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This paper is devoted to the solution of inverse spectral problems
for Sturm—Liouville operators with singular potentials from class
W, * on graphs with a cycle. We consider the lengths of the edges
of investigated graphs as commensurable quantities. For the spec-
tral characteristics, we take the spectra of specific boundary value
problems and special signs, how it is done in the case of classi-
cal Sturm-—Liouville operators on graphs with a cycle. From the
spectra, we recover the characteristic functions using Hadamard’s
theorem. Using characteristic functions and specific signs from the
spectral characteristics, we construct Weyl functions (m-function)
on the edges of the investigated graph. We show that the spec-
ification of Weyl functions uniquely determines the coefficients of

differential equation on a graph and we obtain a constructive pro-

cedure for the solution of an inverse problem from the given spec-
L y tral characteristics. In order to study this inverse problem, the ideas
~ ﬁ of spectral mappings method are applied. The obtained results are
HAV‘% Hbl n natural generalizations qf the.well-kr.wown results of on solving in-

verse problems for classical differential operators.
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INTRODUCTION

The paper concerns the theory of inverse spectral problems
for differential operators on geometrical graphs. The inverse
problem consists in recovering the potential from the given
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spectral characteristics. Differential operators on graphs are intensively studied by
mathematicians in recent years and have applications in different branches of science
and engineering. The inverse problem for the classical Sturm - Liouville operator on
an interval has been studied comprehensively in the papers [1-4]. The case of inverse
problem for Sturm - Liouville operators with potentials from class W, !, which we call
the singular potentials, on an interval was extensively studied in [5-7]. The inverse
problems for a classical Sturm — Liouville operator on graphs was investigated in many
papers [8—14]. The main result for such operators was obtained in [14], where the
arbitrary graph has been considered. The case of inverse problem for Sturm — Liouville
operators with singular potentials on graphs is more difficult for investigation, and
nowadays there is only a number of papers in this area. The inverse problem on star-
type graph with such type of potentials has been studied in [15]. Also, some specific
types of graphes have been considered in papers [16,17]. The inverse spectral problem
for Sturm - Liouville operators with singular potentials on a graph with a cycle has not
been studied yet because of the procedure of recovering characteristic functions from
the spectra. In this paper we consider the solution of an inverse spectral problem for
Sturm - Liouville differential operators with singular potentials on compact graphs with
a cycle. As the spectral characteristics we consider the eigenvalues of specific boundary
value problems and specific signs, as it is done in [9]. The lengths of the edges of a
graph we consider as commensurable quantities. We provide a constructive procedure
for the solution of inverse problem from given spectrums.

Let G be a graph with a set of vertices {v;}/_, and a set of edges {e;}/_,
e; = [vo,v;], where edge ey generates a cycle. We suppose that the length of edge
e; is equal to |e;|. We consider each edge e; as a segment [0, |e;|] and parameterize it
by the parameter = € [0, |e;|]. It is convenient for us to choose the orientation such that
x; = |e;| corresponds to the vertex vy. We consider lengths of edges e;, j = 0,p, as
commensurable quantities.

Function y on graph G is considered as y = [y;(7;)]i=, z; € [0,]ej|]. Let
q = lgi(z;)—y be a real-valued function on G such that ¢; € W, [0, e;]], ie.
qj(z;) = oj(z;), where the derivative is considered in the sense of distributions. We
call function o = [o;(7;)]%_, the potential. The Sturm - Liouville differential operator on

the edges e;, j = 0,p is defined by the following expression:

1]\/ 1
Gy = — () = o)l — o2 (a)y;,

where y][-” = y; — oj(r)y; is a quasi-derivative, and

dom (6;) = {y; | y; € W3[0, les[), " € W0, les[), L5 € La0, le; ]}
We consider the Sturm - Liouville equation on G:

(Gy) () = My (), x5 € (0,]es]),  y; € dom (), j=0,p. (1)

At the internal vertex vy we consider the following matching conditions:
p
w0(0) = yilleel), k=05, >~y (les]) = u’(0). (@)

Let us consider the boundary value problem L(G) for equation (1) with matching
conditions (2) and boundary conditions

Jloy=0, j=Tp (3)
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We define the eigenvalues of L(G) by A. We also consider the boundary value
problem Li(G), k = 1,p, for equation (1) with matching conditions (2) and boundary
conditions

yloy=0, j=Tp\k u(0)=0. (4)

The symbol A(A, L) denotes the characteristic function of some boundary value
problem L. The eigenvalues of L;(G) we define by Ay. Let ¢ = [pr;]f—;, k = 1,p, be
the solutions of equation (1), satisfying (2) and boundary conditions:

o (0) = b1y, (5)

where d;; is the Kronecker delta. Denote M () := ¢y (0). The function M (X) is called
the Weyl function for (1) with respect to the vertex vy.
Graph G is partitioned into two parts by the vertex vy: G = GoUT, where G| is a star-

type graph and T is a cycle, generated by edge ¢ey. Let Q(\) := Cy(Jeo|, A) — S([)l](|6()|,)\).
Taking into account (2) u (3), one can show, that

AN L(T)) = Colleol, A) + S (Jeol, A) — 2. (6)

Let ¢(e;), j = 0,p, be the boundary value problem for equation (1) on e; with
Dirichlet boundary condition in the end points of edge e;, and let ¢;(e;) be boundary
value problem for equation (1) on e; with boundary conditions y][.”(O) =0, y;(le;|) =0.
Zeros of function A(\,{l(eg)) we denote as {z,}n>1. Also we define w, := signQ(z,),
Q = {wn}n>1. The inverse problem is formulated as follows.

Inverse Problem 1. Given the A, Ay, k =1,p, Q, construct the potential ¢ on G.

The paper is structured as follows. Section 1 contains some auxiliary propositions.
Section 2 is devoted to the solution of so-called local inverse problems and a solution of
the global inverse problem on a graph.

1. AUXILIARY PROPOSITIONS

Let Cj(xz;,\), S;(x;,\) be the solutions of equation (1) on edge e;, j = 0,p under
initial conditions

C;(0,0) = S0, 0) =1, ¢l(0,0) = 5;(0,1) = 0. (7)

As in the classical case [13] one can show that functions M;(\), j = 1,p are
meromorphic in A\, namely:

AN, lo(eo))

A\ L ()
My A (o))

i(A) = TANLG) Mo(\) = —

Denote by B, the class of Paley - Wiener functions of exponential type not greater
than r € R, belonging to Ly(R). It follows from [5-7] that

sinple;| 1
Cj(lej|, A) = cos ple;| + Gie(p),  Sj(lejl, A) = ——= +

ZCiolp), 9
P pCJ, (p) 9

where (j.(p) € B, are even functions and (;,(p) € B, are odd functions. Clearly,

les] le;l

Ciolp) = /Ko(t) sinptdt, (.(p) = /Ke(t) cosptdt, K,, K.€ Ly(0,le;]).
0 0
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Let H;, j =0,p, be the classes of functions, which are entire in p for all z € [0, |e;]]
and fixed potential o;, such that for n;(x, p,0;) € H; following conditions are valid:

1) nj(x,p,05) = olexp(z|Imp|)) for p — oo and any fixed = € [0,¢;] and
gj € LQ[Ov |€j|];

2) n;(z,-,05) € Ly(7y) Ior all x € [0,¢;], real 7 and lixed o; € Ly|0, |e;|], where

7 =(7) = (=00 447, +-00 +i7);

3) n;(+, -, 04) € La[0, lej|] x v and bounded uniformly on [0, |e;|] x 7 for any fixed real 7
and o; € LQ[O, |6jH;

4) n;(z,p,0;) depends continuously on the potential in the following sense: if
oin(x) = o;(z) in Lo[0, |e;]], then the corresponding n;(z,p,0;,) € H; converges to
nj(x, p,o;) € H; uniformly on [0, |e;]] x v for all 7 > 7y and

xerﬁﬁzi\] Hnj(x’ E an) - nj(xv g Uj)HLz(V) — 0.

Obviously, if n;(z, p, 05), 0} (z, p,0;) € Hj, then n;(z, p,0;) + nj(z, p,0;) € Hj.

Define A.(79) :={p: Imp > 0,dist(p, K) > €}, where Z C {p: 0 < Imp < 719} is a
countable set with a constrained number of points in Rep € [t,t + 1], Im p € [0, 79]. Let
K be the class of meromorphic functions, such that for x(p, o) € K following conditions
are valid:

1) k(p,0) = o(1) for p — oo and fixed o € Ly(G), p € A(7), Where 7 depends on k;

2) k(-,0) € Lo(7y) for all 7> 71y and fixed o € Ly(G);

3) k(p,o) depends continuously on o, in the following sense: if 0j,(z) — o;(2)
in Ly(G), then k(p,0,) € K converges to x(p,0) € K uniformly on v for all 7 > 7, and

lim |[r(+,00) — K£(+, 0)|[£5(7) = 0.

n—oo

Obviously, if k(p,0), k*(p,0) € K, then k(p,0) + k*(p,0) € K and k(p,0)k*(p,0) €
€ K. Define [1] := 1+ k(p), (p) € K. It follows from [5-7] that the following lemma
holds.

Lemma 1. Following representations are valid

sinpr 1
+ -n;i(x, p,05). (10)
PR i(2; p, ;)

Oy, \) = cos p + 1y p. ;). SilwN) =

Using (10), we obtain

Cillegh ) = cosplesll1), S5(1esl ) = 222 .
M (lejl, A) = —psinples|[L), 5 (legl, A) = cos ple;|[1]
We consider the solutions of equation (1):
Ei(x, N) = Cy(x, \) —ipSi(x, ),  Ej(x,A) :i=Cj(z,\) +ipS;(xz,\), j=0,p.
Clearly, that (¢;, E;) = 2ip and
(el \) = e ™leilln], Eo(0,\) = e7leil[1],
&(lesl. ) 1. B0 1] )

fjm(!ejh ) = _vaefip|ej|[1]’ Ej[l](o’ A) = ,l’pef’ip|6j|[1].
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We consider the representation
pin(@,A) = Ap(N)E(@, A) + B\ Ej(x,A),  j=0,p. (13)

Substituting (13) into (2) and (5), we obtain the system of linear equations with
variables A,;(A\) and Bj;()). The determinant of this system we define as Ag(\, G).

Lemma 2. Following representation is valid
p 1 1 p
Ap(\,G) = (=ip) [ 30 (BY (esl, V) + 606l 0) TT (Biledd A + &lleal )+
7=0 =0, i#j

+[in(Balleo. ) — llea ) = 200] [T (Bl N+ 6Ced W) 1)

=1

Proof. We define variable « in the internal vertex vy. Then Ag(\ G) is the
determinant of this system

—Zijk+Zka = 5jka ]:ma
&(lejl, VA + Ei(lej], By = a,  j =10, p,

€M le; ], N Az + EM(les|, AV Bjr) + ip Aoy, — ipBox = 0.

M@

j=0

Using Laplace expansion for rows, which defines the matching condition for edge ey,
we obtain

Ap(A, G) = (Eo(leo], G) + &olleol, G))Ar(A, Go)+

+(—ip)t! H (Eillesls 2) + & esls V) ) [ (B8 eol, 2) + € leol, 1))+

J=1

— (&o(leol, M EE (leol, A) = & (leol, A) Eolleol, A) + ipgo(leol, A) = inEolleol, 1)) | (15)

where G is a star-type graph. Let us define the determinant of the system of linear
equations by d,,(\)

p

(Bslles. N + el N)ay =, 5 =5, 3 (B el N) + & (sl A))ay =0

with variables a;, j = 1,p, a. We add each j-th column to (j + p)-th column, j =1, p,
and get Ap(\, Go) = di(N). Usmg Laplace expansion for d,,,(A), m < p, for the first row,
we obtain

An(N) = (Enllenl: V) + Enllent: V)i (V)+

(B0l 2+ €8et ) TT (Billed ) + &lled, ).

=m-+1

370 Hay4reiri otaen



&> ::

S

5. V. Vasilev. An Inverse Spectral Problem for Sturm — Liouville Operators

It is obvious, that d,(\) = <E[1](|em| A) + ei(lem], )\)) Using mathematical
induction, one can show, that for 1 < m < p following representations are valid:

Ap(\,Go) = (i) (EV(esl, )+ €00es ) TT (Blead A + &leal, ).

j=1 i=1, i#j

Substitute this representation into (15), we obtain (14). O
Taking into account (12) and properties of the function x(p) € K, one can show

p p
Corollary 1. Define 0 := {>_ kjle;|, k; € {0,1}}, a |G| := >_ |e;|. Then following

j=0 Jj=0

representation is valid:
Ap(XG) = (=ipP™ > A(G)e ™[1], A #0, (16)
=

From [18] one can obtain the following lemma.

Lemma 3. For sufficiently large |p|, such that p € A(m), 1o is fixed, [ollowing
estimate is valid

CylpPHielélme < |AL(X, Q)| < Cyo|p|PTielClime, (17)
The following lemma describes the asymptotic representations of the solutions ¢y.

Lemma 4. For fixed x € [0,|e;|] and for p € A(ry), where 7y is fixed and p — oo,
following estimates are valid:

wik(z,\) =0 (1

—zImp (1] _ —zImp _ 1 szA
e, @lr ) = 0(eI), il N) = Seh(p). (1)

Prooi. Using (13) by Cramer’s rule, we obtain

djr(\) d7*(\)

BV G My FENE)

(19)

where djx(\) and &%()\) are determinants of the matrices, formed by replacing the
corresponding column by the column of free terms.
Analogous to proof of Lemma 2, we obtain

djr(A) = —(ip)"*! Z Bi(G)e (1],  Big|-2je| # 0,
| Ico, (20)
dF(N) = —(ipP™ ) Cl(G)e 1], Cla # 0,
lco

p
= {ZGj]ej\ 9]' € {071}7 ]:m}7
j=1

p
Oy = {Zej|ej| 0, €{0,1}, j=T,p\ k, O = —1}.

j=1
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Thus, we obtain

Cy|plpelI=2leilme . (X)] < Cy|p[PellCI=2leiD mp,

: 21
Ci|p[Pe! ™ ? < & (A)| < Cy|pfPe!“I e, 2l
Using (16) and (20), we obtain
> Bi(G)e . C)(@Q)e~ !
A\ G) S AG)e T Ap(LG) TS A(Gei
€0 =)
for p € A(m).
Consequently, we get
dik(N) d’*(\)
AEJ NG A% [1], ArNG B[], (23)

where Aok and B are coelficients of an expansion in a fundamental system of solutions
{¢(z, )\) iz, )\)} in case o = 0. Substitute (17) and (21) into (22), for sufficiently
large p € A we obtain following estimates:

A% < Ceelme By <
p

EIQ

Thus, using (23), we obtain analogously, that for p — oo and p € A(r) following
estimates are valid:

| 1
Ajy = ;O(e‘meﬂlm”), By = 0(;). (24)

Substitute this estimates into (13), we obtain (18). O
Analogous to Lemma 2 and Corollary 1, one can prove

Lemma 5. Following formulas are valid

A L(G)) = A, Leo)) AN, L(Q)) + (A + DT A, tuler)
k=1
AN L(G)) = A(A, 6(60))A‘()\ L(Q))+ (25)
+(AN, L(T)) + AN £(e))) H AN, li(ex))
k=Lp\{j}

p p
where A\, L(Q)) = ZIC]['H(|€j|>/\) _ 1H¢ACi(’6i|v ).
1= =1, 17#)

Corollary 2. Following representation is valid

AN L(G)) = (=1)" Y Dy(G)e (1], Digy # 0. (26)

le®
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The eigenvalues A can be numbered as {Auk}r—g75=Tnen Y { Ak fo=mormonez, Where
m € N, puo is a multiplicity of a zero eigenvalue of the boundary value problem
L(G) with zero potential. Analogously, the eigenvalues A can be numbered as
{)‘”kﬂ'}jzm,neN U {/\”kj}jzm,nGZ’ where my, € N, pf is a multiplicity of zero
eigenvalue of the boundary value problem L;(G) with zero potential. From [19] it
follows, that characteristic functions A(A, L(G)) and A()\, Li(G)), k = 1,p, can be
constructed from spectra by Hadamard’s theorem:

Theorem 1. The specification of spectrums A and A; uniquely determines the
characteristic functions respectively by the formula

HHo oo HO™ 1 Aok — Aok —
s - v sl LTI T
n= n n=—00 k=pgo

; ovh e S VD
AO L6 = (18 220 G| T #—= TT T 5

J
A= )
O n=0 k=0 Jnk

2. SOLUTION OF THE INVERSE PROBLEM

Fix ey, k € 1,p and consider the following auxiliary inverse problem.

Local inverse problems IP(k,G): Given My()), construct ox(z), = € [0, |e|].

Everywhere below if a symbol « denotes an object, related to o, then a will denote
the analogous object, related to 0 and & = o — . Using the properties of functions from
class K, analogous to [15] one can prove the following theorem:

Theorem 2. If My ()\) = Mk()\), then oi(x) = ox(x) almost everywhere on [0, |ex|].

In p-plane consider the contour v = (1) := (—o0 + i7, +00 + i7), where 7 > 0 is
such that

1nf{Ak U Kk} > —7'2.

Let T’ be the contour in A-plane which is an image of v under the mapping A = p%.
Denote by D% the image of the hali-plane {Imp > 7} and D~ := C \ D*. Let
Cy :={|\| = (N+1/4)?} and Cy, := CyND~ be the contours with clockwise orientation.
Denote I'y = I'NintCy, I'y =Ty UCy. Denote 0% = u. Define the functions

xz

Dif A p) s SHERGEID ey e
Dy, \ ) = @’f(x’i)’_%(x?“» - / Cro(t, N Ci(t, 1) dt

Tk(x7p7 0) = Dk('ra )\7/’1’)9]\2—]6‘(/1’)7 Fk('rupu 6) = 5k(l’, )\Mu)eMk(lu)

Everywhere below we chose contour ~(7) such that OM,.(u) € Lo(v). Analogous
to [15], one can obtain the main equation

U, (z) = Hy(z)Vi(z) + Fylz), (28)
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where Wy (z, p) := Ci(z, \) — @(x ),

Filr) = 5 lim / B, M 1) V() G, ), (29)
and for all fixed z € [0, |ex]]
B(o)f(0) = [Tl p0)f0)d6, Hul)(p) = = [ rulo.p0)7(0)a0,

and Hy(z) is a Hilbert — Schmidt operator in Ly(7). Also from [15] we obtain the validity
of the following theorems:

Theorem 3. For each fixed x € |0, |ex|] equation (28) is uniquely solvable in Lo(7).

Using the solution Wy (z, p) of the main equation (28), one can calculate the function
Cr(z, A) and then construct ox(z) according to the next theorem.

Theorem 4. The solution oy(x) of the Problem IP(k) can be found by the formula

1 ~ A N 1 N
ou(w) = = | Culw p)Culws ) Mip)dp+ — Jim | peos 20 i(p)dp, (30
IN

where yv =y N {p:|p|* = (N +1/4)*}.

Thus, the solution of the local inverse problem IP(k) can be constructed by the
following algorithm.

Algorithm 1. Given My ()

1. Take & = 0 and calculate Cy(z,\), My()\), Dy(z, A, 1) and 7, (z, p, 6).

2. Construct Fy(z, p)) by (29).

3. Find Wy (x, p) by solving the main equation (28) for each x € [0, |ex|].

4. Construct oy, (x) using (30), where Cy(x,\) = U,(z, p).

Using A(X, ¢y(eg)) = —Co(leol, A), A(A, (en)) = So(leo|, A) and Lemma 1, analogous
to [16], we obtain

= M, A(zn, Lo(€o))
=y S M, = - O 31
n=0 A — Zn A(Zn, é(@o)) ( )

where A(X, ((eg)) = LA(X, £(ep)) and M, is Weyl sequence. The solution of the inverse
problem 1 can be constructed by the following algorithm.

Algorithm 2. Given {\,}.>0, { Ak }nz0, k= 1, p.

1. Construct A(N,G), Ar(\,G), k =1,p by (27). Find M, (\) using (8). For edges
ej, j = 1,p, we find o; by solving local inverse problems by Algorithm 1.

2. Calculate A(X,¢(ep)) and A(X, L(T')) via (25).

3. Find zeros {z,},>1 of the function A(\, ¢(eg)).

4. Define D(X) = A(\, L(T)) + 2. Calculate Q(z,) = wn/D?(z,) — 4.

5. Calculate A(zy,, lo(eo)) = 3(D(z,) + Q(2a))-

6. Find M, by (31).

7. Calculate My(A) via (31) and find oy by solving local inverse problem on edge e
by Algorithm 1.
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O6paTtHas 3apadva ons onepatopos LLtypma—Jinysunns
C CUHrynsipHbiMM noTeHumManamm Ha rpadpax ¢ LuKnamm

C. B. Bacunbes

Bacunbes Cepreit BnagumumpoBuy, acnupaHT kadpegpbl MaremMatuyeckoin usnky 1 BblHKC-
nuTenbHow matemaTtuku, CapatoBCKMin HALMOHAMNbHbIN NCCNenoBaTENbCKUIA FOCY [APCTBEHHBIN
yHuBepcuteT mmeHn H. I'. YepHbiwesckoro, Poccus, 410012, r. CapaTos, yn. AcTpaxaHckas,
n. 83, VasilievSV@info.sgu.ru

B naHHOW cTaTbe wuccnenytotcs obpaTHble crekTpasbHble 3ajaun ans auddepeHumanb-
HbiX ornepaTtopos LUTypma—JInyBUANsS C CUHTYNSIpHBIMMA MoTeHuManamm m3 knacca W, ' Ha
rpagoe ¢ umknoMm. OnvHbl pébep paccmatpusaemMoro rpadgpa Mol 6yneM cyMtatb COM3MEPUMBI-
MW Benu4uHamu. B kayecTBe cnekTpanbHbIX XapakTepUCTMK Mbl PACCMOTPUM CMEKTPbl HEKO-
TOPbIX KpaeBblX 3a0a4, a TakXe creuunanbHble 3Haku, aHanorMyHo ToMy, Kak 3TO caenaHo B
cnyyae knaccuyeckux onepatopos Wtypma—Jinysmnns, 3agaHHbIX Ha rpage ¢ umknom. Vc-
nonb3ysa Teopemy Anamapa, Mbl BOCCTAHOBUM XapakTepuctnyeckue (*)yHKLI,VII/I Mo 3a4daHHbIM
crnekTpam kpaesblx 3agad. [1prMeHss BOCCTaHOBMEHHbIE XapakTepuctTmyeckme OyHKLMU, Mbl
NocTpouM dpyHKUMKM Belins (Tak HasbiBaeMmble m-pyHKLMM) HA pébpax paccmaTprBaeMoro
rpadpa. Mbl nokaxem, 410 3agaHme coyHkumin Being ogHO3HAYHO onpenenseT KOs uLneHTb
IndbpepeHUnansHOro ypaBHEHUS Ha vuccnegyeMoMm rpadgoe. TakXxe Mbl MONyYMM KOHCTPYK-
TUBHYIO MpoLeaypy peweHust obpaTHol 3a4ayv no 3afaHHbIM CnekTpanbHbIM XapakTepucTu-
kam. [1ns pelweHns nocTaBneHHON 3anayn B paboTe UCNONb3YOTCS MAEW METOLA CNEKTPaNbHbIX
0TOBpaXEHWI, MPUMEHEHHOTO ANS pelweHus obpaTHOM 3anayn A KNacCUHECKUX OnepaTopoB
Wrypma—TuyBunns. MonyyeHHbIn pesynbtaT sABnseTcs 0600WeHMEM XOPOLWO M3BECTHLIX pe-
3ynbTaToOB A5 06paTHbIX 3a4ay ANs Knaccuyecknx audpopepeHumnanbHbix 0nepaTopos.

Knroyesble cnosa: onepatop Ltypma—JInyBunns, CUHrynsipHbIiA nOTeHUMan, rpadd ¢ LUKIoM.
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