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INTRODUCTION

We study inverse spectral problems for Sturm–Liouville differential operators on
a closed set of the real line (in literature it is sometimes called a time scale). Such
problems often appear in natural sciences and engineering (see monographs [1,2]).

Inverse spectral problems consist in constructing operators with given spectral char-
acteristics. For the classical differential operators on an interval inverse problems have
been studied fairly completely; the main results can be found in [3–15]. However, dif-
ferential operators defined on closed sets are essentially more difficult for investigating,
and nowadays there is no inverse problem theory for this class of operators.

The statement and the study of inverse spectral problems essentially depend on the
structure of the closed set. In this paper we will study inverse problems for an important
subclass of closed sets. We establish properties of spectral characteristics of Sturm–
Liouville operators on closed sets and study the inverse problem of recovering the
potential of the Sturm–Liouville operator from the given two spectra. The main results
of the paper are Theorem 1 and Algorithm 1, where a global constructive procedure for
solving the inverse problem is provided, and the uniqueness of the solution is proved.

Let us recall some notions of the time scale theory; see [1,2] for more details. Let 𝑇
be a closed subset of the real line; it is called sometimes the time scale. We define the
so-called jump functions 𝜎 and 𝜎0 on 𝑇 as follows:

𝜎(𝑥) = inf{𝑠 ∈ 𝑇 : 𝑠 > 𝑥} for 𝑥 ̸= sup𝑇 , and 𝜎(sup𝑇 ) = sup𝑇 ;
𝜎0(𝑥) = sup{𝑠 ∈ 𝑇 : 𝑠 < 𝑥} for 𝑥 ̸= inf 𝑇 , and 𝜎0(inf 𝑇 ) = inf 𝑇 .
A point 𝑥 ∈ 𝑇 is called left-dense, left-isolated, right-dense and right-isolated, if

𝜎0(𝑥) = 𝑥, 𝜎0(𝑥) < 𝑥, 𝜎(𝑥) = 𝑥 and 𝜎(𝑥) > 𝑥, respectively. If 𝜎0(𝑥) < 𝑥 < 𝜎(𝑥), then 𝑥
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is called isolated; if 𝜎0(𝑥) = 𝑥 = 𝜎(𝑥), then 𝑥 is called dense. A function 𝑓 on 𝑇 is
called T-continuous, if it is continuous at all right-dense points and has left-sided limits
at all left-dense points in 𝑇 . The set of T-continuous functions is denoted by 𝐶𝑇 . Put
𝑇 0 := 𝑇 ∖ {sup𝑇}, if sup𝑇 is left-isolated, and 𝑇 0 := 𝑇 , otherwise.

A function 𝑓 on 𝑇 is called delta-differentiable at 𝑥 ∈ 𝑇 0, if for any 𝜀 > 0 there
exists a neighborhood 𝑈 = (𝑥− 𝛿, 𝑥+ 𝛿) ∩ 𝑇 such that

|(𝑓(𝜎(𝑥)) − 𝑓(𝑠)) − 𝑓Δ(𝑥)(𝜎(𝑥) − 𝑠)| 6 𝜀|𝜎(𝑥) − 𝑠|

for all 𝑠 ∈ 𝑈. We will call 𝑓Δ(𝑥) the delta-derivative of 𝑓 at 𝑥.

Example 1. If 𝑥 is a right-isolated point, then

𝑓Δ(𝑥) =
𝑓(𝜎(𝑥)) − 𝑓(𝑥)

𝜎(𝑥) − 𝑥
.

In particular, if 𝑇 = {𝑥 = ℎ𝑘 : 𝑘 ∈ Z}, then

𝑓Δ(𝑥) =
𝑓(𝑥+ ℎ) − 𝑓(𝑥)

ℎ
.

Example 2. If 𝑥 ∈ 𝑇 is a right-dense point, and 𝑓 is a delta-differentiable at 𝑥, then

𝑓Δ(𝑥) = lim
𝑠→𝑥, 𝑠>𝑥

𝑓(𝑥) − 𝑓(𝑠)

𝑥− 𝑠
.

In particular, if 𝑥 ∈ 𝑇 is a dense point, and 𝑓 is a delta-differentiable at 𝑥, then 𝑓 is
differentiable at 𝑥, and 𝑓Δ(𝑥) = 𝑓 ′(𝑥).

1. DIFFERENTIAL EQUATIONS ON CLOSED SETS

Consider the Sturm–Liouville equation on 𝑇 :

− 𝑦ΔΔ(𝑥) + 𝑞(𝑥)𝑦(𝜎(𝑥)) = 𝜆𝑦(𝜎(𝑥)), 𝑥 ∈ 𝑇. (1)

Here 𝜆 is the spectral parameter, 𝑞(𝑥) ∈ 𝐶𝑇 is a complex-valued function. A function
𝑦 is called a solution of equation (1), if 𝑦 ∈ 𝐶2

𝑇 and satisfies equation (1). The statement
and the study of inverse spectral problems essentially depend on the structure of the
time scale 𝑇. It is necessary to choose and describe subclasses of time scales for which
the inverse problem theory can be constructed adequately. In this paper we consider one
of such subclasses, namely, the so-called 𝑌 1-structure. More precisely, we consider the
time scale of the form

𝑇 =
𝑁⋃︁
𝑘=1

[𝑎𝑘, 𝑏𝑘], 𝑁 > 2,

𝑏𝑘−1 < 𝑎𝑘 6 𝑏𝑘 < 𝑎𝑘+1, 𝑎1 < 𝑏1, 𝑎𝑁 < 𝑏𝑁 , 𝑎𝑘 = 𝑏𝑘, 𝑘 = 2, 𝑁 − 1.

For 𝑌 1-structure one has

𝑦Δ(𝑏𝑘) =
𝑦(𝑎𝑘+1) − 𝑦(𝑏𝑘)

𝑎𝑘+1 − 𝑏𝑘
, 𝑘 = 1, 𝑁 − 1, 𝑦Δ(𝑥) = 𝑦′(𝑥), 𝑥 ∈ [𝑎1, 𝑏1] ∪ [𝑎𝑁 , 𝑏𝑁 ]. (2)

In particular, this yields 𝑦Δ(𝑏1) = 𝑦′(𝑏1), and consequently,

𝑦(𝑎2) = 𝑦(𝑏1) + (𝑎2 − 𝑏1)𝑦
′(𝑏1). (3)
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Using (1) and (2) we obtain

− 𝑦′′(𝑥) + 𝑞(𝑥)𝑦(𝑥) = 𝜆𝑦(𝑥), 𝑥 ∈ [𝑎1, 𝑏1] ∪ [𝑎𝑁 , 𝑏𝑁 ], (4)

𝑦ΔΔ(𝑏𝑘) =
1

𝑎𝑘+1 − 𝑏𝑘

(︂
𝑦(𝑎𝑘+2) − 𝑦(𝑏𝑘+1)

𝑎𝑘+2 − 𝑏𝑘+1

− 𝑦(𝑎𝑘+1) − 𝑦(𝑏𝑘)

𝑎𝑘+1 − 𝑏𝑘

)︂
=

= (𝑞(𝑏𝑘) − 𝜆)𝑦(𝑎𝑘+1), 𝑘 = 1, 𝑁 − 2,

𝑦ΔΔ(𝑏𝑁−1) =
1

𝑎𝑁 − 𝑏𝑁−1

(︂
𝑦′(𝑎𝑁) − 𝑦(𝑎𝑁) − 𝑦(𝑏𝑁−1)

𝑎𝑁 − 𝑏𝑁−1

)︂
= (𝑞(𝑏𝑁−1) − 𝜆)𝑦(𝑎𝑁).

Therefore

𝑦(𝑎𝑘+2) = 𝑦(𝑏𝑘+1) +
𝑎𝑘+2 − 𝑏𝑘+1

𝑎𝑘+1 − 𝑏𝑘

(︁
𝑦(𝑎𝑘+1) − 𝑦(𝑏𝑘)

)︁
+

+(𝑎𝑘+1 − 𝑏𝑘)(𝑎𝑘+2 − 𝑏𝑘+1)(𝑞(𝑏𝑘) − 𝜆)𝑦(𝑎𝑘+1), 𝑘 = 1, 𝑁 − 2, (5)

𝑦′(𝑎𝑁) =
𝑦(𝑎𝑁) − 𝑦(𝑏𝑁−1)

𝑎𝑁 − 𝑏𝑁−1

+ (𝑎𝑁 − 𝑏𝑁−1)(𝑞(𝑏𝑁−1) − 𝜆)𝑦(𝑎𝑁). (6)

Let 𝜆 = 𝜌2. It follows from (3) and (5)–(6) that

𝑦(𝑎𝑁) = 𝛼11(𝜌)𝑦(𝑏1) + 𝛼12(𝜌)𝑦′(𝑏1), 𝑦′(𝑎𝑁) = 𝛼21(𝜌)𝑦(𝑏1) + 𝛼22(𝜌)𝑦′(𝑏1), (7)

where 𝛼𝑗𝑘(𝜌) are polynomials with respect to 𝜌 of degree 2(𝑁 + 𝑗 − 3), and they depend
on 𝑞(𝑏1), . . . , 𝑞(𝑏𝑁+𝑗−3). Moreover,

𝛼𝑗𝑘(𝜌) = (𝑖𝜌)2(𝑁+𝑗−3)𝛼0
𝑗𝑘[1], |𝜌| → ∞, (8)

where [1] = 1 +𝑂(𝜌−1),

𝛼0
12 = (𝑎2 − 𝑏1)𝛼

0
11, 𝛼0

21 = (𝑎𝑁 − 𝑏𝑁−1)𝛼
0
11, 𝛼0

22 = (𝑎2 − 𝑏1)(𝑎𝑁 − 𝑏𝑁−1)𝛼
0
11,

𝛼0
11 = (𝑎2 − 𝑏1)(𝑎𝑁 − 𝑏𝑁−1)

𝑁−2∏︁
𝑘=2

(𝑎𝑘+1 − 𝑏𝑘)2

(𝛼0
11 = 1 for 𝑁 = 2, and 𝛼0

11 = (𝑎2 − 𝑏1)(𝑎3 − 𝑏2) for 𝑁 = 3). Without loss of generality
we assume that 𝑎1 = 0.

Denote by 𝐿0 = 𝐿0(𝑞) the boundary value problem for equation (1) on 𝑇 with
the boundary conditions 𝑦(0) = 𝑦(𝑏𝑁) = 0. Let 𝑆(𝑥, 𝜆) and 𝐶(𝑥, 𝜆) be solutions of
equation (1) on 𝑇 satisfying the initial conditions

𝐶(0, 𝜆) = 𝑆Δ(0, 𝜆) = 1, 𝑆(0, 𝜆) = 𝐶Δ(0, 𝜆) = 0.

For each fixed 𝑥, the functions 𝑆(𝑥, 𝜆) and 𝐶(𝑥, 𝜆) are entire in 𝜆 of order 1/2.
Denote

∆0(𝜆) := 𝑆(𝑏𝑁 , 𝜆).

The eigenvalues {𝜆𝑛0}𝑛>1 of the boundary value problem 𝐿0 coincide with the zeros
of the entire function ∆0(𝜆). The function ∆0(𝜆) is called the characteristic function
for 𝐿0.

Математика 391



Изв. Сарат. ун-та. Нов. сер. Сер. Математика. Механика. Информатика. 2019. Т. 19, вып. 4

Let Φ(𝑥, 𝜆) be the solution of equation (1) on 𝑇 satisfying the boundary conditions

Φ(0, 𝜆) = 1, Φ(𝑏𝑁 , 𝜆) = 0. (9)

Put 𝑀(𝜆) := ΦΔ(0, 𝜆). The function 𝑀(𝜆) is called the Weyl-type function or simply
Weyl function. Clearly,

Φ(𝑥, 𝜆) = 𝐶(𝑥, 𝜆) +𝑀(𝜆)𝑆(𝑥, 𝜆), (10)

𝑀(𝜆) = −∆1(𝜆)/∆0(𝜆), (11)

where ∆1(𝜆) := 𝐶(𝑏𝑁 , 𝜆) is the characteristic function for the boundary value problem
𝐿1 = 𝐿1(𝑞) for equation (1) on 𝑇 with the boundary conditions 𝑦Δ(0) = 𝑦(𝑏𝑁) = 0. The
zeros {𝜆𝑛1}𝑛>1 of ∆1(𝜆) coincide with the eigenvalues of 𝐿1.

By the well-known arguments (see, for example [5] we obtain the following fact.

Lemma 1. The specification of the spectra {𝜆𝑛𝑗}𝑛>0, 𝑗 = 0, 1, uniquely determines
the characteristic functions via

∆𝑗(𝜆) =
∞∏︁
𝑛=0

𝜆𝑛𝑗 − 𝜆

𝜆0𝑛𝑗
, (12)

where {𝜆0𝑛𝑗}𝑛>0 are eigenvalues of the boundary value problems 𝐿0
𝑗 := 𝐿𝑗(0) with the

zero potential (the case with a zero eigenvalue requires a small modification).

Now we need to study the asymptotical behavior of the solutions Φ(𝑥, 𝜆) and 𝑆(𝑥, 𝜆).
For this purpose we extent the function 𝑞(𝑥) on the whole segment [𝑎1, 𝑏𝑁 ] such that
𝑞(𝑥) ∈ 𝐶[𝑎1, 𝑏𝑁 ] and arbitrary in the rest. Consider the Sturm–Liouville equation

− 𝑦′′(𝑥) + 𝑞(𝑥)𝑦(𝑥) = 𝜆𝑦(𝑥), 𝑥 ∈ [0, 𝑏𝑁 ]. (13)

It is known (see, for example, [5]) that there exists a fundamental system of solutions
of equation (13) {𝑌1(𝑥, 𝜌), 𝑌2(𝑥, 𝜌)}, 𝑥 ∈ [0, 𝑏𝑁 ], 𝐼𝑚𝜌 > 0, |𝜌| > 𝜌0, having the following
asymptotical behavior for each fixed 𝑥 ∈ [0, 𝑏𝑁 ] as |𝜌| → ∞:

𝑌
(𝜈)
1 (𝑥, 𝜌) = (𝑖𝜌)𝜈 exp(𝑖𝜌𝑥)[1], 𝑌

(𝜈)
2 (𝑥, 𝜌) = (−𝑖𝜌)𝜈 exp(−𝑖𝜌𝑥)[1], 𝜈 = 0, 1. (14)

The function Φ(𝑥, 𝜆) is the solution of equation (4) satisfying the boundary condi-
tions (9) and the jump conditions (7), i.e.

Φ(𝑎𝑁 , 𝜆) = 𝛼11(𝜌)Φ(𝑏1, 𝜆) + 𝛼12(𝜌)Φ′(𝑏1, 𝜆),

Φ′(𝑎𝑁 , 𝜆) = 𝛼21(𝜌)Φ(𝑏1, 𝜆) + 𝛼22(𝜌)Φ′(𝑏1, 𝜆).
(15)

Using the fundamental system of solutions {𝑌1(𝑥, 𝜌), 𝑌2(𝑥, 𝜌)}, one has

Φ(𝑥, 𝜆) = 𝐴1(𝜌)𝑌1(𝑥, 𝜌) + 𝐴2(𝜌)𝑌2(𝑥, 𝜌), 𝑥 ∈ [0, 𝑏1],

Φ(𝑥, 𝜆) = 𝐵1(𝜌)𝑌1(𝑥, 𝜌) +𝐵2(𝜌)𝑌2(𝑥, 𝜌), 𝑥 ∈ [𝑎𝑁 , 𝑏𝑁 ].
(16)

Substituting (16) into (9) and (15) and using (14), we obtain the following linear
algebraic system with respect to 𝐴𝑘(𝜌) and 𝐵𝑘(𝜌):

𝐴1(𝜌)[1] + 𝐴2(𝜌)[1] = 1, 𝐵1(𝜌) exp(𝑖𝜌𝑏𝑁)[1] +𝐵2(𝜌) exp(−𝑖𝜌𝑏𝑁)[1] = 0,
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𝐵1(𝜌) exp(𝑖𝜌𝑎𝑁)[1] +𝐵2(𝜌) exp(−𝑖𝜌𝑎𝑁)[1] =

= 𝛼11(𝜌)
(︁
𝐴1(𝜌) exp(𝑖𝜌𝑏1)[1] + 𝐴2(𝜌) exp(−𝑖𝜌𝑏1)[1]

)︁
+

+𝛼12(𝜌)
(︁
𝐴1(𝜌)(𝑖𝜌) exp(𝑖𝜌𝑏1)[1] + 𝐴2(𝜌)(−𝑖𝜌) exp(−𝑖𝜌𝑏1)[1]

)︁
,

𝐵1(𝜌)(𝑖𝜌) exp(𝑖𝜌𝑎𝑁)[1] +𝐵2(𝜌)(−𝑖𝜌) exp(−𝑖𝜌𝑎𝑁)[1] =

= 𝛼21(𝜌)
(︁
𝐴1(𝜌) exp(𝑖𝜌𝑏1)[1] + 𝐴2(𝜌) exp(−𝑖𝜌𝑏1)[1]

)︁
+

+𝛼22(𝜌)
(︁
𝐴1(𝜌)(𝑖𝜌) exp(𝑖𝜌𝑏1)[1] + 𝐴2(𝜌)(−𝑖𝜌) exp(−𝑖𝜌𝑏1)[1]

)︁
.

Taking (8) into account we deduce that the determinant 𝐷(𝜌) of this system has the
form

𝐷(𝜌) = (𝑖𝜌)𝛼22(𝜌)
(︁

exp(𝑖𝜌(𝑏𝑁 − 𝑎𝑁))[1] − exp(−𝑖𝜌(𝑏𝑁 − 𝑎𝑁))[1]
)︁
×

×
(︁

exp(𝑖𝜌(𝑏1 − 𝑎1))[1] − exp(−𝑖𝜌(𝑏1 − 𝑎1))[1]
)︁
, |𝜌| → ∞, Im 𝜌 > 0. (17)

Denote Ω𝛿 := {𝜌 : arg 𝜌 ∈ [𝛿, 𝜋− 𝛿]}. Solving this algebraic system by Cramer’s rule
and using (17), we get

𝐴1(𝜌) = [1], 𝐴2(𝜌) = exp(2𝑖𝜌𝑏1)[1],

𝐵1(𝜌) = exp(−𝑖𝜌(𝑎𝑁 − 𝑏1))𝑂(𝜌2𝑁−4)[1],

𝐵2(𝜌) = exp(−𝑖𝜌(𝑎𝑁 − 𝑏1)) exp(2𝑖𝜌𝑏𝑁)𝑂(𝜌2𝑁−4)[1].

for |𝜌| → ∞, 𝜌 ∈ Ω𝛿.
In particular this yields for each fixed 𝑥 ∈ [0, 𝑏1):

Φ(𝜈)(𝑥, 𝜆) = (𝑖𝜌)𝜈 exp(𝑖𝜌𝑥)[1], 𝜈 = 0, 1, |𝜌| → ∞, 𝜌 ∈ Ω𝛿. (18)

Similarly, we obtain

𝑆(𝜈)(𝑥, 𝜆) = −(−𝑖𝜌)𝜈

2𝑖𝜌
exp(−𝑖𝜌𝑥)[1], 𝜈 = 0, 1, |𝜌| → ∞, 𝜌 ∈ Ω𝛿, (19)

for each fixed 𝑥 ∈ (0, 𝑏1].

2. SOLUTION OF THE INVERSE PROBLEM

Let the numbers 𝑞(𝑏2), . . . , 𝑞(𝑏𝑁−1) be known a priori. The inverse problem is formu-
late as follows.

Inverse problem 1. Given two spectra {𝜆𝑛𝑗}𝑛>0, 𝑗 = 0, 1, construct 𝑞 on 𝑇.

In order to solve this inverse problem we will use the ideas of the method of spectral
mappings [6]. Let us prove the uniqueness theorem for the solution of Inverse problem 1.
For this purpose together with 𝐿𝑗 we consider boundary value problems 𝐿̃𝑗 of the same
form but with the other potential 𝑞. We agree that if a certain symbol 𝜃 denotes an
object related to 𝐿𝑗, then 𝜃 will denote an analogous object related to 𝐿̃𝑗.

Theorem 1. If 𝜆𝑛𝑗 = 𝜆̃𝑛𝑗, 𝑛 > 0, 𝑗 = 0, 1, then 𝑞 = 𝑞 on 𝑇. Thus, the specification
of two spectra {𝜆𝑛𝑗}𝑛>0, 𝑗 = 0, 1 uniquely determines the potential 𝑞.
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Proof. Using knowledge of two spectra {𝜆𝑛𝑗}𝑛>0, 𝑗 = 0, 1, we construct the Weyl-
type function 𝑀(𝜆) via (11) and (12). In particular this yields 𝑀(𝜆) ≡ 𝑀̃(𝜆).

For 𝑥 ∈ (0, 𝑏1), we consider the functions

𝑃1(𝑥, 𝜆) = Φ(𝑥, 𝜆)𝑆 ′(𝑥, 𝜆)− Φ̃′(𝑥, 𝜆)𝑆(𝑥, 𝜆), 𝑃2(𝑥, 𝜆) = Φ̃(𝑥, 𝜆)𝑆(𝑥, 𝜆)−Φ(𝑥, 𝜆)𝑆(𝑥, 𝜆).

It follows from (18)–(19)that for each fixed 𝑥 ∈ (0, 𝑏1),

𝑃1(𝑥, 𝜆) = 1 +𝑂(𝜌−1), 𝑃2(𝑥, 𝜆) = 𝑂(𝜌−1), |𝜌| → ∞, 𝜌 ∈ Ω𝛿. (20)

On the other hand, using (10) and the relation 𝑀(𝜆) ≡ 𝑀̃(𝜆), we get

𝑃1(𝑥, 𝜆) = 𝐶(𝑥, 𝜆)𝑆 ′(𝑥, 𝜆)−𝐶 ′(𝑥, 𝜆)𝑆(𝑥, 𝜆), 𝑃2(𝑥, 𝜆) = 𝐶(𝑥, 𝜆)𝑆(𝑥, 𝜆)−𝐶(𝑥, 𝜆)𝑆(𝑥, 𝜆),

and consequently, for each fixed 𝑥 ∈ (0, 𝑏1), the functions 𝑃1(𝑥, 𝜆) and 𝑃2(𝑥, 𝜆) are entire
in 𝜆 of order 1/2. Together with (20) this yields 𝑃1(𝑥, 𝜆) ≡ 1 and 𝑃2(𝑥, 𝜆) ≡ 0. Since
Φ(𝑥, 𝜆)𝑆 ′(𝑥, 𝜆) − Φ′(𝑥, 𝜆)𝑆(𝑥, 𝜆) ≡ 1, it follows that

𝑃1(𝑥, 𝜆)Φ̃(𝑥, 𝜆) + 𝑃2(𝑥, 𝜆)Φ̃′(𝑥, 𝜆) = Φ(𝑥, 𝜆),

𝑃1(𝑥, 𝜆)𝑆(𝑥, 𝜆) + 𝑃2(𝑥, 𝜆)𝑆 ′(𝑥, 𝜆) = 𝑆(𝑥, 𝜆).

Therefore,
Φ(𝑥, 𝜆) ≡ Φ̃(𝑥, 𝜆), (21)

and consequently, 𝑞(𝑥) = 𝑞(𝑥) for 𝑥 ∈ [0, 𝑏1]. Using the method of spectral mappings [6]
we also obtain an algorithm for constructing the potential 𝑞(𝑥) for 𝑥 ∈ [0, 𝑏1].

Denote

Φ1(𝑥, 𝜆) :=
Φ(𝑥, 𝜆)

Φ(𝑎𝑁 , 𝜆)
, 𝑀1(𝜆) := Φ′

1(𝑎𝑁 , 𝜆) =
Φ′(𝑎𝑁 , 𝜆)

Φ(𝑎𝑁 , 𝜆)
. (22)

Since Φ1(𝑎𝑁 , 𝜆) = 1, Φ1(𝑏𝑁 , 𝜆) = 0, it follows that the function 𝑀1(𝜆) is the Weyl
function for equation (4) on the segment [𝑎𝑁 , 𝑏𝑁 ]. Taking (15), (21) and (22) into
account, we infer 𝑀1(𝜆) = 𝑀̃1(𝜆). The specification of the Weyl function 𝑀1(𝜆) uniquely
determines the potential 𝑞(𝑥) for 𝑥 ∈ [𝑎𝑁 , 𝑏𝑁 ]. This means that Theorem 1 is proved,
and the solution of Inverse problem 1 can be found by the following algorithm. �

Algorithm. Let two spectra {𝜆𝑛𝑗}𝑛>0 𝑗 = 0, 1, be given.
1. Calculate the Weyl-type function 𝑀(𝜆) via (12) and (11).
2. Construct 𝑞(𝑥) and Φ(𝑥, 𝜆) for 𝑥 ∈ [𝑎1, 𝑏1] using (18)–(20) and the method of

spectral mappings.
3. Find Φ(𝑎𝑁 , 𝜆) and Φ′(𝑎𝑁 , 𝜆) via (15).
4. Calculate 𝑀1(𝜆) by (22).
5. Construct 𝑞(𝑥) and Φ(𝑥, 𝜆) for 𝑥 ∈ [𝑎𝑁 , 𝑏𝑁 ] by the method of spectral mappings.
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УДК 517.984

О восстановлении дифференциальных операторов
на замкнутом множестве по спектрам

В. А. Юрко
Юрко Вячеслав Анатольевич, доктор физико-математических наук, заведующий кафед-
рой математической физики и вычислительной математики, Саратовский национальный
исследовательский государственный университет имени Н. Г. Чернышевского, Россия,
410012, г. Саратов, ул. Астраханская, д. 83, YurkoVA@info.sgu.ru

Рассматриваются дифференциальные операторы Штурма – Лиувилля на замкнутых
множествах вещественной оси. Получены свойства их спектральных характеристик и
исследуется обратная задача восстановления операторов по их спектрам. Разработан
алгоритм решения обратной задачи и установлена единственность ее решения. Постанов-
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ка и исследование обратных задач существенно зависят от структуры замкнутого
множества. Рассматривается важный класс замкнутых множеств, когда множество яв-
ляется объединением конечного набора отрезков и изолированных точек. Для того, чтобы
решить обратную задачу для этого класса замкнутых множеств, дается развитие идей
метода спектральных отображений. Также установлены и используются связи между
функциями типа Вейля, относящиеся к разным подмножествам основного замкнутого
множества. С помощью этих идей и свойств получена глобальная конструктивная про-
цедура решения рассматриваемой нелинейной обратной задачи, а также установлена
единственность решения этой обратной задачи.

Ключевые слова: дифференциальные операторы, замкнутые множества, обратная спек-
тральная задача.
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