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INTRODUCTION

Generalisations and specialisations of Macdonald polynomials play an important role
in many fields of mathematics (see for example [1-3] and [4-6]). Super Jacobi poly-
nomials are one of such generalisations (see [7]). They can be naturally connected to
the theory of Lie superalgebras and deformed quantum Calogero— Moser — Sutherland
(CMS) systems. Let J, be the family of super Jacobi polynomials in m + n indetermi-
nates (see [7]) labeled by the set of partitions A such that A\,,.; < n. It has been proved
in the paper [8] that

lim  lim Jy = (—1)*VE,
(p,9)—(—1,0) k——1
where E) is the Euler supercharacter (with a special choice of the parabolic subalgebra)
of the Lie superalgebra osp(2m—+1,2n) and p, q, k are the parameters of the super Jacobi
polynomial and the number s()) is defined in Theorem 6.

This result is interesting and important from the representation theory point of view
and from the point of view of CMS systems as well. But the proof given in the paper [8]
is rather involved. It uses the infinite dimensional version of the Jacobi symmetric
polynomials, Okounkov formula for Jacobi symmetric functions, generalisation of the
Weyl type formula for super Schur polynomials and some other more technical means.

The goal of this paper is to give more simple and more conseptual proof of that re-
sult. In the present paper we use two main properties of super Jacobi polynomials. The
first one is that they are eigenfunctions of the deformed Calogero— Moser — Sutherland
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operator and the second property is that they satisfy the Pieri identity. This two prop-
erties define them uniquely and the same is true for the Euler supercharacters as well.
So instead of calculating the limit of the super Jacobi polynomials we calculate the
limit of the CMS operator (which is trivial) and the limit of the coefficients of the Pieri
formulae. The last limit can be calculated using some simple identities with rational
functions and Young diagrams. On the other side we have an explicit formula for the
Euler supercharacters obtained by V. Serganova [9]. Using this explicit formula we
prove the corresponding Pieri formula and the fact that the Euler supercharacters are
eigenfunctions of the limiting CMS operator. As a result we get the coincidence of the
family of specialised super Jacobi polynomials and the Euler supercharacters. We believe
that this method can be applied in many similar cases. For example using this approach
it is easy to prove the Weyl type formula for super Schur polynomials.

1. SUPER JACOBI POLYNOMIALS

In this section we define super Jacobi polynomials using the fact that they satisfy
the Pieri formula and that they are eigenfunctions of the deformed Calogero— Moser —
Sutherland operator. The deformed CMS operator of type BC,, , has the following form
(see [7, p. 1712])

XT; — Ij :Ci:cj -1

n ; , i+ 1
- Z (y s Ui (ayz - ayj) + M(ayz + ayj)) -

N yiy; — 1
x; + 1 x?+1 - yi + 1 y; +1
— . 2q— 0y, — k J J 0,
;(p%—l 12 1) i Zl( y]—l y2 1 Yj
T + yj ziy; + 1
S (B -0, + EE 0 v,

where 0,, = xia%i’ Oy, = yiaiyj and the parameters k,p, q,r, s satisfy the relations p = kr,

2¢+1=k(2s+1). In the formulae below we always suppose that h = —km —n — %p—q
where m,n are non negative integer numbers. In order to define coefficients of the Pieri
formulae let us introduce the flowing notations: let H(m,n) be the set of partitions A
such that \,,.1 <n and

nA) =X +2\3+..., cx = 2n(N) + 2kn(\) + [N (2h + 2k + 1),
a=MN—+ki, i=12 ..., AO,z)=35—14+k@G—1)+,
oy (O,2) =X — j — k(XN — i) + cox(O,2) = X+ j+ k(N +14) + z,
where ) denote the conjugate partition to A and O denote the box (ij) (i is the row

index and j is the column index) of the Young diagram which corresponding partition
is \ (see [4]). Let us set

Ax)=[[A02), @) =] @), C@)=]]a0 ),

Oex Oex Oex
ACX(h+5p+q) CR(k+h — 3p+3)
Jy(1) =4 . i
Cy(=k) Cy(2h—1)
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Let us also denote by S*()\) the set of partitions u which can be obtained from A
by adding one box and by S~(\) we will denote the set of partitions x which can be
obtained from X by deleting one box. Let us also set S(A\) = ST(A)US~(A) U{\}.

If peS(A\)*™ and p; = A\; + 1 then we set

= _’(ﬁl (a; — a; — k) (a; + a; + 2h — k)
H N (ai — CL]’) ((ZZ' + Q; + Qh)

i#i
(a; —k+h+3p+q) (a; +k(IN)+1)+2h) (a; +h—Lip+1)
(a; — k(I(X) +2)) (a; + h) (a; +h+3)

If pe S (N and pu; = A\; — 1 then we set

1(N)
. (ai—aj—i-k)(ai—i—aj—i—k:—i—Qh)
V“(A)g (@—a) (ata +2n0)
Ll kit h—3p—q) (a;—KIV) (0 +h+5p — §)
(ai + k(LX) + 1) + 2h)  (a; + h) (@i +h—3)

and
=V (\ J/\(]‘> _ —1
= VeV o HE SION{AL, aa=-k"Ch+p+29)— > V().
a RES(A\{A}
Let P,,, = ClzF',... 2t yi' ... ,yF'] be the algebra of Laurent polynomials in

m + n indeterminates. Now we are ready to define super Jacobi polynomials.

Theorem 1. Let ak + bh + ¢ # 0 for any a,b,c € Z. Then there exists a unique
family of polynomials Jy € P, ,,, A\ € H(m,n) such that:

Jo=1, Lh=ady, pha= Y axuy (1)
neS(A)

where py =a1 + a7 + 4 am+ ) A gy Yy ).

Proof. Let ak + bh + ¢ # 0 for any a,b,c € Z. Then it is not difficult to verify that
from the conditions ¢, = ¢, and p,v € S(\) it follows that ;o = v. Therefore the operator

,i/ﬂ)‘: H Z—CV7

13 _
vesONuy * T W

is well defined. So if a family of polynomials {.J,} satisfy the conditions of the Theorem
then from the last formula in (1) it follows that

glf(leA) = a)\,uJ,ua (2)

and uniqueness can be proved by induction on the number of boxes in . Existence
follows from [7, sec. 7]. O
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2. SPECIALISATION OF THE COEFFICIENTS OF PIERI FORMULAE
Limitas k — —1

For a function F(k) let us define F =lim,_, F(k). For example limy_,_q @y, = G-

Lemma 1. 1. Let X\ be a Young diagram such that we can add a box to the i-th
row. Then the [ollowing equalities hold true

A

I\
x4+ N —s+1 — Mo+t
. 3
sl_[1 r+ N —s H =N+t ®)
ﬁ z— N +s lﬁ T+ N —t @
szll’—/\;‘i‘s—l $+)\t+1—t

2. Let )\ be a Young diagram such that we can delete a box from the i-th row. Then
the following equalities hold true

hl T+, —s  w—N+it+l ﬁ r— N+t 5)
S:1$+/\;—s+1_ x+1(N\) t:¢+1$_)‘t+t_1’
/\le—)\;—i—s—l x —1(\) ) r+N—t+1

= - — 11 . (6)
o T A s x—i—/\i—z—ltziJrl T+ N—t

Proof. Let us prove (3). If \; = 0 then ¢ = I(\) + 1 and the both sides of equality
(3) are equal to 1. For any integer a,b we will denote by [[a,b]] the set on integers in
the segment [a,b]. Suppose that A\; > 0. Let us represent the segment [[1, \;]] as the
disjoint union

1)

H = UAt7

where At = [[)\t+1 —+ 1, )\t]]

Therefore
Ai 10N

T+ N, —s+1 4+ N —s+1
H T+ AN —s _HH r+ N, —s

s=1 S t=1i s€EA¢

Let us check that

Hl’+)\g—5+1_l’—)\t+1+t

= . 7
T+ AN, —s T— AN+t @

SEA:
Indeed if \;11 = \; then A, = @ and the left hand side of the equality is 1 by definition.
The right hand side is also 1.

If Aip1 < A; then for any s € A; we have A\, = ¢ and equality (7) is easy to verilfy.
So we have proved the first equality. The second equality follows from the first one by
the substitution z — —xz. Equalities (5), (6) can be proved in the same way. O

Now we are going to prove our main result of this section.

Theorem 2. The following statements hold true
1) if e StT(N) then ay, = 1;
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2) if we S™(\) and p; = \; — 1 then

(2a; + 2h + p + 2q)(2a; + 2h — p — 2q — 2) (2a; + 2h + p — 1)(24; +2h —p — 1)
(2a; + 2h)(2a; 4+ 2h — 2) ’

a = =
o (2a; + 27 — 1)2

LN
- +2¢+1 2p(p+2q+1
z)))szpw(p q )+P—Z i p(p a )
2h —2l(\) — 1 £ (2a; + 2h — 1)(2a; + 2h + 1)
Proof. Let us prove the statement 1). Let us represent V,(\) as the product
V.(A) = V,(A\, DV, (X, 2), where V(A1) is the part of V,,(A\) which does not depend
on h and V,(A,2) is the part which depends on h. The same notation Jy (1), Jx2(1) will

be used for Jy(1). We are going to prove two equalities

Ta(l) Taa(l)
lim V, (0, 1)%(1 =1, lim V,(\,2) Tt (8)

Let us prove the first one. It can be rewritten in the form:

~—

I(N)+1 . N )
(@; —a, + 1) 1 Cr(1) B
l;[z' (@, —a,) (a, +1(\)+2)C5 (1) =1,

where (ij) is the added box.
[t is easy to check the following equality

J+ AN+ 2

Co(1) qa+N —s+2 T G
RSN o= j+3)
1;[15%+)\f9—8+1(a2+ It Har—]Jr)‘;—Fl

Since the box (ij) can be added to A then we have \; = j—1 and \; = i—1. Therefore

ﬁdr—j+/\;+2 ﬁ d; — dy
r:1&7“_j+>‘9+1_r 1al—ar+1

Besides we have (a; + A}, — j +3) =1 and if we substitute z = @; + 1 in the equality

(3) then we get

jld —|—)\/—8—|—2 ) a; — a )+ Ei—a
7 7 t+1 t
l_Ile+A;—s+1 Hal—ale ( () )t];[1~ at+1

Therefore we have proved the first equality in (8). By using the identity (4) we can
prove in the same way the second equality in (8) and therefore we have proved the

statement 1) of the Theorem.
The statement 2) can be proved analogously using the identities (5) and (6).

Now let us prove the statement 3). Consider the expansion into partial fractions of
the function V,,(h). If p € S(u)* and p; = \; + 1 then
I(A\)+1 A+

B;f cr
Vuld) = Qi z+h+di+§+h+ ; a; + a; + 2h’
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where @); is a polynomial. In the same way if u € S(A\)~ and p; = A\; — 1 then

_ _ _ 10N _
B c. D; A

V,(\) = L i i ij

<) &i+h+flz‘—%+h+di—l()\)—l+2h+;di+dj+2h’

[t is not difficult to verify the following equalities

_ . . 1
A:]_ + Aji = 07 1 g 7 7& J < l<)\)’ B?(_,\)Jrl = 07 Cl—é_)\)+1 = _§p<p+ 2q + 1)7

1
D; + Ajyny+1, = 0, Bj +B;, =0, C; = —C’;r =3 (p+2¢+1), 1<i<I(N).

Besides we have Q; =V, (), 1)(2h +2¢ + a; + 1) and it can be checked that

I(N)+1 1(A)+1
davirn=-1, > VA1) =-1
=1 i=1

This proves statement 3) and the Theorem. O

Limitas (p,q) — (—1,0)
Let us denote lim, g (_10) ' by F*.

Theorem 3. The following statements hold true

1) if p € S*(X) then d , = 1;

2) if pe S™(\) and p; = \; — 1 then auw =1-96(a; +d);
I\

3) al =Y (8(a;+d+1)—d(a;+d))—1+5(d—1())), where d = m—n and §(x) = 0
=1

ifx#()and%(x)zl if ©=0.
A proof of the Theorem easily follows from the Theorem 2.

3. SPECIALISATION OF THE SUPER JACOBI POLYNOMIALS

In the previous section we specialised the coefficients of the Pieri formula. Now we
can prove an existence of specialised super Jacobi polynomials and the corresponding
Pieri formulae.

Specialisationas & — —1

Theorem 4. Let p + 2q ¢ Q then there exists limy_, 1 J\, = jA and the [ollowing
Pieri formulae hold true

ﬁlj)\: Z CNL}\,,U,j;L‘ (9)

BES(A)

Proof. Suppose that p+ 2¢ ¢ Q then it is not difficult to verify that if ¢, = ¢, and
p, v € S(N\) then u = v. Therefore there exists a limit

. R
: A A v
klin_llgu :Zﬂ - H

veSON H W
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Now let prove the existence of limg_, 1 Jy by induction on |A|. If [A\| =0, then J; =1
and the existence is clear. Let |A| > 0 and u can be obtained from A by deleting one box.
Then from formula (2) and statement 1) of Theorem 2 it follows that limy_, 1 J\ = J
does exist and the following equality holds true

LN pr1d) = apada (10)
So the equality (9) can be obtained from (1) by taking the limit as & — —1. O

Specialisation as (p,q) — (—1,0)

Let us prove the existence limg, ) (1.0 Jy = J!. In this case the equation d =d
can have more than one solution for u,v € S(A). The following Lemma is not difficult
to prove.

Lemma 2. Let j1,v € S(\) and p # v then ¢, = ¢, if and only if one of the following
conditions are fulfilled:

1) up to a permutation p= X\, v =AU and &(0,d) = 0;

2) up to a permutation p =\, v=\\UO and (0,d) = 0;

3) there exists i € Z, i # 0 such that up to a permutation y =AU and v =X\ O
2de (0, d) =1, (0, d) = —i.

So the previous Lemma shows that the equation cﬁ = ¢/ can have not more than
two solutions for p, v € S(A). For this case we need the following Lemma.

Lemma 3. Let &, = cl, = v for some i # v € S()\). Then

lim (.3?—1—,,?3): (y_gﬁ)m_i_ 1

() : = —cr).
(.9)>(~1,0) f(n)? f(V)} f(Z%), where f()= [ (t—cr)

TeSM\{p.r}

Let us denote the limit above by .fiy. Now we can prove the main result of this
section.

Theorem 5. There exists a unique family of polynomials Jﬁ € Pyn, A€ Him,n)
such that

=1, LI =4, pI= )Y d,J. (11)
neES(A)
where pi =z + a7 4 ap ant — (g yr ey ).

Proof. Let us prove an existence first. Let p be a non empty Young diagram and A
can be obtained from p by deleting one box. Suppose that ¢f, # ¢, for all v € S(A)\ {u}.
Let us take the limit as (p,q) — (—1,0) in the equality (10). Then we get

L -
I =5 =1J. (12)

veSO\fup T

This proves the existence of .J, in this case. Suppose now that the equation ¢f, = CEL
has two different solutions y,v € S(\). Then by Lemma 3 we have

LTS = J5 +d, T (13)

Avly

By Lemma 2 we have |v| < |u| therefore J% is well defined and we proved the
existence. Uniquness follows from the formulae (12), (13). O
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4. EULER SUPERCHARACTERS

In this section we prove two main results using an explicit formula for Euler super-
character by V. Serganova [9, 10]. The first one is Pieri formulae and the second result
is that Euler supercharacters are eigenfunctions of the deformed CMS operator. As a
corollary for any partition A € H(m,n) we get the coincidence (up to sign) of the Euler
supercharacter F, and the specialised super Jacobi polynomial Jﬁ.

In order to define Euler supercharacters let us introduce new variables

u=xz+xt v=y+y ! and the following polynomials in one variable z
Wt — w0 Wt 4w _
SOG(Z>: 1 1 wa<2): 1 1 z=w+w 1,
w2 —w 2 w2 +w 2

where a is integer.
[t it easy to check that these polynomials satisfiy the following recurrence relations

20; = Qit1 +@ic1, po=1, i = —pi, (14)
20 = Yi1 + i1, Yo=1, b =i (15)
Let us also for A € H(m,n) define d = m — n and the following numbers
. Ni+d—i, 1<i<i(N), . No—d—j, 1<j<j(N),
ol m—1, i(\) <i<m, T n—j, j(A) <7 <n,

where
i(A) = max{0, i | \i+d—i >0, 1<i<m}, j(A)=max{0,j|Nj—d—j >0, 1<j<n}
Let us also denote by m, the set of pairs (4, 7) such that i < i(A\) or j < j(A) and set

M(u,0) = [ (wi—v), Aw)=]Jw-u), Aw@) =] -,

(i)€mx i<j i<j
90)\(’&) = ¥ry (ul) <P (um)7 %(U) = %1 (Ul) s %n(vn),
and for function f(u,v) define the alternation operation
{fluo)y= Y el0)o(f(uv)).
0ESm XSn

The following formula for Euler supercharacters in variables w, v can be easily
deduced from the last formula for Euler supecharacter in [8, p. 4307]

A(u)A() Ex = (=1)"™ {IL(u, v)ea(u)ya(v)} (16)
where #(\) equals to the number of pairs (i, 7) € my such that j —i+d < 0.
Theorem 6. 1. Euler supercharacters FE) satisfy the following Pieri formula
pE = Y (-1 e B,
HES(N)

where s(\) equals to the number of pairs (ij) € AUy such that i — j > d.
2. Euler supecharacter E\ is an eigenfunction of the deformed CMS operator £*

with eigenvalue ¢\,
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Proof. By )\ +¢; (and the same for A —¢;) we will denote the diagram obtaining
from A\ by adding one box to the i-th row (or deleting one box from the i-th row).
The same notations A £ ¢; will be used for columns. Let us also denote by F) the
product Iy (u, v)pa(u)r(v). We are going to calculate {u;F\} and {v;F\}. The following
equalities hold true

(Frod = B}, i <i(h),
{wF)} = {0, i) +1<i<m,
(R}, i\ +1<i=m,
{Fris, } +{Fa=s, )5 G <J(N),
, JA)+1<j<n,
{2}, JA)+1<j=n,

e}

{viF\} =

if i =4i(\), 7 =j(\) then
{F>\+€i} + {FA*&'} y T > 07
{F/\+8i} - {F)\} ) r; = 07

{F)\+5]’} + {F)\féj} ; Sj > 07
{F)‘+6j}+{F)\}7 s; =0,

{uiF\} = {

{v;F\} = {

ifi=4(A\)+1, j=3(\)+1 then

2{F} ifi<mand r,_; =0 or s;_; =0,

0Oifi=mand r,_; =0 or s;_1 =0,

2{F\}+ (1) {F\.} ifi<m and r,_; >0, s;_1>0,
—{Fse,} ifi=mand r,_y >0, s;_1 > 0.

{(wi —v;)Fa} = (17)

All the above equalities except the equalities (17) can be easily proved from the
definition of the Euler supercharacters. So let us prove the first equality in (17). It is
easy to check that m — i(\) = n — j(A). Therefore it is enough to prove this equality
in the case when X is a row or a column and n = m. Let A = (a), a > 0 be a row.
Therefore I (u,v) = (u1 — v1) [[}_(u1s — v;) [[7_y(ui — v2) and we need to prove that

{(uz — va = 2)IL\(u, v)Pa—1(w1)Pn—2(u2) . . . o(Un)Vp—2(v2) ... tho(va) } = 0.

Using the recurrence relations (14), (15) we can rewrite the previous equality in the
form

{(ug — v2)IIy(u, v)par (wr)uy 2uf > upvh 20520l b =0,

Now using the alternation operation over subgroup {1} x S, we can rewrite the
previous equality in the form

{90(1—1(161) <Z uz> H(u1 — v uy 2 o ey R vg} =0.
1=3

j=1

And in this form this equality can be easily checked. The other equalities in (17)
can be proved in the same way.
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Now let us prove the second statement of the Theorem. Denote by D the following
expression

N IS

L —v; ( () [ %H%w )

(] =1

and rewrite the formula (16) in the following form

P1

DflE)\ — (_1)t()\) {F)\} — (_1)t()\) {xl : mpmy yn } ) (18)

H(z’j)gm(ul UJ)
It is known (see [11]) that DL*D~" = 3" 32 — 3> 92 — (Pmn; Pmn), Where by
i=1 i=1

d
definition (pmn, pmn) = — 3 (d — i+ %)2
i=1

Let us note that if n = m, then (ppn, pmn) = 0. So we see that it is enough to prove

that F) is an eigenfunction of the operator D.#*D~! with eigenvalue cﬂA.

I[f A\ = @ then it easily follows from the formula (16) that Ey; = 1. Therefore
L*(Ey) =0 and we arrived to an identity

<Z aii - Zai) {Fo} = (pm,na Pm,n) {Fs}.

j=1
Using this identity it is not difficult to see that

i)

(Zm:ai—iajj){ﬂ}— Zr —Z {F3}. (19)

So we see from the formula (19) that E, is an eigenfunction of .#* with eigenvalue

i(\)

1 2 i) 1 2 d 1 2
. 12 . .
E (>\Z+d—2—|—§> —E ()\Z—d—j+§) —E <d—2+§>

i=1 j=1 i=1
and it is not difficult to verify that the last expression is cﬁ)\. Theorem is proved. 0

Corollary 1. The following equality holds true

J/ﬁ\(ul, ey Uy U1y e ey Uy) = (—1)5(A)E>\(u1, ey Uy U1y e ey D).

Proof. It is enough to apply Theorem 5 to the family F)\. All the conditions of this
Theorem are fulfilled except the condition E) € P, ..
But this condition easily follows from the Pieri formula and induction on |A|. O
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PaHee 6bino fokasaHo, 4TO cynepxapakTepbl diinepa cynepanrebpbl Ju osp(2m + 1,2n)
ABNSIOTCS NPELENbHbIM CNy4YaeM CyrnepMHOrovneHoB $kobu. 10T pesynbtaT Obln NepBbIM
NPUMEPOM, NOKa3bIBAOLMM, KAKOr0 POAa CBA3M BO3HMKAKT MexX Ay COOCTBEHHBIMM (PYHKLIMSIMM
HedopMmpoBaHHbIX onepaTtopos Kanoaxepo—Mosepa—Ca3sepneHaa 1 Teopveil npeancras-
neHnit. K coxaneHuto, f[okasaTenbCTBO 3TOr0 pesynbtaTta Obi10 YACTO BblYUCAUTENbHBLIM. B
IaHHo# paboTe Mbl Npeanaraem 6onee NPoCToe M KOHUENTYyanbHOe [oKa3aTeNbCTBO, OCHOBHAS
nges KOTOPOro 3ak/vyaeTcs B UCMONb30BaHWM C caMoro Havyana goopmynsl MNnepun. Mol Ha-
[eeMcs, YTO Hall Noaxon OKaXeTcs MoNe3HbIM BO MHOMMX aHaNor MYHbIX CUTyaLmsX.

KnroqeBble cnosa: kBaHTOBbI onepatop CMS, cpopmyna MNbepwu, cynepMHorodneHsl Skobu,
cynepanrebpa, cynepxapaktep diinepa.
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