepenuupyem mo z}, mo z4:

(Xi(D)X0(5)) + 1) — ) Xy () Fen(a? — a7) X (i) + 2202l —at) x

J

. Z‘n+1 _ mn 1
X(Xn+1< ) +Xn+1( )) + X (n+1) wl( ) +€X(n+1)xl(l><€ 1 —e o )_
n+1 n+1
_ 265(1’ — 7l )¢ (9 xn—i—l xn-{—l wz,wj)ehﬁ +2:t:j+ ’

F10) = X1(7)) + €1 (&) — 1) Xy () + -+ £l — 27 Xow ()4 (7
+2e1 () —25) (X1 (1) + Xo1(5) =9 X (n41)20 () + €X ngyat ()%

I e e

\

Jlanee, U3 NePBOTrO yPaBHEHMs] BLIUUTAEM BTOPOE:
; : . —4gn ! 4t
+19(X(n+1)xl (Z) + X(ns1)at (])) + e(Xnt1)at (1) = X(ns1)2t (7)) (€ T — e ) =0.

Tenepb nosyueHHoe An(HEPeHLUUPYeM NBAXKIbl B CIEAYIOLIEM TOPsiKe: no zF u a%;
a¥ uwy; 2k u :c"“

;

— 1 Xpatas () — €6 Xgior (1) + 25 (2} — x§>X(n+1)$1x5 (J)—

—2e4(2 — ) X(ng1)ater (1) = 0, b # s,

Xiztar (§) + Xpggr (1) + 2(2zf — x?)(X(n+1)xlxk (1) = Xt 1yatar (7)) + (18)
+2(X(n+1)xl(‘) + X(n+l)xl (])) =0,

[ Xzt (7)) + 2(xf — x?)X(n—H)xlﬁ(j) =0,

Az n+1

ExXhalan+1 (.]) + 26k( )X(n—i-l)x w"*l( ) 45X(n+1)xlxk( )6 = 0.

¥ nonyuaem Xz = 0,

¥ uomo am, a

HuddepeHunpys Tpetbe ypaBHeHHe cucteMbl (18) mo
Xnt1yww = 0. I[HqJ(pepeHquyﬂ nepBoe ypaBHEHHE CHCTEMBI (18) no

J b
BTOpOE ypaBHeHHe 10 Z; H 10 I, 3aTeM pasiesiseM MepeMeHHble: X, 1)zizeem = 0. UeT-

BepTOoe ypaBHeHHe cuctembl (18) nuddepenuupyem no x¥ u yuuteiBaem npembiayliee:
X(n+1)$lmn+1 =0, X(n+1)xlwk = aj, = ay = const, kalInJrl = 46€kalk674xn+l. U3z npeabiay-
mero caenyer X, )0 = apnzt + - + apa™ + p;, ap, p; = const. C yyeToM HaHmeHHOro
nepBOe U BTOpOe ypaBHeHHs1 cucTeMbl (18) mpuHUMAIOT B

—6ka$ xs( ) stlzk( ) 263ZE a, + 2€kl’ Qs — 25;@?@13 + 2€sx;’7alk = 0, k 7é S]
kalxk (]) + Xk:xlxk (Z) + Q(Glll'i + -+ alnwi + a'llx]l‘ + - alnxy + 2]%) = 0.

paS,[[eJ'IHH [nepeMeHHbIe, UMeeM

k s .
KNpglps = =2 a5 + 26562 g, + €3Chis,  Cris = Crst = —Cqp, = const,  k # s;
1
Xpgiar = =2(apx” + -+ + apx™ + py).

JIerko mpoBepUTb Cpjs = —Cqp = —Cehl = Clks = Cisk = —Cksl, C APYTOH CTODPOHBI,
Ckis = Cksl, TIO3TOMY cy;s = 0. Torma umeem

Xiplgs = —Zxkals + 2epesxian, k#£ S, Xppigr = —2(allx1 + - Fapa” + o),
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—4gntl
kal@ = O, kal$n+1 = 4€5kalke , Qi = ag.

HHuTerpupyem nosyyeHHoe:

Xk = Xp(x) — 55k(ak1x1 + 4 a;mm")e’”wrl + Ak(x”H, w),

Xn-‘rl - Xn+1(27) +p11’1 +oo +pnxn + B(‘rn+17m)7 xr = (xlv s 7$n>‘

Hatinennoe moncrasasiem B (17) u ymHoxaem Ha & (zF — xf) U U3 HEero BblYMTaeM
paBeHCTBO, MoJiyuyeHHoe U3 (17) mepeoGo3HaueHueM HHIeKca [ — k U yMHOXEHHOe Ha
ei(z} — «%), mpuuem k # [, nocne yero cpaBHuBaeM KOI(QMULHEHTHI Tepe CTeNeHAMH x*.

Torna 6ynem umersb Ay, B = const. B utore nosydaem npou3BoJIbHbIH OnepaTop ajareOpbl

Jlu rpynmbl ABUXKeHHH, 3aBUCSUUHA OT n(n + 5)/2 + 1 MOCTOSIHHBIX ayy, Py, Ay, B, cpenu

KOTOPBIX He3aBUCUMBIX w < n(n+5)/2+ 1. [Ipunasas stum nocrosiHHeIM 3HaueHus O u 1,

noJiyuaeM 6asuc, cocTosiui U3 w+ 1 < (n+2)(n + 3)/2 oneparopos. IIporuBopeune. [
dyHKIHOHAIbHOE ypaBHeHHe (11) ynmoOHO mepenucaTbh B BHUIE

Her(wi — ) + - +en(al — 25)" )Xo (i) + Xona (5)) -

er(ah — 2D (X0(0) = X1()) + - + enla] — ) (Xnli) — Xa(i)+
(X1 () = X () (e — 7155 )y

FW (i) Fye 2 220 W () e 2T <, (19)
rae BBEIAEHEI 0003HaueHUd
0f(i,5) ,,0f(i,]) Of(i,5) o0/ (i, ])
F; W) = 2 F5(0, w;, w;) = 2 ) 2
1(9,11)“’(11]) awl / 89 ; 2( 7wl7wj) 810]' / 8(9 (0)

M3 aHa/MUTHUHOCTH U OT/IMUMS OT HyJs QyHKUKH (3) B U(i) X U(j), oueBUAHO, Cleny-
IOT aHAJUTHUHOCTh QyHKUMHU (20) ¥ cnpaBenMBoCcTb HepaBeHCTB Fj # 0, F, # 0. Torna
UMeeM pasJjioxkeHue B psin Tedsopa [5, ri. 11]:

Fi (0, wi, w;) = fi(w;, w;) + Di(f1)(wi, w;)0 + D11 (f1)(wi, wy)02 + - -+, @1)
Fy(0,wi, wj) = fow;, w;) + Di(f2)(wi, w;)0 + %D1,1<f2)(wiawj>62 +-
OF1(0,w;, w;
rae, Hampumep, fi(w;,w;) = Fi(0,w;,w;), Di(fi)(w;,w;) = % .
OF5(0, w;, w; -
fao(w;, w;) = F5(0,w;, w;), Di(f2)(ws,w;) = OFS (0, wi, wy) o
Pasnoxenuns (8) u (21) noacrasssieM B ToxaectBo (19) u cpaBHUBaeM KO3 PHUIIUEHTbI

c/leBa W CrpaBa Mepesl ONMHAKOBBIMU CTEeNeHsAMH NpOoU3BeleHHH nepeMeHHbIX o), ... a7,

[
:le.,...,x;‘“. dTa 3amaya CyLIIeCTBEHHO YMPOLIAETCS C TPUMEHEHHEM MaTeMaTHUeCKOTo

naketa nporpamm MAPLE 17 [6, ra. 8].

M3 nemmbl 2 BbITeKaer, uto B mocaenoBatesbHoctd Dy (W)(w), Do(W)(w),.. .,
Dyii(W)(w), Dyi(W)(w), Dio(W)(w),... ecTb x0T Obl OfUH HeHyJeBoH 4seH. Cpas-
HUBast psilibl, UMeeM

Doy age- (W) (w;) Doy (f1) (w5, w) =0, Dy (W)(w5) Doy (f2) (i, wj) = 0,
Day - (W) (w3) (f1 (w3, wj) + 2e D1 (f1)(w;, wj)) =0,
Da1a2-~~(W)(wj)(f2(wi, wj) + 2D (f2) (wy, wj)) =0,
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rneap=1,....,.n+1, k=1,2,...,y=1,1=2,3,... Torna

D’Yl’m'“(fl)(wi»wj) = D’Ylw“'(f?)(wi?wj) =0,
fi(wi, wy) = =2e Dy (f1)(wi, wy),  folwi, wy) = —2e Dy (fa) (wi, wy).

W3 passoxenusi B psin Teitsopa paBeHcTBa (19) BhigessieM elle cleayrolle Bbipake-
HUSI:

Da1a2"~(W)(wi)D1 (fl)(wiv wj) - pa1a2~~~(wi),
Damz---(W)(wj)Dl (fZ)(wiv wj) = pa1a2---(wj>7

rne oy =1,...,n+1, 1 =1,2,... IuddepeHunpys nepeyio Ipynny BbIpakKeHUH MO wj,
a BTOPYIO IO w;, HMeeM

AOD;(f1)(wi, w;)

811)]‘

0D (f2)(w;, w;)

Dalm...(wi) - 07 Dalaz"'(wj)

ODy(fi)(wi,wy) _ OD1(f2) (wi, wj)
awj ’ 8wz
¥ BO3Bpallasichb B npenbiayiee, noaydaeM Dy (fi)(w;, w;) = Di(f1)(w;), Di(f2)(wi, w;) =

= Di(f2)(w;), Di(f1)(w) = Di(f2)(w) # 0.

C yuetom nosyuerHoro u3 (20) u (21) 6ynem umMeThb

CaieoBaTeJbHO, = 0. HMurerpupys HaiifeHHOe

F1(0,wi,wy) = Di(fi)(wi)(0 = 2¢),  Fo(0, wi, w;) = Di(f1)(w;) (6 — 2e),
OTKyda CJenyeT

1 of

. of 1 0]
Dl(fl)(wi) Ow; B

90" Dy(fi)(w;) Ow;

200 — 25)%. (22)

2(0 — 2¢)

WUuterpupys cuctemy (22), noayuaem f(i,5) = o((0 — 2e)efwdTK®)) " rpe
K(w) =2 [ Di(f1)(w)dw, uiu

fG,5) = o(ler(a; — ) + -+ ena] — 27)°+

t1 11 11 +1 +1 +1
_'_867450? + 86741? o 28672:1:? 6721? ]eK(Wi)+K(1Uj)+2$? +227 )

IMepexoas K HOBBIM KoopmuHataM e 2" — 2/t K (w) + 22" — w u ucnons3ys
npeoGpasoBanue o '(f) — f, nonydyaem merpudeckyio pyHkuuwo (10).
Teopema noxasana.

3AKJTIOYEHUE

BrienocraBsieHHasi 3agada 06 aHAJUTHUYECKOM BJIOKEHUH T€OMETPHH C MeTPUYeCKOH
(GyHKuMeH (4) MONHOCTBIO pellleHa. AHAJOrHYHO MOCTaBJIeHHAs 3aaua 00 aHAJIUTHUECKOM
BJIOJKEHHU TeOMeTpHU ¢ MeTpuueckod ¢yHkuued (10) Takxke pemena [7]. AkryasbHa mo-
CTaHOBKA 33/1aud U ee pellleHHe 00 aHAJIUTHUECKOM BJIOKeHHH (n + 1)-MepHOU reoMeTpuH
C MeTPUYECKOW (PyHKLHeH

oo 1.1 n_n n+l_n+1
g(z,j)—xi$j+---+xixj+xi zi T
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B TakoMm ciyuae uiiyTcs Bce (n + 2)-MepHble FeOMETPHH JIOKAJbHOH MaKCHMaJbHOH Mo-
IBHKHOCTH C METPUUECKUMH (PYHKLHUAMU BUIAA

f) = x(@ja; + - afal) + a2 w, wy).

O‘-IeBI/IILHO, OILHOﬁ N3 TaKHUX FQOMeTpI/Iﬁ SAABJIAETCA reoOMeTpHsd, 3afaBaeMasd (pYHKHHeﬁ

oo 11 n_n n+1_.n+1
fi,7) = jwy + -+ afaf + 272+ wiw;.

BaaropapHoctu. Bripaxkato uckpeHHI00 6sarogapHocTs npodeccopy MuxauanueHko
['ennanuto I'puropreBuuy 3a o6cyxkaeHHe MOJNYUEHHBIX Pe3y/bTaToB.
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Analytic Embedding of Geometries of Constant Curvature
on a Pseudosphere

V. A. Kyrov

Vladimir A. Kyrov, https://orcid.org/0000-0001-5925-7706, Gorno-Altaisk State University, 1 Lenkin
St., Gorno-Altaisk 649000, Altai Republic, Russia, kyrovVA@yandex.ru

In mathematical studies, the geometries of maximum mobility are important. Examples of such
geometries are Euclidean, pseudo-Euclidean, Lobachevsky, symplectic and so on. There is no
complete classification of such geometries. They are distinguished as the geometries of the max-
imum mobility in general, for example, the geometries from the Thurston list, and the geometries
of the local maximum mobility. V. A. Kyrov developed a method for classifying the geometries of
local maximum mobility, called the method of embedding. The primary purpose of this paper is to
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find the metric functions of geometries of dimension n + 2 that admit (n + 2)(n + 3)/2 -parametric
group of motions, and as an argument contain the metric function

er(wd =) + o enlaf — ) + (@ + ()
n—i—lxn-l-l
i J

9(i,j) = ”

of (n+1)-dimensional geometry of constant curvature on a pseudosphere. In solving this problem,
a functional equation of a special form is written due to the requirement for the existence of a
group of motions of dimension (n+2)(n+3)/2, that is, of a group of transformations that preserve
the metric function. When solving this problem with the requirement that a group of motions of
dimension (n + 2)(n + 3)/2 exists, a functional equation of a special form can be written for this
function. This functional equation is solved analytically, that is, all the functions are represented
as Taylor series, then the coefficients in the expansions are compared. The result of solving this
problem is the geometry of maximum mobility with the metric function

F5,) = [en(at =2l o en(af = a2)? o e(@f - apthetutiu,

The embedding method is also applicable to other geometries of local maximum mobility, which
gives us the hope of constructing a complete classification of such geometries.

Keywords: geometry of maximum mobility, functional equation, differential equation, metric func-

X
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tion, group of motions.
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Value Regions in Classes of Conformal Mappings
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The survey is devoted to most recent results in the value region problem over different classes
of holomorphic univalent functions represented by solutions to the Loewner differential equations
both in the radial and chordal versions. It is important also to present classical and modern solution
methods and to compare their efficiency. More details are concerned with optimization methods
and the Pontryagin maximum principle, in particular. A value region is the set {f(z0)} of all pos-
sible values for the functional f — f(zo) where z, is a fixed point either in the upper half-plane
for the chordal case or in the unit disk for the radial case, and f runs through a class of confor-
mal mappings. Solutions to the Loewner differential equations form dense subclasses of function
families under consideration. The coefficient value regions {(as,...,a,) : f(z) =2+ > oe s a,2"},
|z| < 1, are the part of the field closely linked with extremal problems and the Bombieri conjecture
about the structure of the coefficient region for the class S in a neighborhood of the point (2,...,n)
corresponding to the Koebe function.

Keywords: value region, Loewner equation, reachable set, boundary curve.
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INTRODUCTION

Geometric function theory of a complex variable studies metric and geometric prop-
erties of conformal mappings w = f(z) from domains in the complex plane C. Due to
the seminal Riemann theorem, all simply connected domains with at least two bound-
ary points are conformally equivalent, which means that there is a conformal mapping
f: D — B from any such domain D onto another domain B. Moreover, the function f
is unique if it satisfies the normalization conditions f(z9) = wg and f'(z5) > 0 at an
inner point zp € D and any wy € B. Therefore, it is convenient to consider Riemann
mappings only from (or onto) canonical domains, for example, disks and half-planes.

Extremal problems are the central objects of attention in the geometric function
theory of complex variables. The main class under consideration consists of all analytic
and univalent functions f in the unit disk D = {2z € C : |z|] < 1} normalized by
f(z) =2+ ,a,z". This class denoted by S can be thought of as a factor set of all
conformal mappings from I with respect to linear maps w(z) = az + b, a # 0. The first
results in estimating functionals in the class S and its subclasses demonstrated bounds
for [f(2)], arg{f(2)/z}, | f(2)| depending on |z|, coefficients |a,| for initial values n and
others. A wide list of various results is given in the basic monographs [1-4].

Functional estimating is a partial case of the more general and complicated problem
to describe a value region for a functional or a system of functionals over different
classes of holomorphic mappings. Remind a far-reaching sharpening of the Schwarz
lemma due to Rogosinski [5] where the value region {f(zo)} for a fixed zy € D is

© Prokhorov D. V., 2019
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precisely described over the class of holomorphic functions f(z) i
and |f(z)| <1 for |z| < 1. The complex-valued functional L(f)
as a system of two real-valued functionals Re L(f) and Im L(f).
the set #'(zo) := {log(f(z0)/20)}, z0 € D, within the class S.
The most complicated problem concerns with the four-dimensional system of func-

tionals
{log F(z0) ,arg@,log\f/(zoﬂ,argf’(zo)}7 0 <z <1,
20 20
on the class S. Its complete solution was obtained by Popov [7]. Another approach to
solve this problem was proposed by Gutlyanskii [8].
Also, mention the impressive description of the real four-dimensional value region

in D, £(0) =0, £/(0) >0
= f(z0) can be regarded
Grunsky [6] established

{(az,a3) : f(2) = 2+ Y _an2" € S}

given by Schaeffer and Spencer in [9].

Among numerous methods to estimate functionals in the class S we point out at the
parametric method created mostly by Loewner [10], Kufarev [11] and Pommerenke [12].
In particular, it allows us to represent a dense subclass of S by integrals of the Loewner
ordinary differential equation. Gutlyanskii [8] applied the parametric method to solve
the value region problem.

Namely, to every function f from a dense subclass of S there corresponds a contin-
uous function u = u(t), 0 < t < oo, such that f(z) = lim; o e'w(z,t), where w(z,t) is a
solution to the Cauchy problem for the Loewner ordinary differential equation

dw et 4+

E:—’U]m’ QU(Z’O):Z, ZGD, (1)

w(z,t) =e " <z + Zan(t)z”) .

Note that if w(D,t) = D\ [0, ¢] with a Jordan curve =, then there is a continuous u
generating f. The converse statement is false, see the Kufarev counterexample in [13].

During last decades, many mathematicians take a growing interest in the class of
all conformal self-maps of the upper hali-plane H = {z € C : Tm z > 0}. Present the
Loewner evolution for f(-,¢) : H\ ~ — H.

Consider a growing slit [0,¢], 0 < ¢t < T, along a Jordan curve. The mapping
functions f(z,t), with the hydrodynamic normalization near infinity as

2t 1
flz,t) =2+ — +O<| |2>, 2 — 00,

which map H \ ~[0,¢] onto H, solve the Loewner ordinary differential equation

df(z,t) 2
dt  f(z,t) = \t)’

f(Z,O) =z, (2)

with a certain function A(¢) that is a real-valued continuous driving term. The number ¢
is called the half-plane capacity of |0, t].
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Without loss of generality, it is assumed that +[0,¢] is emanating from the origin.
Then f~ and f* map the left and right sides of 4]0, ] onto the two adjoining segments
[f7(0,t), A(t)] and [A(t), f7(0,%)] in R = OH, respectively,

A0) =0, f7(0,0)= f+(0,0) = 0.

To distinguish the two versions of the Loewner evolution, and following modern
denotations, call (1) the radial differential equation while (2) is the chordal differential
equation.

This survey is aimed to present recent results on value regions over classes of con-
formal mappings from D or H. Almost all of them are based on the parametric method
and especially on the optimality approach and the Pontryagin maximum principle devel-
oped in the frames of the Loewner theory. In this setting, a value region is identified
as a reachable set for a system of ordinary differential equations generated by Loewner
equations (1) or (2).

1. REACHABLE SETS FOR THE CHORDAL LOEWNER EQUATION

We are focused at the problem to find value ranges for the complex-valued functional
{f(20)}, 20 € H, in classes of conformal mappings from H or subsets of H. Along with
Gogosinski’s [5] and Grunsky’s [6] similar results for zy € D, add the extension by
Goryainov and Gutlyanskii [14] who gave a description of the same set {f(z)}, 20 € D,
over the subclass S(M) of bounded functions f € S, |f(2)] < M in D, M > 1.

An analogue of Rogosinski’s result for univalent functions was obtained by Roth and
Schleissinger [15] in terms of hyperbolic geometry. They gave an analogous description
of the value regions {f(z0)}, z0 € D, over the class of univalent holomorphic functions
f:D — D, f(0) =0, f(0) >0, and {g(20)}, 20 € H, over the class of functions
g : H — H with the hydrodynamic normalization. Their proofs are based on the radial
and chordal Loewner equations. In particular, they proved the following theorem for the
reachable set

H(z0) = {9(z0,t),t =20}, 2z € H,

over the class of functions ¢(z,¢) having the hydrodynamic normalization at infinity and
such that g(z,-) solve equation

dg(Z,t) -2

& g 0= ©)

with some continuous driving function A : [0, 00) — R.

Theorem 1 ([15]). Let zo € H. Then
H(z)={z€H: Imz> Imz} U{z}.

We will extend these results to functions with a fixed time 7". Let K’ C H be bounded
and K be the closure of K. The set K is a hull if K = HNK and H\ K are connected and
simply connected. Denote J#(T') the set of conformal maps from H \ K(7") having the
hydrodynamic normalization, with arbitrary hulls K = K(T) of half-plane capacity T,
onto H. The problem is to find a value region

{f(z0): f€HA(T),20¢ K(T)}, 20 €H.
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As far as (T possesses the translation and scaling properties, it is possible to reduce
the value region problem to the case zy =i. So let us describe the value region

D(T) :={f(): feA(T),i ¢ K(T)}.

Interpret the result by Roth and Schleissinger as a description of the complementary
set H\ UpsoD(T).

For 0 < T < 1, denote by C' = Cy(p,T) > 0, =% < ¢ < Z, the unique root of the
equation

2 cos” @ log(1 — sin ) + (1 — sin p)? = 2 cos® plog C' + C*(1 — 4T). (4)
The following theorems 2-4 are proved in [16].

Theorem 2. The domain D(T), 0 < T < i, is bounded by two curves l; and Iy

connecting the points i and i\/1 —4AT. The curve l; in the complex (u,v)-plane is
parameterized by the equations

C2(, T)(AT — 1) + (1 — sin p)? 1 —sing
T) =220 = —
wT) 2Co(p, T) cos ¢ () Co(e, T)’
T
9 PS¢

The curve ly is symmetric to l; with respect to the imaginary axis. Every point
w=u+1v € dD(T)\ {i} corresponds to a unique function from 7 (T).

Generalize the problem posed in Theorem 2 and consider a value region D(T") with
T > 4 with possible singular solutions to the chordal Loewner equation, i.e., the point
w = i may belong to K(T). In this case, the closure of D(T) contains a segment
I(T) ¢ R. Among boundary functions corresponding to a point w € I(T') there is a
function fx(r) which admits a continuous extension on the union of H\ K(7") and the
both sides of a curvilinear slit K (7"), so that the extended function fx(y maps z =1
in I(T). We will see in the next theorem that I(7") coincides with the whole axis R.
Preserve the denotation D(T") for value regions over this generalized class of functions.

Introduce new denotations. Denote by ¢o(T') € (—%,%), T > 1, the unique solution
of the equation
1—smg0+ 1—smgp+1:10g

1 .
Og1+singp 1+sinep 4T — 1

For 7' > 1, this equation has a unique solution ¢ = ¢o(7') depending on T. For T' > %
and ¢ € [po(T'), 5], denote by Cy(p,T) > 0 the minimal root of equation (4) and by
Coo(p,T) > 0 the maximal root of equation (4).
Note that, for 7> 1 and ¢ € (po(T), §), equation (4) has exactly two roots.
Theorem 3. The domain D(T), T > %1, is bounded by two curves Iy = ly1 Ul
and ly = ly; U lss having a mutual point © € ly1 Nlyy. The curve lyy in the complex
(u,v)-plane, for ¢ € [po(T), 5], is parameterized by the equations

~ Cilp, T)(AT = 1) + (1 — sin p)?
B 2C(p,T) cos ’

_ l—singp
00(907 T) .

u(T) v(T)
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The curve lys, for ¢ € [po(T), 5], is parameterized by the equation

C3(o, T)(AT — 1) + (1 — sinp)? 1 —sing
7 — LoolPs T)=_— "7
uT) 2Co0(p, T') cos - D) Coo(p, T)

The curve ly is symmetric to l; with respect to the imaginary axis.

Following Roth and Schleissinger, develop the results towards inverse functions.
Denote by s#*(T), T > 0, the class of functions g(w) = f~!(w) for f € #(T). Denote

DXT) ={g(i) : g € (1)}, T>0.
[t follows from the results by Roth and Schleissinger that
UrsoD*(T) = {w € C: Imw > 1} U {i}.
Denote by C%(p, T) > 0, —5 <<%, T>0,aunique root of the equation
2 cos” @ log(1 + sin @) + (1 + sin ¢)? = 2cos® plog C + C*(1 + 4T).

Theorem 4. The domain D*(T), T > 0, is bounded by two curves L, and Lo
connecting the points i and i/1+ 4T. The curve Ly in the complex (u,v)-plane is
parameterized by the equations

(C%p, T))*(4T + 1) — (1 + sinp)?

wT) = 2C%p, T') cos ¢ o@D

Ll +sing
- C%p, T)’

g SP Sy

The curve Lo is symmetric to Ly with respect to the imaginary axis.

Remark that Zherdev [17] developed the results and methods in [16] and described
the value region for solutions to the chordal Loewner ODE (2) with 7' < 1 under the
restriction |A(t)| < ¢, ¢ > 0, for the driving function A in (2). Besides, he managed to
write down explicitly the parametric representation of the boundary of the domain D(T)

in the W-plane, W = X +¢Y, as follows:
2X? = (1—4T —Y?logY, V1—-4T <Y <1.

[t is important to mention that the value region {f(z0)} in J#(T) is the reachable
set of the chordal Loewner ODE, i.e., this is a set of values f(zy,7") for all possible
trajectories f(zo,t) of the Loewner ODE emanating from f(zo,0) = zo.

Recently, several other authors widely applied optimization methods to describe value
regions in subclasses of univalent functions. In particular, indicate the Ph.D. thesis of
Koch [18] submitted in 2016. Mainly her results relate to mappings from the unit
disk . In this section, we will be acquainted with two Koch’s results for symmetric
maps in the upper hali-plane H.

In analogy to typically real functions in the radial setting, Koch considered functions
which possess certain symmetric properties. Namely, let

I ={f: [ €U0 (1), f(—%) = —f(2),2 € H}.

Define
Vi(z0) = {f(20): f €I}
The two following theorems belong to Koch [18].
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Theorem 5. Let zy € H. If Rezy =0, then
Viy(z0) ={z0+it:t > 0}.

Next, assume that Rezy > 0 and define the two curves C(zy) and D(z) by

C(z0) = {\/zg —4t:t> 0} ={zr+iwyeH: xy= Rezy, Imzy,z € (0, Re 2]},

D(z9) = {20 + €"¥8%t . ¢t > 0}.

Then the closure V4 (zy) of the set Vy(zy) is the closed subset of H bounded by C(z)
and D(z), and

Vir(20) = {20} U Vir(20) \ D(20).
The case Rezy < 0 follows from the case Rezy > 0 by reflection with respect to the
imaginary axis.

The value set {f~!(z)} for the inverse functions is given similarly.

Theorem 6. Let zy € H. Define

Vi(z0) = {f7(20) : f € 20 € [(H)}.

If Rezg =0, then
V5 (20) = {20 —it, t € [0, Im z]}.

Next, assume that Re zo > 0 and define the two curves C*(zy) and D*(zy) by

C*(z) = {\/28—1—415: t}O} ={z+iyeH: zy= Rez Imzy, > Rez},

D*(z) = {z0 — "8t . t € [0, |2]]}.

Then the closure V(z) of the set V}(z) is the closed subset of H bounded by the
curves C*(zy), D*(zy) and the positive real half-axis. The set V(%) is given by

V5 (20) = {20} UV (20) \ (D" (20) U [0, 00)).
The case Rezy < 0 is symmetric.

2. REACHABLE SETS AND OPTIMIZATION METHODS

Optimization methods applied in the previous Section are rather effective in the
reachable set problem for controllable systems of ordinary differential equations, such
as the Loewner ODE. A reachable set of a system of ODE is a set of endpoints of all
its trajectories starting from a given point and spread during a fixed time 7. In other
words, this is the set of points which can be reached by solutions to the system of
ODE from the initial point up to the moment 7. Mainly, the value region problems
over function classes represented by the Loewner ODE are reduced to the reachable set
problems for systems of ODE generated by the Loewner ODE.

To solve the problem, we consider a set of target functionals corresponding to the
boundary points of the reachable set and construct a Hamiltonian system with a driving
function satisfying the Pontryagin maximum principle. This allows us to obtain a set of
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boundary problems for phase and adjoint systems of ODE and reformulate it for a set
of the Cauchy problems for these systems.

Shortly, this is a universal optimization scheme giving necessary local optimum cri-
teria. It remains to show that, in concrete cases, these criteria are global and sufficient.

Usually, we arrive at a final result when a set of all boundary points satisfying the
necessary optimum conditions is a closed Jordan curve (or a closed simple surface in
higher dimensions).

First, the optimization ideas in geometric function theory have been announced by
Goodman, the last Loewner’s Ph.D. student, at the International Congress of Mathemati-
cians, 1966, in Moscow. Later, Goodman exposed the approach in his Ph.D. thesis [19]
where he combined Loewner’s theory with the then new Pontryagin maximum principle.
More details appeared in papers by Friedland and Schiffer [20,21].

Saratov mathematicians applied the optimization method to solve a lot of ex-
tremal problems in different classes of univalent functions represented by the Loewn-
er parametrization. Their contribution has been mentioned, e.g., in Roth’s Ph.D. the-
sis [22], which is devoted to reachable sets of certain control systems in the class .7 (D)
that is the set of all analytic functions in D.

In particular, Roth wrote [22, p. i-ii]: “...we consider coefficient problems for uni-
valent functions as optimal control problems for certain finite-dimensional control sys-
tems. This point of view was initiated and successiully employed by G. S. Goodman,
S. Friedland and M. M. Schiffer and more recently by D. V. Prokhorov in a series of
papers”. And more [22, p. 6]: “Whenever a class of analytic functions is representable
as a reachable set, Pontryagin’s maximum principle applies and gives immediately some
necessary conditions for the solutions of extremal problems in this class”. In his thesis,
Roth turned to the formulation of the so-called principle of optimality for control systems
in (D). He discussed two control systems in C" due to Friedland and Schiffer [21]
and Prokhorov [23,24], respectively, whose reachable sets coincide with the so-called
coefficient region of functions univalent in . Roth concludes that the two methods
are essentially equivalent and compares their interrelation with Schiffer’s differential
equation [25].

Give a sketch of the Hamiltonian formalism. A dynamical system in C*" is Hamil-
tonian if it is of the form

&=V H(x),
where V, denotes the symplectic gradient given by
0 0 0 0
VS: — D R N R YV I R .

8xn+1 8$2n &’L’l axn
The function H is the Hamiltonian function of the system. It is convenient to redefine
the coordinates (x,11,...,22,) = (¥1,...,1,) and rewrite the system as

H : H

ik:a 0 E=1,2,...n.

@_%7 kE— _8_%’
The two-form w = >"}_, dz A d¢) admits the Poisson bracket {,-},

([ 9f 99 Of 9y
{f’g}_;<8xk8% aﬁaxk)’

associated with w.
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The first integrals ® of the system are characterized by {®, H} = 0. If the Hamilto-
nian system admits 1 < k& < n independent involutory integrals, then it is called partially
integrable in the sense of Liouville.

In [26], for a system generated by the Loewner equation, the authors evaluated
explicitly the first integrals (®y,...,®,) so that [] first integrals (®p,/241,...,®,) are
pairwise involutory and the integrals (®4,...,®p,/9) are not pairwise involutory but
their Poisson brackets give all the rest of the integrals.

Roth [27] revisited the control-theoretic interpretation of the Loewner equation.
He writes that [26, p. 94]: “...this approach has been used by many others, see e.g.
[2,20,21,28] and in particular the important contributions by Prokhorov [23,24,29,30]”.
Also [26, p. 96]: “The idea of viewing the value region as reachable sets of the Loewner
equation has been pioneered by Prokhorov [23,24,30]”. Roth poses the problem to prove
Teichmiiller’s coefficient theorem using only the Loewner differential equation. He notes
that the standard method in control theory for obtaining sufficient conditions for optimal
functions makes use of Bellman functions and refers to [24] for some applications of
Bellman functions to the Loewner equation.

3. REACHABLE SETS FOR THE RADIAL LOEWNER EQUATION

Going back to results by Roth and Schleissinger [15] introduce the class of univalent
seli-maps f: D — D. Let

S ={f:D— Dunivalent, f'(0)=e '}, T >0.

Note that if f € 7 then €T f belongs to the class S(M) of bounded functions from S
with M = e’ For 25 € D\ {0}, denote

Vr(20) = {f(20) : f € S}

Roth and Schleissinger [15] described the set Up-oVr(zp). To formulate their result,
endow D with the standard hyperbolic metric

2|d
Ap(2)dz = 142

I

The induced hyperbolic distance dp(z,w) between z € D and w € D is then given by

1+](z—w)/(1 —wz2)|
1—|(z —w)/(1 —wz)|

dp (2, w) = log

Theorem 7 ([15]). Let zo € D\ {0}. Then
UrsoVr(20) U{0} = {z = |z[e"” € D : dp(0, z) — dp(0, 20) < —|p — arg 2o/, € R}.

This theorem is known as Grunsky’s result [6]. For fixed 7', it was proved earlier
by Goryainov and Gutlyanski [14] in another setting. Roth and Schleissinger comment
their theorem as [15, p. 1102]: “The results in [6, 14] are much more difficult to prove.
The purpose is to give a simple and direct proof”.

The three following theorems belong to Koch and Schleissinger [31]. Due to rotations
in %7, a choice of zp € D\ {0} in the value region problem for Vi(zy) is reduced
to 2y € (0, 1)
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Theorem 8. Let zy € (0,1). For xy € [—1,1] and T > 0, let r = r(T,x¢) be the
unique solution to the equation

(14 20)(1 — 29)*log(1 — 7) + (1 — 20)(1 4 20)? log(1 + 7r)—

(1 —2mozo + zg) logr = (14 z0)(1 — zo)Qlog(l —20)+
(1 —20)(1 + 20)*log(1 + 20) — (1 — 2z020 + 22) log e~ 2

U(T,{L’O) _ 2(1—20) \/1—1'(%(

1 — 2x920 + 22

Furthermore, for fixed T > 0, define the two curves C(zy) and C_(z) by

and let

arctanh 2y — arctanh r(7', z)).

Ci(z0) = {ws(z0) := r(T, zg)e= T 2y € [—1,1]}.

Then, if arctanhzy < 5, Vr(zo) is the closed region whose boundary consists of
the two curves Ci(zy), which intersect at xy. For arctanhz, > 5, there are two
different cases. First assume that T is large enough that the equation o(t,z) = w
admits a solution x € [—1,1]. Then the curves Cy(z) intersect more than twice.
There is a x € (—1,1) such that Cy(z) U C_(2) is a closed Jordan curve, where
Ci(z0) = {ws(zo) : 2o € [, 1]}, and an A € (—1,1) such that C(z) U C_(z) is
a closed Jordan curve, where Cy(z) = {wx(xy) : xo € [~1, 4}, Then Vi(z) is the
closed region whose boundary is the union of C}(zo) and éi(zo). For smaller T, Vi (z)
can be described as in the [irst case.

Again, we refer to the result due to Goryainov and Gutlyanski [14] in another
setting. Koch and Schleissinger explain the proof of their theorem as [31, p. 1773]: “We
use a different and more straightforward approach to directly determine the set Vi (z)
by applying Pontryagin’s maximum principle to the radial Loewner equation”.

Let

W (20) = {f (=) : f € UrsoSr with z € f(D}.
Theorem 9. We have
W (%) = {re” : dp(0,7) > |o| + dp(0, 2), 0 € [-7,7]}.
Furthermore, determine the value set
Wr(z) = {f z2) : f € S with 5 € f(D)},
and Wy (z) is the closure of Wy (z). Evidently, #(z0) = Urso#7(20).

Theorem 10. Let 2y € (0,1). For xy € [—1,1] and T > 0, let r = r(T,x¢) be the
unique positive solution to the equation

(1 —20)(1 — 29)*log(1 — ) 4 (1 + 20) (1 4 20)* log(1 + ) —

—(1 4+ 2mp20 + 22) logr = (1 — 20)(1 — 20)? log(1 — 20)+
+(1 + 20) (1 + 20)?log(1 + 20) — (1 + 2w020 + 25) log e’ 2o
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and let

o (T, 25) = 2(1 — z9)?y/1 — 22

1+ 22929 + Zg (arCtanhT(t7 XO) — arctanh Zo)-

I
2
T < 7" e log LF20)
420

then r(T,zy) can be extended continuously to xo = 1, #r(z) = #1(z0), and Wr(z) is
the closed region bounded by the two curves D (zy) = {r(T, zo)e* ™20 : gy € [1,1]}.
For T > T*, define the two curves D (z) = {r(T,xz¢)e™T%0) . 2y € [~1,1]}. We have
two cases: if T is small enough that D (z) intersect only at xy = —1, then Wy (zy) in-
tersects OD and is bounded by two curves D (zy) and by the part of OD between the in-
tersection points with the curves which includes the point 1. Otherwise, the two curves
intersect on (—1,1) for the first time for some xo = x € (—1,1) and #r(zo) is the closed
region bounded by 0D and the two curves Di(z) = {r(T,zo)eX"T%0) : x4 € [—1,x]}.

In the last two cases Wr(zy) = #r(z0) ND.

The two following theorems on value regions belong to Koch and Schleissinger [32].
Denote by .7 the class of analytic typically real self-mappings of D normalized as
f(0) = 0 and f’(0) > 0. For 7 € (0, 1], denote similarly .7 (7) the class of functions
f € 7 with the restriction f'(0) = 7. Remind that typically real functions f in D are
characterized by the condition Imz Im f(z) > 0 in D. Let

Vam(20) = {f(20) : f € T(1)}.

Theorem 11. Let zp € D\ {0} and 7 € (0,1]. The set Vz(+(20) is the image of the
closed region bounded by the two circular arc

47’2’0
14— T2 yepPr—1,1
{ +1—2yzo+z§ y €2 ]}

and

{ (20 + 1)2(1 + 2o(—4 + 47 — 22 + 2))
(20 — 1)2(1 — 2x20 + 22)

V-1
e

Note that the value regions Vz(;)(z) for all analytic functions and for univalent
functions with real Taylor coefficients coincide.

Denote by %~ the class of all analytic seli-mappings f of D normalized as f(0) =0,
f/(0) = 0, and having only real Taylor coefficients around the origin. Let

Viz(20) = {f(20) : f € Z#7}.

Theorem 12. Let zp € D\ {0}. Then V= (zy) is the closed convex region bounded
by the [ollowing three curves:

A:{@ﬁiﬁlxemu},B:{@ﬁﬁﬁLxEMH}

Zor — 1 zor + 1

C:{ZS(ZO—FQI—l) :xe[(),l]}_

s [—1,27—1]}

under the map w

14 2x20 — 29
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4. REACHABLE SETS FOR UNIVALENT FUNCTIONS WITH REAL TAYLOR
COEFFICIENTS

Among other works in the value region problem, select Fedorov’s paper [33] con-
cerning with the set {f(z9)}, 20 € D, over the class Sg C S of functions f € S with
real Taylor coefficients a,, n > 1, around 0.

For real zj, the problem is trivial since {f(zo)} is described by one of the following
sharp inequalities,

—|ZO| \Zo|

—|Zo| |Zo|
< f(—l20]) < ;
s STCD S TTne T

(1 —20) (1= lz0])*
On the contrary, the problem appeared to be far from triviality in the case of non-real
2o. Fedorov completely solved the problem by simultaneously considering two moduli
problems for pairs of homotopic classes of curves. Partial results in this problem were
obtained earlier by Jenkins [34].
Define the class of bounded univalent functions

7 < f(l20l) <

Sp(M)={f € Sp:|f(z)] < M,zeD}, M>1,

with real Taylor coefficients around 0. Usually, extremum problems in subclasses of
bounded functions are more difficult than in the whole classes. In the parametric
method, theoretically, solutions of extremum problems for bounded functions are of
comparative difficulty with unbounded maps. The main difference between the two ver-
sions is in constructing an optimal behavior of driving functions either on the maximal
set [0, 00) of time-parameter or on its subset [0, log M].

Reduce the value region problem to the optimal control problem in the frames of
the Loewner theory. Every function f corresponding to a boundary point of the value
region {f(zo)} over Sg(M) is given by

f(2) = Mw(z,log M),
where w(z,t) = e '(z + as(t)z? + ...) solves the Loewner differential equation

dw 1 — w?

dt 1 — ww + w?

— t>0, w(z0) =z ze€Db,
with a piecewise continuous driving term u = wu(t), —2 < u < 2, having at most one
discontinuity point. The set {f(z0)} in Sr(M) is a reachable set for this Loewner ODE
at t =log M with the initial point z,.

In [35], the authors described the value region {f(z9)} in Sgr(M) in an extremely
implicit form. They proved that the set {f(z)} in Sg(M) is bounded by the two simple
curves =, and ~,. The boundary curve ~; is given by

n() = {MK;1 (KA(ZO)) 1< < 1},

M
where .
K =— —-1< A< 1L
A(2) 1—2\z + 2%’
As for ~,, it is parameterized as follows. Rewrite the Loewner ODE as a sys-
tem of ODE for the two real phase coordinates of = = (xy,23), x1(t) = |w(zo,1)]
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and z5(t) = argw(zp,t) with the main branch of the argument, x,(0) = |z| and

x9(0) = arg zo. Construct a Hamilton function H(x, ¥, u), where the vector ¥ = (U, ¥s)
obeys the adjoint system of differential equations

A, OH dWs OH

dt oy’ dt 0wy’

and v = u*(z,¥) is a maximum point of H(z, ¥, u) in u for u € [-2,2]. Next, solve
the Cauchy problem for the system of four ODE for the phase and adjoint variables
with the initial data for ¥ such that W,(0) is equal either (-1) or 1, and W¥,(0) is a Iree
parameter A\ parameterizing 7,(\), A € E. The set E is determined by the condition
that, for A € E, a unique maximum point uy = u*(2(0), ¥(0)) of H(x(0),V(0),u) in u
belongs to (—2,2). Then,

Y2(A) = w(zp, log M, \)

and w(zo, t, A) solves the Loewner ODE with u(t) = u*(x(t), ¥(¢)) and A € E.

[t is interesting to add that the adjoining vectors W(log M) corresponding to the
parameter A are normal vectors for 7, at inner points 15(\), A € E.

5. VALUE REGIONS FOR FUNCTIONS WITH FIXED BOUNDARY POINTS

Since the seminal paper by Cowen and Pommerenke [36], the study of holomorphic
functions with finite angular derivatives at prescribed points has been an active field of
research in complex analysis.

Given a holomorphic function f in D and a point ¢ € 9D such that there exists a
finite angular limit f(o) = Zlim,_,, f(z), the angular derivative at o is

o) — 2t FE) =S (@)
Z2—=0 Z—0

On the one hand, for univalent functions f, existence of the angular derivative f'(o)
different from 0 and oo is closely related to the geometry of f(ID) near f(o). Moreover,
if there exists f/(o) # 0,00, then the behavior of f at the boundary point o resembles
conformality.

On the other hand, for the dynamics of a holomorphic seli-map f: 1D — D, a crucial
role is played by the points o € 9D for which f(o) = o and the angular derivative f'(o)
is finite, see e.g. [37].

Such points o are called boundary regular fixed points. In particular, a classical
result due to Wolff and Denjoy asserts that if f € Hol(D,D) has no fixed points in D,
then it possesses the so-called boundary Denjoy - Wolff point, i.e., a unique boundary
regular fixed point 7 such that f'(7) < 1.

Consider univalent seli-maps f : D — D with a given boundary regular fixed point
o € dD and the Denjoy — Wolff point 7 € 9D\ {¢}. Using automorphisms of I, we may
suppose that 7 =1 and ¢ = —1 and look for a sharp value region of f +— f(z) for all
such self-maps of D with f’(—1) fixed. Define the strip

S:{C:—g<ImC<g}.

Let
Co = a:(l] + ixg = l(z),
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where

1
E:D—>S7zr—>log1+z,
—z

is a conformal map of D onto S. For 7" > 0, define

as(T) = e Psinad + (1 —e7?), R(a,T) :=log

V(Co, T) :={x1+ixe € S:a_(T) <sinxe < ay(7),

lz1 — 2 — T/2| < /R(sinzy, T)}.

The following theorem gives a description of the value region {f(z9)} over the class
of univalent self-maps f : D — I with two fixed boundary points +1.

Theorem 13 ([38]). Let f € Hol(D,D) \ {idp} and T > 0. Suppose that
(i) f is univalent in D;
(ii) the Denjoy — Wolff point of f is T=1;
(iii) 0 = —1 is a boundary regular fixed point of f and f'(—1) = e™.
Then

f(z0) € 7 (20,T) := 71V (U(2),T)) \ {20} for any z € D.

This result is sharp, i.e., for any wy € ¥ (2, T) there exists f € Hol(D,D) \ {idp}
satisfying (i)-(iii) and such that f(zo) = wo.

In the same paper, the authors also characterize functions f corresponding to bound-
ary points of #/(zy,T) in the last theorem. Let K be the Koebe function

Define the functions p, as
Pa(2) = K (aK(2)), a€(0,1),

which map D onto D\ [—1, —7], » = r(«) € (0, 1).

Since the Koebe function K and its rotations are known to be extremal in many
extremal problems and p, plays the role of the Koebe function in the class of univalent
functions f : D — D, it is natural to expect that functions of the form f = hy o p, o ho,
hy, he € Aut(ID), would be extremal in the value region problem. The following theorem
confirms these expectations.

Theorem 14 ([38]). For any wy € 07 (20,T) \ {20}, there exists a unique f =
= fu, Satisfying the conditions (i)—(iii) in the value region problem for univa-
lent self-maps f : D — D with two boundary fixed points +1 and such that
Juo(20) = wo. If wo = 7o+ T), then fu, is a hyperbolic automorphism of D, namely,
Juo(2) = £7XU(2) + T). Otherwise, f., is a conformal mapping of D onto D minus
a slit along an analytic Jordan arc ~ orthogonal to 0D, with f), (1) = 1. Moreover,
fwy = h1 © Py © ho for some hy, hy € Aut(D) and o € (0,1) if and only if

T
wy = (2 + 3 +darcsinay (7).
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Note that z is a boundary point of the value region ¥/(zy,7T"), but does not belong
to ¥ (z0,T). However, z; would be included, and this would be the only modification
of ¥ (20, T), if the equality f'(—1) = €T in the value region problem is replaced by the
inequality f'(—1) < e’ and the requirement f # idp is removed and we assume as a
convention that idp satisfies (ii). Under the theorem conditions modified in this way,
f(20) = 2o if and only if f = idp.

If f € Hol(D, D) has boundary regular fixed points at 1, then replacing f by ho f,
where h is a suitable hyperbolic automorphism with the same boundary fixed points, we
may suppose that 7 =1 is the Denjoy — Wolil point. Hence, we deduce a sharp estimate
for f'(—=1)f'(1), which was obtained earlier in [39] with the help of the extremal length
method.

Corollary 1 ([38]). Let zo € D and let f € Hol(D,D) be a univalent function with
boundary regular fixed points at I and (-1). Then

1 + sin Im () 1 — sin Im ¢(2) }

f1(=1)f/(1) > max { 1+ sin Im €(f(20))" 1 — sin Im £(f(2))

This inequality is sharp. The equality can occur only for hyperbolic automorphisms
and functions [ of the form f = hyop, o hy, hy,hy € Aut(D), o € (01).

Value region problems over classes .77, (1), S, S(M), Sg, Sr(M) and others
required the classic Loewner parametric representations by the chordal and radial dif-
ferential equations and their modifications and generalizations. However, a parametric
theory for classes of univalent self-maps with fixed boundary points was created in the
last decades, mainly in papers due to Goryainov and his colleagues. Solutions to the
value region problems for mappings with boundary fixed points are based on a new
version of Loewner’s parametric method, which was discovered recently by Goryainov
and Kudryavtseva [40].

Theorem 15 ([40]). Let B[q; a] denote the class of holomorphic univalent self-maps
f: D — D with a Denjoy — Wolff point q and a boundary regular fixed point a and let
{f'}=0 be a one-parametric semigroup t — f' which is a solution to the differential
equation

ofi(z) t )
ot =v(f'(2)), [(2)|=0 = 2.

Then {f'(z)}i=0 C Blq; a] if and only if

v(z) = alg — 2)(1 = 32)(1 — az)h(az),

where o > 0 and

he) = | T dute)

D1l — &z

with a probability measure p on OD.

Goryainov [41] obtained also the sharp value region {f’(0)} in the class of all
univalent f € Hol(D,D), f(0) = 0, having a boundary regular fixed point o = 1 with a
given value of f/(1).

In [42], Goryainov proved that the value region 2(0,7) of f — f(0) over all self-
maps f satisfying the conditions of the value region problem over self-maps D — D
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having two fixed boundary points without the univalence requirement is the closed disk
whose diameter is the segment [0,¢7(T)], with the boundary point z, = 0 excluded.
Analyzing the functions bringing the boundary points of 2(0,T'), one can conclude that
020, T)NoY(0,T) ={0,071(T)}.

6. COEFFICIENT VALUE REGIONS

For 2o = 0, a value region {f(z0), f'(20),...,f™(20)} over a class of functions
f(z) =2+ a,2", z €D, is reduced to the coefficient value region

(o = (L0 LOOY s
Denote
Vo =A{(ag,...;a,) : f €S}, Vi ={(an,an): f€S} n,m=2
and

,///n:{(ag,...,an):feg}, n>2,

where S stands for the class of functions f € S which are C*°-smooth on dD. A good
collection of qualitative results is contained in [9,43]. Namely:

(i) V,, is homeomorphic to a (2n — 2)-dimensional closed ball, and its boundary 9V,
is homeomorphic to a (2n — 3)-dimensional sphere;

(ii) every point z € dV,, corresponds to exactly one function f € S;

(iii) with the exception for a set of smaller dimension, at every point = € 9V,, there
exists a normal vector satisfying the Lipschitz condition;

(iv) there exists a connected open set X; C 9V, such that 9V, is an analytic
hypersurface at every point of X;. The points of 9V,, corresponding to the functions that
give the extremum to a linear functional belong to the closure of Xj.

On an n-dimensional manifold .#,, a sub-Riemannian structure is a smoothly varying
distribution Z of k planes together with a scalar product. The distribution & is a linear
sub-bundle of a tangent bundle T'.#, of .#,. If k < n, then the Hausdorff dimension

of ., is larger than n. Suppose that a system of vector fields Xi,..., X} form an
orthonormal basis of ¥ with respect to scalar product (-,-). The pair (Z,(-,-)) is a
sub-Riemannian metric on .#,. Let all vector fields X;,..., X} together with their

commutators form the total tangent space T.#,. If the number of these commutators
is independent of the point of .#,, then it is said that Xi,..., X} satisfy the bracket
generating condition.

Theorem 16 ([44]). Let .#, be the coefficient value region for S and let Ly, ..., L,
be the vector fields defined by

n—j a
Lj = aj + Z(k’ -+ 1)ak8j+k, 8j = —.

oa;
k=1 J

Then the system (Li, L) satisfies the bracket generating condition and the distribution
is 9 = span(Ly, Ls).

The Hausdor[f complex dimension of the sub-Riemannian manifold .#, is equal to
(2 +1)? — 3 for odd n and is equal to (% + 1)* — 2 for even n.
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Call attention to the theory of integrable systems in connection with the Loewner
equation. Let A(z,t) be a meromorphic function in z that depends on an infinite family

of generated times t = (to,t1...,t,,...), to = x, with the expansion
— A(t)
Alz,t) = 2+Z n+l
n=0

about infinity. The dispersionless Kadomtsev — Petviashvili (dKP) hierarchy is an infinite
set

O\
a—%:{$n+1,A}7 n:O,l,Z,...,
where {-,-} is the Poisson bracket
0F 0G  O0F 0G
e =5, " ar e

1
gn:_()\n)>o’ 7’L:1,2,...,
n

denotes the polynomial part of A™.

A finite-dimensional reduction suggests that A depends on t via a finite number
of functions, A(z,t) = A(z,u1(t),...,un(z,t)). Takebe, Teo and Zabrodin [45] showed
that the chordal Loewner PDE serves as the consistency condition for the one-variable
reduction of the dKP. A function A\ depends on t via one function s(t) and

n__x o
ds  z2—£0z2

which is the Loewner PDE, where « is the derivative in s of the coefficient at 1/z in
the Laurent expansion of \.

In [46], the authors showed that the chordal Loewner evolution has an infinite
number of conservation laws, i.e., moments, and that the Loewner PDE is exactly the
Vlasov equation under an appropriate change of variables, that the Loewner ODE implies
the hydrodynamic-type conservation equation. Starting with the Loewner evolution,
the authors obtain integrable chains by splitting time. This approach demonstrates the
universality of the Loewner equation as an attraction point for several integrable chains.

Mention that, for the function f(z,t(x,s)) = f(z,x,s), the Vlasov equation

of of 0A°9f _

ZE)_x 0s or 0z

describes the time evolution of the distribution function of a plasma consisting of
charged particles with long-range interaction.

Going back to the coefficient value region V,,, recall the exclusive role of the Koebe
function K(z) = > 7, nz", especially in the connection with the famous Bieberbach
conjecture stating that the inequality |a,| < n holds for all f € S with the equality sigh
only for K(z) and its rotations.

Studying the local version of the Bieberbach conjecture, Bombieri, the Fields medal-
ist, was interested in metric and geometric properties of V,, in a neighborhood the point
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(ag,...,a,) = (2,...,n) € 9V, corresponding to K(z). Bombieri [47] conjectured that

the numbers R
. . . n—Rea
Opmn = liminf ——— m,n > 2,
Saf—K m — Re a,,

where f — K locally uniformly in D, are equal to the numbers

nsin @ — sin(nd)

By i= mi . .
eéﬂ){gﬂ msin @ — sin(m#)

for all m,n > 2.
Bombieri’s number o,,, determines a locally support hyperplane given by

Re (an — Ormn@m) =N — Opnm

in a neighborhood of the point (n,m) € V,,, corresponding to K. It is proved in [48]
that o,,, is a maximal number for which K locally maximizes the linear functional,

Omn = sup{\ € R: Re (a, — A\a,,) is locally maximized on S by K(z)}.

For (m,n) = (3,2), this property has been proved by Greiner and Roth in [49]. Such
interpretation can serve to define a number o,,,(M), M > 1, as a maximal num-
ber for which Re(a, — Aay,) is locally maximized on S(M) by the Pick function
Py(z) = MK Y (K(z)/M). Values o93(M) and o3p(M), M > 1, are evaluated in [50]
and [51], respectively.

Theorem 17 ([50,51]). For 1 < M < oo, we have

o(M) =~
and
M(e—1) e <M< oo,
s (M) = 4(M]\2—26+1)
m, 1< M<e.

Bombieri’s conjecture is true for the class Sg, see the proof due to Bshouty and
Hengartner in [52]. The inequality o0,,, < B, was proved in [48] for all m,n > 2.
Hence, o0,,, = 0 when B,,,, = 0.

Greiner and Roth [49] answered negatively to partial Bombieri’s conjecture. They
evaluated o3, showing that o3y < Bss. Later, 040, 094 and o34 were evaluated in [53],
each time disproving Bombieri’s conjecture for these pairs of indices. Related versions of
Bombieri’s conjecture are discussed by Aharonov and Bshouty in [54]. Using the linear
Loewner PDE, Leung [55] derived a variational formula in S near the Koebe function
K and disproved Bombieri’s conjecture for index pairs (m,2) with m > 2 and for (m,3)
with odd m > 3. In particular, Leung’s variation leads to a statement that Bombieri’s
conjecture fails for (m,n) when

By = : (5)
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Efraimidis [56] and Efraimidis and Pastor [57] selected a lot of pairs (m,n) for which
B, are given by the latter expression. Namely, they showed that B,,, satisfies (5), i.e.,
Bombieri’s conjecture fails, for the following integers m and n, m >n > 2,

(a) both m and n are odd, or

(b) both m and n are even, or

(c) m is even, n is odd, 0.5 < n/m < 0.8194 and m > 81.

Necessary criteria for the Bombieri conjecture are derived in [58] in terms of in-
equalities for solutions to systems of differential equations in variations for the Loewner
ODE.

We see that Bombieri’s conjecture is attacked by different methods: Schiffer’s dii-
ferential equation for support points of S [48,49], variational method in the class S
[62, 55-57], Lebedev - Milin inequalities based on the Grunsky approach [54], the
Loewner theory and optimal control methods and the Pontryagin maximum princip-
le on solutions to the Loewner ODE [47,50, 51, 53, 58]. Roth [27] gave a statement
of Teichmiiller’s coefficient theorem entirely in terms of the Loewner equation. This
allowed him to compare Schiffer’s differential equation and Pontryagin’s maximum prin-
ciple. Roth concluded that two necessary conditions for f € S being extremal for a
coefficient functional over S provided by Schiffer’s theorem and by Pontryagin’s maxi-
mum principle are in fact equivalent. Roth claims that the Schiffer differential equation
is analogous to the Euler equation in the classical calculus of variations and notices that
the implication from Schiffer’s equation to Pontryagin’s maximum principle traces back
to early periods in the geometric function theory.

In author’s papers cited in this survey, we are focused on the optimal control theory
methods applied to Bombieri’s problem. We introduce the Loewner ODE and generate a
control system for the coefficients of functions f(z,¢) € S from a Loewner chain, z € D,
t > 0. Following an optimization scheme, we deduce an adjoint control system of ODE
and build a pseudo Hamilton function H depending on a phase coefficient vector a(t)
and an adjoint vector W(¢), on a driving function v and also on time ¢. The Pontryagin
maximum principle is a necessary condition for the reachable set in a neighborhood
of the extremal control uw = 7 corresponding to the Koebe function K. As far as K
is extremal in the Bombieri problem, the control v = 7 has to satisfy the Pontryagin
maximum principle, i.e., it maximizes H on a whole trajectory (a(t), ¥(t)).
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)

O630p NpPeuMyLLECTBEHHO MOCBSWEH HeLaBHUM pe3ynbTaTaM B pelweHnn 3apayn ob o06-
NacTsaxX 3HAYEHWUA B pa3nyHbIX Knaccax ronoMOPHbIX OAHOMUCTHBIX PYHKLIMIA, MPeACcTaBUMbIX
peweHnsmMn guddepeHumnanbHbix ypasHeHWn JleBHepa kak B paauanbHOW, Tak U B XOp-
[0BOV Bepcusx. BaxHo Takxe npenctaBuTb KNacCuyeckue 1 COBPEMEHHbIE METOLbI PELLEHNS
N CPaBHUTb MX adppekTnBHOCTL. Hambonee noapobHO 3aTpPOHYThl METOAbI ONTUMM3ALMN U,
B YaCTHOCTM, NMpuHUMN Makcumyma lMoHTpsarnHa. Obnactblo 3HAYEHUd SBNSETCS MHOXECTBO
{f(20)} BCEX BO3MOXHbIX 3HAYEHUI pyHKUMoHana f — f(zg), rAe zo — 9TO (PMKCMPOBaHHASA
TOYKa M3 BEPXHEei MOynjockocT B XOPAOBOM Chyyae Unv B €4MHWYHOM Kpyre B pagmanb-
HOM cfyyae, a f npoberaeT Knacc KOHPOPMHbIX 0TOBpaXxeHui. PelweHns anddoepeHumnanbHbIX
ypaBHeHuin JleBHepa 06pasyioT NAOTHblE MOLKNACCH paccMaTprBaeMblX CEMENCTB (PYHKLIMIA.
O6nacTu 3HaueHNn KOAMPULMEHTOB {(as, ..., an) : f(2) = z+> -y an2"}, |2| < 1, cocTaBnsiOT
4acTb NONS WCCNEefOBAHWUA, TECHO CBSA3AHHOrO C 9KCTpeMasnbHbiMX 3adayamMu U C rmnoTeson
Bombuepn o cTpykType 06nacTu 3Ha4eHWn KOS PULIMEHTOB Ha Knacce S B OKPECTHOCTU TOUKU
(2,...,n), cooTBeTCTBYtOWEN PyHKUMMN Kebe.

Knro4eBble crnosa: obnacTb 3HauyeHWin, ypaBHeHue JleBHepa, OOCTUXMMOE MHOXECTBO,
rpaHuyHas Kkpusas.
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O KnaccunyeckoM peLLueHUn cMeLlaHHOM 3aJauuv
AN OAHOPOA4HOro BOJIHOBOro ypaBHeHUs
C 3aKpenjieHHbIMM KOHLLaMUN
WU HyNeBOW HayalbHON CKOPOCTbIO

A. IN. Xpomos

Xpomoe Asryct [leTpoBud, OOKTOP (PM3UKO-MaTeMaTUHECKMX HayK, 3aBelylowmin kadenpon
andppepeHunanbHbiX ypaBHEHUA 1 NpuknagHoi matemaTtukn, CapaToBCKUIA HauMOHaNbHbIV
nccnenoBaTeNnbCKUn rocyaapCTBEHHbIN yHuBepcuTeT nmeHn H. . YepHbiwesckoro, Poccus,
410012, r. Capartos, yn. ActpaxaHckasg, g. 83, KhromovAP@info.sgu.ru

B ctatbe paloTcs HeobxoOMMble M AOCTATOYHbIE YCNOBMSI KNACCMYECKOro peleHus ans
OLHOPOOHOr0 BOJ/IHOBOrO YPaBHEHWS C CYMMUPYEeMbIM MOTEHUMANOM, 3aKpPenieHHbIMA KOH-
uaMn M HyneBOM HayanbHOW ckopocTbio. Wcnonb3ys meton Pypbe ¢ npuemom Kpbinosa
No YNy4WEeHN CKOPOCTU CXOOMMOCTU PsOoB, yhaeTcsa nonydnuTb aHanor chopmynsl [a-
nambepa, NPencTaBMMOro B BUAE psiha, CXOLSWErocsi C 3KCMOHEHUManbHON CKOPOCTbIO.
PesynbTathl cTaTby SBASIOTCA CYLWECTBEHHBIM YCUNEHUEM aHaNorMyHbIX UTOrOB, NOMYYEHHbIX
Hamn B 2016 r. [MpelnoXxeHHblli HOBbIA MeTod, 6asvpylowniics Ha MNPUMEHEHUM PacXo-
OAWNXCS PSAOB B MOHMMaHUK diinepa, obnagaet 601bWwok 3KOHOMUYHOCTBIO B UCMOTb30BaHNM
N3BECTHbIX MaTeMaTUYECKNX (PaKTOB. TEM CaMblM OTKPbIBAETCS MEepPCcnekTmBa CylWeCTBEHHOro
NPOABUXEHMS B UCCNEQOBAHUN U APYrUX FPaHWYHbIX 3242y ANS YPaBHEHUA B HACTHbIX NPOU3-
BOLHbIX.

Knroyesbie cnosa: meton Pypbe, pacxogawmecs pagsl, npuem A. H. Kpbinoea, knaccuyeckoe
peleHne, pe3onbBeHTa.
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PaccmoTtpum cmelianHyto 3ajgady:

Pu(z,t)  0*u(z,t)

i) _PUE) g, aclot, e ()
u(0,t) = u(l,t) =0, 2)
u(x, O) = 90(‘7:)’ u;(.ﬁE, O) =0. (3)

Cunraem, uto ¢(z), ¢(r) KoMmaekcHo3HauHsl, mpuueM ¢(x) € L[0,1]. Byayr mno-
JIy4eHbl HEOOXOIUMbIE U OCTaTOUYHbIE YCJOBHUS /IS KJIaCCHUECKOTO pellieHus. TeM cambiM
CYILIECTBEHHO YCHJIEHBI pe3ybTaThl U3 [1].

Knaccuueckum peleHueM HasbiBaeTcss GYHKUMS u(x,t), HEMpepblBHAsE U HENpPEPBIBHO
nuddepenuupyemas mno x u t, npuuem u,(x,t) (u;(x,t)) abcoJIOTHO HempepbiBHA MO x
(mo t), ymoBsetBopsitoiiast moutu Bctopy (1) u yenoBusam (2) u (3). Tem camMbiM Heo6Xo-
JIMMBIMU YCJIOBUSIMH CYILIECTBOBAHUS TAKOI'O PelleHHUs SIBJASIOTCS CJAeYIOLIHe YCIO0BUs Ha
o(x): p(x), ¢'(x) abcomoTHo HempepbiBHEL, mpudyeM ¢(0) = (1) = 0. B [1] nokasaHo,
4TO MPH JIOTOJHUTENbHOM YCJIOBUH

Lo = —¢'(2) + ql)ple) € L,[0,1] (p> 1), (4)

© Xpomos A. T, 2019



A. 1. XpomoB. O KacCn4eCKOM peLLeHnr CMELLaHHON 33A4aqn G SR

3TH YCJIOBHUS SIBJSIIOTCS NOCTATOYHBIMH JJIsl KJIaCCUUECKOro pellleHus. Ternepb Mbl youpaem
ycaoBue (4) ¥ TeM caMbiM MOJy4aeM HEOOXOAUMble W J0CTaTOYHbIE YCJOBHS TaKOro
pemenus. [Ipumensiem meton Pypee. TpaauHOHHOE €ro PUMEHEHHe CBSI3aHO C IBaK[Ibl
MouJIeHHO NU(pepeHLHpoBaHHeM (HOPMATbHOIO pelleHHs], TPUBOASLIUM K 3aBBIILIEHHBIM
TpeOGOBaHUSIM IJIAJIKOCTH Ha (), KOTOpble He BHITEKAIOT U3 CaMO# CYIIHOCTH 3agauu (1)-
(3). Mpl, kak ¥ B [2], oTKasbiBaeMcsl OT TAKOrO TPaaULMOHHOTO TMOAXOAA, MpUBJEKas
pekomennauun A. H. KpsiioBa 06 yckopenun cxomumoctu psigoB (cm. [3, ra. VI]). B [2]
B. A. UepHsiTHH BriepBble ycrelrHo u3ydna 3agady (1)—(3), B cayuae g(x) BellecTBeHHOM
¥ HerpepblBHOH, MOJY4YHUJ HeOOXONHUMble M HOCTATOUHBIE YCJOBHSI CYLIECTBOBAHHS
KJaccuueckoro perreHusi 3agaud (1)-(3), korma ypaBHeHnue (1) ymoBieTBopsieTcsi BCiO-
ny. dtu yeqosus TakoBbl: p(x) € C?[0,1], ¢(0) = p(1) = ¢"(0) = ¢"(1) = 0. ¥ Hac
Tenepb u3-3a ycaoBus ¢(x) € L[0,1] ypaBHeHue (1) ymoBneTBOpsieTCs MOUYTH BCIOAY, UYTO
CUJIBHO YCJIOXKHSIET HCCJeJlOBaHHWe Kjacchdeckoro perienus 3axadd (1)-(3). Hanee wmbl,
B OTJIHUMe OT [2], mpruMeHsieM pe30JbBEHTHBIH MOAXON, CBSI3aHHBIH ¢ MeToxoMm Kouru —
[lyankape KOHTYpPHOI'O HHTEIPUPOBAHHUS pe30sbBeHTHl onepatopa Lltypma — JluyBuass mo
CMEKTPaJbHOMY MapameTpy, K KOTOpoMy npuxoaum B 3agade (1)—(3), Korma ucrosbayem
meton Dypbe. OH uUMeeT OoJibllIHe MPEUMYIIECTBA MO CPAaBHEHHIO C METOAOM H3 [2],
TaK Kak Ternepb He TpPeOyIOTCS YTOUHEHHble ACHMITOTHKH COOCTBEHHBIX 3HAueHWH U
co6CTBEHHBIX (DYHKLHH, U 3TO CUJIBHO YIPOIIaeT 10Ka3aTeJNbCTBA. BriepBble TakKoH MOAX0OL
OblT NpuMeHeH B [4,0] U B JHajibHeHIeM CHCTeMaTHYeCKH HCIOJb30Bascs. PopmanbHOe
peiienre no mMetony Pyphe, Kak u B [4,5], Gepem B BHe

u(z,t) = —5— / Z/ (Rxp) cos pt dA, (5)

A=r 70y
rie Ry = (L — AE)™' — pesonbBenta oneparopa L: Ly = —y'(x) + q(z)y(z),
y(0) = y(1) = 0, A\ — cnekTpaJbHbIi nmapamerp, £ — eIMHHYHBIH omepatop, A = p?,
Rep > 0, v, — obpas B A — IJIOCKOCTH OKPYKHOCTH V,={p| |p —nw| =0}, § > 0 u
J0CTaTOYHO Majo, 7 > () JOCTaTOYHO BEJHKO U (PUKCHPOBAHO, Mg — TaKOH HOMep, 4TO
MpU n > ng BHYTPH 7y, HAXOAMUTCS MO OJHOMY COOCTBEHHOMY 3HauyeHHI0 omepatopa L u
BCE 7, MPH N > ng HaXoAsTCs BHe |A| = r.

B cratbe CyIIeCTBEHHO HCMOJIb3YIOTCS PACXOASIIMECs Psiibl B MOHUMaHUU Diljepa
(cMm. [6, c. 100-101]). IlpoBoasi opMasibHO OOBIYHBIE NEHCTBHSI C TAaKUMH PsiTaMH, Kak
TO: TMOUJIEHHOe YMHOXKEHHe Ha KOHCTAHTHI, MOUJIEHHOEe CJIOXKEeHHEe KOHEUHOTO 4HcJa psi-
JI0B, pasbueHue psifa HAa CyMMY KOHEUHOTO YMCJa PSIOB, 3aMeHbl OTAEJbHBIX PSIIOB MX
CyMMaM{ B cJiydae CJIOXKeHHsl DPSIIOB, MEPeCTaHOBKM PSIIOB M HHTErpasioB W T. M., Mbl B
UTOre MMOJyyaeM HOBBbIE Psiibl MJIH KOHEUHBblE BbIPaXKeHHsl. 3aTeM yxkKe CTPOro ycTaHaB-
JIMBaeM HYXKHble HaM CBOHCTBA TaKWUX PSIIOB WJIM BbIPaXKEHHH W TOJy4aeM OTBETHl Ha
UHTEPeCYIOlllHe Hac BOMPOCH. B UTore 3To CysJUT GOJblIME BHINOAB B BBIGOpE HEOOXO-
IUMBIX (DAKTOB MJisl MOJyYEHHs] HAllMX Pe3yJbTaToOB M 00JErdyaroTcsi caMH [10Ka3aTesib-
CTBa, MOCKOJbKY /€710 CBOIMUTCS K YCTaHOBJEHHIO CHPABENJHBOCTH OTAENbHBIX (HOpMYI,
4TO SIBJISIETCS 3a4acTyi0 U He TaKUM YK CJOXKHBIM JesoM. Haia crathst moaTBepkaaer
TMOJIE3HOCTh 3TUX AedcTBUH. OTMETHM, 4TO Takas cxeMa pabOThl ¢ PACXOASILIUMHUCS Psi-
JaMH HameueHa HaMmu B [7].

1. 3nech Gynem nMpoBOAUTH HeCcTporue npeodpa3oBaHus (O), UCMOMB3YST PEKOMEHAALNH
A. H. KpbisoBa 1 pacxopnsitumecst psiibl, MpUUeM TPH Ha3HAUEHHH CYMM PacXOASILUXCS
psIIOB OPHEHTHPYeMCsl U Ha 3anauy, noaydaemyto u3 (1)—(3), npu 3ameHe ypaBHeHus (1)
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Ha HEOOHOPOAHOE YpaBHEHHE

Qu(x,t)  0*u(x,t)
o2 02?2

— q(w)ulz,t) + f(z,1). (6)

B atom cayuae dopmanbHoe pelienue (5) mpuobperaet Bun [7]:

u(z,t) = 27rz / Z/ {R,\go Cos,ot—l—/ RA(f(-, ))wcﬁ d,

n>n0 p

rae Ry(f(-,7)) o3Hauaert, uto R, npumeHsietcs K f(x,7) no x. B 3TUX HecTporux paccyx-
JleHUsIX cuuTaeM, 4to ¢(z) U ¢(x) He BbIXOHAT 3a paMku L[0,1], a f(z,t) us L[Qr|, rue
Qr =[0,1] x [0,T] npu a06om T > 0. Urak, 6epem psin (5). [IpeacraBasiem ero B Bume

U(;U,t) :um(x,t)—i—ul(x,t), (7)
rae upi(z,t) ectb (5) u Ry 3ameneno Ha R = (Ly — AE)™', Ly ectb onepatop L mpu

q(z) = 0.

[Io Teopeme BbIUETOB HMMeeM

upr(x,t) = Z o, sinnwé) sin nwx cos nrt, (8)

1
rae (f,g9) = [ f(z)g(x) dx. OueBnnHo psin (8) serko npeoGpasyercsi K BHLY
0

uor(z,t) = Xy + 3, 9)
rie Yo = Y. (p,sinnal)sinnm(z £ t). Pan 2 > (¢, sinnré)sinnmn ectb psig Pypobe
n=1 n=1

dyukuun p(z) € L[0,1] u B caydae ero CXOAMMOCTH HMeeT CyMMy ¢(7) MpH Bcex
n € (—oo0,), rae p(n) 2-nepuomuueckasi, HeueTHass u P(n) = @(n) opu n € [0,1].
[TosToMy B ciydae pacxogumocT psimoB » . (a B cuiy npumepa A. H. Kosnmoroposa
Takhe CJyd4au BO3MOXKHBI) Mbl IO OMpejeseHHIo GymeM cuuTtaTh, uto cymma psina (9)
uau (8) ecthb

1. _
uo(,t) = 5Pz +1) + oz — 1)) (10)
[paBast uactb (10) umeer cMbica mpH JM0OOBIX x,t € (—00,00) X [0,00) U MO3TOMY B

JaHHOM caydae up (z,t) ua (10) 6ymem o6o3Hauath ag(x,t). Taxk Kak ag(z,t) moxoxa Ha
pewenue 3anayn (1)-(3) mpu ¢(x) =0, T0 uy(x,t) MOX0XKA HA pellleHHe 3aJauH:

O®uy(z,t)  DPuy(z,t)

o q(z)us(x,t) + folx,t), (11)
ul(oat) :ul(Lt) :Oa (12)
uy(x,0) = vy, (z,0) =0, (13)

282 Hay4Hbir otgen



A. 1. XpomoB. O KacCn4eCKOM peLLeHnr CMELLaHHON 33A4aqn G SR

rae fo(x,t) = —q(x)ag(x,t). lostomy ot psima mast uy(x,t) us (7) nepeitnem B cuay (6) K
dopmanbHoMy psipy aas (11)—(13), T.e. x psay BUIa

ui(w,t) = = — / Z/ /kao ))dex (14)

n>n0

[IpencraBum Tenepb psia (14) B Bume
ul(xv t) - U()Q(Zlf, t) + UQ(:B? t)a

rae uge(z,t) ects (14) u R, 3ameneHo Ha RY.
[To Teopeme BHIYETOB MMeeM

- 1
ugo(z,t) = 2 Z / (fo(&, 1), sinnm€) — sinnmrsinnn(t — 1), dr. (15)
n=1 0 nm
Hcnonbsys popmyny
/smmrn dn = —[1 — cosnrx],
nm
0

MOJIY4nM, 4TO ugz(x,t) u3 (15) ectb

a+t—T
up2(z, 1) Z / fo(§, 1), sinnmé) / sinnmndn =
n=17y T—t+7
t Ttt—r t Tt—T
:%/dT / Z fo(&, 1), sinnmwé) sinnmndn = = /dT / fo n,T)dn,
0 T—t+T 0 T—t+T

rae fo(n, ) HeueTHa u 2-mepuonnuHa 1o 1 U fo(n,7) = fo(n,7), n € [0,1].
Paccyxnaem kak u Bbille. @yHKUUS uge(x,t) B cuay (14) moxoxka Ha pelleHHe 3a-
naun (11)-(13), rne BmMecto fo(x,t) Tenepb Gepercs fi(x,t) = —q(z)ai(z,t) u

1 t r+t—T
a’l($at) = 5 / dr / f~0(7777—) d77>
0 r—t+T

W TIPOAOJI2ZKAaeM 3TOT Ipouecc A0 0eCKOHEYHOCTH.

B utore ot psina (5) npuxonum K psany: A(x,t) = > an(x,t), roe ag(x,t) onpeneseHa

n=0
BBILLIE,
t r+t—T1
1 -
an(x,t) = 5/ dr / foo1(n,m)dn, n>1
0 r—t+T1

u folz,t) = —q(z)a,(z,t).

Marematrika 283



&hms. Capar. yH-1a. Hos. cep. Cep. Matematnka. Mexannka. VHpopmatnka. 2019. T. 19, Bbin. 3

2. Ilpuctynaem k ctporum paccyxkuaeHusiMm. PaccmarpuBaem 3amnauy (1)-(3). Panee
OTMeuasoch, YTO [Js KJIACCHUECKOrO pelleHHs HeoOXOMUMO CYMTaTb, uTo ¢(x), ¢'(x)
abcomoTHO HempepbiBHBI U ¢(0) = ¢(1) = 0. Temepp cuutaem, 4to ¢(z) ynos-
JeTBopsieT 3TUM TpeboBaHusiMm. [lpuBnexkaem psin A(x,t). Jlemmbl 1-5 jierko ciaemnywoT
M3 COOTBeTCTBYIOLUX (pakToB M3 [8] (cM. Takxke [9]).

Jlemma 1. [lycmo T — npoussonrvrHoe nosoHuUmMesbHOE HUCA0, M — HAUuMeHbulee
Hamypaavroe uucro, maxkoe umo T < m. Toeda

M\t el
_2> (7’L S N)7

n(T;1 M
| an(,t) llcior) 1( 92 (n —1)!

ede My =|| ai(z,t) |lcjoqe, M2 = 2m+1) [ q|li (|| - [ — #opma e L[0,1]). Kpome moeo,
M, < Cr || ¢ |1 u nocmosinnas r He 3asucum om ¢(x). 3deco Qr = [0,1] x [0,T].

oo
CaenctBue 1. Ps0 Ay(z,t) = > a,(x,t) cxodumces abcorrommo u pasromepHo 8 Qr
n=1

c BKCﬂOHQHLﬂLa/LbHOLj CKopocmbro.

Jlemma 2. Pynxyus ag(x,t) HenpepoisHa u Henpepoieno Jupeperyupyema no x u
t € (—00,00) x [0,00), ee npoussodnan a),(x,t) (ay(x,t)) abcorromuo HenpepvleHa no
x (no t), ydosiremsopsem ypasreHuio
Pag(x,t)  D*ag(z,t)

ot? o Oa2

noumu 8cro0y U 8blNOAHAOMCA YCA0BUSA
ao(0,t) = ao(1,t) =0, ao(x,0) = &(x), ag(z,0)=0.

CnenctBue 2. [lpu x € [0,1] ¢pyuryua ao(x,t) a6asemcs Kiaccuveckum peueHuem

82aaot(2x7t) € L|Qr] npu arob6om T > 0.

gadauu (1)-(3) npu q(z) = 0, npuuem
Jlemma 3. Qynxyus ay(z,t) nenpepoisro dupgeperyupyema no v u t, npuuem
Oay(x,t)

ot

T+t

ede Ji(z,t) = 1 [ fol§ x4+t —E&)dE, Jn(z,t) = 3 f fol§&, & —x +t)dE, folx,t) =

= —q(z)ap(z,t) (30eco u 6 darvuetiuenm q(x) uemnoe, 2-nepuoduueckoe npooosKHceHue
Ha scto oco Pynkyuu q(x) us sadauu (1)-(3), Jii(z,t) u Jy(z,t) HenpepoisHol no x
ut).

Jas(x,t)

= Jll(xvt)+J21($7t)7 o

= Jn(l”t) - J21($7t)>

Jlemma 4. [lpu ¢urcuposanrnom x Gyukyuu Jii(x,t) u Joi(x,t) abcorromno He-
npepuierel no t, u noumu npu ecex t € [0, 00| cnpasedausol gopmyao

x4+t
2D _ [Q(x gl +,0) + / GOy (& z+1t—€) dé} ,
20D [~ anta 10+ [ a€lalles —+0de].
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npudem rnpasvle 1acmiu KOHeEuHbsl, eCAU KOHEUHDbL

o [ o [
o / o) 5 / lg(r)| dr (16)

npu £ =z +1t, x —t.

Jlemma 5. [Ipu ¢urcuposannom t ¢ynkyuu Jyp(x,t) u Joj(x,t) abcorrommo He-
npepol8HbL NO T, U NOUMU Npu 8cex x € (—oo,00) cnpasediusul Gopmyrol

28J118(;},t) - _ {C](l’ + If)ao(.T + t,()) — q(a:)ao(a:,t) + /gcaf—&-tq(f)agt(f,% +t— f) df} ,
2&]25_<;C=” _ [Q(:C)ao(x, £) — (e — t)ag(x — t,0) — /_t G(E)aby (6, € — z+1) dg] ,

npuuem npasvie 4acmu KomeuMol, ecau KoHeuwol (16) npu & = x, v +t, x —t.
C nomotpio eMM 3-5 JIETKO T0oJydaeTcs

Teopema 1. @yuryus ai(x,t) Henpepvi8Ha u HenpepovlsHo Oudeperyupyema no
u t, ee npousgoouvie a),(x,t) (a},(x,t)) abcorromrno wenpepovisror no x (t), svinos-
Hsemcs ypasHeuue

Day(z,t)  O%ai(x,t)

u ycrosus (2), (3) npu p(x) = 0, npuuem (17) umeem mecmo npu ecex x u t, 0is
komopolx Koneurot (16) npu & =x, x +1t, x —t. I[lpu amom % € L[Q7]

ITo WHAYKIHWK aHaJOTHYHO Teopeme 1 oJiyyaeTrcsd

Teopema 2. Qyuxyus a,(x,t) npu n > 2 Henpepvl8Ha U Henpepvl8Ho Oudeper-
uupyema no x u t, ee npouszsoonsie a, . (r,t) (a,,(x,t)) abcorromno Henpepoi8HbL NO
x (no t), sunoansromes (2), (3) npu o(x) = 0 u noumu npu 8cex x, t 8vinorHsIEM-
ca (17), ede ay(x,t) 3amensiemes na a,(x,t), ag(z,t) Ha a,_1(x,t), npuuem (17) soLnoa-

2
n 7t
Haemcs npu mex xee x, t, umo u 8 meopeme 1. [lpu amom 2 “at(;” ) ¢ L[Qr).

I[a.nee, Ha OCHOBAHWH JieMMbl | U TeopeM 2u3 [IoJ1ydyaeTcs

Jlemma 6. Dyuxyus A(x,t) wenpepvisna u Henpepoisro Jueperyupyema no
z, t € (—00,00) X [0,00), npuuem umerom mecmo GopmyaoL:

0A(z,t)  Oag(x,t) 1

T+t T
=l S [ @A+ - 9de-5 [ aoas o+ o,

OA(z,t)  Oag(w,t) 1

T+t 1 T
s =l 2 [ @A - 9der g [ a©AE-ar e

HpI/ICTyHaeM K N0Ka3aTeJIbCTBY OCHOBHOI'O pe3yJibTaTa.

Teopema 3. [lycmo q(x) € L[0,1]. aa moeo, umober cyuwecmeosaro edurcmaenroe
kaaccuueckoe peuwerue sadauu (1)—(3), neobxodumo u docmamouro, umobol p(x),
¢ () 6oLau abcorrommo Henpepoisrol u p(0) = p(1) = 0. Imo pewenue daemcs popmy-
a0t u(x,t) = A(x,t).
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,I[OKaSaTeJ'leTBO. I[OCTEITO‘{HO J0KasaThb JUIIb JOCTATOYHOCTD. O60o3Haunm

By(a,t) = / T OAC T 1) e, Blat) = / :q(S)A(é,é—xH) .

AnanornuHo snemme 4 mosydaem, 4to Bi(w,t), Bs(x,t) npu GUKCHPOBAaHHOM & abCo-
JIIOTHO HeNpepBIBHBI 110 ¢ U

xr x4+t
Miij):dx+ﬂA@+tO%b/ G(EVALE, z+ 1t — £) de, (18)
8328(:,t) =q(x —t)A(x —t,0) + /: q(E)AL(E, € —x + 1) dE, (19)

npudem npasbie yacty (18) u (19) koHeuHbl, eciu KoHeuHbl (16) npu £ =z +t, v — t.
AHasnoruyHo JemmMe 5 mosydaeM, uto Bi(z,t) u Ba(x,t) npu ¢ukcupoBaHHOM ¢ abco-
JIIOTHO HEMPepBIBHbI M0 T U

0By (x,t o+t /
13(; ) =q(z+t)A(x +1,0) — q(x)A(z,t) + / (O AL, x +t =€) dE, (20)
0By (z,t z /
—g(; )= 4() A1) — gl — A — £.0) + / gAY E—x+t)ds,  (21)
r—t
npuueM npasble yacTu (20) u (21) KoHeuHBl, ecau KoHeuHsl (16) npu { =, v —t, © +¢.
Tak kak
0A(z,t)  Oag(x,t) 1 1
o~ ozl gh@t),
0A(z,t)  Oag(x,t) 1 1
or or §Bl($’t) + §BZ($’t)’
0A(z,t)

TO pU (PUKCHPOBAHHOM 2 aOCOJIIOTHO HEIpepblBHA 0 ¢ U MOYTH BCIOAY IO t

ot
crpaBejsiMBa (opmysa

PA(x,t)  ag(w,t) 10Bi(v,t) 10Bs(x,1)

oz op 2 ot 2 ot @2)

MpUueM OHa UMeeT MeCTO, ecjii KoHeuHbl (16) mpu & =z +t, x — t u KoHeuHnl ¢ (z + 1),
o'z —1).

Haxower, % NpU PUKCHPOBAHHOM ¢ abCOJIIOTHO HEMPEPBIBHBI MO & ¥ UMEeT MeCTO
dhopmy.aa

Ox? 0z 2 Or 2 Ox
U3 (22) u (23) nonyuaem, uto A(x,t) ynoBneTBopsieT ypaBHeHHI0 (1) mouTu BClomy.
HayanbHble W rpaHHuYHBIE YCJIOBHS JIETKO MPOBepsitoTcsl. Tak Kak % € L[Qr], To
noJiyyaeM KJacCHUeCcKoe pellleHHe B KJjacce eIHHCTBEHHOCTH. O
OtmetuM elue, uto psin A(x,t) GbICTPOCXOASAIIHUICS (IKCIIOHEHIIHAIbHAS CXOAUMOCTbD),
B TOM 4MCJle U B KpaiiHeM caydae ¢(x) € L[0, 1]. JJoCTOMHCTBO €ro B TOM, YTO OH SIBJISIETCS
SIBHBIM BbIDa)K€HHEM KakK KJaCcCHUeCKOro, Tak W o6oObIiieHHoro pemenus 3agadu (1)—(3).
Mel nosyuaem Tenepb pesysnbTathl U3 [1,7-9] B ciyuae p = 1, He UCTOMB3Ys HU MPUMeEP
A. H. Konmoroposa, uu teopemsl Kapnecona — Xanra u Xaycnopda — IOunra. [lokasatens-
CTBa SIBJSIOTCS 3JIeMEHTAPHBIMU, HO BeCbMa HEMPOCTBIMHU U B HUX MCIOJb3YIOTCS TIPHEMHI,
CXOXKHe C BBIlLIeyKa3aHHBIMU JUUIST PACXOASIIIUXCS PSILOB.

(92A(x,t) a2a0(1’,t) o 18B1(x,t) 4 1832(1’,t) (23)
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MEXAHUKA

Threshold Values of Morphological
Parameters Associated
with Cerebral Aneurysm Rupture Risk
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Numerous studies have shown that morphological parameters of
aneurysms are associated with their rupture. However, literature
data on the values of these parameters vary significantly. The ob-
jective of this study is to identify image-based morphological pa-
rameter values which correlate with cerebral aneurysm rupture and
can be used during preoperative planning to detect aneurysms
prone to rupture. Mean values of the morphological factors such as
aspect ratio and size ratio were chosen from the literature. These
factors were sampled for ruptured and unruptured aneurysms. Sta-
tistical analysis of these factors was performed. Statistically sig-
nificant differences were obtained between mean values in sam-
ples of size ratio and aspect ratio for ruptured and unruptured
aneurysms. There were no statistically confirmed differences be-
tween size ratios for ruptured and unruptured anterior communicat-
ing artery aneurysms. In contrast, such differences were revealed
for both of examined parameters for posterior communicating artery
and middle cerebral artery. ROC analysis revealed critical values
of aspect ratio and size ratio which distinguish ruptured aneurysms
from unruptured ones. High correlation was obtained between size
ratio and aspect ratio. Mean values of aspect ratio and size ratio
published in recent articles are smaller than the values published
10—15 years ago. Diagram size ratio — aspect ratio showed thresh-
old value of aspect ratio. It was shown that among considered mor-
phological factors, aspect ratio was meaningful. Moreover, aspect
ratio correlates with size ratio, and therefore we assume that size
ratio is redundant. The obtained criterion value of AR = 1.2 in our
opinion is logical. It was also confirmed by ROC analysis.
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INTRODUCTION

Intracranial aneurysm (IA) is a vascular disorder affecting 2-5% of population [1,2].
Rupture of IA frequently leads to subarachnoid hemorrhage (SAH). The worldwide
incidence of SAH is about 9/100000 [3]. Despite the advances in SAH management,
the mortality rate still remains very high. According to the authors [4], up to 33% of
patients with SAH die before they are hospitalized and approximately 25% die within 24
hours. Moreover, studies report that half of the survivors remain disabled [5].

Today more and more [As are detected with the help of modern imaging methods
such as computed tomography (CT) and magnetic-resonance imaging (MRI). In spite
of this fact there is still a dilemma to decide which A to treat. So the identification
of IA prone to rupture is a challenge for a surgeon. Moreover, surgeon must determine
which aneurysms need to be treated and which may not be treated because of the high
treatment-related risks [6,7].

Modern researches show that IA morphologies such as aspect ratio (AR) [8,9] and
size ratio (SR) [10, 11] are related to IA rupture status. These parameters can be cal-
culated on the basis of CT and MRI data and are convenient for preoperative diagnosis.
However, different authors obtain different threshold values of these parameters, as a
result, their applicability is complicated.

This article analyzes published AR and SR values for ruptured and unruptured [As
in order to determine their critical values, by means of which it is possible to identify
aneurysms prone to rupture.

1. MATERIALS AND METHODS

A total of 117 articles were found devoted to the study of morphological factors of
cerebral artery aneurysm rupture. Articles that did not contain mean values of SR and
AR parameters were discarded. Articles in English were considered. Thus, 29 articles
devoted to the study of the SR of IAs and 40 articles on the AR of IAs were selected.
Search for articles was carried out on Scopus, Pubmed, Elibrary and Google Scholar
databases. The review includes articles published from 1999 to 2018. We used the
following keywords for article search:

1) cerebral aneurysm aspect ratio;

2) cerebral aneurysm size ratio;

3) cerebral aneurysm morphological rupture factor;

4) factors of cerebral aneurysm rupture.

Articles devoted only to numerical modeling were excluded. Only clinical research ar-
ticles on the search for aneurysm rupture factors mean values were included. Aneurysm
morphologies which were published in reviewed articles were measured using computed
tomography angiography images. Since the question of the demographic data of patients
is not put in the papers on the factors of aneurysm rupture, it is also not covered in this
work. Mean values of SR and AR parameters for ruptured and unruptured aneurysms
of the cerebral arteries were chosen from the selected articles.
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AR is the maximum perpendicular
height of aneurysm divided by the average
aneurysm neck diameter. SR is the maxi-
mum aneurysm height divided by the me-
an diameter of branch associated with the
aneurysm (Fig. 1). In the third column of
Tables 1 and 2 arteries are indicated, for
which AR and SR parameters are given:
MCA is middle cerebral artery, ICA is in-
ternal carotid artery, AcomA is anterior
communicating artery, PcomA is posteri-
or communicating artery, All is all cere-
bral arteries.

vessel diameter

Fig. 1. Schematic image of a brain vessel
with an aneurysm

Table 1
Mean values of AR
No. | AR for AR for | Artery | Reference || No. | AR for AR for | Artery | Reference
ruptu- unrup- ruptu- unrup-
red tured red tured
1 2.70 1.80 All [12] 21 1.49 0.85 PcomA [30]
2 2.70 1.50 All [8] 22 1.80 1.40 All [31]
3 1.70 1.30 All [13] 23 1.30 1.10 PcomA [32]
4 1.24 0.86 MCA [14] 24 1.56 0.86 All [33]
5 2.20 1.60 PcomA [15] 25 1.32 1.02 All [34]
6 3.40 1.80 All [16] 26 1.43 0.95 All [35]
7 1.60 1.10 All [17] 27 1.31 0.92 All [36]
8 1.96 1.50 All [18] 28 1.48 0.86 PcomA [37]
9 1.39 1.07 AcomA [19] 29 2.50 1.44 All [38]
10 1.26 0.97 All [20] 30 1.40 0.90 All [39]
11 1.37 1.17 PcomA [21] 31 1.90 1.30 MCA [40]
12 2.06 1.03 All [22] 32 1.70 1.20 All [41]
13 1.50 1.30 All [23] 33 1.75 1.01 MCA [42]
14 1.76 1.29 All [24] 34 1.90 1.30 All [43]
15 1.36 1.05 All [25] 35 2.30 1.70 All [44]
16 1.18 0.96 All [26] 36 1.50 1.20 All [10]
17 1.90 1.50 ICA [27] 37 2.20 1.50 MCA [45]
18 1.60 1.03 MCA [14] 38 1.49 0.96 All [46]
19 1.84 1.09 All [28] 39 1.61 1.49 All [11]
20 1.27 0.84 PcomA [29] 40 1.51 1.07 MCA (9]
Table 2
Mean values of SR
No. | SR for SR for Artery | Reference || No. | SR for SR for Artery | Reference
ruptu- unrup- ruptu- unrup-
red tured red tured
1 2.80 1.80 All [10] 8 1.77 1.44 PcomA [21]
2 4.07 2.57 All [47] 9 2.67 0.98 All [22]
3 2.09 1.55 AcomA [48] 10 4.300 2.20 All [51]
4 2.39 1.20 All [49] 11 1.50 1.10 All [23]
5 2.60 1.90 AcomA [50] 12 2.84 2.05 All [52]
6 3.22 2.34 AcomA [19] 13 2.81 0.75 All [24]
7 2.01 1.22 All [20] 14 2.13 1.46 All [25]
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The end of Table 2

No. | SR for SR for | Artery | Reference || No. | SR for SR for | Artery | Reference

ruptu- unrup- ruptu- unrup-

red tured red tured

15 1.30 0.90 AcomA (53] 23 2.26 1.50 PcomA [37]
16 3.14 1.58 All [54] 24 3.04 1.86 All [38]
17 1.04 0.86 All [55] 25 2.60 1.20 All [39]
18 1.92 1.00 PcomA [30] 26 3.28 2.16 MCA [42]
19 1.84 1.62 PcomA [32] 27 2.58 1.47 All [46]
20 1.88 0.84 All [33] 28 1.86 1.70 All [11]
21 2.73 2.31 All [34] 29 1.22 0.79 MCA (9]
22 2.65 1.85 All [35]

Mean values of AR and SR for AcomA, PcomA and MCA were chosen from Tables 1,
2 and are listed in Tables 3, 4.

SR and AR were analyzed according to the following scheme.
1. Checking the distributions in

Table 3 the samples for normality. Building
Mean values of SR for AcomA and PcomA .
histograms.

AcomA PeomA 2. Confirming the statistical sig-
Ruptured | Unruptured | Ruptured | Unruptured nificance of the differences between
1.30 0.90 1.77 1.44 groups of ruptured and unruptured
2.09 1.55 1.84 1.62 aneurysms for AR and SR using

2.60 1.90 1.92 1.00 Mann - Whitney test.
3.22 2.34 2.26 1.50 3. Calculating medians and per-

centiles for samples of ruptured and

Table 4

unruptured aneurysms for AR and
Mean values of AR for PcomA and MCA SR for all arteries. as well as
PecomA MCA for AcomA, PcomA, and MCA, for
Ruptured | Unruptured | Ruptured | Unruptured which separate samples of AR and

1.27 0.84 1.24 0.86 SR values were formed.
1.30 1.10 1.60 1.03 4. ROC analysis for AR and SR.
1.37 1.17 1.75 1.01 Calculation of ROC areas for AR and

1.48 0.86 1.90 1.30 SR.

1.49 0.85 2.20 1.50 5. Selection of articles in which
2.20 1.60 1.51 1.07 data on both of ratios (AR and SR)

was presented and the formation of
a sample for ruptured/unruptured aneurysms to identify critical values of AR and/or
SR. Comparison of ROC curves for AR and SR.
6. Spearman correlation analysis.
7. Calculation of critical values of AR and/or SR to distinguish groups of ruptured /
unruptured aneurysms.
All calculations were carried out in Medcalc 18.11.6 software.

2. RESULTS

1. Normality test for distributions in samples from Tables 1 and 2 was carried out
with the help of Shapiro - Wilk test [56].

Histograms for AR and SR samples for ruptured and unruptured aneurysms and
normality Shapiro— Wilk test diagrams are shown in Fig. 2-5.
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Fig. 5. SR histogram for ruptured aneurysms (a) and Shapiro — Wilk normality test (b)
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Table 5 Shapiro — Wilk test, as well as the type of histograms

Mann - Whitney test for AR 1 Fig. 2-5 showed that in each ol the four samples

and SR (P = 0.05) in Tables 1 and 2, the distribution of values was not

Parameter AR | SR | normal. Therefore, nonparametric methods were chosen
Mann - Whitney | 205 | 114 for statistical analysis.

criterion 2. Mann - Whitney test showed that differences be-

Critical value 628 314 | tween samples for ruptured and unruptured aneurysms

for AR and SR parameters are reliable. Tables 5 and 6
show values of the calculated Mann - Whitney test as well as its critical values [57].
The only case where the differences between samples for ruptured and unruptured aneu-
rysms based on SR were found unreliable is the case of the AcomA (Table 6).

Table 6
Mann - Whitney test for AR and SR for AcomA, PcomA
and MCA (P = 0.05)

Parameter SR AR
AcomA | PcomA | PcomA MCA
Mann - Whitney 4 0 2 0
criterion
Critical value 1 1 4 4

3. Medians and percentiles (25%, 75%) for ruptured and unruptured aneurysms
for AR and SR parameters for all arteries and for AcomA, PcomA, and MCA were
calculated and placed into Tables 7 and 8.

Table 7

Medians (Me) and percentiles (Q25, Q75) for AR and
SR (for all arteries)

Parameter Variational-statistical indicators

Me Q25 Q75

AR | Ruptured 1.60 1.39 1.90

Unruptured 1.09 0.96 1.30

SR | Ruptured 2.60 2.01 2.84

Unruptured 1.50 1.10 1.90
Table 8

Medians (Me) and percentiles (Q25, Q75) for AR and
SR (for AcomA, PcomA, MCA)

Artery Parameter Variational-statistical indicators
Me Q25 Q75

AR Ruptured 1.37 1.27 1.47

PeomA Unruptured 0.86 0.70 1.02
SR Ruptured 1.88 1.67 2.10
Unruptured 1.47 1.20 1.74

AcomA | SR | Ruptured 2.35 1.53 3.15
Unruptured 1.73 1.12 2.33

Ruptured 1.75 1.39 2.10

MCA | AR Unruptured 1.03 0.77 1.29
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4. The results of ROC analysis for AR and SR are shown in Fig. 6 and 7 respectively.

AR AR
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0 20 40 60 80 100 0 1
100-Specificity Status
a b

Fig. 6. ROC curve for AR (a), criterion value of AR (b). ROC area for AR is 0.862 (P<0.001).
Status shows ruptured (1) and unruptured (0) aneurysms

Sensitivity for SR> 1.7 was 65.5 and specificity was 86.2.
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Fig. 7. ROC curve for SR (a), criterion value of SR (b). ROC area for SR is 0.842 (P<0.001).
Status shows ruptured (1) and unruptured (0) aneurysms

Sensitivity for AR> 1.3 was 87.5 and specificity was 72.5.

5. Then 14 articles were chosen in which both factors were investigated. Two samples
of AR and SR were generated with ruptured/unruptured aneurysm status (Table 9). The
first author of the corresponding article and reference number were placed into the right
column of Table 9. Comparison of ROC curves for AR and SR values from Table 9 was
performed (Fig. 8).

6. Spearman correlation analysis showed high correlation (Spearman coefficient was
0.73, P< 0.001) between AR and SR.

7. SR-AR diagram was constructed for the data from Table 9 (Fig. 9). According
to the diagram, critical value of AR (vertical green line, AR= 1.2) was calculated,
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which distinguishes ruptured aneurysms from unruptured ones. Blue rhombuses on the

diagram refer to unruptured aneurysms, red squares refer to ruptured aneurysms.

Table 9

AR and SR values, aneurysm status and first author in reference list

AR | SR | Ruptured/ First author. AR | SR Ruptured/ First author.
Unruptured reference Unruptured reference
1.20 | 1.80 | Unruptured Dhar S. [10] 1.01 | 2.34 | Unruptured Lin N. [19]
0.97 | 1.22 | Unruptured | Zheng Y. [20] 1.17 | 1.44 | Unruptured | Jiang H. [21]
1.03 | 0.98 | Unruptured Qiu T. [22] 1.00 | 0.80 | Unruptured Qiu T. [22]
1.05 | 1.46 | Unruptured Li M. [25] 0.85 | 1.00 | Unruptured Wang
G. X. [46]
0.86 | 1.46 | Unruptured Wang 1.10 | 1.62 | Unruptured | Zhang Y. [32]
G. X. [14]
1.02 | 2.31 | Unruptured | Ho A. L. [34] 0.95 | 1.85 | Unruptured Fan J. [35]
0.90 | 1.20 | Unruptured | Jeon H. J. [39] || 1.01 | 2.16 | Unruptured Lin N. [19]
1.50 | 2.80 | Ruptured Dhar S. [10] 1.71 | 3.22 | Ruptured Lin N. [19]
1.26 | 2.01 | Ruptured Zheng Y. [20] 1.37 | 1.77 | Ruptured Jiang H. [21]
2.06 | 2.67 | Ruptured Qiu T. [22] 1.81 | 2.36 | Ruptured Qiu T. [22]
1.36 | 2.13 | Ruptured Li M. [25] 1.49 | 1.92 | Ruptured Wang
G. X. [46]
1.30 | 1.84 | Ruptured Zhang Y. [32] || 1.32 | 2.73 | Ruptured Ho A. L. [34]
1.43 | 2.65 | Ruptured Fan J. [35] 1.40 | 2.60 | Ruptured | Jeon H. J. [39]
1.75 | 3.28 | Ruptured Lin N. [19] 1.24 | 2.51 | Ruptured Wang
G. X. [14]
3.5
.l
3.0- 5
2z 225 - -
2 s . n
2 i 2 | . L
c§ 40 _—I_._._ @n 2.0 . o By =
0 ff T : ot
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Fig. 8. Comparison of ROC curves for
AR and SR (difference between areas is
0.092, P= 0.08)

Fig. 9. SR-AR diagram for data from Table 9

3. DISCUSSION

Aneurysms are common pathologies of cerebral arteries. Aneurysm rupture can be
catastrophic. Nevertheless, not all aneurysms are prone to rupture, so the surgeon must
decide on the need for surgical treatment, assessing the likelihood of an aneurysm
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rupture. Reliable, easy-to-assess factors can help in assessing the risk of rupture and
decision making process.

According to investigations over the past 20-25 years, many risk factors are correla-
ted with rupture of cerebral aneurysms. But none of these factors is used as reliable and
independent criterion for analysis of cerebral aneurysm rupture. Many modern studies
show that geometric parameters AR and SR are associated with rupture of cerebral
aneurysms. The first work on AR was published in 1999 [58]. SR was discovered much
later [10]. Moreover, the possibility of differentiation of [As with the help of these factors
is shown by using methods of biomechanics and computational experiment [29,37,59].
However, the question still remains open which values of these parameters are consi-
dered as thresholds, which could help to identify cerebral aneurysms prone to rupture.
The identification of such critical value will provide convenient clinical instrument for
differentiating patients with high-risk [As and elaborating appropriate individual surgery
plan.

AR and SR geometrical parameters were selected for the study because they can
be easily calculated for almost any aneurysm in CT scan. They have been studied
together because both of them are not absolute, but relative values, unlike, for example,
the size of aneurysm. Moreover, these parameters are measurable, in contrast to the
irregular shape, which is determined subjectively. The subjective factor in the definition
of aneurysm irregular shape can introduce a significant error in the diagnosis of an
aneurysm and decision making process during preoperative planning.

Although other authors use parametric statistical methods “by default” [9], we de-
liberately did not use parametric statistical methods, such as, for example, Student’s
test, since the distributions in AR and SR samples were not normal. For comparison of
medians in AR and SR samples for ruptured and unruptured aneurysms (Tables 7, 8),
we used nonparametric Mann — Whitney test.

Many authors [19, 48, 50, 53] believe that AcomA among other arteries is most
often subjected to the occurrence of aneurysms. However, in this study, there were
no statistically confirmed differences between SR samples of ruptured and unruptured
AcomA aneurysms. In contrast, such differences were revealed for both of parameters
examined (Table 6) for PcomA and MCA. It should be noted that samples of AcomA,
PcomA, and MCA were rather small. Nevertheless, Mann — Whitney test can also be
applied to such small samples containing 4-5 values.

ROC analysis for AR and SR (Fig. 6 and 7) showed the highest area under ROC
curve for AR. But the difference between area under ROC curve for AR and SR was
minimal (0.862 and 0.842 respectively for AR and SR). ROC analysis also allowed
us to obtain critical values of AR (1.3) and SR (1.7) which distinguish ruptured and
unruptured groups of aneurysms. However, sensitivity for SR turned out to be only 65.5
for critical value of 1.7. At the same time, sensitivity and specificity for AR were 87.5
and 72.5 respectively.

Samples were formed for the values of AR and SR (Table 9), which were simultane-
ously presented in the same articles. This made it possible to compare ROC curves for
AR and SR and to reveal the correlation between these parameters and also to reveal
threshold of AR. Comparison of ROC curves for both AR and SR factors (Fig. 8) taken
from Table 9 showed that AR also has the highest area under ROC curve (1.000 and
0.908 respectively for AR and SR, difference was 0.092, P= 0.08).

[t was shown that among considered morphological factors, AR is meaningful. More-
over, AR correlates with SR, and therefore we assume that SR parameter is redundant.
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The obtained criterion value of AR=1.2 in our opinion is logical. It was confirmed by
ROC analysis (Fig. 10) of the data from Table 9 (critical value > 1.20, sensitivity and
specificity were equal to 100, area under the ROC curve was equal to 1.000, P< 0.001).
[t can be considered a great success that the diagram shown in Fig. 9 was obtained. It
confirms the high correlation between AR and SR, and, at the same time, it makes it
easy to determine the criterion value of AR.

AR SR
22F 35F
20+ 3.0
18 251
1.6 -
20F
1.4+
12 " - 0.5 .
: >1.2 Lok > >1.62
1O Sens: 100.0 : Sens: 100.0
08 L » . Spec: 100.0 05k | . Spec: 64.3
0 1 0 1
status status
a b

Fig. 10. Interactive diagrams for AR and SR for data from Table 9 (critical values AR> 1.2,
SR> 1.62, P< 0.001). Status shows ruptured (1) and unruptured (0) aneurysms

The strength of this study is also that it examines not one group of patients with
aneurysms, but this work accumulates many works devoted to the study of morpholo-
gical factors of cerebral aneurysm rupture.

[t should also be noted that values of AR and SR published in recent articles are
smaller than the values published 10-15 years ago. We calculated correlation coefficients
between mean values of AR and SR and the year of article publication. Spearman
correlation coefficients for AR and SR were 0.65 and 0.67 respectively, P< 0.05. The
highest values of AR and SR were published in the first half of the 2000s [8, 12, 16].
We believe that this can be associated with the development of diagnostic methods.
Moreover, the relationship between the values of the parameters and the country where
the study was conducted, as well as the population was not identified. However, this
question requires more detailed study.

CONCLUSION

High correlation between AR and SR parameters was shown, therefore one of these
parameters is redundant. Critical value of AR, which determines ruptured aneurysms,
was obtained. We showed that values of AR greater than 1.2 are associated with aneu-
rysm rupture. This morphological parameter specific to cerebral aneurysms is easy to
calculate and can be used in the diagnostics of aneurysms and the detection of aneu-
rysms prone to rupture. As a limitation, it is also necessary to note the relatively small
sample size, on the basis of which a critical value of AR was obtained. We also did not
take into account the age and demographic characteristics of the patients participating
in the samples.

Acknowledgements: This work was supported by the Russian Science Foundation
(project No. 17-71-10191).
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MHorouvcneHHble NCCNenoBaHMs NMOKasbliBaT, YTO MOPHPONOrMYecKne napameTpbl aHEBPU3M
CBsA3aHbl C MX paspbiBoM. OfHaKo NMTepaTypHble OaHHble O 3HAYEHUSIX 3TUX MaApPaMeTPOB
3HauuTenbHO pasnuyatotcs. Lienbio gaHHoro uccnenoBaHns SBNSETCS ONPeLeNeHNe 3HaYEeHIA
MOPCPONOTrMYECKMX MapaMeTpoB, KOTOPbIE KOPPENMPYIOT C Pa3pbiBOM aHEBPU3M COCYAOB FO-
NIOBHOrO MO3ra M MOryT OblTb UCMONb30BaHbI BO BPEMS MPEefonepauuoHHOro nnaHupoBaHus
LLNs BbISIBMEHNS @HEBPU3M, CK/IOHHbBIX K pa3pbiBy. CpeaHue 3Ha4YEHUs1 MOPDONOrMYeckmx dpak-
TOPOB, TAKMX KaK COOTHOLWEHNE CTOPOH M OTHOWEHWE Pa3MeEPOB aHeBpU3Mbl, Bbinn cobpaHbl
13 NNTepaTypPHbIX AaHHbIX 415 Pa30PBaBLINXCS M HEPA30PBABLINXCS aHEBPU3M. Bbin BbINMONHEH
CTaTUCTUYECKNIA aHaNN3 3Tux pakTopoB. CTaTUCTUYECKU 3HAYUMBIE PA3NNYMst BblNn NONYYeEHbI

303



&hifbs. Capar. yH-1a. Hos. cep. Cep. Matematnka. Mexannka. VHpopmatnka. 2019. T. 19, Bbin. 3

MexXay CpedHMMU 3HAYeHVsIMU B BblOOPKax OTHOWEHWS PasMepoB W COOTHOWEHUS CTOPOH
aHEeBPW3M ON15 PA30PBAaBILMXCS U HePa30PBaBLIMXCS aHeBPU3M. He oBHapyXeHo CTaTUCTMYECK
MOOTBEPXAEHHbIX Pa3fMuMii  MeXay OTHOWEHWEeM pPasMepoB ANs  Pas3opBaBLIMXCSA U
HepasopBaBIIMXCS aHeBpPU3M MepedHeil coedvHUTeNbHOM apTepun. HanpoTue, Takue
pa3nuumna Gbinn BbisIBNEHbl AN 06CNenoBaHHbIX NapaMeTpoB ANs 3adHel COeaVMHUTENbHOM
apTepun 1 ans cpeaHei mosrosoi aptepun. ROC-aHana no3Boina BblYMCINTb KPUTMYECKME
3HAYeHNs COOTHOLWEHMS CTOPOH U OTHOLIEHNS pa3MepoB, KOTOpble OTINYa0T pa3opBaBLInecs
aHEeBPU3Mbl OT HepasopBaslUXCS. Bbina nonyyeHa BbICOKas KOPPENALUMS MeX Oy OTHOLWEHUEM
pasMepoB 1 COOTHOLIEHNEM CTOPOH. CpedHne 3HaYeHUs COOTHOIIEHNSI CTOPOH U OTHOLWEHUS
pasmMepoB, OMyO6nMKOBaHHbIe B MOCNEOHME Trofdbl, CYWECTBEHHO HMXEe 3HAYEHMWA OaHHbIX
napameTpoB, onybnunkoBaHHblXx 10—-15 neT Hasad. bbino nokasaHo, 4TO cpeau PacCcMOTPEHHbIX
MOPCPO/OrMYECKNX PaKkTOPOB COOTHOLIEHNE CTOPOH aHeBPM3M OKasanocb 3HaumMMbiM. Bonee
TOrO, COOTHOLWEHNE CTOPOH KOPPENUPyeT C OTHOWEHMEM pa3MepoB, U MO3TOMY OTHOLIEHUe
pasMepoB MOXHO cuMTaTb W36bITOYHBLIM. [loNlyyeHHOe 3HaYyeHUe KPUTEPUsi COOTHOLWEHUS
CTOPOH, paBHoe 1.2, 6bino Takxe noareepxaeHo ROC-aHanuaom.

KnroqeBble cnosa: uepebpanbHasi aHEBPM3Ma, COOTHOLEHNE CTOPOH, OTHOLEHME pa3Mepos,
npenonepaunoHHoe NnaHmpoBaHne, ctatuctTnyeckuin aHanms, ROC-aHanus.
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B paboTe mocTpoeHa Teopusi HENMHENHOW OUHAMUKW TMOKOM OOHOCMONHON MUKPOMOSIPHOM
UMAMHOPUYEecKod  OBONMOYKM  ceTyaToil  CTPYKTypbl. [eomeTpuuyeckass HENUHERHOCTb
yunTbiBaetca no mogenn Teomopa ¢oH KapmaHa. PaccmatpumBaetcss Heknaccmyeckas
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yacTtuy (NceBOOKOHTMHYYM). [Mpn aToM nNpegnonaraeTcs, YTO NONS NepemMelleHnin 1 BpaleHnin
He SBNSIOTCA He3aBMCUMMbIMW. B paccMoTpeHve BBOAMTCSA AOMOMHUTENbHbIA HE3aBUCKMBIIA
mMaTepuanbHbli NapameTp AO/VHbl, CBA3aHHbIA C CUMMETPUYHbIM TEH30pOM rpPanveHTOoM
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MO3BOJSAIOWMX YYECTb He TOMbKO MOBOPOT, HO WU UCKPVBMIEHNE HOpManu nocne gedopmaLmn.
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oCv, HampaBNeHHOW MO AnvMHe 060M0YKU, M PACCTOSHMEM MeXIy COCeaHumMy pebpamu.
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BBEOEHUE

Kone6anus mnactiH U 060J04eK JeKaT B MJIOCKOCTH HayUHBIX HHTEPECOB MHOTHX
yueHbix [1-4]|. Pa3BuTHe MUKPOCHCTEMHBIX TeXHOJIOTHH U BHeLPEHHE UX B CTPATETHUECKH
BaKHble 00/1aCTH 3KOHOMHUKH TpHUBEJM K IMOBBILIEHHUIO HHTEpecca HCc/eqoBaTes el K
HaHOpPa3MepHbIM MeXaHWYeCKHUM cHcteMaM [9,6]. MuUKpomnosspHasi TeOpUs UCIONb3YeTCs
NP MaTeMaTHYeCKOM MOJeJHPOBAHUU MOBENEHUS CIJIOLIHBIX LUJIUHAPHUYECKHX 000/04eK
B pabote [7], rme mocTpoeHa JMHeHHasi MOJeJb HA OCHOBAaHUU KMHEMATHUECKHX THMIIOTE3
Kupxrogpa. B cratesix [8, 9] npuBemeHbl U HCC/IeLOBaHBl MaTeMaTHUeCKHE MOMAEJH
MUKPOTIOJISIPHBIX CIJIOLIHBIX JHUHEHHBIX LMJHHAPHUECKUX 000J0UYeK, YUHUTHIBAIOLIME He
TOJIbKO MOBOPOT [8], HO W HCKpUBJeHHe HopManu mocte aedopmanuu [9]. [NosiByeHue
CBEPXTOHKOTO M TMPOYHOrO MaTepuana — rpadeHa — TMpHUBeJO K HeOOXOAUMOCTH
UCJIeIOBAaHUN TaKUX CHUCTeM, Kak yriepoaHble HaHOTPYOKH (YHT) [10-12]. TTunauscon
[13] Obl1 omHMM H3 TEpPBBIX, KTO TPHMEHWJ HEJOKaJbHYI0 TEOpPHI0 YIPYroCTH U
MpeNJIoKHUJ TpocTellnyto 6anouHyo Moiedb Digepa — BepHynau ans usydeHus u3ruoda
YHT. B panbHedmeMm nosiBujaca psig pabor, B kotopelx YHT paccmatprBaeTcs Kak
Oaska MomesH BbICHIMX MpudankeHuit Tumomenko [14] u Ilesnexa—IllepemerbeBa —
Penmu [15], rme yueT HaHOpa3Mmepa TakxkKe Obl CBf3aH C TpaJHeHTHOH Teopuei
ynpyroctu. MoMmeHTHasi Teopusi yNPyroCTH NpUMeHeHa K aHanau3y nosenenus YHT B
pabore [16], B [17] — mnis U3yueHHs] AMHAMHKU YTJIEPONHBIX HAHOTPYOOK C ONHHAPHBIMH
CTEHKaMH Ha OCHOBe TI'DAaJUEeHTHBIX TEOPUH YIPYTrOCTH C ydeToM JAedOpMalll{ CIBHra.
Kak mexanunueckuil o6bekT YHT npencraBisier co60il 0qHOCAORHYIO UK MHOTOCJOHHYIO
HaHOPa3MepHYI0 LUJAHWHAPHYECKYIO 000/I0UKY ceTuaToil cTpykTyphl. [IpuBeneHHbId Bbllle
0030p TMOKa3blBaeT, UTO CPeACTBAMH TEOPUH YMNPYTOCTH B Pa3IUUHBIX MOAU(PHUKALHUAX
YHT monenupyiores Kak 0anku WM LUHJHHIpPUYecKHe 000/04KH 6e3 yyeTa WX CeTyaToH
CTPYKTypbl. B nanHoOi pabore moctpoeHa Teopus KojebaHuil YHT kak reomerpuuecku
U (PU3UUECKH HEJHHEHHOH TMOKOH OQHOCJOMHOH MHUKPOMOJSPHOH LHUJIUHIPHYECKOH
000JI0UKH CeTYaTOH CTPYKTYPHI.

1. MATEMATUYHECKASI MOLEJIb MUKPOMONSPHOU CETYATOMN
LUAITNHOPUYECKOU OBOJIOYKU MNEJIEXA-LWUEPEMETbEBA-PELON

PacecmoTpuM  LUJAMHApPUUYECYIOH  000JOUKY,
3aHMMawllyl0 B npoctpaHcTee R3  obsacTh
Q={0<a<h 0<f<2m —5 <2< 5}
(puc. 1).

KommoHeHTBl ~ BeKTOpa TMepeMelleHHH 1
3anuiieM c¢ ydetoMm rumnote3 [lesnexa— [lepe-
MeTbeBa — Peniu:

; 423 ( Ow
ua:u(avﬁat)—i_%_@ 8—&+7a ;
Puc. 1. Cxema LUHJUHAPHYECKOH 060~ - B 4_2’3 ow (1)
JIOYKH ug = vl B,1) + SREREY op s )
Fig. 1. Scheme of the cylindrical shell s = wla, B,1),

U, v, W — OCEeBble CMelLleHHs CPelMHHON OBEPXHOCTH 000JI0UKH B HaMpaBJeHHUsAX «, 3, 2,
COOTBETCTBEHHO, Y4, Y3 — YIJ/Ibl IOBOPOTA MONEPEYHbIX CEYEHHH 00O0JOUKH.
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Eciu B (1) mpeHebGpeuyb ujeHaMH, TMOAYEPKHYTBIMH JBYyMSI U€PTaMH, TO MOJYUHUM
cootHouenne w™openun C. II. TumolueHko, He yuuTbIBawlleld H3rubaHue HOPMaJIH,

ec/qd NP 3TOM B UJeHaX, MOAYEPKHYTBIX OAHOU YepTOH, MOJOKHTb Y, = —g—g u
Vo= ;g‘g, TO TOJY4YUM MOJeNb, He yuuThiBamoulyo casur (Kupxroda - Jlssa).

KOMIOHEHTBl CHMMETPUYHOTO TeH30pa MOJHBIX JdeopMalUi € C Y4eTOM MPUHSTBIX
TUIIOTU3 U FeOMeTPUYEeCKOH HeJUHEHHOCTH B qaopMe T. pon Kapmana npumyr Bun

e —%_{_1 a_w 2_|_ 870‘ 0w _|_ﬁ
a2\ da da 3h2 a2 ' da )’

_19v 1 (9w 1 1dys 42° (1 0w 175
e (B v 5 3)

ROB  3h2 \R?9B*>  ROP
. 1 1@4_@ +18w6w+ 5_2_ 187a+% 423 9w
@7 2\RB " 9a) " Roadp 302 J\R3B = 9a) 3h29ad5

(1222 +18w v (1 222 +aw 0
€pz = 9 3:}1/2 VB R@ﬁ 4Ra Caz = 9 3:}1,2 Yo oa )’ €z = U.

Knaccnyeckue KOHTHHYyasbHble MOJEJNH He YUHUTBIBAOT 3(PQeKkThl Macimitaba Ha
HaHOpa3MepHOM ypoBHe. B paboTe paccmarpuBaeTcss HeKJaccuyeckas KOHTHHYaJsbHast
Mozesib 000JI0UKH Ha OCHOBe cpefibl Koccepa co cTecHeHHBIM BpallleHHeM YacTul (TceBo-
KoHTHHYYM). [Ipu sTOM mpenmnosaraercs, 4YTO MOJs MepeMelleHWHA W BpalleHUH He
SIBJISIIOTCS He3aBUCHMBIMU [18]. B TakoM cjyuyae KOMIOHEHTBHI CHMMETPHUHOTO TeH30pa
rpajiieHTa KPUBU3HBI X TPUMYT BH]

_ %_182 181} +2_22 1 9w +875
Xaa = 90  Roaop  Roa) 12 \Roa a@ ’
__1 l%_@ 11 Pw 10\ _ 37+‘92w
Xop = ROB  Oa ROadB R OB h2R 98 " 9a0dB )’

1 ( 1 81} Pw 10w Oy, 1 875)
aﬁ:_zl + —= -

R208 aaz‘_ﬁa@ da ' R OB

(e 10y 0w 1 0w
h da  ROB ' da® RZOR?

B 118%_@_1}_{_1&0 ol 1 9y, 827[3_'_
Xea =Y\ ROadS 802 R R2O5 R R9adB a2

22 1 Ow 2 (1 0%y, 827[3 (3)
+= (vt ) +25 (= - :
12 Ro5) 32 \Roads ~ 0a?
1 Lazu_l 0% _l@_w_i_k 1 827a 1 0%y
X8 =" \R298 ~ Roadf Roa R R2 08>  Roadp

+2_z +8w 23 1282%_18275
R\ Ba 3h2 R 082 ROadB)’

_ L (10 Oy 10w\ 2 [0y 10%
X2="95\R 08 0o R203) w2 \oa RO3)
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ﬂ.HH MaTtepuaJia 000JI0UKH orpenpeadroue COOTHOEHUA NPpUMEM B BHUAE

E E E _
Oaa = 1-.2 [ean +vegs], Oap = H—Vea67 Oza = meza, as B,
EP -
mij 1+ X2]7 1,] = avﬁaza

rae o;; — KOMIIOHeHTHl TeH3opa KowM, m;; — KOMIIOHEHTBl CHMMETPHYHOIO TeH30pa
MOMEHTA BBICLIEro MOpsiAKa, AJsi HeOAHOPOAHOro Matepuana E(«, 3, z) — monyab IOHra,
v(a, B, z) — koaduuuent [lyaccoHa, [ — HOMOTHUTEbHBINA HE3aBUCHMBIH MaTepHabHBIH
napameTp AJIHHBI, CBSI3aHHBIH C X.

YpaBHeHUS NBUKEHUS, TPAaHHUUHblE U HadyaJ/lbHble YCJOBUS MOJYYUM M3 BapHUalLlMOHHOTO
npununa Octporpanckoro — [amuabrona [19,20, ¢. 513-518]:

t1
/ (6K — 86U + 6W, + 6W,) dt = 0, ()
2

0

2
2 2
snech K — kuHeTudeckast sueprusi, K = 1p [0 {(‘955) + (%’3) + (%) } dv, Bapuauus

BHellIHel paboThl, CBA3aHHOM C pacrnpeneseHHbIMA CUJIAMU

ow, = /%/ a, B, t)ow da df

U C AUCCUNALMEH SHEPTHUH

ov ow
oW, = € 5u+e v+ €e,——0w| dv
“9 Yoo ot ’
€, — KO3(p(HUIMEHT AMCCUNALMKU B HampaBjaeHUsX «,f3,z, p — IJOTHOCTb MarepHasa
o6osoukH, q(a,3,t) — BHelIHss HopMaJbHas Harpyska. [loTeHnuanbHasi sHeprusi U B

YIPyTOM TeJie, IPH OeCKOHEYHO MaJjblX AeopMalusiX, ¢ yUeTOM MOMEHTHOH Teopuu [21]
npumet Bun U = [, (05 ;€ +mijxi;) dv.
C yyeTom 0003HaueHUH M5 KJACCUUECKHUX U HEKJACCUYECKHUX YCHJIHUH U MOMEHTOB

{Naom Moe, Soux} / aa® 1,3} dz, {onm za} / UzaksZ{O’Q} dz,
h h
2 2

h h

2 2
{Yaaa Raa} - maaz{oz} dZ, {szon Jzaa [za} - mzaksz{o’lﬁ} dZ, as ﬂa
h

[Ny

2

=

2
{T H,S.3} = / Uagz{o’l’?’}dz, {Yas, Rag} = maﬁz{o,z}dZ’
5 A

2

h
2
{Y;:,z; Rz,z} - mz,zz{og}dzu

|

M3 BapHALMOHHOrO TPHUHLHUNA [OJNYyUHM paspelliaiollie ypaBHEHHS JBHXKeHHS (D),
rpaHUYHblE U HauaJbHblE YCJOBUS.
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OyHkuUA ks XapaKTepu3yeT 3aKOH pacrpefiesieHUsl KacaTesbHbIX HaNpPsKeHUH Mo ToJ-
[IMHe 000JI0UKH:

0]\7&& 10T 1 8Y55 (‘)YZZ 623/,35 82}/;& 8u @2U
+ 555t o\~ + phéa— + ph—,
da | ROB ' 2R2 08 a8 | 9p2 2R 0B ot o2
1 ON aT 1 1 9Y,, 1 oY 1 oY, 1
L ONgp by - Pea L OB B_ vy, 4
R 98 " 9a 2R 2R 0a ' 2R 0a  2R? 0B 2R?
182 Y. 1 82}/25 ov 0%
a2 2R dap Mg TP e
Moo, 10H i 1 s | OVas | 1 P 1 0*Js
90 "R TR 03 T 9a 2R0008 2R 0B
1oy, 1 4 0S,, 4 4 98S.s 2 ORgs 2 OR..
+ =Ygy + 5 Pas — - —
2R 08 ' 2R 302 Ja | h2 302R 08  h2R 0B | K2R 0B
2 (9Ra,3 2 0%, B ij B 2 82.752 B 34ph3 82% B 8h3p Pw
" h? 0a 3R2R0a0B  h27P7 T 3R2R2 952 315 o2 315 Jat®’
OH 10Mss Ous 10V,  0Jss 1 0Vag bl 1 Ll 10Y..
da R 0B F7909a " 0a R 0B 2 da
_182132 1 9%J 25 4 6553 n i B i@Sag n EaRaa n EE)RZZ
2 002  2R0a0B 3R2R 08  hr P° 3h2 9a | K2 da | h? Oa
2 OR.p 2 0%I,. 4 2 0%Is.  34ph® 0%z 8hPp OPw

T o 5719 __Jozz - - )
2R 08 3k 9a2 R % T 3W2R000B 315 O 315K 051

0 ow 2 0 ow 2 0 ow 1 0 ow 1
a?(N a) Rda (%)*m <T8_a)+ﬁ% (”%)‘ENW
0Q:  10Qs 1 0o | 1 0V 10%as 1 ey 1 0Y.,
Y 9a TR 08  2R0008  2R0008 2 002 2R 032 2R 03
LYy 4 0*Saa | 4 0°Sgs A OP.. 4 0P 8 0°Sas
2R O« 3h? 0o 3h2R 052 h? Oa h?*R 0f 3h2R 0adf
2 0’Raa 2 0°Rzs 2 PRasg 2 PRas 4 0Ja. 4 08,
TR 0adB ' h2R 0adB ' h? 9a® K2R 982 KR 98 @ h? da

— he ow h82w 8h3p D3y,  8h3p Bys  RPp 0w h3p  O'w

()

+q=

ot 222 T 315 daor 315ROBO2 126 00202 126R2 9B20t2°

K cucreme ypaBHeHuil (D) cJjenyeT TNPUCOENIWHUTb TPaHHUUYHblE W HauyaJbHbIe
YCJIOBUSI B 3aBUCUMOCTH OT YCJOBHUH 3aKpelJieHUs U 3arpykKeHuss 000J0UKH, KOTOpble
TaKxKe T[OJyJYalTcsl W3 BapHallMOHHOro mnpuHuuna. [Ipenebperas B (D) ujeHamw,
MOAYEPKHYTHIMH ABYMSl 4epTaMHy, IOJYyUYHM YypaBHeHUs KoJeOaHWH THOKOH CIJIOLIHOM

nuanHapudeckoit obosouku mopenn C. Il. Tumomienko, He yuuTBIBalOlled H3rubaHue
HOpMaJIH.

JlonycTrMm, 060/04Ka COCTOUT U3 . CeMEHCTB pebep, J;, a;, ©; — PaCCTOSTHHE MEXIY
pebpamH, lWIKMpHUHA pedep, yroa Mexay OCblo o U ocbio pebep j-ro cemelcTBa. Ha puc. 2
13o0paxkeH (pparMeHT 000JIOYKH, COCTOSILLEH U3 OJHOro cemercTBa pedep.
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[Tonaraem, 4yto pnedopmauusi oCH Kakoro-
aubo cTepxkHS paBHa aedopMalUM  JUHUH,
COBNAJAMOIIEd C OCbIO 3TOTO CTEpPXKHS B
pacyeTHOH Mopesd. bBynmem cuurtath, uTO OfHA
U3 TJIaBHBIX LEHTPaJbHbIX OCeH IonepeyHbIX
CeYeHMH  CcTepKHeH  000JOYKM  COBNajzaeT
C HampapJeHMeM HOpPMajud K CpeIuHHOH
MOBEPXHOCTH  000JI0YKH.  Brelpaxkenus s
KJACCHUYECKUX HAMNpPSXKEeHUH U HalpsiKeHUH
Puc. 2. ®parmenT cetuaroii oGosouky, ~ BPICLIETO IOpslKa B j-M ceMeiicTBe pebep,
cocTosilIel M3 ofHOro ceMeficTBa pebep & TaKKe OTIMAHBIE OT HyJs HANPKEHHUS
Hamnpsi2KeHWs1 BBICILIEr0 MOpsAKa [Js ceTyaToH
000JI0UKH, COCTOSILLIEH U3 1 CeMENUCTB CTepKHeH,
NpUBeNeHbl B paboTe aBTOPOB [22].

Fig. 2. Fragment of the retina consis-
ting of a single family of ribs

n

S5 sS . sin® . —
Beonsi o6osnauenus Ay = > LA G gk = (0,4, 3aNUIIEM BbipaXKeHHs
N aj

J=1
IS K/JACCHYECKHUX M HEKJaCCHYeCKHX YCHJIMH W MOMEHTOB LMJMHIAPHYECKOH CeTd4aToi
060s0uku (6) (BepXHHMI MHIEKC S NMOKA3blBaeT yueT CeTuaToi CTPYKTYphl):

S S S
{N M Saa} - A4O{NaaaMaa78aa} +A22{N557Mﬂﬁ7556} +A31{Ta H7 Soz,,@}a

o) [e7eR)

{Nig: M3s, Sis} = Asa{Naa, Maa: Saa} + Aoa{Nss, Mg, Sps} + As{T, H, Sa s},
{T° H?, S;ﬂ} = A31{Noa, Moe, Saa} + Alg{Nﬁﬁ, Magg, Sﬁg} + A{T, H, Saﬁ},

{Q%., Po} = As{ Qs Poo} + A11{Q25, Pos},
{Qs, Plst = A1i{Quas Poa} + Ao2{Q:p, Pas}

(Yoo Roat = A1o{Yaa: Raat + A2a{Yis, Rast + Asi{Yas, Rag}, (6)

{Y5s, Rz} = A2o{Yaa, Raat + A0oa{Yss, Rps} + A13{Yap, Ras}

(Yo, Rogt = Asi{Yoa, Raa} + A13{Y3s, Rap} + As2{Yas, Ras},

{Y2, R} = A1o{Yea, Roa} + Aot {Yes, Rop} + Aoo{Yes, R.. ),
(V2 T I} = Aso{ Y2 T2 I} + An{Y T2, g} + Avo{Yes, Joo, L2}

za® zo) T zo za®”za) Tzo

{ zsﬁv ;ﬁa zsﬁ}:All{}/;Sansaylja}+A02{ ;:3 ZS,Ba ;ﬁ}+A01{}Q27Jzz;]zz}~

[ToncraBasis B ypaBHeHHs1 (D) BbipaxkeHHsI (6), MOJNYUHUM pa3pellaollyl0 CHCTEMY
YPaBHEHHUH [BHKEHHs 3JeMeHTa 3aMKHYTOH TMOKOH MHUKPOMOJSPHOM LMJIHMHAPHYECKOH
060Ji04KK ceTuatoil CTpyKTypbl Mopenan Ilenexa— [llepemerbeBa —Pennu. B nanHO#
MOJIeIN KECTKOCTb CTepKHeH Ha M3ru0d B IMJOCKOCTH, KacaTesJbHOH K CpPeIUHHOU
MIOBEPXHOCTH 000JIOUKH, HE YUUTBIBAETCS, IOITOMY MOPAAKU cUcTeM AUDpepeHHaNbHbIX
ypaBHEHHUH, OIMHUCHIBAIOUIMX [OBEJeHHe CeTUaThlX K CIJIOMIHBIX 000JI0YeK, COBMAMAIOT.
[Ipu 3TOM coBnanawT U (HOPMYJUPOBKU FPAHUUYHBIX YCJOBHH COOTBETCTBYIOLIUX KPAeBbIX
3amau [23].

2. MATEMATUYECKAS MOALE/JIb MWUKPOMONSIPHOU CETYATOMN
LUWIUHOPUYECKOU OBOJTOYKU KUPXITO®PA -JISABA
3

Ecau B BeIpa)kKeHUsIX 1/ KOMIIOHEHT BeKTopa rnepemerieHu# (1) csiaraemoe mpu 27,
MOJUEPKHYTOe JBYyMS UepTaMH, IIOJNOKHUTb pPaBHBIM HYJIO, a B CJaraeMblX IpH Z,

[ONYEPKHYTHIX OAHOH 4epTOH, BBHINIOJHHTH 3aMeHy 7Y, Ha —9% u 75 Ha —%g—’g, TO,

MOBTOPSISl BBIKJMAAKK TpeAblAylLlero mnaparpada, MNOJAYyYUM MaTeMaTH4YecKyl MOJeJb
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KONeOAaHUH TeOMeTpPUYeCKH HEJHHEHHOH CeT4aTOd MHUKPOINONAPHOH LHJIUHAPHYECKOH
o6os0uku Kupxroga — Jlssa

%M., 92M OPH Ay 0N, Ag0’Ngg Asg 0T
4 Ay BB 4 Ay i 40 22 B8 31
da? da? 02 " R2 o2 | R? 9B2 ' R? 9B
2A5 My 2A130°Mpag 245 0°H L 0 (y w\ _ A 0*Yap
R 0adp R 0adp R aaaﬁ 99a " 9a 2R2 932

0 ow 0 ow 2A31 0 ow A13 82Y55
TAng, (Nﬂﬁa )“LA% <T(9a)+ R a_a(Nm%) R o

+2A13£ 6_w 21422 (3 T(?w + 214313 0_1,0 o EGQ ao
R da \' "Pop R Bk R 98\ ““0a 2R? 032

2A153 O ow 2A22 0 ow A22 0 ow
R %(N%>+ i %(T%%ﬁ% (N%)+

A04 8 8w A13 8 8w AQQ A04 Alg A40 82Yaa
fo 2 ) LB (po ) - 22y Ngg — 2871
R a@( %5)+ 7 06( 06) . v

Ay

_|_

R R R~ 2R dadB
Ay 0% A5 0%Was | Ap 0o | A 0is | Ai30%Vas | Az 0%Vaa @
2R 0adB 2R 0adB ' 2R 0adB ' 2R 9adB | 2R 8adB = 2 a2

A13 GZYBB Agz 62Ya5 N ow 62
2 a2 T2 ez 4T Phe TohGE
ON, ONss oT A31 ONpo A3 ONgs  Ap OT
A A A
0, tA2 g Tt At ot s YR
AV An®Vy  An Ve An®Yy L 0u 0
2R 9adf 2R 9003 2R? 952 2R? apz o TP
Agp ONaa At ONsg Ay OT ON,.. ONss aT
9 iA A Ay 2t
R 08 "R 98 " R MToa T oq T2,
A PYe | ANV AnOVar  Ap®Vy v 5P
2 0a? 2 0Ja? 2R Jdafi 2R Oaf — P TP g

K cucreme ypaBHeHI/Iﬁ (7) CJaeNyeT MPUCOCNVHUTDL IPaHUYHBIE W HaydaJbHbl€ YCJOBUSA
B 3aBUCHMOCTH OT YCJIOBI/Iﬁ 3aKpeIrJeHHUda U 3arpyKeHHsd 000JI0UKH.

BbiBOAObI

B paboTe BnepBble MOCTpPOEHA TeOPHS HeJHHEHHOH TUHAMUKHA THOKHX MHUKPOIMOJSPHBIX
CeTyaTblX UUJIUHAPHYECKHUX 000/104eK, OCHOBAHHAsA HAa KUHeMaTH4YeCKHX THIIOTe3axX
tTpetbero npubamxkenus (Ilenexa—IllepemerbeBa — Pennu), mnosBogsitolas ydyecTb He
TOJIBKO MOBOPOT HOPMaJ/id mocje ae(opMauud, HO U ee HCKpuBJeHHe. M3 moctpoeHHOM
TEOPUH KaK YaCTHbIE CJlydyad MOTYT ObITb mosiyueHsl Monesnu BToporo (C. I1. Tumomenko,
YUHTBIBAWOIIKME TOJMbKO TmoBOpoT) W mnepBoro (Kupxroga-Jlssa) mnpubnukenusi. A
TaKxKe JIMHeHHble MaTeMaTHueckKhe Monesau (He yduThiBawlire Teoputo Kupxroda),
MaTeMaTHUeCKHe MOJeJH TUHAMHKH CILIOWIHBIX 000Ji0ueK (He YYHUTHIBAIOLIHE TEOPHH
[TuiennuHoBa), MareMaTHUeCKHe MOJEJH, TMOJyueHHble Ha OCHOBAaHHM KJAaCCHYeCKOH
KOHTHHYyaJIbHOH Teopuu (6e3 ydeTa MaclITabHbIX 3(P(EKTOB), MaTeMaTHUECKHe MOMIEeJH
471 noJiorux o6oJjiouek. [Toctpoennas B pa6ote Teopust MoxeT ObITh B TOM YHUCJIE UCIOJNb-
30BaHa s uccaenoBaHuil nosenenus Y HT nox neficTBHeM cTaTHUECKUX U IHHAMHYECKHUX
Harpys3oxK.
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Bnarogapuoctu. VccienoBaHue BbiMoJsHEHO TpH (prHaHCOBOU mnoanepxkke PDDU
(mpoekT Ne 18-01-00351a).
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A theory of nonlinear dynamics of a flexible single-layer micropolar cylindrical shell of a network
structure is constructed. The geometric nonlinearity is taken into account by the model of Theodor
von Karman. We consider a nonclassical continuum shell model based on the Cosserat medium
with constrained particle rotation (pseudocontinuum). It is assumed that the displacement and ro-
tation fields are not independent. An additional independent material length parameter associated
with the symmetric tensor of the rotation gradient is introduced into consideration. The equations
of motion of the shell element, boundary and initial conditions are obtained from the variational
principle of Ostrogradskii—Hamilton on the basis of kinematic hypotheses of the third approxi-
mation (Peleha—Sheremetyev —Reddy), allowing to take into account not only the rotation, but
also the curvature of the normal after deformation. It is assumed that the cylindrical shell con-
sists of n families of edges, each of which is characterized by an inclination angle with respect to
the positive direction of the axis directed along the length of the shell and the distance between
neighboring edges. The shell material is isotropic, elastic, and obeys Hooke’s law. A dissipative
mechanical system is considered. As a special case, the system of equations of motion for Kirch-
hoff —Love’s micro-polar reticulated shell is presented. The theory constructed in this paper can
be used, among other things, for studying the behavior of CNTs under the action of static and
dynamic loads.

Keywords: cylindrical shell, CNT, micropolar theory, Cosserat pseudocontinuum, Peleha—
Sheremetyev — Reddy model, net structure, statics and dynamics, model Tymoshenko, the Kirch-
hoff —Love model.
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OcecuMmeTpUUYHOE NnoJie HanpsiXXeHu B6/1M3un Kpyroeoro
Bblpe3a B TeJle C 3aBUCSILLLUMM OT BUAa HanpsiXEeHHOro
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B paboTte npoBedeH aHanuM3 CBOWCTB OMpenensioyx COOTHOWEHWUM TeopUM MNacTUYHOCTM
INsi cpeq C 3aBUCSWMMMN OT BUOA HAMPS)XEHHOr0 COCTOSIHUS NNacTUYecKMMmU cBocTBamm. Vc-
No/Mb30BaHO YCNoBMe NNacTUYHOCTW, NPeacTaBNeHHoe B COOTBETCTBYIOWEM 0600WEeHHOM BU-
[le, B KOTOpOe BBelleH napameTp BuOa Hamnpsi)XeHHOro COCTOSIHUS, npeacTaBnsowmin coboi
OTHOLIEHNE TMOPOCTATMYECKON KOMMOHEHTbl HAaMPsiXeHW K SKBMBANEHTHOMY HamnpsiXXeHWto
Mwu3seca, HasBaHHbLIi B NUTepaType TPEXOCHOCTbIO HanpsixXeHuid. Insa 4YacTHoro Bmaa yc-
NOBUSI NNACTUYHOCTM MOJTYYEHO aHaNMTUYECKOe pelleHre 3aa4m o0 MPOCTPaHCTBE C KPYroBbIM
OTBEPCTMEM B YCNOBUSIX MNNockoin pedbopmaumn. [MpoBeneHo cpaBHeHME pacnpeneneHus
HanpPsXeHUA Ha OCHOBE MONYYEHHOrO PelWeHus C pacrnpeneneHneM HanpsiXeHuid B aHa-
NOrMYHOM 3agaye AnNs Tena, NNacTUYeckMe CBOMCTBA KOTOPOro WHBAapWAaHTHbI K BMAy Ha-
MPSI)XEHHOro COCTOSIHMSI, C UCMONb30BaHWeM ycnoeus nnacTtuyHoctu 'ybepa—Mwuseca. Vc-
CNelloBaHO BNUSIHWE CTEMNeHW YyBCTBMTENbHOCTM CBOMCTB MatepuasnoB K BMAY HaMpsi)XeHHOro
COCTOSIHMSI Ha pacnpeaenieHne HanpsiXeHuin B NnacTuyecknx obnacTsix.

KnroyeBbie cnoBa: Teopus MNacTUYHOCTW, Nnockas gedopmaums, kputepuin KynoHa—Mopa,
MMOCKOCTb C KPYrOBbIM BbIPE3OM.
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BBEJEHUE

Jlnsg MHOTMX MaTepHasoB Mepexol M3 YIPYroro COCTOSIHHUA B MJacTHYECKOoe oIlpe-
JeJ1IeTCsl He TOJbKO BeJMYHMHOH MHTEHCHBHOCTH KacaTeJsbHbIX HaNpsKeHUH WJIH 3K-
BUBAJIEHTHBIM HaIpsiKeHWeM, HO W THAPOCTATHUECKOW KOMIOHEHTOH HampskKeHHH. IDTO
CBSI3aHO C TeM, YTO MeXaHH3M HeoOpaTUMOro neOpMHUPOBAHHSI MaTepHaNoB UMeeT He TO-
JIbKO CIIBUT'OBYIO NMPUPOLY, KaK 3TO MPUHATO B KJIACCHYECKHUX TEOPUAX MJACTHUHOCTH IS
MJ1aCTHYeCKH HEeCKHMaeMblX MaTepHaJsioB, HO TaKxKe BKJIOYaeT 3apOXKAeHHEe U pa3BUTHE
MHUKPOTPEILHH, 0P U APYTHX 3J1€MEHTOB HEOAHOPOAHOCTH CTPYKTYpbl. TakHue Mpolecchl
XapaKTepHbl [J/151 Pa3/MUHBbIX KOHCTPYKIIMOHHBIX MaTepHalioB, TAKMX KaK 4YyTyH, Irpadur,
OTHeyIOpHble KepaMHKH, TOpPHble MOPOAbI, MOJHMEpPHble MaTepuaJsibl, HEKOTOpble MeTall-
JM4yeckue crsaBbl. HacTb M3 3TUX MaTepHasoB OOBIYHO OTHOCUTCH K XPYNKHM, HO IpH
onpeje/ieHHbIX YCJIOBUSIX OHHU NPOSABJSIOT 3aMeTHBIE MJ1acTHYeCKHe CBOHCTBA.

© NomarnH E. B., MnHaes H. I, 2019
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[Ipyn pelueHUM pas3/UUHBIX MPAaKTHYECKH BaXKHBIX 3a/ay yalle BCEro HCMO0Jb3yeTcs
monesb [lpykepa—Ilparepa [1], koTopasi siBisieTcsi B HEKOTOPOM cMbicje 0600IIeHHeM
teopuu Kysnona — Mopa [2], ¢ yc/0BHEM MIACTHUHOCTH, BKJIFOUYAIOUIHM MePBbId HHBAPUAHT
TeH30pa HamnpsiKeHUH U BTOPOH WHBApUAHT Je€BHATOpa HAMPsKEHWUH, WK THAPOCTaTHUeC-
KyI0 KOMIIOHEHTY HalpsKeHWH W 3KBHUBaJeHTHoe HampsikeHue Museca. McecnenoBanuto
CBOHCTB ypaBHEHHMH [aHHOM MOJEM TOCBsLeHb PadoThl MHOrMX aBTOpoB [l, 3-6]
M yKaszaHo, 4TO B MaTepuasax, I[OBeJleHHe KOTOPbIX ONHChIBaeTcs Mopeabto Jlpy-
kepa — [Iparepa, npoueccbl cIBUroBoro U 00beMHOro 1e()OPMHUPOBAHHS B3aHMOCBSI3aHHI,
TaKhe MaTepuasibl OTHOCATCS K AWNaTHpyloluM. Kpome Toro, Ha OCHOBe 3KCIepUMeHTa-
JIbHBIX HUCCJIENI0BAHUH yCTAHOBJEHO, UTO MJaCTHYeCKHe CBOMCTBA MaTepHAJIOB 3aBUCAT He
TOJIbKO OT MHTEHCUBHOCTU KacaTeJsbHbIX HANpsKeHUH U TMAPOCTaTUYECKOW KOMIIOHEHTBI
HanpsiKeHUH, HO U OT BUJA BHEIIHUX BO3AEHCTBUH WJIM BUAA HAMpPSXKEHHOIO COCTOSHMUS,
KoTopoe opMUpyeTcs B TeJiaX MoJ AeHcTBHeM Harpysok [4,6—-8]. Haubosee 3ameTHO 3TOT
3(hdexT nposBseTCs MPU UCCAEN0BAHUHU MIACTHYECKUX CBOUCTB MOPUCTBIX MaTepPHUasoB U
IJIs1 TaHHBIX MaTepHaJioB MPeIJIoKeHbl COOTBETCTBYIOIIHE TEOPUH TacTUIHOCTH [4,8—11].

C ucnonb3oBanuem momeau Jlpykepa —Ilparepa uccienoBaHbl 0COOEHHOCTH yMIPYTo-
MJIaCTUYECKOro 1e(OpMHUPOBaHUS MaTepHalioB B Mpoliecce HAaHOMHAEKTHUPOBAHMS U IPoO-
JIEMOHCTPHUPOBAHO XOpOILee COOTBETCTBHE MeEXKIY TEOPETHUYECKUMH 3aBUCHUMOCTSAMU U
pe3yJibTaTaMH 3KCIepPUMEHTabHbIX HCCJE0BaHHE CBOUCTB KameHHoro yras [12]. Hec-
CJIeIOBaHBI TaKyKe apaMeTpPbl STOH MOJe I [/ TToMUMepHbIX MaTeprasoB [13]. [Tonyueno
NoJyaHa/JuTHUYeCKoe pellleHHe [Jsi TOHKOIO0 KPYyroBOI'O JUCKAa WU HCCJEeNOBAHO BJMUSHHE
3aBUCHMOCTH KPUTEpHS MJIACTUYHOCTH OT THAPOCTATHYECKOTO HANpsiKeHUs Ha XapaKTep
pacrpe/esieHus HAMPsiKEHUH U (POPMHUPOBAHHe MIaCTHYeCKHX obJacTedl B qucke [14, 15].

B naHHOH pa6oTe moJsyuyeHO aHAJIUTUYECKOe pelleHHe 3aadyd O IPOCTPAHCTBE C
KPYrOBbIM OTBEPCTHEM IO [eHCTBHEM BHYTPEHHEro [aBjeHUs [Jsl cjydas I[JI0CKOH
nepopmauuu. HccenenoBaHo B/MSIHHE 3aBUCHMOCTHM IJACTUUECKUX CBOMCTB Marepuasa
OT BHJla HalNpsI)KEHHOT'O COCTOSIHHS Ha XapakTep pacrnpelesieHHst HarpsiKeHUH U pasmep
MJIaCTHUECKUX 00J1acTel B 3aBUCHMOCTH OT TapamMeTpa, XapaKTepH3YIOLIero UyBCTBUTE/b-
HOCTb MJACTUUECKUX CBOHCTB MaTepuasa K BUIY BHEIIHHX BO3[eHCTBUH.

1. ONPEAOENAOWUNE COOTHOLUEHUA

B pa6ote [4] yc/ioBHe NNAaCTHYHOCTH MAJSI AWJIATHPYIOLIEH Cpelbl MPeNCTaBJEHO B
cjenyollemM 0000LUIeHHOM BUJE:

F(O’ij) = f(é-)O'o = I{Z (1)

B sroit hopmyne £ = 0/0y — nmapameTp, KOTOPbIH XapaKTepPU3yeT COOTHOLIEHHE MeX-
1

Jly HOpPMaJIbHbIM H KacaTeJbHbIM HalpsKeHWeM B TOYKe CIJIOWIHOK CPeNbl, 0 = 304 —
CpeliHee HOpMaJbHOE HamnpsiKeHWe WM THAPOCTATHUECKassh KOMIIOHEHTa HampsiKeHHH,
09 = \/3/2 5,;S;; — UHTEHCUBHOCTb KacaTe/IbHbIX HaINpsKeHUH, S;; = 0;; — 06;;. MoxHO
MPUHATE, UTO TPU uMcTOM caBHre (€ = 0) 3Hadenue ¢pynxuuu f(0) = 1. Torna k = /37,
e T, — TNpPeles TEeKyuecTH TPU CABHTE.

[Ipu paccMoTpeHMH Pa3JUYHBIX BbIpaXKeHHUH MJsi PYHKUMHU f(£) MOXKHO TOJYYUTH He-
KOTOpBIE U3 TPeJIOKEHHBIX paHee YCJO0BUH MJIACTUYHOCTH AJist TIOBPEXIEHHBIX, TOPHUCTHIX

U TPaHYJUPOBAHHBIX cpen. s nuHeHHOH (QyHKUHUH
f&) =1+0C¢ (2)
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u3 (1) nonyuaercs ycaosue Hpykepa—Ilparepa oy + 0 = k, KoTopoe HaXOAUT LIHPOKOE
NpUMeHeHHe B MeXaHUKe TPYHTOB.

B cayuae, korna
f€)=V1+as® (a>0),

MOJIyYaeTcsl YCIOBUE MJIACTHUYHOCTH [puHa 0f + ao? = k?, npensoKeHHoe IJisi MOPUCTHIX
cpen. Ilapamerpsl o v k B oOuieM cjaydae npeacTaB/siioT cob6od (yHKUUMM NapameTpa
MOPUCTOCTH CIJIOLIHOW CpPe[bl.

[Ipu f(§) = 1 ycnosue (1) coBmamaer ¢ ycjoBueM mniacthuHocTu ['yGepa — Museca
oo =k [9].

[Ipunumas accouuupoBaHHbIH ¢ ycioBueM (1) 3akoH Teuenuss ¢,; = h'0OF/doy;,
IS CJydasi yKeCTKOMJIACTHUECKOTO TeJia CBSI3b MeXAY CKOpOCTSMH nedopMauuil ¥ Ha-
NpsI2KEHHUSIMH MOXKHO TIPeICTaBUTh B CJEYIOLIEM BHJE:

1 3NE)f(6)Si;
gA(f)@j + 57] :

Eéj = h,

(3)

e A() = [(€), M€) = () —E(&), I = 15, H = \fees, x(&) = \/3A2(€) + 322(6).

Oyukuun A(E) u A(§) U UX NPOMU3BOAHBIE B3aHMOCBSI3aHbl W JJIsi HHUX BHINOJ-
HAIOTCA cJenyiomune cootHoweHus:: (&) + EA(E) = f(§), V(&) + EN(E) = 0. U3 (3)
MOXKHO MOJYYHTD Bpra}KeHI/IH IJI51 MHTEHCHBHOCTH CKOPOCTEH MJacTHUecKUX nedopma-
uail I' = \/2/3 é;;6,; = , THe é;; = €;; —1/3€0,; 1 cKopocTH 06beMHOH AedopMaluu
€ = €;0;; = WA(E). I/Is HpeILCTaB.HeHHbIX BbIpaXKEHUH BUAHO, 4TO (yHKUHS A(£) mosxK-
Ha ObITb MOJIOXKHTEJNbHO ONpefeseHa. B 3ToM ciyuae CKOPOCTb OCTaTOYHOH 0GBEMHOH
nedopMally MPOMOPIIMOHATbHA UHTEHCUBHOCTH cKopocTed nedopmanun é = [ A(£)/A(€).

B ofwewm ciyuae kosh¢uuueHT nponopuroHasbHocTH A(§)/A(§) 3aBUCHT OT BH-
La HaNps)KEHHOIO COCTOSIHHE, T.e. OT &, W NPHUHHMMaeT pasHble 3HAUEHHUs MIJs1 PasHBIX
COOTHOIIEHWH MeXX1y HOPMaJbHbIM M KacaTe/bHBIM HaNpsiKeHHSIMH B CIJIOLIHOH Cpefe.
st cnyyast auHedHON DYHKIHMK (2) KOI(PPUIMEHT MOCTOSHHBIM.

Paccmotpum cayuail nmiaockod aeopmaluu: éss = €13 = €3 = 0. [lanee, ucrosb-
3yst (3), MO2KHO BBIPa3UTb 033 Y€Pe3 011, 022, 012 U UCKJOUNTh 033 U3 (1). B pesynbrare
rnoJiyyaeM CJelyIolinie BbIpaKeHHUs:

-

g = 0 — 20’ w on = S |: 2 — A(g)
TN T Y
S() = ?[(O’H — 0'22) + 40'12]% S (0'11 + 0'22)

Beenem napametp ¢ = S/Sy u, ucnoabsys (4), Bbipasum ¢ depes &:

1

fer 201 ;

c=lersngl [ owe) )

Hcnonb3ys (5) u (4), MOXKHO MPENCTaBUTh YCJOBHE MJacTHUHOCTH (1) B BUue
A(©)% =k 116 = 16T 1= 550 | ©

A1(€) = AE(O], A = AE(Q)]-
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Tak kak ¢ = S/Sy = S f1(()/k, To ( n HanpsikeHue S, BbIpaxkaroTcsi uepes S,
a 3aBUCUMOCTb ( = &(S) siB/sieTCs B3aUMHOOIHO3HAYHOH. TakykKe MOXKHO OTMETHTB, UTO
Sy = V/3kF(S), rne F(S) = 3*%]‘1_1[('(5)]. @Dopmysbl 1J1s1 HATIPSIKEHUH B cJlydyae TJIOCKOM
neopMaldl MOXKHO TPEACTaBUTh B CJEAYyIOIIEM BHIE:

o1 =95 —kF(S)sin20,09 = S + kF(S)sin 20, 015 = kF(S) cos 26. (7)

B (7) yron 0 npencraBsisieT co60H YroJ MeXIy OCbl0 1 W HalpaBJeHUEM TJIOIIAAKH,
Ha KOTOPOH HeHCTByeT MaKCHMaJlbHOe KacaTesbHOe HampsikeHHe. B yc/oBHAX MocKoH
nedopMaluy CUCTeMa ypaBHEHUH 1151 onpesieseHHs] HalpsxKeHHOI0 COCTOSTHUS BKJIIOUAEeT
B ceOsi yCJIOBHe MIacTHUHOCTH (1) U ypaBHEHHs paBHOBECHSI:

o111+ 0122 = 0,0121 + 0222 = 0. (8)

[ToncraBuB Boipaxkenus (7) B ypaBHeHHs paBHOBecHs (8), MOJTYYUM CHCTEMY [JIs1 OIpe-
neJsieHus S u 0:

S1—KkF'(S)(S1sin20 — S5 cos20) — 2kF(S)(01 cos 20 + 6 5sin20) = 0,

9
So+ kF'(S)(S1c0820 4+ Sosin26) — 2kF(S)(0 1 sin 20 — 0 5 cos 20) = 0. ®)

HItpux obo3Havaer nuddepeHurpoBanue no nepemenHo# S. Cucrema (9) Gyner ru-
nepboaunyeckoidl npu |kF’| < 1, 4To Hak/JaablBaeT OrpaHUYeHHs Ha 3HaYeHUs (YHK-
LIMH, XapaKTepuaylolleld cTereHb YYBCTBUTEJbHOCTH MJACTHUECKHX CBOHMCTB Cpelbl K
M3MeHEHHUIO BHJla HATPSIKEHHOTO COCTOSHUS.

Boinuiiem xapakTepUCTUKH CHCTeMbl ypaBHeHUH (9) ¥ 06003HAUMM UX MHAEKCAMH (v U
[, @ Tak»e BBHIMHILIEM COOTHOILIEHHsI BIOJb HUX:

dxy —cos20 £ /1 — k2F"72 2kFdo
—— =18 ¢ap = I , d5F ' (10)
dxs —kF' + sin 260 V1 —k2F”2

Jlerko 3ameTuThb, yTo XapakTepuctuku (10) GyayT opTOroHa/bHBI TOJbBKO B CJyuae,
ecan f(€) = const, korna ycaosue (1) coBmamaer ¢ ycjoBHeM muacTHuHocTH [ybepa—
Muszeca.

2. 3AHOAYA O NMNJTIOCKOCTU C KPYTOBbIM BbIPE3OM

PaccMoTprM 3agauy o HeorpaHUYEHHOM TeJjie ¢ KPyroBbIM Beipe3oM. 1o BceMy KOHTYpPY
BbIpe3a MPHUJIOKEHO HOpMasbHOE NaBJjeHHe, paBHoe p. [lepeiinem K Ge3pa3mMepHbIM Be-
JUYHMHAM, JJIsi 3TOTO paauajbHble KOOPAMHATBHI OTHECEM K paauyCy OTBEpCTHS a, a Ha-
npsikeHus — K k. PacemoTpum kKputepuii niaactuuHocT (1) m/s caydasi JuHeHHOH QyHK-
uud (2). Beenem nossipayto cucremy koopauHat (r, ). ®@opmysbl njs HanpsikeHUH (7)
MepenuIIyTCs: AJs TOJSIPHOH CHCTEMbl KOOPAMHAT CJEAYIOLIUM 06pa3oM:

o =85 —kF(S)sin20, oyy =95+ kF(S)sin20, o,y =kF(S)cos26. (11)

B ycnoBusix oceBOM CHMMETDUHM HANDSIKEHHUA O H Oy ABIAIOTCH TJIABHBIMH
¥ ypaBHeHHs paBHOBecHsi (8) B TOJSIPHOH cCHUCTeMe KOOpPAMHAT CBEAYTCS K ONHOMY
yPaBHEHHIO:

do Oppr — O
7‘7"+ rr P :0 (12)
dr r
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FpaHI/II{Hoe yCJji0BUE B 3TOH 3ajgayde 6yﬂeT cJleaAyrmnuM:
P 7

UTT|F:1 =—-7, Iae r=—.

k a

B nanbHefimiux Qopmynax Besje MoipasyMeBaeTcs, 4To © = r, T.e. 0e3pa3MepHbIii
panuyc. IloncraBasis (11) B (12) v uHTerpupysi mosyueHHOE COOTHOIIEHHE C HCIOJIb-
30BaHHWEM T'PAHWYHOTO YCJOBHS, MONYYUM CJeAYIOINe BbIPaXKeHUs AJs HaTpsiKeHUH:

o= b (10 (14c8))

1 e (1= Cut O — C2ul
o =g\t 1+ Cu ’

YpaBHeHHs XapaKTePUCTHK B MOJSIPHOH CHCTeMe KOOpPAMHAT OyAyT C/AedYIOMUMHU:

1
Ldr —c0820 + /1 — k2F? —COS2(9:|:\/1—]€2F12_1 (13)

_ ¢ ¢
r dy KF rsmop v e

B ocecuMMeTpHUHOM ciiyuae ypaBHeHHs XapakTepuUcTHK (13) MOXHO TMpeacTaBHTh B
BUJIE

1+m V3C
Inr 4+ 4/ —1 = const, m = ——.
v V9 —(C?

1—m
Jlanee HeoOXOAMMO ONpele/UTb paguyc MJaacTH4ecKod obsactu. MakcuManbHBIA pa-
ouyc Oymet npu 1y = +m/2. IlogctaBUB 3TH 3HAUYeHHUs] B ypaBHEHHUS] XapaKTEPUCTHK,
ornpeneuM HeU3BECTHbIH paguyc, B pe3ysnbTare MOJyUUM

MoXHO MOCTPOUTH TpaMKU 3aBUCHUMOCTH HaNpsKEHUH OT pajvyca B MJacTHyec-
KOH ob6sacTW mpH 3HaYeHUsIX KoapouuuveHta C' ©3 ycqaoBus maacTuyHoctd (2), C =
={0.12;0.5;0.8; 1} (31M 3HayeHusiM C' COOTBETCTBYIOT CJIeAYIOLIHe COOTHOLIEHUST MeX-
Ly TIPefeJIOM TEeKy4YeCTH MPH PACTSIKEHHH o4 ¥ MPeNesioM TeKy4eCTH MPH CKATHH Og:
og/od = {1.08;1.41;1.74;1.98}), u HarpysoK, NMPUJIOKEHHbIX Ha BHYTPEHHEM painyce
Boipe3a, p/k = {1.5;2}, U cpaBHHUTb HX C KJaccHueckuMm cjayudaeMm [y6epa— Museca.
Panuyc nanactuueckux aeopmaluuil onpenensieTcss KOHEUHOH TOUKOH Ha auarpammax Ha-
Npsi2KEeHUH, KOTOpble U300pakeHbl Ha rpaduKax.

[IpuBeneHHble Ha puc. 1 U 2 rpaduKH HArJISAHO AEMOHCTPUPYIOT 3aBUCUMOCTb pacipe-
JleJIeHHs] Hanpsi2KeHUH U BeJIMYMHbBI painyca MJacTU4eCcKod 00/1acTH OT NapameTpa, Xapak-
TEpU3YIOLLero 3aBUCUMOCTb MJaCTHUYECKUX CBOHCTB MaTepuasa OT BMJA HAINpPSKEHHOIO
COCTOSIHUSl U BEJIMYUHBI NPUJI0KEHHOTO aBJEHHS.
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Puc. 1. Pacnipesiesiennsi pafiMabHONO HANPsXKeHHs 0 (&) M OKPYXKHOTO HAMpPSKEHUS Oy (6)

B OKPECTHOCTH BBIpe3a mpu £ = 1.5 u kosdduuuentax miactuynoctu C' (cayuait Jpykepa —

[lparepa — cmuownas aunusi): [ — C =012, 2 — C =053 — C =08, 4 — C = 1;
5 — cnyuait ['ybepa — Museca (MyHKTHpHAs JUHUSA)

Fig. 1. Distributions of radial stress o, (a) and circumferential stress oy, (b) in the vicinity

of the cut for £ = 1.5 and plasticity coefficients C' (Drucker — Prager case — solid line):

1 —C=012,2—-—C=053—C=0.8;4— C =1; 5 — Huber — Mises case (dashed line)

Grr

0.3

020

15 r

ala 6/0b

Puc. 2. Pacnpesesnienusi painaibHOIO HaNpsKeHUs 0y (&) U OKPYKHOTO HANPSXKEHUS Oy (6) B
OKPECTHOCTH BbIpe3a MpU % =2u C ={0.12;0.5;0.8; 1} (0603HauYeHHUsI Te Ke, YTO U Ha pHuc. 1)

Fig. 2. Distributions of the radial stress o,, (a) and the circumlerential stress oy, (b) in the
vicinity of the cut at £ =2 and C' = {0.12;0.5;0.8;1} (the same as in Fig. 1)

BbiBOAObl

B pa6ore nosyueHO aHa/MUTHYeCKOe pelleHWe 3aJaud O NeHCTBUM BHYTPEHHero [aB-
JIeHUS Ha MOBEPXHOCTH LUJHMHIPUYECKOr0 KaHa/ja B TeJe C 3aBUCALIMMH OT BHIA Ha-
NPSI2KEHHOI'O0 COCTOSIHUS TJIaCTHUYeCKMMH cBoMcTBaMu. MccsenoBaHa 3aBUCHMMOCTH pac-
npeae/ieHUsl HaNpPsS2KeHUH OT NapaMeTpa, XapaKTepU3YyIOILero 4yBCTBUTEJIbHOCTb CBOHCTB
MaTepua/a K BUIY HANPSKEHHOIO COCTOSHHMS, W YCTAHOBJIEHO, UTO paclpeleseHHe Ha-
NpsKeHUH CyllecTBEHHbIM 00pa3oM 3aBHUCUT OT 3HaudeHUsl Koadguuuenta C, onpene-
JISIIOILero JaHHYI0 4YyBCTBUTesNbHOCTb. [lokasaHo, 4To B cayyae cjaabod 3aBUCUMOCTH
CBOWCTB OT BHJa HampsizkeHHoOro coctosiHus, korga C' = 0.12 ¥ npepessl TeKydyecTH AJA

YCJIOBHE OJHOOCHOTO PACTSXKEHHUSI 04 U OLHOOCHOTO CXKATHS 0g PA3/MYalOTCsl He3HAUUTe-
JbHO, T.e. 0g = 1.080¢, pacnpenesenve HanpsoKeHHH W WX YpPOBEHb CYIIECTBEHHO

OTJIMYAIOTCS OT 3HAUeHUH mAJs MaTepHaJsia C HMHBAPHUAHTHBIMHM K BHAY BHEIIHHUX BO3-
JIeUCTBHUHU TMJIacTHYECKUMHU CBOﬁCTBaMH, T.€e. OJid KOTOPOTO MOXKET OBbITb HCII0JIb30BaH
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kputepuil ['ybepa— Museca. Kpome Toro, ycTaHoB/IeHO, 4TO pasMep IJ1aCTH4eCKOH 00-
JIACTH B 3HAYUTEJbHON Mepe 3aBUCHUT OT BEJUUYHHbI 1aBJEeHHS HA TOBEPXHOCTH OTBEPCTHS.

BaaromapHoctu. Vccienosanve BeimosiHeHO Tnpu (HUHAHCOBOH mnonaepxkke PDODU
(mpoekTthl Ne 17-01-00318, 17-51-52001).
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The paper analyzes the properties of the constitutive relations of the theory of plasticity for a
continuum, which plastic properties depend on the type of stress state. The plasticity condition
presented in the corresponding generalized form is used, where the parameter of the type of
stress state is introduced, which is the ratio of the hydrostatic stress component to the equivalent
von Mises stress, named in the literature the stress triaxiality. For a particular type of plasticity
condition, an analytical solution of the problem for a solid with a circular hole under plane strain is
obtained. The stress distributions corresponding to the obtained solution are compared with the
ones for a solid whose plastic properties are invariant to the stress state using the Huber — Mises
plasticity condition. The influence of the degree of sensitivity of materials properties to the type of
stress state on the stress distributions in plastic areas are studied.
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We consider a model of protecting the confidentiality and recover-
ability of data in a distributed storage system. It is assumed that in-
formational blocks are coded into the code blocks. Then the blocks
are divided into parts and distributed among repositories of the dis-
tributed storage. A modification of the code noising method is con-
structed which simultaneously provides computational resistance
to coalition attacks on confidentiality of stored data. Moreover, the

modification also provides protection from the failure of a part of the
%% storage nodes. Confidentiality protection is provided for coalitions

of greater cardinality than in the case of using the classical method

AN . of code noising. It is shown that computational resistance is based
ﬁ on the complexity of solving one well-known problem of theoretical
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INTRODUCTION
Let us consider a model of safe data storage on n indepen-
dent and in general untrusted repositories Sy,..., S, (Figu-

re). Further these repositories are sometimes referred to as
nodes. We consider cloud repositories like Google Drive,
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Sy \\\
7
/ @ ) — coalition of nodes
\ 7
N P

ﬁ — fail node

The distributed storage system

Yandex.Disk, etc. to be such independent storages. The users are able to write their
data into each of n repositories and read data from at least v(€ N) ones (inaccessible
repositories are crossed out on the Figure). We assume that adversary coalition contains
no more than u(€ N) repositories (referred to as participants of coalition) and are able
to obtain data from each of them (coalition is marked with a dashed line on the Figure).
The parameters n, v and p are known to everybody. The challenge for the developers of a
protection system is choosing the transformation of protected data before distributing it
among repositories. On the one hand, this transformation should provide confidentiality
of protected data against coalition of cardinality u or less, on the other hand, it should
provide a possibility of recovering the protected data when any n — v repositories are
inaccessible. The coding method is considered to be not secret. We are interested in
non-cryptographic methods, because in this case it is not necessary to support the life
cycle of cryptographic keys.

The store model described above is actually the research subject of [1]. In [1]
transformation of protected data is a code noising method (in terminology [2]) based
on a pair of linear codes (C,C') where [n,l,d]-code C' with length n, dimension [, and
code distance d contains [n,l — k,d]-code C, k < . In [1] both codes are MDS-codes
(Maximum Distance Separable codes). Code noising method is optimal for this store
model if n —v <d—1 and

p<l—k (1)

(see results in [3-6]). In this case the confidentiality is provided in theoretical-
informational sense if protected data is uniformly random distributed. The pairs of
MDS-codes are also optimal if availability of the data storage is limited [7], or if co-
alition has an access to an additional part of protected data [8]. Some experimental
estimations of code noising resistance in distributed storage are explored in [9], but the
observer has identified an attack algorithm in that case.

The article [10] considers a repetitive interception attack against the classical code
noising method. It is assumed that the observer has the opportunity to notice several
partial code blocks corresponding to one unknown informational block. In the article [10]
it is also assumed that different code blocks are observed on different subsets of coor-
dinates. The repetitive interception attack is successful if condition (1) is wrong [10].
Thus, in the distributed storage model the coalition of repositories is able to attack
confidentiality effectively with the repetitive interception attack. This attack is possible
if the system similar to one described in [1] is used and the condition (1) is wrong.
We offer a modification of the code noising method which provides high resistance to
repetitive interception even in case when condition (1) is wrong.
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Our solution is based on the regular change of the coding map. Synchronization of
the sender and the receiver is not required, however, the sender needs to additionally
send the information about the mapping used. We use an approach usual in cryptography
to estimate the resistance of proposed method. According to this method it is enough to
reduce the task by breaking it into several (usually well-known) matematical problems.
In the present paper the resistance of the constructed method is based on the complexity
of one theoretical coding problem.

The article consists of introduction, two sections, and conclusion. The first section
describes an analytical model (data storage model), a code noising method and its modi-
fication. The second section analyzes the application of the constructed modified method
in a distributed storage system. An estimate is obtained for the number of storages
that may fail without affecting the possibility of correct recovering of informational
blocks from uninjured repositories (nodes). Also the resistance of the modified method
is analyzed for coalition attack.

1. DATA PROTECTION SCHEME
1.1. Analytical model

Let us briefly describe the data storage model proposed in [1]. Let ¢ € {1,...,r}
and data from i-th source U; be represented as informational blocks of k characters
over a finite field IF,. Each informational block is encoded independently into the code
block of n characters from [F, via encoder Enc. Then all n symbols of code block
c = (ci,...,cn) € Fy are distributed in n repositories so that j-th symbol ¢; is written to
the repository with number 7;(j) (or equivalently to the node Sr,(;)) where

i AL ...,n} = {1,..,n} (2)

is a permutation. The users independently choose permutations (2) which are not private.
We also assume that the users know the permutation 7; while they obtain information
from repositories. The permutations may appear different from block to block or from
file to file or other way.

To extract one informational block the user reads characters of the corresponding
code block from the repositories and then puts the whole block into the decoder Dec. The
value of m; '(j)-th coordinate is unknown for the user if the repository S; is inaccessible
(e.g. due to failure or injury). In this case we consider this coordinate to be erased and
write symbol * instead of its value. We assume that no more than n— v repositories may
be inaccessible while the user is reading data. As the repositories are supposed to be
untrusted, we consider every node to be an eavesdropper which knows a value of only
one coordinate in every code block. Other coordinates are considered to be erased. The
participants of coalition of y repositories will know values of u coordinates in every code
block. This set of coordinates may be different from block to block because of different
permutations conducted (2). Therefore, the coalition has the opportunity to launch a
repetitive interception attack from [10] if the classical code noising method is used.

1.2. Classical code noising method

The code noising method is used in [1] for keeping data safety against adversary
coalition and inaccessibility of the repositories at the same time. We can describe this
method in the following way. Let C' be a linear [n,l,d] -code with length n, dimen-
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sion [, and code distance d, C and C are [n, k]-code and [n,l — k]-code respectively,
CNC =0 =(0,.,0)(c Fy) and direct sum C @ C is equal to C. Let G and G
be generating matrices of codes C' and C' respectively. Code noising is the function
fiFExFF = C,

f(m,r):m@+rG:C

where m(e FF) is an informational block, r is vector which is chosen randomly and
equiprobably from F,*. Let

Decg : (F, U {x})"* —» F,

be a decoder which is able to correct no more than d — 1 erasures in every code block
and has vectors from F. as output. One can try to obtain the informational block from
the block ¢’ € (IF, U {*})" by applying the decoder Decy to the ¢’ and cutting off the
last [ — k symbols of the decoder output.

Let us assume that every informational block m(e ]F’;) has an equal probability
par(m) = 1/¢*, i.e. random variable M is uniformly distributed over F¥. As we can see
in [1,4-6,8] the resistance of the code noising method strongly depends on pair (5, ).
In fact for every pair (C,C) there exists a threshold (€ N) such that if the coalition
(or eavesdropper) knows the values of no more than g coordinates of the code block it
will not obtain any information about encoded informational block. Otherwise if > pq
the eavesdropper can get non-zero information. In this case there is at least one set of
observed coordinates 7 (|7| = ) which does not provide the whole set of informational
blocks as candidates to be original informational block, i.e. the size of the provided
set of candidates is less than ¢*. So the eavesdropper may attempt to use repetitive
interception attack from [10]. For example, as it is shown in [1], if (C,C) is a pair of
MDS-codes then pg =1 — k (see (1)) where [ is rank of C and n — k is rank of C. The
eavesdropper can easily recover the informational block knowing few partially erased
code blocks if > g (see [10]). We propose a modification of the code noising method
for counteracting a repetitive interception attack. We describe this modification in the
next subsection. The defense ability will be described in subsection 2.

1.3. Modified code noising method

The main idea of the modified code noising method is periodic change of encoding
functions in such way that the legal receiver can determine the exact encoding function
using the received code blocks. Note that further the user is called a legal receiver
if he or she has a permission to read data from the storage. At the same time an
illegal eavesdropper cannot determine the exact function. Note that the idea of changing
encoding functions is not new. The authors of [11] have used this idea creating the XtX
encoding construction. They have assumed that the eavesdropper is able to obtain full
data with errors (not erasures) and have analyzed properties of this construction such
as code rate and security. The principal distinction of our scheme is using only one
operation for providing security instead of two operations as in XtX construction.

We denote the set of numbers {1,...,n} as n. Let the set supp(a) = {i : a; # 0} be
a support of vector a = (aq, ..., a,) and the number w(a) = [supp(a)| be a weight of this
vector. For positive integers n’ < n the operator

IL.: FZ—)FZIL
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will be used as a projection operator on the set 7(C n). If 7 = {i,...,7} and
a = (ay,...,a,), then Il (a) = (ai,...,a;,). I A C Fy is a set then its projection is
denoted as a set II,(A) = {II,(a) : a € A}. Let function 3 : F! — T}, be such that for a
from F.:

B(a) = b(e Fy) and supp(a) = supp(b). (3)

In order to generate matrix B
G = ()i (4)

of [n,1,d]-code C and for vector k(€ F}) let us denote the submatrix of matrix (4) as
Gk so that Gk = (€;)icsuppk)- Random encoding parametrized with binary vector k € I,

is a function gy : F*® x F, "™ 5 O that
gx(m,r) =mGy +rG=c (5)

where m € F*™ | r is chosen from F, “™ randomly and equiprobably, k = 1@k, 1 € F),
and w(1) = [. Let ¢’ be a partially erased vector corresponding to the code block c
(see (5)). If k is known then one can try to extract informational vector m’ with the
next rule:

m’ = gi' (¢) = Hauppae) (Dec(c)) - (6)

The set of all possible functions gy for given G we denote as %(CN})
G(G) = {ge : k € FL}.

The legal sender (or the user who has a permission to write symbols of code blocks
into distributed storage) chooses function ¢, randomly and equiprobably from ¥(G).
With this assumption the legal receiver (the user who has a permission to read data
from distributed storage) is not able to recover m’ uniquely with only one code block ¢’
because he or she has to know the set of coordinates in Decs(c’) corresponding to
the informational vector (see (6)). The legal receiver should know k for recovering the
informational block. We propose to put the information about vector k into a package
of # + 1 code blocks, # € N. Note that it is usual for data storage systems to read and
write data as packages of blocks rather than single blocks.

Let us consider how the legal sender forms ¢-th package, ¢ € N. The data from the
source are represented as packages of # blocks. The length of blocks may be different in
different packages. At first, the sender gets vector k(€ F}) randomly and equiprobably.
This vector is matched with function g.. At the next step the sender represents the data
as a sequence of 6 blocks with the length equal to w(k) so that ¢-th package M, of
informational vectors is

Mt = (mtl, ey mtﬂ), mt71 - ]F;U(k)
The corresponding package of code blocks is
C, = (Ct,la <3 Ct 0, Ct,9+1) (7)

where ¢, = gk(m¢,, 1) for p = 1,...,0 and ctpr1 = gk(u,0), 0 is a zero vector,
w(uy) = w(k). Vector u, is chosen from the set of vectors with weight w(k) (u, € Fo'™)
with probability equal to (¢ — 1)™"®) for every vector. Let us denote encoding of M, as
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Enc(M,) = C,;. The legal receiver can use the following way for extracting informati-
onal blocks from the packages. He or she should calculate vector k' = 3(Decs(cig,4))
and then find m;, = g'(c;,), p = 1,...,0. We denote decoding of package C; as
Dec(Cj) = M} = {m;,, ..., m;,}. We denote constructed modification of the code noi-
sing method as (4(G), #)-scheme. »

Ow(k

For our method the code rate is equal to Ryxy = @l for fixed k(e F,) where

R =1/n is the code rate for code C. As vector k is chosen randomly and equiprobably,
the expected value Ry of code rate is

B dwk) 0 0
Bo = Z (9+1)n2lR_ (9+1)n2l1§w(km_ 2(9+1)R ®)

keF),

as Zkng w(k) = n2!71. Note that limg_,., Ry = 0,5R.

Let us denote the set 4 (G)pn, = {9k : b1 < w(k) < hy} for hy,hy € {0,..., 1},
hs = hy. One may use this set if it is necessary to increase the code rate Ry, for
example. Note that 4(G) = 4(G)y,. In the next section the (4(G), §)-scheme is analyzed
for resistance against failure of n — v repositories and coalition of ;1 participants (recall
that here the length n of code block is equal to the number of repositories). It is easy

to generalize the results represented in the next section if (¢4(G)p, .y, 0)-scheme is used

instead of 4(G).

2. ANALYSIS AND APPLICATION OF (¢(G), 6)-SCHEME
2.1. Defense against unreliable nodes

Theorem 1. Let C be a [n, 1, giv]—code generating matrix G, and package
C, = Enc(M,) be an output of (4(G),0)-scheme using function g, Ci=(ci1Cip1)
is the corresponding package of partially erased code blocks. If every block cy,,
p=1,...0 +1 has no more than d — 1 erasures, then Dec(C}) = M,.

Proof. By condition, d is code distance of code ¢ and there are no more than d — 1
erasures in every code block. Then f(Decg(c;y,,)) = k. According to condition of the
theorem, g, '(c},) = my, for p=1,....6. O

Theorem 1 allows us to get limit on number n — v of unreliable nodes when these
nodes may be inaccessible but (¢4(G), 6)-scheme provides the recovery of information.
Exactly, n — v < d — 1 where d is the code distance of C.

2.2. Defense against coalition of untrusted nodes

[f the coalition (or eavesdropper) knows function gy then the resistance of the
modified code noising method does not exceed the resistance of classical code noising
based on the pair (C,.Z(Gy)) where £ (A) is a linear subspace with rows of matrix A
as its basis. In other words if adversary knows k he or she will be able to attack with
all known ways, e.g. attack on repetitive messages. Further we presume that the next
hypothesis is right.

Hypothesis 1. If someone wants to get any information about data in package (7)
he or she should obtain information about function g, which was used while package
encoding.
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Let K be a vector chosen randomly and equiprobably from F,, U be a random vector

with distribution .

og— 1w ©

on .. Obviously, random vectors K and $(U) have the same distributions. Let us
consider for a fixed k the random vector

C% = g (M09 R=w(9))

pu(u) =

where M@®) and RO-*(®) are random vectors distributed uniformly over F¥® and

IFf[w(k) respectively. Note that random vector C¥ has uniform distribution over C' for
any k. Let H(K) and H(K|C¥) be an entropy of a random vector K and conditional
entropy of a random vector K on condition C* respectively:

— > pr () logs(pr(x) =1,

x€EF}

K\Ck Z ZP K,Ck) (x,c 10g2(pK|Ck(X| c)).

XE]FQ CEC

If C* = c(e C), there is no way to choose a correct function from ¥(G) using
only decoded value Decg(c) because vectors M@k RI=w®) and K are distributed
uniformly. Thus H(K|C¥) = [ and the mutual mformatlon [(K;C¥) is equal to zero:

I(K;C*) = H(K) — H(K|C¥) = 0.

Moreover, it is not hard to check that I(K; (CX,...,CX)) = 0 for 6 copies Ck,...,CXk
of a random vector C¥. N
Let us consider the random vectors C4,...,.Cy, X = UG, C, = Cf(“) it U =
p=1,...,0, where U is a random vector with distribution (9). Let 7(C n) be a set of
observed coordinates (or the numbers of repositories from the coalition) with cardinality
|7| = p and Zi,...,Zy, Y be random vectors, Z, =I1.(C,), p=1,...,0, Y =11 (X). It is
not hard to check the next chain of equalities:
Pr{B(U)=k,Zy =21,...,2p =20, Y =Yy} _
Pr{Zi=2,...29g =29,Y =y} N
_ Pr{pU) =k, Z1=2,...Zg = 2o} Pr{Y = y|B(U) =k, 2y = 21, ..., Zy = 29} _
N Pr{Zi=21,...29g =29,Y =y} N
_ Pr{B(U) =k}Pr{Z1=21,..., Zg=29|f(U) = kK}Pr{Y = y|B(U) =k, Z1 = 21,..., Zg = 29}
N Pr{Zi =21,....Zp = 2o}Pr{Y = y|Z1 = 21, ..., Zg = 29} N
_ Pr{B(U) = K}Pr{Y = y|B(U) = k}

PY{B(U):k|Zl =1Z,..., Z@ = ZG’Y — y}:

=Pr{B(U) =k|Y =y} = Pr{K =k|Y =y},

Pr{Y =y}
for every k € F%, zy,..., zg, y € I1.(C). Thus, H(K|Z, ..., Zy,Y) = H(K|Y) and
I(K; (21,0, Zp,Y)) = H(K) = H(K]Y) = (K;Y) = | = H(K]Y), (10)

because K is equiprobable. For every k € F, we denote B(k) = {u € F. : f(u) = k}.
Let n € N, 7 C n, y be the implementation of a random vector Y = IL,(X). Consider
the the system of equations

ull(G) =y (11)

where u is unknown. The set of solutions of this system denote I'(y).
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Lemma 1. Let 3(T(y)) = {8(g) : g € T(y)}. Then
H(K|Y =y) <log, [3(I(y))| < min{(I — rank(TI(G))) log, ¢; 1}

Proof. Note that pyy(uly) =0 if u ¢ I'(y). Then

pryy (kly) = Z pupy (uly) =
ueB(k

( ) ZUEB(k)ﬁF(y) 2 (q — 1)*1“(“)
= Z pu(u B
4 2w

ueB(k uer( )pU( ) Zu/er(y) Qil(q - 1)7w(u’)

_ ZueB(k)mF(y)(q —-1)" ) _ |B(k) N T'(y)|
Zuef(y) (q - 1)7w(u) ZuEF(y) (q o 1)w(k)7w(u)

It is obvious that

pry(kly) #0 < Bk) NI(y) # @ < k € B(I(y)),

(12)

then

H(K[Y =y) = — Z pr|y (kly) logs (pxpv (kly)) =
keA(T(y))

Z Z o F)(w(1)<)|—w(u) log, ( 5k) N 1) ) < log, [BI())];

— _ 1\w(k)—w(u
keB(T uel'(y) q 1 Zuel"(y)(q 1) () —w(w)

because log, \B(F(y))| is the entropy of uniformly distributed K for a given y. Estimate
of log, |B(T'(y))| is also right because there are only 2' possible variants of vector
k(c F,), on the one hand, and equation (11) has ¢'~"k(I-() solutions, on the other

hand. 0
Let B(k,y) = B(k)NI'(y) and for i € {0, ...,1} define A;(T'(y)) = Zuer(y)(q—l)i*w(lﬂ.
Then from (12) we get pry(kly) = %
By)l [Bk,y)| ) _
NI =) == 2 prar ) losapr (69) == 0. 53 0 a2 (ion)
-1 Blk.y)|
- - Blk.y)]log -
; Ai(T(y)) kEFg‘:k):i 2 (A,-(F(y)))
!
==X 1757 B(k,y)| (log, (1B(k.¥)]) ~log, (A(T(3)))) | =
=0 """ KEF, w(k)=i
!
-~ 575y { > Byl logs (1B y))—logs (4G B(k,y>] -
im0 VY KeFL:w(k)=i KeF,w(k)=i

l 1
ZA(F(y»! Y. [Blky)|log (IBk,y)|) = Ni(T(y)) logs (4; <r<y>>>],

keFLw(k)=i
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where N;(I'(y)) = [{u € I'(y) : w(u) = i}|. Thus, if ¢ # 2, then calculation of
H(K|Y = y) and I(K;Y) seems to be a hard challenge. Because two or more diffe-
rent solutions of the system (11) can correspond to one binary vector k if their supports
are the same. Next theorem calculates I(K;Y") for g = 2.

Theorem 2. Let ¢ =2, 7 C n, then I(K:;Y) = rank(IL.(G)) for (4(G),0)-scheme.

Proof. As ¢ = 2 then |B(k)| = 1 and I'(y) = B(I'(y)), because different binary
vectors have different supports. If y is fixed, then using Lemma 1 for k € I'(y) we have:

B(k)NT(y 1
prav (ly) = zuep’m(@)— D= = T
HKIY =) == 3 frosrlon () = logy T
kel(y)
As |T(y)| = 2/-mnk-(@)  then H(K|Y) = H(K|Y = y) = [ — rank(IL,(G)). The last
step is the substitution of the value of H(K|Y") into (10). O

[t follows from (10) and Lemma 1 that obtaining information
(K (Zy, .., Z,Y = y)) = I(K;Y = y) is strongly related with constructing
I'(y) as the set of solutions of the system (11). As |[(y)| = ¢'~™%(-(@) this task can

be challenging in selecting parameters of the scheme. In general, if (4(G)p,.p,,0) is
used, then

I(K:Y = y) 2 108,(19 (G nal) — logy (BT (y)) N {k € Fy : by < wik) < ha)).

The complexity of obtaining this information seems to be equivalent to the complexity
of making the set A
BIT(y) N {k € F: hy < w(k) < ha}.

To make this set it is necessary either to construct the set I'(y) or to look over all
possible vectors from F., then choose vectors with weight in range [hy,hy] only and

check if these vectors are solutions of the system (11). Furthermore, if |E¢((N¥)h1’h2| is
small, the eavesdropper is able to check all functions from ¥(G)p, n,. Thus, the com-
putational complexity of obtaining information about package of informational blocks

(when Hypothesis 1 is right) is not less than
¢ (min {|9(G)n nal, L)1} ) (13)

where @(|%(G)n, n,]) is the complexity of brute force over all functions from 4(G)p, 1,
and O(|['(y)]) is the complexity of making the set I'(y).

Note that for ¢ = 2 obtaining full information even about the length of informational
blocks by package (7) is a severe challenge. Consider the general case when ¥(G)p, 1,-
scheme is used. Actually the eavesdropper will get non-zero information about the length
only if there is at least one number " € {hy,...,ho} such that there is not any vector
with weight I’ in ['(y). The complexity of obtaining information about the length on
conditions p < I and rank(IL,(G)) = ; may be reduced to one task in the coding theory.

Namely, the matrix IT,(G) may be considered as a transposed parity-check matrix of
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some [[,] — p]-code. Let vector y, number w € {hy, ..., ho}, and transposed parity-check
matrix IL,(G) be preassigned. The task of finding vector u with weight no more than w
on condition (11) is NP-complete [12]. If (4(G)a, 1, 0)-scheme is used, then obtaining
non-zero information about the length of message is equivalent to finding out that there
is no vector u with weight exactly w on condition (11). We do not know any polynomial
algorithm for resolving the latter task. Note that in binary case this problem is also
NP-complete [13].

Thus, according to Hypothesis | the resistance of the modified code noising method
to known attacks, particularly to the repetitive interception attack, is based on the
fact that it may be difficult (depending on the parameters) for the coalition to obtain
information about the mapping used. It should be noted that to increase resistance to
repetitive interception attack it is also recommended to use small value of the parameter
0. In this case the probability of the appearance of code blocks, corresponding to one
informational block with the same mapping, is reducing. If § = 1, then the level of
defense is maximal in this sense, but code rate Ry = 0,25 is minimal.

We assume above that number of repositories is equal to the length of code block. It
is practically unreal if length of code block is huge. But proposed (¢4(G), 0)-scheme may
be easily adopted for a smaller number of repositories. I N is the length of code block
and n is the number of repositories (n < N), then we should write no more [N/n] code
symbols into every repository. In this case coalition with u repositories knows no more
than u[N/n| symbols of every code block, and inaccessibility of n — v repositories is
equivalent to erasure of (n — v)[N/n] symbols of every code block.

2.3. An example of (¥(G), 0)-scheme application

Let C' be a [255,200,56] Reed —Solomon code over Fays, ¢ = 25. The table contains
the comparison of characteristics of (4(G),6)-scheme and the classical code noising
method based on pair (C,C) if C is [255,150,106] Reed —Solomon code. Code rate
of a pair-based code noising method is 50/255 ~ 0.196 and theoretical-informational

resistance is achieved if coalition knows no more than 150 symbols of code block [1].
For (4(G),0)-scheme code rate is equal to 0.196 if # = 1 and is about 0.392 if > 1000.

. Max1mal allowable size ,u.of €0 Comparison of characteristics of (4(G),0)-scheme
alition for (¥4(G),0)-scheme is cal- ~ .
and (C, C)-pair

culated on condition that complexity

(13) should be not less than 2'28; jt | Number of repositories, n 3 5 17
corresponds to high level of resis- | length of a part, [N/n] 85 51 | 15
tance according to [14]. Note that | max. value n—wv 0 1 3
estimation (13) for this example ta- | max. value u for (4(G),0) 2 3 12
kes the form &(min{2%° |T(y)|}). | max. value x for (C,C) 1 2 10

For any different sets = and 7

of the same cardinality for generating matrix of Reed-Solomon code we have
rank(IL,, (G)) = rank(IL,, (G)). Then for security reason the allowed maximal number z
of symbols observed by the coalition in each code block can be obtained from inequality
28(200-2) > 9128. 50 we have x < 184. Note that each repository knows only [%51 sym-
bols of each code block where n is a number of repositories, n € {3,5,17}. As we can
see from the table, the modified method provides defense against a bigger coalition. In

particular, in case of using three repositories the modified code noising method provides
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computational resistance even in the case when two of the three participants have united
in the coalition. At the same time the classical code noising method provides resistance
only in the case of the coalition consisting of one participant.

CONCLUSION

Usually the core of the resistance of modern methods of data confidentiality pro-
tection is a certain mathematical problem with a computationally complex solution if
particular “secret” is unknown. In this paper, a non-cryptographic method for protecting
data confidentiality is constructed based on the use of special data coding and distribu-
tion of parts of the encoded data among the nodes of the distributed storage. In this
case the “secret” is replaced with the assumption that the observer (i.e. node coalition)
cannot get data from all nodes of the distributed storage. The paper shows that the
complexity of recovering the protected data by coalition is not less than the complexity
of solving the theoretical coding problem of finding all weights of vectors with a given
syndrome. The computations lead to the conclusion that the constructed method can
provide protection from coalitions of more cardinality than the classical code noising
method, and provides not less protection from the failure of storage nodes.
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MeTtopn 3awuLl,eHHOro pacnpeneneHns gaHHbIX
cpenu HeHaaeXHbIX N HeJoBepeHHbIX y3/10B

HO. B. Koconanos, ®. C. [leBHeB

Koconanos Opuin BnagummpoBmy, KaHOubat TEeXHUYECKUX Hayk, jgoueHTt, WHctutyT
MaTeMaTuku, MEXaHUKWN 1 KOMMNbIOTEPHbIX Hayk nmeHn W. V. Boposuuya, KOXHbI dhenepanbHbiii
yHusepcuteTt, Poccusa, 344090, r. PocTtos-Ha-[oHy, yn. Munbyakosa, o. 8a, itaim@mail.ru

MNMesHeB depop Cepreesud, MarucTpaHT, MIHCTUTYT MaTeMatmkm, MEXaHUKU N KOMMbIOTEPHbIX
Hayk umeHn W. W. Boposuya, KOXHbI hepepanbHbii yHumBepcutet, Poccus, 344090,
r. Poctos-Ha-IoHy, yn. Munbyakosa, 4. 8a, fes_21@mail.ru

B paboTte paccmaTpviBaeTcs MoAesb 3aWnTbl KOH(UAEHUMANBHOCTY U LEeNOCTHOCTU AaHHbIX
B CUCTEME pacnpeleneHHoro xpaHeHus. MpennonaraeTcs, 4T0 UHPOPMALMOHHbIE BOKM KO-
LUPYIOTCS B KOOOBbIE H10KM, KOTOPBIE 3aTEM PA3LENSAOTCA HA YACTW U pacnpenensioTcs cpean
y3/10B XpaHeHUs pacnpeneneHHoro xpanunuwa. B kayecTse cnocoba KogupoBaHust NocTpoeHa
MoZudprKaums MeToaa KoooBOro 3alyMIIeHNs, KOTopas 0LHOBpeMeHHo obecrneyrBaeT BblYUC-
NUTENbHYI0 CTOMKOCTb K KOANMUMOHHBLIM atakam Ha KOH(UAEeHUNaNbHOCTb XPaHUMbIX OaHHbIX,
a Takxe obecrneymBaeT 3aWWTy OT BbIXOAA M3 CTPOS 4acTu Y3NIOB XpaHeHus. [Mpu aToM
3awmTa KoHuaeHUManbHocT obecneumBaeTcs Ons Koanuuuii 6Onbliell MOLWHOCTU, YeM B
Cnyyae MpYMEHEHUs! KNacCU4Yeckoro MeToaa KOOOBOrO 3awyMneHus. BolumcnutenbHas cTom-
KOCTb OCHOBaHa Ha CMIOXHOCTY peLleHsl OIHON TeopeTUKO-KOA0BOV 3anaqn.

KnroyeBbie crnoBa: KaHan c nepexsaTomMm, 3alluleHHoe pacnpeneneHHoe XxpaHunuile, Koanu-
LUMOHHblE aTakW.
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Knaccudcoukauusa n pacnosHaBaHue CTPYKTyp
reHeTUYeCKUX nocrnenoBaTe/ibHOCTEN

B. A. Teepnoxneb6os, 1. A KapsikuH

Teepnoxnebos Bnagnmmp AnekcaHOpoBMY, AOKTOP TEXHWYECKMX HAyK, MPOCPeccop, rnaBHbli
Hay4HbIA COTPYOHUK, IHCTUTYT Nnpobnem To4YHOW MexaHukn n ynpaeneHus PAH, Poccus, 410028,
r. Capatos, yn. Pabouas, a. 24, tverdokhlebovva@list.ru

Kapskun HeHuc Anekceesud, acnupaHTt, CapaToBCKWIA HALMOHANbHbLIA UCCnenoBaTeNbCKuUin
rocyfnapcTBeHHbI yHuBepcuTeT mmenn H. . YepHbiwesckoro, Poccusa, 410012, r. Capartos,
yn. AcTpaxaHckas, g. 83, dakariakin@gmail.com

Ona peweHns npobnembl onpeneneHnst CBSI3eil CBOWCTB OpPraHWM3MOB CO CBOCTBaMM
COOTBETCTBYIOWMX UM FrEHETUYECKUX NOCNeAoBaTENbHOCTEN B CTaTbe paccMaTpmMBaeTcs MetTon
Knaccugovkauum nocnenoBaTenbHOCTEN M pacno3HaBaHWe MNPUHALNEXHOCTU uccnenyemon
nocnenoBaTenbHOCTN KOHKPETHOMY Knaccy. Brnepeble nmpennaraertcsa knaccugukaums no-
cnepoBaTtefibHOCTE Ha OCHOBE YMCMIOBbIX MokasaTteniell PeKyPPeHTHbIX U Z-pPekyppPeHTHbIX
doopM, onpenensrwmx CTPYKTYpbl (OYHKUMOHANbHLIX CBSA3EW 9NEeMEHTOB MocnenoBaTefb-
HocTen. [1ng 4ucnoBbiX nokasaTenen PeKyppeHTHbIX U Z-pPeKypPPeHTHbIX ¢OOpM BBOAUTCSH
Knaccugomkaums, KoTopas pacrnpoCTpaHsaeTcs Ha Knaccupukaum reHeTUu4eckux nocne-
nosatenbHocTen. Kaxaomy paccmatpvMBaemMoOMy B 3adadye pacno3HaBaHus Knaccy nocne-
[0BaTeNbHOCTEN, UMEIOWEMY codepXaTefbHY0 MHTEprnpeTaunio B NPUnoXeHnsx, conocTas-
NsieTcs YMcnoBas xapakTepuctvka, obobuwatolas YCNoBble nokasaTenu PekyppeHTHONn nnu
Z-peKYPPEHTHOM (PopMbl, onpeaensowmx CTPYKTypy nocnenosatensHocTen knacca. lNpwu pac-
Nno3HaBaHMM NONyYEeHHAs YNCNOBAS XapakTeEPUCTUKA Kacca CPaBHUBAETCS C YACNOBOM Xapak-
TEPUCTUKON PEKYPPEHTHON WUNN Z-PEeKYPPEHTHON OOPMbl, COOTBETCTBYHOWEN MCCneayemMoi
reHeTu4eckomn nocnegosartenbHocTw. [py knaccnukauum nocnesoBaTenbHOCTEN Ha OCHOBE
YNCNOBbIX MoOKasaTenen PEeKYPPEeHTHON W Z-peKyppeHTHOW PopM, OMpenenswwwmnx CTpyk-
TYpbl OYHKLMOHANbHbBIX CBA3EA 3NEMEHTOB B MOCNEA0BATENbHOCTAX, NPUYNHHO-CNEeACTBEHHbIE
CBA3M B FEHETUYEeCKUX MOCnenoBaTeNbHOCTSAX, 3aMEHAOTCA dhopManbHbIMK (PYHKLMOHANb-
HbIMA 3aBMCUMOCTSMU MEXAY 9NeMeHTamy nocnenoBaTenbHOCTen. 3agaya pacrno3HaBaHus
paccmaTtpuBaeTcs B ABYX doopMax: B (pOpMe MpuHaLNeXHOCTW rnocnenoBaTenbHOCTM 3a-
OAHHOMY KOHKPEeTHOMY Knaccy nocnegoBatenbHOCTEN M B QOpMe onpeneneHusl, Kakomy
M3 3afaHHbIX KNacCcoB MocnenoBaTtenbHOCTEN NPUHALNEXUT Uccrnegyemas nocnenoBatefb-
HocTb. OCHOBHble MaTeMaTUYECKE TPYLHOCTM NPY PELLEHMM YKa3aHHbIX 3aay pacno3HaBaHuns
CBSI3aHbl C ONPefeneHNeM PEeKYPPEHTHbIX W Z-pPeKypPPEHTHbIX (POPM, MO YMCNOBLIM MO-
KasartensMm KOTopbIX Uccrnenyemas nocnenoBartefibHOCTb M Kf1acChl nocnenosaTenbHOCTER pas-
nuyatotes. Ons npeononeHns aTux TpyOHocTein paspaboTaH CMekTP YWCMOBbIX MokasaTte-
nen PeKyppeHTHbIX N Z-pPeKypPeHTHbIX ¢OOpPM, C MUCMOMb30BaHUEM KOTOPOro PeKYpPPEHTHO
U Z-peKkyppeHTHO onpefeneHsl nocneposatenbHocTu. Knaccudpukaums m pacnosHaBaHue
WNNIOCTPUPYIOTCS MPUMEPOM, B KOTOPOM pacCMaTpuBalOTCd TPWU Knacca reHeTUYecKux Ko-
[OB OpraHn3MoB, KaxXbli N3 KOTOPbIX NPEACTaBNeH NATbIO FeHeTMYECKUMN nocnenoBartesib-
HoCTAMU. [1N5 yTOYHEHMS 1 pacWIMPEHNS Knaccnukauum nocnenoBaTenbHOCTER N MOBbIWEHNS
9P PEKTUBHOCTM METOLOB pacrno3HaBaHUS BBOOUTCS Z-pPeKYPPEHTHOE ornpeneneHue nocne-
[oBaTeNbHOCTEN.
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BBEJOEHUE

[Tpu ananusze cTpyKTyp U (PYHKUHH reHeTHMUECKOTO MaTepuasa B pelleHHsiX MpobJem
HaCJ/IeICTBEHHOCTHU U MATOJIOTHH XKHUBBIX OPrAaHU3MOB, a TaKxKe B MPOPHUIAKTHKE U JIeUeHUU
HaCJIeICTBEHHBIX MAaTOJOTHH SIBHO WJIW HESBHO HCIOJB3YIOTCS KJAACCU(MUKALUU U 3ahauu
pacro3HaBaHUs reHeTHUeCKHUX TocJjenoBatenbHocTel. CylleCTBeHHOe PUMeHeHHe WMeeT
MaTeMaTU4YeCKUH ammnapar.

B naHHO# cTaTbe mpenJiaraeTcs HOBbIM MOAXOMA MOCTPOEHUS KaacCU(pUKALUU HAa OCHOBE
YUCJOBBIX MOKasaTesel CTPYKTYp TeHeTHUYeCKUX MO0CJeJ0BaTeJbHOCTEH W M3JaramTcs
MeTOAbl PAaclOo3HaBAaHMUSl TeHeTHMUeCKHX I0CJef0BaTeNbHOCTEeH MO 4YMUCJOBBIM [OKa3aTe-
JaaM ux cTpyktyp. Ilpennaraembie k/aaccuukaluss ¥ MeTOAbl PaclO3HABaHUS CTPYK-
TYp OCHOBBIBAIOTCSl Ha PA3JIMUHBIX BapUaHTAX PEKYPPEHTHBIX U Z-PEKYPPEHTHBIX OIlpe-
JeJIeHUH TOCJ/Ie0BATENbHOCTEH, UHTEPIPETHPYEMbIX KAaK TeHeTHUeCKHe IM0CJeN0BaTe Nb-
Hoctu [1,2]. [TpumMepsl UCTOMb30BAHUS PEKYPPEHTHBIX ONpeeseHUH MOC/e10BaTeIbHOCTH
B 3aJjauax pacro3HaBaHUs comepxkatcs B pabore [3].

[lepBoHauanbHBIMKM XapaKTePUCTUKAMH FeHEeTHUYECKHX MOCJeN0BaTeJbHOCTEH SBJISIOT-
csl TOPSITKM (4YUCJIOBbIE TOKa3aTesu) PeKyPPeHTHbIX (OpM B PeKyPPEHTHOM orpeje-
JIEHUW TMocJjenoBaTesbHOCTeN. YUuMc/oBble MoKasaTesu peKyppeHTHBIX ONpeaeseHuH Mo-
CJIeI0OBaTeJIbHOCTEH CUCTEMAaTH3UPOBaHBl B O-YPOBHEBbIH creKTp. Ha kKaxkmom u3 ypoBHel
CTeKTpa reHeTHYecKasl IMOCJeN0BaTEbHOCTh OMpEeNesseTcss YUCA0BOH CTPYKTYpoH (uwc-
JIOM, HabOpoOM uHceJ, HAOOPOM HaOOPOB UKCEJ), COOTBETCTBYIOIIEH B3aMMOPACIONOKEHHIO
HYKJIEOTHIOB B MocJsenoBaTebHOCTA. C HCMOJMb30BaHUEM YHUCJOBBIX MOKa3aTesed Crek-
Tpa omnpenensiioTcsi (popmaJsibHble KJacChl FeHETHUYECKUX TMOCJe10BaATeNbHOCTENH, KOTOpbIE
B psille CJy4yaeB MOTYT COBMEIIAThbCS C KJACCAMU €HEeTHUEeCKUX KOJOB, ONpeaesisieMbIMU
CBOWCTBAMH, UMEIOLIUMH MHTepIpeTalnio B reHeTuke. OmnpenesieHue KJaacCoB reHeTHUeC-
KUX T0CJe0BaTe/JbHOCTEH MO YUCJOBBIM I0Ka3aTe/sIM PEKYPPEHTHBIX ONpeleseHUH SB-
JIsleTCS KOMIAKTHBIM, KJacChl ONpPeNesisiloTCsl C UCIOJb30BAHUEM TMPOCTBIX BBIYUCIUTEJb-
HBIX TpOLENyp W MNpPU pelleHHWH 3ajad OoNpeleseHusl KJjacca, KOTOPOMY MNPHUHAAJEKUT
uccseayemMasi TeHeTHYecKasi MOoCJe0BaTebHOCTb, NMPHUMEHSIeTCS MPOCTasi BBIUUC/IUTENb-
Has npouenypa. Ilpaktuueckass 3¢¢peKTUBHOCTh pa3pabOTaHHBIX YHUCJAOBBIX MoOJeJsel
FreHeTUYeCKHX I10CJIeI0BATeNbHOCTEH M MeTONOB PAaClO3HABaHUSl TAKHX IMOCJEN0BATeJb-
HOCTell MO MX UWCJIOBBIM I0Ka3aTesasM 3aBUCUT OT Mepbl COBHAafeHHUsl (opMaJibHBIX
KJIaCCOB M MpEeNCTaBJ/SEMbIX MMM KJACCOB COMAEPXKATEJNbHO OINpeflesleHHbIX B TeHeTHKe
KJaccoB. BriepBeie pazpaboTaHHble OCHOBHBIE M0JI0XKEHHSI, MOAENU U METOMbI, U3JIOKEHHbIE
B JAHHOH CTaTbe, anmpoOUPOBAHBl TOJbKO HA HEKOTOPBIX MpHUMepax, KOTOpble CJeAyeT
paccMaTpHUBaTh C TOYKH 3PEHHS UX JOTMUEeCKOHW HENPOTHBOPEUMBOCTH U NMPUHIUIIHUAJIBHOH
BO3MOXKHOCTH MCIOJIb30BAHHUS.

[Ipennaraemble nJis KccneqoBaHUSl CBOWCTB FeHETHUYECKHUX I0CJEe10BaTeNbHOCTEH MO-
JeJId U MeTOIbl CcyleyeT paccMaTpHUBaTh KakK pa3paboTKy (opMaJjibHOTO ammapara, no3Bo-
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JISIOILEer0 CTPOUTb YHCJOBblE XAPAKTEPUCTHKH TeHETHUeCKHUX T[0CJe10BaTeNbHOCTEeH U
MHOXKECTB TeHeTHYeCKHX [MOCJeN0BaTeJbHOCTEH, a TaKxKe pa3pabdaTbiBaTbh AOCTATOUYHO
NPOCTble W JIOTUYECKHU MOHSTHble aJrOPUTMbl BBIUMCJAEHHUS (POpPMasbHBIX I[0Ka3aTeJseH,
COOTBETCTBYIOLIUX TeHEeTHYECKHUM I10CJe[0BATENbHOCTAM M MHOXKECTBaM TeHeTHYeCKHUX
NOCJIeI0BATEbHOCTEH.

CrexkTp 4YMCJOBBIX TOKa3aTesed peKypPpPEeHTHBIX OMpefeseHHH TMOCef0BaTeNbHOCTEN
usnoxeH B paborax B. A. Teepmoxse6osa [1,2] u naparpadax 1, 2 naHHOH CTaThbH.
AnropuTMBl ¥ MpOrpaMMbl, MO3BOJSIOLIME ONpPeessiTh YUCJIOBbIE TOKa3aTead MO TPeM
YPOBHSIM criekTpa, paspadoransl [. A. Kapskunbim. /g uamocTpauuy Moieseld U MeTo-
0B TIOJy4YeHHs] UMCJOBHIX Tokasartened JI. A. KapskuHBIM npoBeleH BBIUHCJHTE/bHBIN
SKCIIEPUMEHT, Pe3y/bTaTbl KOTOPOTO M3JI0XKeHBI B maparpadax 3, 4. AHa/au3 MosyueHHBIX
pesynbTatoB HanucaH B. A. Tsepmoxse6oBbim u 1. A. KapskuHbiMm.

1. YNCNOBbIE MOKA3ATENIU PEKYPPEHTHbIX ONPEOENEHUA
NOCNEOOBATE/IbHOCTEU

['eHeTHuUecKHe mocsefnoBaTEbHOCTH PAacCMATPUBAIOTCH KaK I0OCJeN0BATENbHOCTH 3HA-
KOB 0e3 HMX coaepKaTesJbHOH HHTepripeTaldd. CBo#cTBa TeHETHUECKHX I0CJe0BaTe-
JIbHOCTEH MpenCcTaBJ/sSIOTCS YHUCJOBBIMU T0KA3aTeNsiIMH CTPYKTYp MOCJeN0BaTeNbHOCTEH
B (opMe (PYyHKLHMOHAJbHBIX 3aBUCHMOCTEH B (DOpMaJ/ibHBIX NPEACTABJIEHHAX MOCJeN0Ba-
TesbHOCTeH. [[/151 3TOrO0 paccMaTpuBalOTCS BAPUAHTHl PEKYPPEHTHBIX ONpeleseHruH nocJe-
JI0BaTeJIbHOCTEeH W T0KasaTesJH HCIOJb3yeMbIX peKyppeHTHbIX ¢opMm. Kaxkmoe pekyp-
peHTHOe ompefeJsieHHe I0CJ/eI0BaTeJbHOCTH OINpeaessieT KJacC MOoCJaeN0BaTebHOCTeH,
B KOTOPBbIA BXOASIT MOCJENOBATENbHOCTH C B3aUMHO OJHO3HAYHBIMH Mepeo003HAYEHUSIMU
(c B3aMMHO OOHO3HAuHbIM mpeobpa3oBaHueM) 3jeMeHTOB. Ha ocHoBe 3Toro mpen-
MOJIOXKEeHHUS (popMaJIbHBIM KJiacC MOCJeN0BaTebHOCTEH, COOTBETCTBYIOLIMHA MHOKECTBY
TeHeTHYeCKHUX TMOCJAe0BATeJbHOCTEH, HUMeeT XapaKTePUCTUKY TOYHO ONHOH YHCJOBOU
CTPYKTYPbI, COCTOSALLEH M3 LEJOr0 MOJOXKUTEJNbHOT0 UHCAa, UM HAabopa LiesblX MOJIOXKHU-
TeJIbHBIX UKces, UIu Habopa HaOOPOB LEJbIX MOJOKHUTENbHBIX UUCE.

CrexTp () UNC/IOBBIX MOKA3aTesel PeKYyPPEeHTHBIX ONpe/ie/leHHH MOoC/e10BaTeIbHOCTEH,
MpensioKeHHBIH B pabdorax [l, 2], ompenessercs YHUCIOBBIMH IOKa3aTesiMH Ha MSATH
ypoBHAX (g, €2y, €y, 3, €)y. XapakTepuUCTHKA MOCIENOBATEJbHOCTH Ha KaXKIOM U3
CIeAYIOLIUX YPOBHeH CreKTpa siBjsieTcsl OoJsiee TOYHOH OTHOCHUTE/bHO MPEeALIeCTBYIOLIHX
YPOBHEH.

B cnekTpe 4MC/IOBBIMH 3HAUeHHUSIMH Tpe/ACTaBJeHbl MOPSAKH PeKyppPeHTHBIX (opM,
IJUHBl OTPEe3KOB IOCJeI0BaTeJbHOCTH, OIpenessieMble OTAeJbHbIMH PeKYyPPEHTHBIMU
(opMamu, ¥ KOJIMYECTBO CMEH PEeKYPPEHTHBIX (DOPM.

[To onpenenenuto (&) = mo(§), rae mo({) — HaUMEHbIINH MOPSIOK PEKYPPEHTHOH
(GopMmbl, ompenensiouedl Bcio mocsaenoBatesbHocTh . Ha ypoBae 4(§) crektpa €Q(€)
pacroJiozkeHo mg unced (my € NT), onpenessiiolux Ajst MOPsiAKOB OT 1 10 mg pasmepsl
HauOOJIbIIKX ONpe/e/sieMblX HayaJlbHBIX OTPE3KOB MOC/eN0BaTEbHOCTH &.

YpoBeHb (25(£) COmEPKHUT 1My UKCE], MOKA3bIBAIIIUX, CKOJbKO pas [Js paccMaTpH-
BaeMOro nopsiika peKyppeHTHHIX (POpM MNOTpeOOBaNOCh 3aMEHSITb PEeKYpPpPEHTHble (hOPMBbI
MpU  onpefesieHUH TmocjenoBatesbHocTd &. Ha ypoBHe €3(§) Kaxkmoe 4YHC/I0 CMeH
peKyppeHTHBIX (hOpM, MOKa3aHHOe Ha ypoBHe ()y(£), 3aMeHeHO MOCJel0BaTEIbHOCTBIO
yuceJ1, NPeICTaB/ISIOLUX IJIUHBl OTPE3KOB, ONpefie/ieMblX OTAeJbHBIMH PeKyppPeHTHBIMH
dhopmamu.
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[To mocTpoeHHIO CEKTp AMHAMHYECKHX MOKasaTesed OMpeleseHHs MOoC/en0BaTe b
HOCTH COCTOUT M3 UKCJIOBBIX 3HAUYEHHH:

— HaWMeHbIIero nopsinka mo(§) peKyppeHTHOH (OpMBbI, ONpenessiiollell BClo mocJe-
JI0BaTeJIbHOCTb &;

— Habopa HauMeHbliux mauH d'(€),d*(€),...,d™ (), mpedUKCOB MOCEI0BATE b=
HOCTH &, 3a71aBaeMbIX PEKYPPEHTHBIMH (hOpPMaMU COOTBETCTBEHHO MOPSAKOB 1,2, ..., my;

— Ha6opa uucen (), r3(£), ..., r™(£), cMeH peKyppeHTHbIX (hopM MOpsiaKoB 1,2, .. .,
Mg, 3aJaI0LIKUX BCIO MOCJAEI0BATEbHOCTD;

— Habopa HabopOB AJNUH

di(€), d3(€), - - s da gy 41 ()5
d3(),d3(6), ..., dB ey ()

di* (&) = [¢]
OTPE3KOB MocJefoBateNbHocTH &, rae df' () — JMHa j-To OTpe3Ka B OnpeleseHHH PeKyp-
peHTHOH (hOpMOH MopsiiKa m MOCJeq0BATENbHOCTH &.

Jlns 060 mocaenoBaTeNbHOCTH & € UV HauMeHbIIME MOPANOK PeKyppeHTHOH
opmel, ompenessioLIel M0C/IE10BATENbHOCTD &, Gynem o603Hauath mg(€). Jas mo6ok
nocsiefoBatenbHocTd & € UY um € N*, rie 1 < m < mo(€), Hauboabliyio AaMHY Haya/lb-
HOTO OTpe3Ka IM0C/e0BaTeNbHOCTH &, ONpee/seMoro PeKyppeHTHO! (popMoii mopsiaka m,
oynem 00603Ha4yaThb dm(g) Jlnst 0606 mocaenoBaTesipHOCTH & € UY u m € NT, rae
1 <m < |€| — 1, uucao cumen PeKypPPEHTHBIX (popM Mopsiika m, TPeOyIOLUXCs IPH orpe-
Jlle/leHuH Toc/efoBaTenbHoCTH &, ByneM o6osHadath r™(€). Jlis M0G0k MmocaenoBaTeslb-
Hoct £ € U mum € Nt re 1 < m < mo(g), uj,rmel<j< rm(E), IJVHY j-TO
oTpesKa B ONpejieJeHHH T0CAe0BaTebHOCTH & OyeM 0603HauaTh dm(g)

Hcnonb3ysi BBefieHHble 0003HAYEHUS1, ONPENEJUM CIEKTP MapaMeTpoB, XapaKTepu3ylo-
IMX MOCJEeI0BATENbHOCTD, KaK CJAeAYIOULYI0 CTPYKTYPY:

Qo () = (mo(€)):

0(§) = (d'(§), P(E),- -, d*(9));
(&) = (r'(€),7%(€), ..., 7(€))3
Q3(8) = (Q3(6), (), - -, Q5(E));
Qu(8) = ©(03(¢)),

rie a = mo(€) u Q(E) = (d1(€), d}(E), . .. &), (€)) (n; — HOMep rnocsienHero oTpeska B
onpejieleHMH MOC/IeN0BAaTENbHOCTH & KaK TOC/AeN0BaTeNbHOCTH OTPE3KOB, Ompee/seMbiX

OTHENbHBIMH PeKyppPeHTHBIMH (opMaMHu mopsinka j), © — omeparop 3aMeHbl B {23(&)
BEJIMYMH JIJIMH OTPE3KOB BeCaMH MCIOJIb30BAHHBIX PEKYPPEHTHBIX (hOPM [1Jisl OTpeeseH st
OTPE3KOB.

UeTsepThiii ypoBeHb (24(£) cnextpa (£) K XapakTepucTHKe MOC/EN0BATeNbHOCTH &
0 KOJMYECTBY M3MEHEHWH MpaBUJI, ONpeNessIOnX B3aHMOPACIONOXKEHHE 3/1€MEHTOB
B TOCJEe[0BAaTeJbHOCTH, W BeJUUHHAM obJacTedl [NeHCTBUS TMpPaBUJ, MPeACcTaBJEHHON
Ha ypoBHAX (€) — Q3(€), n006aBAseT OUEHKH CJOXKHOCTH MPaBU/J M BeJHYHHB 06-
JIACTH HCIIOJIb30BaHUs MpaBua. B ngocrtaTouHo ofuieM ciydae MOXKHO BBOAHTb Beca
npaBusl (peKyppeHTHBIX (OPM) M Beca peanu3allid MPaBUJ, HCIOJNb3yeMbIX MPU OIpe-
IeJieHUH oTpeska. Hampumep, nns Kaxkmoro iiara NpUMeHeHHs PeKYpPpPeHTHOH (OpMEl

0 0 0
)

F(20,29,...,20) =20 |, T.e. post Habopa (27,29, ...,20), sanaercs Bec O(z7,29,..., 20,
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B YHCJIOBOH (hOpMe M CyMMa BeCOB BCeX ILIATOB MPUMEHEHHs PEeKYpPPEeHTHOH (OopMbl IJist
MOCJ/Ie0BATENBbHOCTH T0J1araeTcsi BECOM MOCJEeI0BaTEbHOCTH.

[TepBbie yeTbipe ypoBHS 20(&),Q1(£), Q2(E) u Q3(€) cnexktpa Q(E) xapakTepusyioT
aNrOPUTMHUYECKHE CBOHCTBA ONpeesieHHs] T0C/IeN0BAaTENBHOCTH & W ee CTPOeHMe, Tak
KaK peKyppeHTHble (OpPMBI SIBJISIOTCS TPaBUJIaMH IOCTPOEHUS TMOPSAKA CJeN0BaHUS
37eMeHTOB. JTH OTHeJbHBEE, 0a30Bble, NpaBU/a CMEHSIOT ONHO JAPyroe Mo o6lIeMy
KPUTEPHUIO NOCTHXKEHHSI IPAHUIbI TPUMEHHMOCTH PEKYPPEHTHOH (POPMBI.

Pacmmpum crektp © g0 crnektpa €, rae € comepKuT ypoBHH g, i, Qo Qs
n yposuu Q5(§) = (7Y, Uw(€) = ), W€ = QWE), WE) = WBET),
(&) = Qu(&!). TlpoBeneHHblll aHajiuM3 [OKasajd, YTO [Jisi WCIOJb30BAHUS B
TMpeACTaBJeHHH HepaBeHCTBA TOCJeNoBaTeNbHOCTEH & F# & UHMCJOBBIX IOKasare-
Jell TocJ/eq0BaTeNbHOCTEH MOTYT BBIMOJHATHCS CJAeAYIOMe OTHOWeHUs: & F# &,
Q&) = Q&) n Q&) # (&Y. Nlna onpeneseHuss YHC/IOBBLIX TOKasaTesei
T10CJ/Ie0BATENBHOCTEH MO YPOBHSIM CIEKTPa CYLLECTBYIOT MPOCTHIE AJATOPHUTMBL.

2. Z-PEKYPPEHTHOE ONPELOENEHWE TEEHETUYECKUNX
NOCNEOOBATEJ/IbHOCTEU

Knaccuueckoe pekyppeHTHOe omnpejesieHHe MOCJeN0BaTe/NbHOCTeH, yCTaHaBAMBaLLee
(PYHKLHOHANBbHYIO CBSI3b KaxKAOro (m + 1)-ro 3/jeMeHTa MOC/IEN0BATEJbHOCTH OT TIpel-
LIECTBYIOLIMX 71 3JIEMEHTOB, SIBJSETCS MPOCTEHIIHM W JONyCKaeT NPHUHLMIIHAJIBHOE
yCOBEpLIeHCTBOBAHHE.

Z-peKyppeHTHOe ollpeleJieHHe I10C/e0BaTeNbHOCTeH MpeanoaraeT HUCroJb30BaHHE
ABYX TMpOLEAyp: NMPOLeAYyPY MOKPHITHSA NOCJ/e0BaTeNbHOCTEH HaOOPOM 3JIEMEHTOB U MPO-
Lelypy YCTAHOBJEHHUSl B KaXKIA0M Habope MOKPBITHS (DYHKIMOHAJNbHBIX CBSI3€H.

Kak mpouenypa mokpeiTHs, TaK U onpefeseHHe CTPYKTYpbl (PyHKIIMOHAJIbHBIX CBs3el
B KaXXJ0M Habope W3 MOKPBITHUSA NPeNCTaBJ/SAIT OOJblIHe BO3MOXHOCTH AJS1 MHTepIpeTa-
MU B 00/1aCTH MPUJI0KEHHUH TIPUUUHHO-CJIEACTBEHHBIX CBSI3€H 2/1eMEHTOB B FeHEeTHYECKUX
N0CJ/1e10BaTeNbHOCTSIX.

Z-peKyppeHTHble OIlpelesIeHUsl MOCJe0BaTeJbHOCTEH, paccMaTpUBaeMbIX Kak (¢op-
MaJlbHble CTPYKTYPbl, 00/1a1al0T CBOUCTBAMH, KOTOPble MOXKHO MPEACTABUTh B CJAEAYIOILIHX
yTBEPKIEHHUSX.

Teopema 1. /[as nociedosamenrvrnocmu daunet C, C' € NT, u geauuun o+ < C
cywecmsyem D 8apuUAHMO8 BO3MONCHOIX Z-PEeKYPPEeHmHbLX GHOopm pareo8 8uda
(11,925 -+ s day J15 2, - - -, Jg) 04 Z-peKyppeHmHozo onpedesenus, aoe

a+6—1
D= ] (C=(a+p-1).
t=1
Teopema 2. Ecau 0as dsyx nocaedosamenvrocmeti &,& Oaunvr C,C € NT, goi-
noansemcs ycarosue & # £, mo 80 MHOMCEcms8e 8aAPUAHMO8 Z-peKYppeHmHsix GHopm
cyuiecmsyem pekyppemuas Qopma, Z-peKypperHmno onpedessrouas moabKko 00HY U3
nocaedosamenvHocmeli.

[eneTnyeckue N0CJ/1e10BaTeNbHOCTH JKHBBIX OpraHU3MOB ONpefesTCs
T0CJ/IeI0BATENBHOCTSIMH 3/1EMEHTOB U3 MHOXecTBa 3HakoB M = {A,T,G,C}.

Pajn Ba)KHBIX CBOHCTB »KUBBIX OPraHHU3MOB OIPENEJSIOTCS Ha OCHOBE aHa/IU3a TaKHUX
rnocJie]0BaTesbHOCTeH, BKJ/IOYasi pacCMOTPEHHe CTPYKTYp FeHeTHUeCKOH IMocJ/eoBaTellb-
HOCTH, T. €. C UCII0/Jb30BAHHEM B3aUMOPACIIOJIOKEHHS JIEMEHTOB B MOCJ/EL0BATEbHOCTH.
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B naHHOll cTaThe mpepsararTcs MOAEJSH U MeTOA OIpelesieHUs] YHUCJOBBIX MOKa3are-
Jiel, XapakTepu3yHoUIMX BapUaHThl PEKYPPEHTHOr0 OmpeleseHUs MOC/aef0BaTeNbHOCTEH,
COOTBETCTBYIOIIUX F€HETHYECKUM M0CJIe10BATENbHOCTSM.

C ucrosnb3oBaHKEM Tak IMOJYyUYeHHBIX UHCJOBBIX MOKa3aTeseld peKyppeHTHBIX ompefe-
JIEHUH MOCJIe0BaTe/bHOCTEH CTABATCSA U PeLIAlTCs CJedyIollihe 3a1ayuu:

— 3amaua 1 knaccuuKaluuy reHeTHUECKUX T0CJe0BaTeJbHOCTEH 10 3HAYeHUSIM UHC-
JIOBBIX TOKa3aTeJsiell peKypPeHTHBIX OIpeleseHui Mocaef0BaTebHOCTEH;

— 3ajaya 2 omnpejesieHUs MPUHALJIEKHOCTH PAaCCMATPUBAEMON TeHETHYECKOH MocJe-
JIOBATeJbHOCTH K KJIACCY MOCJEe0BATEeNbHOCTEH M0 3HAUEHHSIM YMCJOBBIX MOKaszaTeJsei
pPEeKYpPPEHTHOro omnpe/eseHnus pacCMaTpUBaeMOH MOC/Ie10BaTeNbHOCTH;

— 3amaya 3 pa3pabOTKH YMCJIOBBIX MOKa3aTesjeld PeKyppeHTHOro OMpejeseHus MocJe-
JI0BaTeJbHOCTeH, MPeACTaB/ISIOIINX OPraHU3M, creuu(UyecKux, T.e. pa3rpaHUYUBaIOIINX
KJ1acChl OPraHU3MOB.

(] heKTUBHOCTb NJ5 MPUJIOKEHUH pellleHUH 3anau 1-3 orpaHWuyMBaeTCsl MOJHOTOH U
TOYHOCTBIO, C KOTOPBIMHU COJlepKaTe IbHble CBOMCTBA OPraHU3MOB Mpe/CcTaBJeHbl (popMasb-
HBIMH CTPYKTYpPaMH I0CJe10BaTeJbHOCTEH.

Pa6oThl [4-14] naoT XapaKTepUCTHKY 00/1aCTH BO3MOXKHBIX MPUJIOKEHUH MOJTyUeHHbBIX
B CTaTbe Pe3y/bTaTOB /ISl PelleHUs 3a/1ay, CBA3aHHBIX ¢ MPoOJeMOH onpenesieHUs CBsi3el
CBOUCTB OPraHW3MOB CO CBOWCTBAMH COOTBETCTBYIOLIMX UM MeHETHYECKUX MOCJAe10BaTeb-
HOCTEH.

Ha ocHoBe HCXOMHOTO peKyppeHTHOro ONpefiesieHHs M0Ce0BaTeNbHOCTH YHUCIOBBIMH
nokKasatessiMd pa3padoTaH crekTp () BapUAHTOB UMCJOBBIX TMOKa3aTeJseld peKyppeHTHBIX
onpeaesieHuH.

Crnektp 2 B pabotax [1,2] onpenesieH Kak 5-ypoBHeBbi# criektp 2 = {€, Q4, Q9, Q3,
94}.

[Tpocreiilell u4MCI0BOH XapaKTepUCTHKOHM paclosoKeHUH 3JeMEeHTOB B IOCJeNO-
BaTeJbHOCTH I[10J1araeTcsl MOPSIAOK PeKypPPeHTHOH (OpMBl, HUCIOJb3yeMOH [Js pek-
YPPEHTHOTO OllpefiesIeHUs MOCae0BaTebHOCTH.

UucsioBble CTPYKTYpPbl CJAEAVIOIIMX YPOBHEH CIEeKTpa CTPOSITCS HA OCHOBE peKyp-
PEHTHBIX OMpeleseHHUH yacTel nocjenoBatenbHocTed. Knaccugpukanuns reHeTUUeCKUX T10-
CJIe[IOBATEJIBHOCTEH OIpe/e/isieTCss Ha OCHOBe NMPUHAMJEKHOCTEH YHCJOBBIX MOKa3aTeJsel
pPeKyppPEeHTHBIX OlpelesieHUH Moc/enoBaTe/lbHOCTeH BbIOPAHHBIM HHTEPBAJIOM H3MeHeHHH
YUCJIOBBIX MOKa3aTesedl peKyppeHTHbIX ONpefeseHHH.

Jl1s pa3BUTHS CPEACTB YHUCJAOBOTO MpPENCTaBJEHUS CTPYKTYpP Te€HETHYECKUX TIocJe-
J0BaTeJbHOCTEH pa3paboTaHO Z-peKyppPEeHTHOE OMpeleseHre MoCaeq0BaTebHOCTEH.

Jlns Monesielt ¥ MeTONOB, HUCMOJb3yeMbIX B pelieHusx 3agau 1-3, 1. A. Kapskunbim
pa3paboTaHbl aJrOPUTMbl U MPOTPAMMbl, PeaU3yIollie METO/bl, a TaKXKe MPOBeNeHbl Bbl-
YUCJIUTENbHblE SKCIIEPUMEHTHI, UIJMIOCTPUPYIOLLHNE pellleHHrsl 3aad B YACTHBIX CJAydasx.

Perienus 3agay 1-3 uiarocTpupyeTcss Ha mpUMepax, B KOTOPbIX paccMaTpUBaOTCs 15
reHeTHUeCKHUX MO0CJeN0BaTe/JbHOCTEH HMEIIIUX CJAeYIOUIYI0 COAepKATeJbHYIO KJacCH-
(brKaLuIo:

— MOCJIEOBATENBHOCTH &1'y, &Y'y, - - -, 1’5, MPENCTABISIONLME PEPUKCHl IJIMHBI 1 TeHe-
THYeCKHX MOCJe10BaTebHOCTEH, COOTBETCTBYIOLIHME OaKTepPUsM;

— MOCJIEIOBATENIBHOCTH &§5'1, &5y, - - -, {35, MPEICTABISIONIME TPEPUKCEl IJIHHbBI 7 TeHe-
THYECKHUX MOCJe0BaTebHOCTEH, COOTBETCTBYIOLLNE BUPYyCaM;

— MOCJIEOBATENBHOCTH &3'1, &3y, - - -, §3'5, MPENCTABISIONIME TPEPUKCEl IJIMHB 1 TeHe-
THYECKHUX MOCJe0BaTebHOCTEH, COOTBETCTBYIOLLINE XKHUBOTHBIM.

NHpopmatrka 343



i@ M3s. Capart. yH-1a. Hos. cep. Cep. Matematnka. MexaHnka. VHgopmatnka. 2019. T.19, Bbin. 3

C ucnoab3oBaHHEM AJITOPUTMOB U TIPpOrpaMm 3ajgayda 1 pelieHa B BapHaHTax:

— nasi ypoBHel 2 € {Qg, 4,9, 3} ompeneneHo 4yuca0 ng, AJAS KOTOPOTO BHIMOJ-
ng

HsloTCs HepaBeHcTBa 73(£)°) # 13(&7°), tne 1 < v, 5, < 5,v # j u ry(§) — 4uc/I0BOH
oKa3aresb, COOTBETCTBYIOLIMH { YPOBHIO.

PaccmoTtpum 3agauy nocTpoeHUs: UMCAOBBIX MTOKa3aTeJ el peKyppeHTHOro onpeaeieHus
NOCJIeI0BATEIbHOCTY W3 MHOXKeCTB MocJgenosatesbHocTed My, Ms, Ms, 1m0 KOTOPBIM
3JIeMEHTbl Pa3HBIX MHOXKECTB He IepeceKaroTcs. AHalnM3 MpPOLECCOB pacrno3HaBaHUS
nocJieJ0BaTe/bHOCTEH MO YUCJIOBBIM I0KA3aTessIM UX PeKYPPEHTHOro onpeaeseHus npose-
JeH B [ByX HalpaBJeHUsX:

— MOCTpPOeHHEeM ¢ (PUKCUPOBAHHWEM YPOBHS CIEKTPa W yBeJUUYEHUEeM AJUHBI MOCJe-
JI0BaTeJbHOCTEH;

— C repexonom BBIUMCJIEHUH TMOKasaTeJied 1o YPOBHSAM CIIEKTpa.

Jlnsg rtoro, 4toObl pellaTb 3a4aud PACINO3HABAHWUS TeHeTHYECKUX I10CJ/e10BaTelb-
HOCTEH 10 YHUCJOBBIM I10KasaTessiM HX peKyppPeHTHBIX W J-pPeKyppeHTHbIX Ollpeje-
JeHu, TpebyeTcss HaUTH 3(()EKTUBHYIO PEKYPPEHTHYIO WU Z-PeKyPPEeHTHYIO (QOpMYy.
O6wuil noxxon mpeamnoJaraeT MepBOHAYaJbHOE MCIOJNb30BAHHE PEKYPPEHTHBIX (HOpM
HyJeBoro ypoBHs. EcaM [/ KOHKPETHBIX aHa/JU3UPyeMbIX MHOXKECTB TeHeTHYEeCKHX
N0CJ/eI0BaTeJbHOCTEH UHCJIOBble II0Ka3aTesHd HYJIEeBOrO YPOBHSl CIIEKTpa OKa3blBalOTCH
He J0CTaTOYHBIMH, TO NMpPOBepKe Ha 3(P(PEeKTUBHOCTb MOABEPrarTCs UYMCJOBble MOKa3are-
JU CJedyoLUUX [epBOoro, BTOPOro, TpeTbero ypoBHeH. I[Ipu 3TOM ycTaHOBJEHO, 4TO
MUMeloTCs C/ydya, KOrjaa pacrno3HaBaHUe FeHeTHYeCKHX MOC/e10BaTeIbHOCTEH MOXKeT ObITh
OCYLIECTBJIEHO Ha OCHOBE NMPHMEHEHHS YMCJOBBIX MOKasaTesed peKyppeHTHBIX (hopM s
oOpalleHUH HccaenyeMbIX NocjenoBaTesnbHoCTed. bosee cioxHas Meronuka Tpebyercs
AJ151 TIOUCKA Z-PEeKYPPEHTHBIX (POPM, MO3BOJSIIINX C UX HUCIOJAb30BaHMEM paclo3HaBaThb
reHeTHYeCKHe MOCJeoBaTeIbHOCTH. B ciydae moucka 3(p(eKTUBHOH Z-peKyppeHTHOH
(bOPMBI MOKHO T0/1b30BATbCA CJAEAYIOIIUM METOLOM.

Jlns vccnienoBaHusl TeHETHUYECKOU MOCJeN0BATENbHOCTH £ PAaCCMOTPUM BapUaHThI I10-
KPBITUS T0CJeI0BAaTENbHOCTH TONANOCAeN0BaTeNbHOCTAMU AMUH 2,3,...,C, rne C —
IJIMHA HCCJAeyeMOH Moc/enoBaTebHOCTH. B MHOXecTBe MOANOC/eN0BaTeNbHOCTEH
navbbl K, K < C, 00pa3yolluX NOKpbITHE &, TPOBOAUTCS aHAJNU3 C LEeJbI0 MOUCKa Ompe-
lieJieHHs] HaOOpPOB ILEJBIX TOJNOXKHUTENbHBIX UUCeN (i1,42,...,04) ¥ (J1,72,---, ), YHOB-
JIETBOPSIIOLLMX YCJIOBHUSIM.

B kaxpo# noanocienoBaTeNbHOCTH C MEPBBIM 3JIEMEHTOM @y, PACCMOTPUM MOKPBITHS
10C/Ie[0BAaTeNbHOCTH §. DNeMeHThl MOCJAeI0BATENBHOCTH Qtyj,, Qttjo, - - -, Aitj, PYHKLHO-
HaJIbHO COOTBETCTBYIOT ((PYHKLUHOHANBHO CBSI3AHbI) JEMEHTAM Gy iy, Gitiys - - - 5 Qpii, . LC-
JIM [ TIOCJIeIOBATEJIbHOCTH £ UMEeTCs Z-peKyppeHTHOe OIpefiesleHHe Z-PeKypPeHTHOH
(opmoit mopsinka (i, s, ... ,%a, j1,j2,- - -, Jb), TO ITOT MOPSIOK paccMaTpUBaeTCs KaK YHC-
JoBasi (popMa XapaKTEePUCTHUKH, MO KOTOPOH OMNpelesseTcsl MOC/el0BaTeNbHOCTh & MJd
pellleHUsl 3a7a4 PaclO3HaBaHUS.

Ecau reHeTuueckre mnoc/enoBaTe/NbHOCTH & U & UMET Z-peKyppeHTHoe orpefe-
JIeHUe Z-peKypPPeHTHOH (POPMOH ONHOTO U TOTO XKe MOPSHKA (i1,09, ..., 0q, J1,J2, - Jb)
TO TIOUCK HOBOHU MPUTONHOH A/ PACMO3HABAHUS TMOCJAENOBATENbHOCTH & U & Z-peKyp-
peHTHOH (opMOH MOXKeT OBbITh TMPOAOJKEH KaK MOUCK HOBBIX HAOOPOB, COCTABJSIOLIAX
nopsinoK (i1,42, ... ,4q, j1,J2,---,Jb), TAK ¥ Ha OCHOBE MOWCKA HOBBIX MOKPBITHE MoCJe-
JI0BATeJbHOCTEH.
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3. PACNO3HABAHMUE NrEHETUYECKUX NOCNELOBATENbHOCTEN 5
Mo YNCNOBbIM NOKA3ATENIAM PEKYPPEHTHbIX OMNPEOENNTEHUN

PaccmoTpuM mpuMepbl pacro3HaBaHHUS TeHETHUYECKHX MOCJ/eN0BaTeNbHOCTEH MO YMC-
JIOBBIM TIOKa3aTessiM MX PeKYpPPeHTHBIX omnpeneneHu#. s 3Toro M3 KJaccoB reHeTH-
YeCKHX IOCJIeI0BATENbHOCTEH, COOTBETCTBYIOLUIMX OAKTEPHsIM, BUpPyCcaM, »KHUBOTHBIM, BbI-
6epem no nATb npeacraButenedl aauHbl 10 000 ¥ mocTpouM uMC/OBBIE MOKasaTeNu HMX
PeKyppeHTHBIX omnpeneseHui ux npedukcos aaunsl 100, 1000, 5000, 10 000.

HccnenoBanHble noc/eoBaTeIbHOCTH B3AThl U3 OaHKA TeHEeTHUECKHUX T10CJe10BaTe Nb-
Hocted NCBI Genome [15]. B cBsi3u ¢ GosnbliMMH pa3MepaMH paccMaTpPHUBAEMBIX
reHeTHUYeCKHUX MOCJAe0BATeNbHOCTEN U UX NPe(HUKCOB UX KOHKpeTHas (hopma B JAHHOU

CTaTbe He MNPUBOAMUTCA. Ta6/zuL4a 1 / Table 1

[ mpoBeneHHs  BBIUHUCJIUTEJBHOTO
YucJsioBble TIOKA3aTeNH PEKYPPEHTHOTO OTIpe-
JKCrepuMeHTa pas3paboTaHbl aJrOPUTMBI .
IleJIeHHUs1 Toc/ieloBaTesibHOCTeH no €1 3 K
M COCTaBJIEHBl TMPOrpPaMMbl, C MCIOJb-

Numeric indicators of recurrent definition

30BaHHUEM KOTOPBIX MOJyUeHbl pe3yJbTaThl,
of sequences by €2y from K;

npeiacTaBJ/eHHble B Tab1. 1-9.

Hcronbaylotest cenyolie o6osnae- | AMHHA | &1 | &12 | &3 | &4 | &15
Hus: K, K5, K3 — KJaccbl reHeTudec- 100 8 8 8 8 15
KUX nocJjegoBaTenbHocTed, K = K1 UKyU 1000 15 12 23 12 15
U K3 — YHHUBepCyM TI'eHeTHUeCKHX IocJe- 5000 20 49 81 23 25
IIOBaTe.HbHOCTeﬁ. 10 000 64 49 81 23 41

Tabauya 2 / Table 2 Tabauya 3 / Table 3

YucJsioBble TIOKA3aTeNH PEKYPPEHTHOTO OTpe-
JeJIeHHs Toc/enoBaTebHoCTed 1o 21 us Ko
Numeric indicators of recurrent definition
of sequences by € from Ko

YucsioBble TIOKA3aTeNH PeKYPPEHTHOTO OTpe-
JeJIeHHs Toc/enoBaTebHoCTed 1o Q1 u3 K3
Numeric indicators of recurrent definition
of sequences by €y from K3

Hmvna | &o1 | S22 | 23 | o4 | &2 Hmana | €31 | &32 | &33 | &34 | &35
100 7 9 6 8 8 100 7 7 12 14 8

1000 12 11 10 14 16 1000 12 250 19 14 14
5000 14 12 14 15 16 5000 20 378 19 19 17
10 000 16 15 15 73 16 10 000 | 40 378 60 25 17

Tabauua 4 / Table 4

YHucJoBble 110Ka3aTe/ M peKyppeHTHOro orpeleJseHus noc/enoBatesbHocTel mo g U3 Ky

Numeric indicators of recurrent definition of sequences by €9 from K;

Hnvna §11 §1,2 §1,3 §14 1,5
100 5, 7, 26, 31, 6, 17, 44, 4,6, 11, 24, 4, 8,20, 23, | 4, 8, 14, 56,
100 100 58, 78, 100 38, 62, 100 100

Tabauya 5 / Table 5

UucoBBIE TTOKA3aTeNH PEKYPPEHTHOTO olpeaeJ/ieHus nocJiefioBaTebHOCTEN 0 QQ U3 K2

Numeric indicators of recurrent definition of sequences by 2y from Ky

JnvHa §2.1 §2.2 §2,3 §2.4 §2,5
100 4,9 12, 33, 5,9, 16, 46, 3, 10, 57, 2,5, 14, 38, 3, 7,17, 19,
56, 100 78, 100 100 75, 92, 100 35, 100
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Tabauua 6 / Table 6
YucsoBbIE TOKA3aTEIM PEKYPPEHTHOrO OMpeIe/IeHHs OCaeI0BaTeNbHOCTEl 10 g U3 K3
Numeric indicators of recurrent definition of sequences by £y from K3

JnvHa 3,1 £3,2 3,3 £3,4 &35
100 5, 16, 28, 3, 8, 11, 40, 3, 8, 10, 14, 3,5,9, 39, 5, 17, 58,
66, 100 100 23, 100 90, 100 86, 100

Tabauya 7 / Table 7
YucJsioBble TIOKA3aTeNH PEeKYPPEHTHOrO ONpeeseHus MocjenoBareabHocTel no Q3 u3 K
Numeric indicators of recurrent definition of sequences by Q3 from K;

JlnvHa §11 1,2 §1,3 §14 §15
100 65, 61, 36, 67, 59, 34, 49, 52, 45, 29, | 76, 67, 32, 12, 60, 52, 31,
10, 7,3,1,0 1] 19,8,2,1,0 14,7, 2,0 4, 1,0 16,6, 2,1,0

Tabauua 8 / Table 8
YucsoBbIE TOKA3aTEIH PEKYPPEHTHOrO OMpeIe/IeHHs MOCaeI0BaTeNbHOCTEH 0 {23 3 Ko
Numeric indicators of recurrent definition of sequences by 3 from Ky

JnvHa &2.1 £2.2 §2,3 £2.4 §25
100 69, 60, 36, 67, 63, 38, 67, 64, 35, 66, 56, 34, 69, 51, 31, 20,
17, 4, 2,0 7,2, 1,0 15, 5,0 19,9,4,1,0 10, 6, 2, 0

Tabauya 9 / Table 9
YucJsioBble TOKA3aTeNd PEeKYPPEHTHOrO OMpeleseH s Mnoc/enoBaTeabHocTel mo 3 u3 Ks
Numeric indicators of recurrent definition of sequences by Q3 from K3

Jnvna £3,1 £3,2 3,3 £3,4 £3,5
100 65, 56, 37, 62, 53, 41, 49, 48, 47, 62, 47, 32, 53, 55, 38, 25,
17,9, 3,0 21,7, 2,0 34, 21, 10, 15, 10, 8, 4, 11,5,1,0
8 3,1,0 1,0

4. AHAJIN3 PE3YJIbTATOB BbIUNCJTIUTEJIbBHOIO 3KCMNEPUMEHTA

[IpoBeneM aHa/mu3 pe3y/abTaTOB BBIYUCJUTENBHOTO dKCIEpUMeHTa ¢ KJaaccamu K, Ko,
K3, npencraBiaeHHbIX B Taba. 1-9. UuncsoBble mokasaTesn peKyppeHTHOrO OIpeneseHus
npedukcoB nauHbl 100 npeacTaB/eHbl NepBbIMU CTpoUKaMu B Tabj. 1-3. B aTom cayuae
4HCJI0BBIe T0Ka3aTeu npedukcos 1auHbl 100 nocsenoBaresbHOCTEH UMEIOT TepeceyeH s,
HarpuMep M0 YKUCJOBOMY IOKa3aTesio 8. DTO 03HAYAET, UTO, HATIPUMEp, MO YUCJIOBOMY MO-
KasaTeJlo YpoBHA () MOC/IeA0BATeAbHOCTH &1 1, £1,2, €1.3, 1.4, §2.4, €25, 3.5 HE PA3ITHUHMBI.

AHasornuHBId BBIBOL CJenyeT MAJsi npedUKCOB mocenoBaTenbHocTH AiauHbl 1000.
Ha npeguxcax pauuer 5000 uwncsioBble MoOKa3aTesNd pPeKyPPEHTHOTO ONpeaeseHus
rnocJie]oBaTeNbHOCTeH COBNAJAOT TOJNBKO MJIsl MocJjenoBaTesnbHocTed & 1, &31. CaenoBa-
TeJbHO, TI0 UHCJIOBBIM T10KA3aTe IsIM PeKYPPEHTHOTO onpesenenns npepukcos aauab 5000
reHeTHYeCKHX T0CJ/e/I0BaTeNIbHOCTEH He pa3JUUMMBIMU SBJSIOTCS TOJbKO MOCJeN0Ba-
TeNbHOCTH &1, &31. EcaM 1714 reHeTH4ecKHX MNocC/el0BaTeIbHOCTEH paccMaTpUBAeMbIX
KJ1aCCOB BBIYMCJ/SIOTCS UMCJOBbIE MMOKazatean ypoBHs 2y a/s npedukcos pauHer 10 000,
TO KaxKAasi M3 paccMaTpUBaeMblX IOCJE0BATENbHOCTEH HMeeT CBOH, NMpUHAJJeKallni
TOJIBKO el YHCJIOBOH TMOKasaTesb: KJaccy /[ COOTBETCTBYIOT YHCJIOBBIE MoKasatenu 23,
41, 49, 64, 81; knaccy K, — nokasarenu 15, 16, 73; knaccy K3 — mnokasateau 17, 25,
40, 60, 378.

YucsioBble MoKa3aTe M cJaeaylolero ypoBHs 2; naioT 6osee TOUHYIO U MOJHYIO Xapak-
TEPUCTUKY PEKYPPEHTHOI0 OIpefeseHHs T0Caef0BaTeNbHOCTEH.
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Jlns Toro 4To6bl UKCJ/OBBIE MOKA3aTe U MO YPoBHIO () A5 KJaaccoB Ky, Ky, K3 pas-
JUJasuch, notpeboBasoch paccMmatpuBath npedukcsl aauHel 5000. CyuiectBeHHO 60Jb-
LIYIO TIONIHOTY U TOUHOCTb MPE/ACTABJIEHUs CTPYKTYpP FeHEeTHUECKHUX 0C/IeI0BaTe/IbHOCTEH
JAI0T YKCJOBbIe TOKa3aTeau ypoBHs (2. B tabs. 4-6 npuBeneHBl YUCAOBBIE MOKA3aTeNH
nns npecdukca aauabl 100. Kak BUAHO M3 maHHBIX TaOMHUL, YTOOBI OTIWYATh TeHETHUECKHE
MOCJIeI0BaTENbHOCTH 10 UX MPUHAAJNEKHOCTH KOHKPETHBIM KJaccaM, J0CTaTOUHO BbIUMC-
JIUTb U CPaBHUTb UMCJIOBble Mokasatesu npeduxcoB aauHbl 100.

AHanu3 Mo 4McJIOBBIM MOKa3aTesssM ypoBHs ()o. PaccmoTpuM ciyda#l pacrno3HaBaHHs
reHeTHUECKHUX I0C/eI0BAaTENbHOCTEH KaK 3JEeMEHTOB B ONHOM W TOM ke Kijacce. Jlss
KJaacca K uMc/oBble MOKA3aTesad OTAeJ/bHBIX M0CJe10BATEeNbHOCTEH UMEIOT NepeceyeHus
nns npedukco anuH 100 u 1000. Ona npeduxcos anuHer 5000 yucaoBble MoKasaTesnu
ypoBHSI {2y HJsi mocJenoBatesnbHocTed £1,1,.. mepeceueHudt He umetor. Cjenyer mpen-
rnosiaraTb, 4TO IOCJE0BATENbHOCTH B KJacce Ky M0 UHUC/AOBBIM MOKasaTesasM (yHKIHO-
HaJIbHBIX 3aBUCHUMOCTEH 3/1eMeHTOB B MOCJ/eI0BaTEbHOCTAX MUMEIT OOJIbIINe pa3inyus,
TaK KaK IepeceueHHs YUCJOBBIX ToKasaTesed Ha npedukcax aaunbl 1000 He umeertcs.
Ananua 4uCNOBBIX MOKa3artesell B TabJ. 3 MOKa3biBaeT, UTO WHAMWBUAYAJbHBIE, TPUCYIIHE
KaxXI0H MocJeoBaTeIbHOCTH U3 KJacca K3 YMCJOBble MOKa3aTeu He MepecekaloTcs Ha
npedukcax aauuel 10 000.

YucoBBIe TOKA3aTeNH PeKypPEHTHOr0 OIpeeseHHs MoCae10BaTe/IbHOCTEeH YPOBHS )y
JNOCTAaTOYHBl, YTOOBI MO MX MOKa3aTe/sIM paclo3HaBaTb KaxKAyl M0CJe10BAaTeNbHOCTb B
KaxKJI0M M3 kJaaccoB K, Ky, Kj. JlelicTBUTeNbHO, HAOOPBl UMUCJOBBIX MOKa3aTeJsel A5
npecdukcoB anuubl 100 nocnenoBarenbHocTed B Tabs. 4—-6 B KaK10M U3 KjaaccoB Ky, Ko,
K3 nonapHO pas/iiyHBbI.

3AKJNTKOYEHUE

B uccienoBaHuy reHeTHYECKUX I0CJEN0BATENbHOCTEH OJHOH M3 OCHOBHBIX 3ajau siB-
JISIeTCsI OnpefiesieHne MPUYUHHO-CJIECTBEHHBIX CBSI3eH MeXIy CBOHCTBAMU F€HETHYECKHX
MOC/IeIOBATENbHOCTEH W CBOHCTBAMH OPraHM3MOB, KOTOPBIM COOTBETCTBYIOT MOCJEI0Ba-
TeJIbHOCTH.

JltoOble KOHKPETHbIe CBOHCTBA IeHETHUECKUX MOCJEe0BATEbHOCTEH, MPeCTaBIeHHbIe
(dopMasIbHBIMH TOKa3aTessIMH, ONPelessioT KJacC [0CaeI0BaTebHOCTeH, MPUUMHHO-
CJIEICTBEHHO CBSI3aHHBIH C KJlacCaMH »XKHMBBIX OPraHW3MOB, CBOMCTBAMM XKHBBIX OpPraHH3-
MOB, BHIaMH MaTOJIOTHE OPraHU3MOB H T.II.

i uccaeoBaHHH TeHEeTHUECKHUX [OCJ/eN0BaTeJIbHOCTEH B JaHHOU CTaThe Mpe-
JaraeTcsi pa3pabOTaHHBIA (pOpMasbHBIN anmnapaT, KOTOPbIH MO3BOJISIET:

— OMpeessiTh MOC/AeI0BATENbHOCTh B BU/E YHUCJOBHIX CTPYKTYP (LI€JBIX MOJIOXKHUTEJb-
HBIX YKCeJ, HaOOPOB LEJbIX TMOJOXKHUTENbHBIX UHCeN, HAOOPOB HAOOPOB LENBIX MOJOKUTE-
JIbHBIX 4YHCeJ);

— CTPOWUTb MOJEJH /I KOHKPETHBIX T€HETHUECKHX I0CJe0BaTeNbHOCTEH U MOMAEJH
IJIS1 JTIOOBIX KOHEUHBIX MHOXKECTB eHeTHUECKHMX IMOCJIeI0BATEIbHOCTEH;

— paspabaTbiBaTb 3(PPEeKTUBHbIE AJTOPUTMBI AJsI MOCTPOEHHS] MOJeJeHd reHeTHUec-
KHUX T0CJIe0BAaTeNbHOCTEH U MofeJied MHOXKECTB IeHEeTHUECKHMX I0CJIef0BaTeJbHOCTEH B
(dbopMe YHCJIOBBIX CTPYKTYP;

— BHIIEJISITh U3 YHUBEPCYyMa FeHEeTHUECKHX MOC/eI0BaTeIbHOCTEH C HCIOJb30BaHUEM
Mofesiell KJacChl TeHEeTMYEeCKMX [MOCJEeI0BATEJIbHOCTEH M Ha 3TOH OCHOBE CTPOHUTh
KJIaCCH(UKALIHIO;

— C HCIOJIb30BaHHEM pa3pabOTaHHBIX MOJeJel FeHeTHUECKHX I0C/e0BaTeNbHOCTEH
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peliaTh 3aJayd IPOBEPKHM paBEHCTBA TIEHETHYECKUX I[I0CJe]0BaTeJbHOCTEH M 3anavy
NPOBEPKH MPHUHAILJIEXKHOCTH pacCMaTPHUBAeMOH IeHeTHYeCKOH MOocJ/eq0BaTebHOCTH KOHK-
pPeTHOMY KJaccy MocJ/ie0BaTeIbHOCTEH;

— CpPaBHUBATL KJACCbhl F'€HETHUYECKHUX MI0CJIEIOBATENbHOCTEH C orpeneseHrueM Hemyc-

TOTBI 00J1aCTH UX nepecedyeHus.

B cratbe Pe3yJJabTaTbl BbIYHUCJIUTEJAbHOI0 3KCIIEPUMEHTA HUJAJIOCTPUPYIOTCA HpOCTeP’IHII/I-

MU NpUMepaMHu.
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For solving problems of determining the relationships between the properties of organisms and
the properties of the corresponding genetic sequences, we proposed a classification of genetic
sequences based on numerical indicators of recurrent and Z-recurrent shapes, which define the
structure of functional relationships of elements in sequences. For numerical indicators of recur-
rent and Z-recurrent shapes, we introduce a method of classification of genetic sequences. We
compared a numerical characteristic that generalizes numerical values with a numerical charac-
teristic of recurrent or Z-recurrent shapes which determine the structure of a sequence for each
sequence of a biological rank considered in the recognition problem, which has a meaningful in-
terpretation in the application area. The problem of recognition is considered from two points of
view: when we determine belonging of a sequence to a specific rank of sequences, and when
we determine which group of sequences contains the experimental sequence. Basic mathemat-
ical difficulties in solving these recognition problems are associated with the search difference
in numerical representation of recurrent and Z-recurrent shapes of experimental sequences. To
overcome these difficulties we created a spectrum of numerical indicators of recurrent and Z-
recurrent shapes. Classification and recognition of sequences are illustrated by an example with
three ranks of genetic codes of organisms, each of them represented by 5 sequences. Z-recurrent
shape is introduced to define and extend the classification of sequences and increase the efficien-
cy of recognition methods.

Keywords: sequence, genetic sequence, recurrent definition of a sequence, Z-recursive definition
of a sequence, recurrent shape, Z-recurrent shape, classification of sequences, recognition of
sequences.
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The purpose of this research is to develop the Data Envelopment Analysis (DEA) methodology for
modeling of the assessment of the regional higher education systems effectiveness. The impor-
tance and topicality of this study is based on the increasing role of universities in the economic
development of regions and countries in recent decades as well as the need to develop approach-
es for assessing the university effectiveness, and using mathematical models and methods for
these goals. The novelty of the research is the formation of the DEA model and its application
to the analysis of regional higher education systems’ effectiveness. The hypothesis of uneven
development of regional higher education systems was tested from the standpoint of functional
approach; the higher education systems’ effectiveness has been calculated and the ranking of
Russian regions was performed by different DEA models. As a result of the DEA modeling, a
quantitative effectiveness assessment was carried out, and a set of Russian regions was ranked
according to three basic university functions: education, science, and regional partnership. Con-
clusions about the level of effectiveness and development strategy of regional higher education
systems in Russia have been drawn.

Keywords: effectiveness assessment, decision making, data envelopment analysis, regional high-
er education system.
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1. INTRODUCTION AND LITERATURE REVIEW

The importance of universities and their strengthened role in economic development,
their contribution to the development of human capital, innovations and knowledge
transfer make the research that determines and assesses the university effectiveness
and their role in the economic development highly relevant.

In this context, the use of modern methods of mathematical and computer model-
ing, Data Envelopment Analysis (DEA) in particular, in order to obtain quantitative
and qualitative nonparametric assessments of the higher education system performance
appears to be an urgent research challenge.

The purpose of this study is the development and application of DEA methodology
and tools for assessing the economic process effectiveness in decision-making in socio-
economic macrosystems, in particular, in modeling of the assessment of the regional
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higher education systems performance. For this purpose, the following tasks have been
completed:

— studying of the possibilities and limitations of DEA model applied in the evaluation
of regional higher education systems;

— defining a set of relevant indicators that reflect input resources and outputs of
regional higher education systems;

— adjusting and implementing a DEA model for the assessment of the effectiveness
of regional higher education systems;

— accumulating empirical data for the research: approbation of the developed model
and comparative analysis of regional systems of higher education in 80 regions of the
Russian Federation.

2. THEORETICAL ANALYSIS

In modern conditions, the competitiveness and sustainable development of the na-
tional economy is largely determined by the dynamics of regional systems and the
effectiveness of interaction among their subjects, among which universities become a
significant driver of economic growth [1-3].

The last decades saw profound systemic structural reforms in the Russian system of
higher education. Management decision making aimed at “fine-tuning” of the efficient
and optimal size of the higher education system, elimination of inefficiently functioning
educational organizations, improvement of the quality and transparency of budget fund
spending and applying the effectiveness principle in using funding sources is based on
the evaluation of the university effectiveness.

In foreign and domestic research, considerable experience has been accumulated in
the use of various specifications of DEA models in assessing the education effectiveness,
there are a lot of intercountry comparisons of the university effectiveness, various
aspects of the university effectiveness according to different input and output indicators
are assessed, there are qualitative conclusions about factors that influence university
effectiveness [4-7].

However, the nature of the federal structure of the Russian Federation, the wvast
territory, the heterogeneity of economic development make it necessary to assess the
effectiveness and ranking of not only universities, but also the totality of universities
in the region, subject to the influence of general institutional factors of the external
environment. The policy of managing a balanced development of higher education in
Russia should be based on regions, rather than on individual universities. The ranking
of Russian regions in terms of the effectiveness of regional higher education systems
has not received enough attention and these issues remain unresolved, highlighting the
ongoing relevance of the present study, which is pioneer in this area.

3. RESEARCH METHODOLOGY
3.1. DEA approach

Data Envelopment Analysis (DEA) is an area of operational research which is active-
ly used to simulate and evaluate the effectiveness of organizations in various branch-
es [5].
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As a nonparametric method DEA differs from parametric methods (conventional
least square, maximum likelihood estimation and others) as it uses linear programming
techniques to calculate the envelope representing the efficiency boundary. DEA does
not require the definition of a functional form that is an important advantage of this
approach. The DEA evaluates the effectiveness of a set of n peer entities called Decision-
Making Units (DMUs) that convert multiple inputs to multiple outputs.

The set of objects is considered in the multidimensional space of input and output
indicators, and a piecewise linear surface is constructed. The efficiency boundary (effi-
ciency frontier) — which is the relative effectiveness of a particular element from the
sample — is determined. Thus for each object in the DEA model the scalar value of the
effectiveness is calculated.

The main efficiency measure of DEA for DMU is the ratio of the sum of DMU
weighted outputs to the sum of its weighted inputs.

DMU is assumed to be effective in a DEA model if the object belongs to the frontier.
DEA generates a set of reference objects based on the available data, and DMUs are
rated as ineffective in dependence on their locations from the frontier.

Let us consider DMUk (kK = 1,2,...,n) as a set of m inputs z;, Z,..., Ti
(¢ =1,...,m) and a set of s outputs y,1, ¥r2,..., Y (r =1,...,5), n is the number of
entity to be evaluated [8].

The base concept of DEA applies mathematical programming to get the maximum
ratio of efficiency of DMUE [9].

Technical efficiency T Ey of DMUFE can be represented as follows:

s
TE o Zr:l uTka
k — m ’
> e Viik

where u, is the weight of output r, v; is the weight of input ¢, y,, is the quantity of
output r» of DMUE; z;; is the quantity of input ¢ of DMUE.
The following fractional model has to be solved for each DMUE:

Zizl UrYrk

D i) Villik

max

s. t.

S
D orq Ul
r=1 ""rJrj)
Sy
i=1 Vilij

Up,0; >0 Vr=1,...,8,1=1,...,m.

[t can be converted to the linear program by two different approaches (input-oriented
model, output-oriented model). For input-oriented model the weighted sums of inputs are
minimized holding outputs constant. For output-oriented the weighted sums of outputs
are maximized holding inputs constant.

Input-oriented model in multiplier form is as follows:

s
max E UrYrk
r=1
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m s
E Vilqj — E UrYrj < O, j = 1,...,7’L,
1=1 r=1

m
g Vili; = 1,
i=1

U, 0; >0 Vr=1,...,s 1

1,...,m.
Output-oriented model is as follows:

m
min E ViTik
i=1

s. 1.
m S
D viwy =Y w0, j
1=1 r=1
S
Zuryrk - ]-a
r=1

Up,0; >0 Vr=1,...,8, 1

1,...,m.
If we transform these models into a dual form, the envelopment form will be ob-
tained:

— input-oriented model (Dual equation)

max @y,

SOkyrk—Z)\jym-<0, r=1,...,s,

J=1
s
xlk—g )\jxij>07 z'zl,...,m,
J=1

)\j>0 V]:l,

RLY

- output-oriented model (Dual equation)

min 6,
s. t.
S
yrk—Z)\jyrj <0, r=1,...,s,
j=1
S
Qkxik—Z)\jxlj>0, z'zl,...,m,
j=1
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)\]20 ijl,...,n,

where i and 0y, represent the technical elficiency of DMUE, A, represents the associated
weighting of outputs and inputs of DMUJj.

The envelopment form of a DEA model contains only s + m constraints rather than
n + 1 constraints in the multiplier form, and it is more convenient to calculate.

DMUk is considered effective in the DEA model when the condition 6, = 1 is
satisfied, 6, € (0;1] (k=1,2,...,n).

There are several types of DEA based on the above basic model that vary by parame-
ter of returns to scale including CRS (constant returns to scale), VRS (variable returns
to scale), NIRS (non-increasing returns to scale), NDRS (non-decreasing returns to
scale), GRS (generalized returns to scale) [10, 11].

These DEA models are distinguished by different return to scale parameters. Con-
stant returns to scale assumption is indicated in the constraints of the model. A measure
of return to scale for DMU¥F is added in dual equations:

L<Zn:/\j < U,
=1

where L (0 < L <1) and U (1 < U) are lower and upper limits for sum of A;.

The CRS model has the values of lower and upper limits L = 0, U = co. VRS model
has the following values of lower and upper limits L = 1, U = 1. The NIRS is derived
from the VRS model by substitution of the constraint model and is characterized by
the following values of lower and upper limits L = 0, U = 1. The NDRS model is
characterized by the following values of lower and upper limits L=1, U = oo. GRS
allows to set additional lower and upper limits, the lower L (0 < L < 1) and upper U
(U > 1) limits are established by experts [12].

3.2. Indicators and data

The DEA method is a specific benchmarking tool that provides an opportunity to
determine the most efficiently functioning objects. A DEA model allows to assess the
relative effectiveness using mathematical programming methods.

Within the framework of DEA modeling, the regional educational system can be
represented as a converter of its “input” parameters — resource costs, into the variable
parameter of the “outcome” — the performance results: students entered the labor mar-
ket, the commercialization of innovation and social spillover effects of the university
functioning in the region.

The choice of indicators for DEA modeling in this study is based on a functional
approach to assessing the effectiveness of regional higher education systems. The eval-
uation of the effectiveness of the regional system of higher education is done on the
basis of its performance, which is expressed in the realization of its basic functions:
the number of trained students, the effectiveness of researchers and scientists as well
as the intellectual activity results, and also the number of partnerships in the regional
economy that influence the economy of the region.

As a result, the indicators selected for the analysis were classified for the Input and
Output items (Table 1).
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Table 1

Input and Output indicators for efficiency assessments of regional higher educational system

activity, scientific
researches

All functions

Financing,
thousand rubles

Function of the Indication,
Indicator . . unit of Interpretation of the indicator
university
measurement
Educational Students, person | Total number of students attending bach-
activity elor, specialist and master degrees in the
region, 2014/2015
Inputs Educational Staff, person Total number of higher-education teach-

ing and academic staff and researchers,
2014/2015

Revenues, volume of total funds received,
2014/2015

Outputs

Educational
activity (EDU)
Scientific
researches (SCI)

Innovations and
regional
partnerships in
regional economy
(IRP)

Employed
graduates, person

Publications, qty

Patents, qty

Innovation
infrastructure
units, qty

Number of employed graduates, 2015

Total number of published articles of
the organization per 100 academic staff,
2015

Issued patents for inventions and utility
models, 2015

Number of business incubators, techno-
logical parks, centers for collective usage
of scientific equipment and university af-
filiated small enterprises, 2015

To calculate the technical efficiency of the regional higher education systems based
on the selected indicators, a sample of data was compiled for 830 universities from
80 regions of Russia in 2015 (the latest available data for the regions of the Russian
Federation) [13, 14]. As the results of the analysis, 31 regions were selected for further
modeling by the criterion of the amount of funds received, that is, the amount of funding
for regional higher education systems. The largest volumes of financing were established
in the regions where significant investments were made in recent years in accordance
with the state policy of development and reform of higher education. These regions have
large federal, national, flagship universities and the Project 5-100 universities. These
universities, as large actors of regional systems, make a significant contribution to the
regional development, play a significant role in regional economy. From the point of
view of the present study, the evaluation of their effectiveness is the most informative
for analysis and indicative of the results.

3.3. Applying the DEA model

The proposed approach uses three different DEA models with the same set of inputs
and different outputs. The models correspond to different areas of assessment of the uni-
versity activities described in Table 2: educational activity (EDU), scientific researches
(SCI), innovations and regional partnerships in the regional economy (IRP).
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Table 2
Technical efficiency evaluations of higher education systems for the Russian Federation regions
based on the different criteria using DEA models

Technical efficiency for EDU, Technical efficiency for SCI, Technical efficiency for IRP,
DMU 60 DMU 60 DMU 6
Tyumen Region 1 | Republic of Mordovia 1 | Tomsk Region |
Perm Region 1 | Kaliningrad Region 1 | Republic of Tatarstan 1
Samara Region 1 | Stavropol Region 1 | Belgorod Region 1
Tomsk Region 1 | Republic of Sakha (Yakutia) 1 | Republic of Bashkortostan 1
Kaliningrad Region 1 | Republic of Dagestan 1 | Ulyanovsk Region 1
Republic of Sakha (Yakutia) 1 | Ulyanovsk Region 0.84 | Sverdlovsk Region 0.93
Orenburg Region 1 | Udmurt Republic 0.83 | Voronezh Region 0.93
Udmurt Republic 1 | Krasnodar Region 0.79 | Krasnoyarsk Region 0.88
Republic of Mordovia 1 | Perm Region 0.76 | Samara Region 0.86
Ulyanovsk Region 0.95 | Volgograd Region 0.70 | Perm Region 0.85
Novosibirsk Region 0.88 | Voronezh Region 0.66 | Novosibirsk Region 0.81
Republic of Bashkortostan 0.88 | Primorsky Region 0.63 | Stavropol Region 0.79
Republic of Tatarstan 0.88 | Belgorod Region 0.61 | Rostov Region 0.73
Chelyabinsk Region 0.88 | Kemerovo Region 0.61 | Omsk Region 0.72
Sverdlovsk Region 0.88 | Orenburg Region 0.55 | Volgograd Region 0.69
Belgorod Region 0.88 | Sverdlovsk Region 0.55 | Khabarovsk Region 0.67
Volgograd Region 0.88 | Rostov Region 0.53 | Chelyabinsk Region 0.65
Kemerovo Region 0.88 | Nizhny Novgorod Region  0.53 | Nizhny Novgorod Region  0.64
Omsk Region 0.88 | Irkutsk Region 0.52 | Kemerovo Region 0.63
Altai Region 0.86 | Krasnoyarsk Region 0.50 | Krasnodar Region 0.63
Krasnodar Region 0.85 | Omsk Region 0.50 | Irkutsk Region 0.60
Khabarovsk Region 0.77 | Samara Region 0.50 | Udmurt Republic 0.56
Rostov Region 0.76 | Chelyabinsk Region 0.49 | Primorsky Region 0.53
Saratov Region 0.76 | Republic of Bashkortostan 0.47 | Republic of Sakha (Yakutia) 0.53
Nizhny Novgorod Region  0.76 | Novosibirsk Region 0.46 | Saratov Region 0.53
Krasnoyarsk Region 0.76 | Republic of Tatarstan 0.44 | Tyumen Region 0.49
Irkutsk Region 0.76 | Khabarovsk Region 0.36 | Altai Region 0.46
Primorsky Region 0.76 | Tomsk Region 0.34 | Republic of Dagestan 0.41
Stavropol Region 0.75 | Saratov Region 0.30 | Kaliningrad Region 0.35
Voronezh Region 0.65 | Tyumen Region 0.21 | Republic of Mordovia 0.32
Republic of Dagestan 0.60 | Altai Region 0.03 | Orenburg Region 0.18

A rough estimation rule of value n in a DEA model is to choose n > max{m - s,
3(m + s)} [15]. The quantity of DMUSs depends on the practical purposes of the research,
but it should be noted that as the number of input and output variables increases, the
number of effective entities increases. In this case, it is suggested to take the n = 31.

We have proposed an output-orientation model, because such DEA maximizes output
for a given level of input. VRS model’s orientation depends on researching objectives.
The model which has been applied is NDRS type of returns to scale.

Table 2 presents the computed values of technical efficiency of regional higher ed-
ucation systems for 31 regions of Russia in three different models in accordance with
the functions of the higher education system.

The DEA model resulted in the ranking of the regions according to the technical
efficiency indicator. This allowed to determine the homogeneity of the regions, to identify
leaders and outsiders among the regions.
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The regions with the indicator value § = 1 proved to be effective in terms of technical
efficiency:

- in graduate employability: the Tyumen Region, the Perm Region, the Samara
Region, the Tomsk Region, the Kaliningrad Region, the Republic of Sakha (Yakutia),
the Orenburg Region, the Udmurt Republic, the Republic of Mordovia;

— in scientific effectiveness, publication activity and patenting: the Stavropol Region,
the Kaliningrad Region, the Republic of Sakha (Yakutia), the Republic of Mordovia, the
Republic of Dagestan,

— in innovation infrastructure development: the Belgorod Region, the Ulyanovsk
Region, the Republic of Bashkortostan, the Republic of Tatarstan, the Tomsk Region.

These regions have an effective structure and return to the funds invested in re-
gional higher education systems; their experience requires detailed analysis, study and
dissemination in benchmarking of other regions of Russia.

Table 3 presents the final results of technical efficiency evaluation of regional higher
education systems.

Table 3
Summary statistics on DEA results
. . Technical efficiency for models

Descriptive statistics EDU Sl RP
Mean 0.87 0.60 0.69
Std. deviation 0.11 0.25 0.22
Median 0.88 0.55 0.67
Min 0.60 0.03 0.19
Percentage of effective regions 29.03 16.13 16.13
(0=1)
Percentage of inefficient regions 0.00 35.48 19.35
(# <0.5)

When we compare the scores from models EDU and SCI, EDU and IRP, we can
see significant differences. In terms of educational performance, 29% of regional higher
education systems are effective, and there are no inefficient universities with 8 < 0.5. In
scientific research and innovation and regional partnership, the percentage of effective
regional systems of higher education is much lower: 16%. Thus, while forming strate-
gic directions for the development and reorganization of the Russian regional higher
education systems, more attention should be paid to the research and innovation.

Figure 1 shows diagram sticks 3D (visualisation method for plot of the Scatter type)
for estimating the magnitude and dispersion of the obtained technical efficiency values
for regions.

There are no leading regions in all three areas of development. It means that for
all regions there are areas that require further improvement. At the same time, there
is only a small number of outsiders in the indicated set of regions in three direction of
assessment. Data visualization does not allow to conclude that there is a relationship
among the technical efficiency indicators in three parameters by region.

Figure 2 shows the technical efficiency values for each region from the source list.
This will allow to compare of 16 regions that are effective in one or several areas
in accordance with the university functions. For these regions, the value of technical
efficiency equals 1 at least in one model.
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Fig. 1. Regions’ technical efficiency estimation in accordance
with the functions of the university (n = 31)
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Fig. 2. Leading regions’ technical efficiency estimation in accordance
with the functions of the university (n = 16)

For the leading regions presented in the diagram, there is a significant imbalance
in the technical elficiency values in various areas. This leads to conclusion that it is
necessary to develop a more rational strategy for the balanced development of higher
education systems in such regions.

The use of the DEA methodology has made it possible to assess the performance
efficiency of regional higher education systems and the achievement in outcomes and to
draw the following conclusions.

NHpopmatrka 359



&hma Capar. yH-1a. Hos. cep. Cep. Matematnka. Mexannka. VHpopmatnka. 2019. T. 19, Bbin. 3

Thus, the results of the region ranking in educational function efficiency and graduate
employability turned out to be quite predictable: the given regions with their economic
level are able to provide jobs for the graduates. These are industrially developed regions
with well-balanced regional systems of higher education, where universities can provide
training that meets the employers’ needs. This is connected with the development of the
region’s economy.

Regions with relatively high efficiency of the innovation infrastructure development,
business incubators, centers for common use of technologies, university affiliated small
innovative enterprises: the Belgorod Region, the Ulyanovsk Region, the Republic of
Bashkortostan, the Republic of Tatarstan, the Tomsk Region are recognized leaders of
innovation in Russia. This indirect assessment of the effectiveness of the university
research and innovation practice in terms of commercialization of their innovations is
the evaluation of the university’s effort and skill to build a partnership with stakeholders
and innovative infrastructure organizations in the region.

The evaluation of the research efficiency in terms of publication activity of univer-
sities and regional higher education systems provides the following results: the leading
positions are occupied by Stavropol and Dagestan. Regions with international ranking
universities, with strong scholarly traditions in the field of fundamental and technical
research, with high publication activity and high citation rates in international WoS
and Sc databases, have significantly lower technical efficiency values in this area, for
example, the Tomsk Region (§ = 0.34), the Novosibirsk Region (§ = 0.46), Tatarstan
(0 = 0.44). These results show that the standard reporting indicators of publication
activity need revision in a situation where the number of publications does not reflect
their quality.

CONCLUSION

The development of DEA methods for assessing the effectiveness of the regional
innovation system and the university will allow to study various aspects of regional
university performance and create tools for such assessment.

Demonstration of the DEA methodology in such area has the essential value for
further research. Regional higher education systems have been examined through DEA
for three important parameters connected with different functions of the university.

The DEA model makes it possible to obtain a quantitative estimation of the higher
education system'’s efficiency, identify the leaders in the set under consideration, analyze
the environment. As a result of monitoring, it is possible to formulate an optimization
strategy for the regions with low performance indicators, focusing on the decisions of
the leaders.
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MaTtemaTtunyeckue moaenu onsi oueHKn oyHKL N
cucTtemM BbicLuero obpasosaHusa cpeacrtsamm DEA

A. A. ®dupcosa, I'. FO. YepHbiwwoBa

®dunpcoBa AHHa AnekcaHOpOBHA, [OOKTOP 9KOHOMUYECKMX HayK, 3aBedylowmui Kagenpon
6aHkoBckoro gena, CapaToBCKUI HaLMOHANbHBIA MCCNenoBaTeNbCKuii rocynapCTBEHHbI
yHuBepcuteT umeHn H. . YepHbiwesckoro, Poccng, 410012, r. Capatos, yn. AcTpaxaHckas,
n. 83, a.firsova@rambler.ru

YepHbiwosa MannHa lOpbeBHa, KaHANAAT SKOHOMUYECKNX HayK, AOLEHT Kadbeapbl ANCKPETHON
MaTeMaTvkv U MHGOPMALMOHHbIX TexHonoruih, CapaToBCKuUiA HaLMOHANbHbIA NccneaoBaTteb-
CKWIA rocyAapCTBEHHbIR yHuBepcuTeT umeHmn H. I. YepHblwesckoro, Poccus, 410012, r. Caparos,
yn. ActpaxaHckas, g. 83, cherny111@mail.ru

Llenblo gaHHOro uccnenoBaHns SBASETCS MPUMEHEHWE ONMTUMMU3AUMOHHbIX MOAENen u mMeTo-
0OB aHanu3a cpedbl doyHKkunoHuposaHus (Data Envelopment Analysis, DEA) ona oueHku
3P PEKTUBHOCTM PErMOHaNbHbIX CUCTEM Bbiclero obpasoBaHus. Bbina npotectuposaHa ru-
noTesa O HEPaBHOMEPHOCTU PA3BUTUS PErMOHANbHBIX CUCTEM BbICLErO 06pa30BaHMS, BbIYMC-
NeHbl arperupoBaHHble nokasateny acpeKkTMBHOCTM CUCTEM Bbiclero obpasoBaHus, Npose-
IIeHO paHXMpPOBaHNE pervoHanbHbIX CUCTEM BbiClero o6pasoBaHus ¢ nomolbio Mmoaenen DEA.
HoBun3Ha uccnenoBaHns cocTouT B mMoamdcpukaumm mogenn DEA ons npuMmeHeHus B 3apade
aHannsa apPEeKTUBHOCTY (PYHKLIMOHNPOBAHMNS PErMOHANbHBIX CUCTEM BbICLIErO 06Pa30BaHMS.
B npouecce DEA-monenvpoBaHus, NOMMMO Bblbopa OpUeHTaLMM MOLENMN, HEOOXOOUMO Tak-
Xe y4yecTb adodhekT Macwrtaba. Mpu 3TOM MCNONb3YIOTCS LOMOMHUTENbHbIE OFPaHUYEeHUs
B 3afjayax martemMatuyeckoro nporpamMmupoBaHust B DEA, 4to obecrneuynBaet nocTpoeHwue
KYCOYHO-NIMHEHON rpaHuLbl adphekTMBHOCTM AS pacCMaTpvBaeMblXx 06bEKTOB pas/nyHbl-
Mu crnocobammn. B paboTte npumeHsinacb MOAUCOMLMPOBAHHAS OPUEHTMPOBaHHAsS Ha BbIXO4b
MoLenb C HeyObiBawlweil oTnadvelt oT macwraba. Buinm peannsoBaHbl OTAENbHbIE MOLENM
ONs onpefeneHns NHTerpasnbHbIX nokasaTenen TeXHNYecKon apPEKTUBHOCTY PErnoHasnbHbIX
CUCTEM BbiCLEro 06pasoBaHmsi B COOTBETCTBUM C TPEMS OCHOBHBIMU (RYHKLIMSIMU YHUBEPCUTETA:
obpasoBaHue, Hayka 1 pervoHanbHoe NapTHEPCTBO.

Knroyesbie cnoBa: oueHKa adpdEKTUBHOCTU, MPUHSATME PELleHUA, aHanu3 cpenbl gOyHK-
LIMOHNPOBAaHWS, PermoHanbHble CUCTEMBbI BbiCliero 06pasoBaHus.
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