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YK 512
O kBasumHorouneHax Kanennw. Il

C. KO. AHTOHOB, A. B. AHTOHOBAa

AnToHOB CrtenaH lOpbeBuy, cTapwuini npenogaeatens kaden-
L pbl  BbiCWeNn MaTematuky, KasaHCKui  rocynapCTBEHHbIN
aHepreTuyeckuin yHusepcutet, Poccusa, 420066, r. KasaHb,
yn. KpacHocenbckasg, . 51, antonovst-vm@rambler.ru

AHTOHOBa AnvHa BnagummpoBHa, kaHompar usnko-mare-
MaTMyeckmx Hayk, [OOUEeHT kadhedpbl BbICWEA MaTemMaTuku,
KasaHCKkuini  rocynapCTBEHHbI SHEPreTUYeckuii YHUBEPCUTET,
Poccnsa, 420066, r. KasaHb, yn. KpacHocenbckas, 4. 51,
antonovakazan@rambler.ru

B naHHoi paboTe NPOOONXKEHO MWCCnenoBaHWe HEKOTOpOoro
BMOa MHoroyneHos Tuna Kanennu (kBasumHoro4vneHos Ka-
nennu), npuHagnexawmx ceBoboOHON accoumaTvBHoW anrebpe
F{XUY}, paccmatpvBaeMoii Han NPOU3BO/NbHbIM MONEM
F »n nopoXAOeHHON [BYyMS HenepeceKkalowWwmMUCs CYEeTHbIMU
MHOXecTBamMn X, Y. JlokaszaHo, 4TO ecnv char FF = 0, TO
cpeaun keasumHoro4neHos Kanennu crenenn 4k — 1 CylwecTBytoT
Takme, KOTOpble He SBNSAITCSA HWU CNeAcTBUSIMA CTaHOAPTHOrO
MHOro4neHa S,,, HW ToXAecTBamn MaTpuyHon anrebpbl M (F).

[NokazaHo, 4TO0 ecnn char FF = 0, TO TONbKO [OBa W3 WeECTMU
%% KBa3MMHoro4neHos Kanennu ctenenn 4k — 1 6yoyT ToXaecTsamm
(. _J

HEYeTHOW KOMMOHEHTbI Z>-TrpaaynpoBaHHON MaTprYHoin anrebpsbi
— M+, (F). Takxe pokasaHo, 4TO BCe KBasUMHorouneHo Ka-
nennn ctenewn 4k + 1 SBRAIOTCA TOXAECTBAMU HEKOTOPbIX
HquHblﬁ NoANPOCTPAHCTB HEYETHON KOMMOHEHTbl Zs-rpanyvpoBaHHOM
MaTpuuHoit anrebpbl M, 1, (F) npu m > k. MNprnBeaeHsbl ycnosus,
OTﬂ EN MpW KOTOPbIX KBA3MMHOro4neHol Kanennu ctenexun 4k + 1 6yayt
TOXAecTBamu NOoANPoOCTpaHcTea Ml(m’k)(F).

KntoueBble cnosa: T-npean, CTaHOapTHbIA MHOrMOY1EH, MHOrO-

yneH Kanennw.

b Moctynuna B pepakumio: 04.02.2019 / MpuHsata: 03.03.2019 /
Ony6nukoeaHa: 02.03.2020

CraTtbs onybnukoBaHa Ha ycnosusix nuueHsun Creative Commons
Attribution License (CC-BY 4.0)

DOI: https://doi.org/10.18500/1816-9791-2020-20-1-4-16
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BBEILEHUE

[lycts F' — mpousBosbHOe moje, F'{Z} — cBoGomHasi accouuaTuBHas anrebpa Ha
F, mopoxIeHHasi CUETHBIM MHOXKECTBOM Z, KoTopoe mpexactaBum B Buge X |JY, rae
X = Az} nen, Y = {yn}nen — Hemepecekamwlluecss CUeTHble MHOXECTBA, fon_1, Gon_1,
bon—1, hon—1, @2n—-1, Con—1, fon, Gon, bon, hon, Q2,, Co, — MHOTOYJEeHb THNA Kamnessau
(xBasumHorousenbl Kanesnu) anre6pel F'{Z}, uccienoBanue Kotopeix Hadato B [1,2]. B
NaHHOH paboTe Mbl NPOAOJKAEM H3ydeHHe 3TMX MHOIOYJEHOB M IOKa3blBaeM, UYTO OHH
SIBJISIFOTCST TOXKIECTBAMH HEKOTOPBIX MOAMPOCTPAHCTB MaTPUUHON anredpbl M, (F).

[lonyueHHBle B cTaTbe pe3ysnbTaThl O KBasWMHoOrodjeHax Kamnesanu npenctaB/sioT
MUHTepec Kak caMu no cebe, MOCKOJbKY 3TH MHOTOUJIEHBl OKAa3bIBATCS MUHUMAaJbHBIMH
TOXK/IECTBAMU HEKOTOPBIX MOANPOCTPAHCTB airedpbl M, (F') (¢ 3TOH TOYKH 3pEHHs CM.,
Hanpumep, paboTsl [3-7]), Tak U B cBA3M C 3amadedl onucanus unpeana 1z, (M, x(F))
Z-TPalyipPOBaHHbBIX TOXIECTB Zo-TPAJyHPOBAHHON MaTpUUHOH anredpsl M, ,(F') mpu
JOObIX m, k ¥ F. 3aMeTuM, uTo, HECMOTpPS Ha OT/eJbHble UMEIOLINecs pe3y/bTaThl (CM.,
Hanpumep, [8—12]), obirero pelieHus: 3ToH 3aaud A0 CHX ITOP HeT.

1. O HEKOTOPbIX MHOIOYJIEHAX ANICEBPbI F{Z}

[lyctb S, — cummerpuueckasi rpynma cremedd n, AT = {o € S,|sgno = 1},
= {0 € S,|sgno = —1}, S, () = S, (v1,...,2,) = ngnaxa(l)'--xa(n)
O’ESn

CTaHAAPTHBIH MHOTOUJIEH CTeNeHU n; p,q — KaKhe-HUOYIb MHOTOYJeHbl anre6pol F{Z},
{p}T — T-upean anredpel F{Z}, nopoxaeHHbi MHOrouseHoM p. HamomHuMm, 4To ABY-
cTOopoHHUH upean [ anrebpsl F'{Z} HasbiBaercss T-uaeasoM W 0603HAUAETCS CHMBOJIOM
I ar F{Z}, ecnmu nnsa awo6oro sHpomoppusma ¢ anredpel F{Z} crnpaBeminBo BKJOYe-
nue (1) C I. lanee GymeM roBOPUTb, UTO MHOTOYJIEH ¢ SIBJASIETCS CJEACTBHEM MHOTO-
useHa p (caenyer us p), ecau g € {p}’. Kpome toro, nyctb M,,(F) — aare6pa kBa-
ApaTHBIX MaTpul pasmepa m x m, T[M,,(F)] — unean ee MOJUHOMHAJNbHBIX TOXKIECTB.
Teopema Awmunypa - JleBuuxoro yteepxpaer [13], uto S,,, € T[M,,(F)] n 4to ecau
o € T[M,,(F)], To deg® > 2m. Onupasicb Ha 3TOT (DaKT, HOKaXKKeM CJefyiollee Tpef-
JIOXKEHHE.

Ilpennoxennue 1. Hycmb char F =0, H — npousgoibHoe Henycmoe noOMHOMeCm80
epynnol S2m; P4m 1 z y Z Z SENTLr(1)Yr(1)Lx(2) ** * Yr(2m—1)Tx(2m)- Toeda

neH T1€Som—1
P (2,y) & T[My (F)].

Hoxka3arteabctBo. [Ipennosnoxum, uto sto He Tak. Torna Py, 1(Z,y) € T[M,(F)],
W, 3HAYUT, I/ TOACTAHOBKHU apryMeHTOB (Z1,...,%om) = (1,...,1), (Y1, Y2m—1)
=(a1,...,a9m_1), TR 1,a1,... a2, 1 € M,,(F), cipaBeJIMBO PaBEHCTBO

0= P4m—1(17 o Lag, . 7a2m—1) = Z Z SgnTlﬂ(l)aT(l) 17r(2) ©Qr(2m—1) ]-7r(2m) =

TeH 7652m71
- |H|S{m71(a1, e ,CLQm_1>.

OTciona ¥ W3 TPOU3BOJNBHOCTH BHIGOpPA 3JEMEHTOB i, ..., A9, 1 aaredbpol M, (F') mo-
JydyaeM, 4TO CTaHAApTHBIH MHorousneH S, ,(Z) € T[M,,(F)], 4TO NPOTHBOPEUHUT
teopeme Awmwuiypa — JleBuukoro. CJyienoBaTesbHO, Hallle TMPEANOJNOXKEHUE HEBEPHO U
notoMy Pyy,—1(Z,y) ¢ T[M,,(F)]. O]

Cnencreue 1. Ecau char F = 0, mo Cun11}(%,9), Gim-1(T,7), Cam—1(Z,7) ¢

¢ T[Mp(F)].
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Hoka3areasctBo. [locnenoBatesnbHo nogarast B npepsoxkeHun | H paBHBIM Say,,
As,., TOJYyUnUM TpeOyeMbll pe3ysbTar. U

2m>

A—i—

2m>

CaenctBue 2. Ecau char F =0, mo mnoeouren Py, 1(7,9) ¢ {S5,,(T)}1.

JokasareabctBo. [Ipennonoxum, 4to 3710 He Tak. Torna Py, 1(Z,7) € {S5,(Z)}7,
M, 3HAUMT, ¢ y4eToM TeopeMbl Amuuypa - JIeBHLKOro MMeeM BKJW0OUeHUS Py, 1(Z,y) €
€ {S5, ()} C T[M,,(F)]. CnepoBarensto, Py, 1(z,y) € T[M,,(F)], 4T0 NpOTHBOPEYHT
npenJokenuto 1. Takum o6pasom, Halle NpearnosoxKeHHe HEBEPHO. U

Caencreue 3. Ecau char F = 0, mo Cup1,(13(Z,9), @am—1(Z,9), Cam—1(ZT,7) ¢

& {Som ()}

JlokasareabCcTBO. [locsenoBaTesbHO Mosaras B caeacTBuu 2 H paBHbIM S, A

2m>
As,,, mosydyuM TpebyeMblll pe3ysbTarT. U
Paccyknas Tak e, Kak M Bbllle, IPUXOAHUM K CJIEAYIOMUM Pe3yJbTaTaM.
IIpennoxenne 2. Ecau char F = 0, mo mrocourenol fam—1(Z,9), Gam—1(T,7) ¢
¢ T[Mp(F)).
CnencrBue 4. Ecau char ' = 0, mo muocourervl fim—1(Z,Y), Gam-1(Z,y) ¢

& {Som ()}

[Tycts m, k € N, M,,(F) — anre6pa marpull, rpalyupoBaHHast MOANPOCTPAHCTBAMU

= (Ol oo = ST )

T[Ml(mk)(F)] — ujeas TOXKIECTB BEKTOPHOTO MoampocTpancTea M, 7 (F).

Ipennoxenne 3. [Tycmo char F = 0 u muozouren dyy 1(Z,9) € {fim-1(T,7),
Gam—1(Z,9), @4m-1(Z,7), Cam—1(Z,9)}. Tocoa dyy,—1(Z,y) ¢ T[Ml(mm)(F)]

Hoxka3areabctBo. [Ipennosoxum, uto 3T0 He Tak. lorga nJsg JOOBIX MaTpHIL

i J
G,i _ (Omxm Bme ), b] _ (Omxm mem) c M1(m7m)(F), rae i = 1’2m’

Ainxm Ome Dgnxm Ome
j=1,2m — 1, 6ynem uMeThb

d4m_1(a1, ce ,(I2m, bl, N ,me_l) =
_ O s d4m_1(B1,...,Bzm7D1,...,D2m71) —0
dipo_r (AL, ... A2 OV 2oL Opscrm ‘

Orcrona cienyet, 4t0 dyy—1(Z,y) € T[M,(F)], a 3T0 NPOTHBOPEYHUT HJH CJEACT-
BHIO 1, WM mpensoxkeHuio 2. TakuMm 006pa3oM, Hallle NPeoNoXKEeHHe HEBEPHO M, 3HAUMT,
din1(2,7) & TIM™™(F). .

3aMeTHM, UTO COIJIACHO MpeaoxkeHHo 3 padotel [14] MHorouseHbl by, 1(Z,7),
ham-1(Z,y) € T[M,,(F)], 1 noTomy, Kak HeTPyIHO BHIETb, CIPaBeIJUBbl BKJHOYEHHS
bam—1(Z,9), ham_1(Z,5) € T[M™™ (F)]. Takum o6pasom, B cayuae, koraa char F = 0,
TOJBKO JBAa M3 IIECTH KBasuMHoroujeHoB Kamessu crenmeHud 4m — 1 SBJASIOTCS TOXK-
nectBamy moxnpoctpatctsa M (F).
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2. O TOXOECTBAX HEKOTOPbIX MOANPOCTPAHCTB
NPOCTPAHCTBA (™" (F)

[lyctb n,m,k — npousBoJbHBIE HaTypasdbHble yucaa, I, = {1,2,...,n}, Mgy (F),
M« (F) — BeKkTOpHble TPOCTPaHCTBa Hax F', 3jeMeHTaMH KOTOPbIX SIBJSIOTCS
MpsSIMOYTOJIbHblE MaTpHLBl pa3Mepa k X m U m X k coorBeTcTBeHHO, Pypi1(Z,y) =

E E QLT () Yr(1)Tr(2) * * * Yr(2k)Tr(2k4+1) — KAKOH-HUOYIb MOJMJIMHEHHBIA MHOrO-

ﬂESgk+1 TESoK
usieH anre6pol F{Z}. Insi 1106010 i € Iop, 1 MOJOKNAM

Sar+1(t) = {0 € Sapsa | o(i) = i}

HetpynHo BupmeTb, 4To oTOOpaeHus ; : Sopr1(i) — Sox, & : Sap — Soxpr1(i) Takue,
4TO IJis JIIOOBIX 0 € Sopyq(i), ™ € Sop

o(j), ecmnj <i—1uno(y) <i-—1,
, o(j)—1,ecnj <i—1uo(j) = i+1,
vi(o) () = : , .
o(j+1),ecmmnj>ino(j+1) <i—1,
(J
)

o(j+1)—1, ecu j > ZHU(]+)/Z+1,

1
(7(j), ecin j < i—1un(j) <i—1
m(j) + 1, ecau j <i—1H7r(j) > i —1,
&i(m)(J) = {4, ecam j = 4,
7G—1), ecmuj >i+lun(j—1) <i—1,
Tj—1)+1,ecmj>i+lun(j—1) >i—1

Y

ABJAIOTCSA M30MOP(GHU3MaMHU TPy U uTO & = ;'
Jlemma 1. /[as mrocourena Py.i1(Z,y) cnpasediuso. pasencmsa

1) Pypir (T z;® (U, T3)

2k;+1
2) q)4k+1(j;7 g) - Z \I]Zk<ji7 g)xl’ ede

(7, 7;) = Z Z AT Y (1) (1) Yr(i=1) Ty (=) Y7 (i) Lo (i41) * * * Yr(2k) Loy (2k+1)»
0iE€Sok41(2) TES 2%
(75, 9) = Z Z AP Lo, () Yr(1) " Tay (=) Yr (=) T oy (i+ 1) Yr (i) * ** Loy (2k-+1) Y (2k)
;€S 41(1) TES2k
(12 3 . iel i il . 2k (12 il i 2%k 2k
’ui_(i 1 2 .. 2 i1 il .. 2+l )’ pi_(l 2 el il .. 2kl i )

JokasateabctBo. JIis m060r0 i € Ioyq monoxkuM Sh, (1) = {7 € Sopqq | w(1) =i},
Sops1(i) = {w € Sopsr |w(2k + 1) = i}. HeTpymHo BHIeTb, YTO BCAKYIO MONCTAHOBKY
T € Sh(i), w € Sapi1(i) MOKHO TNpPeNCTaBHTb B BHAE T = Ofi;, W = Yp;, TJe

0,7 € Sop11(7). Torma Mbl MOXKeM 3amucaThb, U4TO

Pype41(Z,9) = Z Z OF Tr()Yr(1) ** " Yr(2k) Tr(2k+1) =

W652k+1 TESQk

Marematrika 7



‘hﬂs& Capar. yH-1a. Hos. cep. Cep. Matematnka. Mexannka. VHpopmatnka. 2020. T. 20, Bbin. 1

2k+1

- Z Z Z OF Ty (1)Yr(1) * * * Yr(2k) Ly (2h+1) =

=1 W1€S2k+1()7652k

2k+1
- Z Z Z a:im Loips(W)Yr(1) ** Yr(2k) Loipi(2k+1) =
i=1 o;€S411(i) TES2k
2k+1
- Z Z Z a;‘_iﬂi LilYr()Toi(1) " Yr(i-1) Lo (i—1)Yr (i) Loy (i+1) * " Yr(2k) Loy (2k+1) =
=1 O'ZESQ]C+1( )TESQk
2k+1

= E T <I> (y,7;)
AnasnornyHo nosiyyaem BTOpPOe PABEHCTBO JIEMMbI 1. d
3ameuanwue 1. [TocnenoBaresbro nonarast $yy (7, ) paBHbIM bygt1(T, G), hari1 (T, 7),

g1 (T, ), Ccar1(Z,9), farr1(Z, ), gars1(Z,y) u yuutbiBas npensioxenve 3 us [1] u
npenyoxenve 3 u3 [2], 6ynem umeThb

2%+1 2%+1
bag+1(Z,Y) = Z(_l)l ‘rian(y,7;) = Z(—1)2’1b4k(f;,§)xi,
i=1 i=1
2%+1 2%+1
ha+1(Z,9) = Z(—l)l_lxi@k(@ T;) = Z(—l)l_lh%(f;y?)xu
i=1 i=1
k41
441 (T, ) Zl’m 10457 T35 1 + Z@zhmfc ywzl)
=1
k41
= Za4k T3, Y)T2i1 + Zczuc T3, )T,
k+1
Car+1(T, ) ZOCQZ 1har(7, T +szzb4k (¥, 75) =
=1 =1
k41
= Z%k T, ¥)T2i1 +Z@4k T3, )T,
k+1
Jae1(Z szz Lfae (¥, Ty memk Y, Ts;)
k41
- Z.ﬁlk Ty lay T2i—1 — Zg4k xglay L2,
k41
Gak1(T, 7)) ZxQZ 19417, T 5= 1) - me‘lek(g» fz@) =
k41

= E 9ar (T e 1,y L2i—1 — E Jar( le,y L9
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Jlemma 2. [Z/Lﬂ aboeo 1 € Iy, cnpasedauBol  BKAOUEHUS ®4k(
€ { @4 (T, 7)), Wi(T;,7) € {Vi(T,9)}7, ede

@l
E%l

\/
m

-1
(m)
ENT) Z Z Oér r()Yr(1)Tr(2) - - - Tr(2k)Yn(2k)>

TESy, TESo

(T, 7) Z Z Oéf iy (V) Yr(1)Tr(2) - - - Tr(2k)Yr(2K)-

wESy, TESo

Hoka3areabctBo. [ns mwoboro ¢ € Ipy; onpenesuM 3HAOMOPGHU3MBL ¢, X;
anrebpel F{Z}:

z, ecnd z ¢ {x1, ..., Tog, Y1, -+, Yok |,
Ys, €CIH 2 = x4, 1 < 5 < 2k;,

Tg, €CMM 2 =Y, U 1 < s <1 —1,
Tsr1, €CIAN 2 =Ys U 1 < S < 2k,

z, ecnd z ¢ {xy,... ,[L’Qk},
Xi(2) = < x4, ecm/Iz:xS,1<s<i—1
Tsi1, €CIN 2 =5 U 1 < S < 2k.

Herpyano suaets, uto ¢, (®4(7,7)) = ¥4 (7, 7)), xi(Vi(7.7)) = Vi(@:,9), n,
snaunt, O (7, 7;) € {47, 9)}7, Vip(3;,9) € {W, (2, )} u

3ameuanne 2. V3 onpenesneHusi 3HPOMOP(PUIMOB ;, X; CJAELYET, YTO /s JIOObIX
marpun Al ... A% € My, (F), BY, ..., B* € M,,«x(F) u Bcsikoro s € Iy, CripaBe-
nmBH paBeHctBa %, (A; B) = &3, (A; B) ®s, (B; A) = ®5,(B; A), U5, (A; B) = U5, (A; B),
U5, (B; A) = \I!jk(B,A), e A= (A',... A%, B=(B',..., B*).

[ToJsioxkuMm

Ky = { far1(Z,9), 9ar41(Z, 9), bar41(Z, 9), hars1(T, ), aars1(Z,Y), can1(Z,9) },
Ko = {£fu(7, 7), £9ar(7, 7), £oar(Z', 9), £har(Z', 7), aa (T, §), £ear (', 7) }-

Jlemma 3. [Iycmo ®u.11(Z,y) € Ky Toeda 0das aoboeo i € Ippyy (T, Y),
qjik(jj/ag)EKO'

Jloka3zareabcTBo. CoryacHo JemMme |
2k+1 2k+1
(I)4k+1 Z Ty g j Z qjik(fiv Q)ZL’Z
i=1
Orciona, a Takke M3 3aMeuyaHus | U JeMMbl 2 oaydaeM TpeOyeMbli pe3yJbTarT. 0
Jlemma 4. [Tycmo I <p F{Z} u 0as aw0b60eo0 i € Iy y Oy (2, y) € I (VY (2, y) € 1),

2k+1 2k+1
moeda Puy.41(Z,Y) Z{(I)4k 9 C I (Papia(2,9) Z{\Ilzlk (@, 9)}" € 1)

Marematrika 9
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HokasareabctBo. [IpoBenem st muorousenos P, (z/,4), nockoabky st W', (7', 7)
OHO aHaJorW4yHO. B cusy semMmbl 1 crpaBeniMBo paBeHCTBO

Dy (T % (U, T3)

CoryiacHo JeMMe 2 JJISt J060r0 i € Iopyy @4 (7,7;) € {®%(7,7)}". Orciona u U3 Toro,
uto [ siBasiercsi T-upeasnom anre6pol F{Z}, cienyer, uto

2%-+1
q)4k+1(j:7g) € Z{éik(j/ag)}T g I. O
i=1
Jlemma 5. /{aa arobox mampuy,
‘ Okxk Okx (m—) 'P;ixk ' Okxk Ok x (m—Fk) Dixk
u' = | Om—ryck Om—tyxtm—t) Simryxk |+ /= | Om-ryxr Om-ryxim—r) Ul
Alsn Ok x (m—k) O xk Bl Okx(m—Fk) Ok xk

anreebpol My, (F), ede m >k, i = 1,2k + 1, j = 1,2k, cnpasedauso pasercmao

kak ka(mfk) Wk2><k
Dy (' w0t ™) = Oryik Omtyximt) Wi x| -
ngxk ka(mfk) kak
2k+1 2k+1 2k+1
ede Wm E)yxk — Z SZ(I)ZIC ), Wiy, = Z qu)jlk B: P,), Wi = Z AP, (D; A;),

_ =1
gdeco B = (31 ,B%), P = (P! ,...,Pifl,PiH,...,P%H), D = (D',...,D%*),
A= (A, A~ I,Al‘ﬂ : A?’fﬂ)

Hoka3zarenasctBo. [loncTaBisis 3amaHHble MaTpUlbl B MHOrousneH ®gyq(Z,7y), MO-

JIyUUM
2k 0 0 p0
@4“1(“17.”’u21c+1;v17.”’v2k) _ Z Z ar H 0 0 S | x
W652k+1 TESo, =1 Aﬂ-(l) 0 0
0 DT 0 PTr(Qk—i—l)
% 0 UT O SW(?k—l-l)
BT(Z 0 0 2k+1 0 0
2 [ PTOBT 0 0 preMD
> Yl om0 0, 0S| =
ﬂGSQkJrl TESoK i=1 0 O Aﬂ— DT( AW(Q’{H—U 0 O
H% P Br() 0 0
Z Z O/r ) pr(1) pr(2) pT(2) ... pr(2k) g7(2k) 0 0 %
TI'ESQk+1 TESo O O HQk A7r 7 D’T l
0 0 P7T (2k+1) Ok xk ka(m—k) Wk2><k
X 0 0 S™HD N = Opnemyxk  Opm—k)x(m—k) W(lm—k:)xk ;
AT+ 0 Wik Ok x (m—k) Ok
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rne

Z Z 7rS i k Xk Pﬂ'(2)B‘r( ) ... Pﬂ(Qk)BT(2k)P7r(2k+1)

ﬂ'eSQk+1 TESok

Wi, = Z Z o pr) gr) pr(2) ... pr(2k) pr(2k+l)

mESop 41 TES2E

Wi = Z Z am AT DT A7) L prk) gm(ktL),

WESQk+1 TESo

[TpeoGpasyem npapbie yacTH B BbIpaxkeHHsX mst Matpull Wi, oy Wiy, Wi, na
31oro nosoxkuM Sy, (i) = {7 € Sopyr |7(1) = i}, Sopy1(i) = {0 € Sopqr|0(i) = i},
12 ... 1-1 1 t+1 ... 2k+1 e
- =1 1.
i ( i1 -2 i—1 i+1 ... 2k+1 > e i =1,2k+
HerpynHo BuIeTb, 4TO BCAKYIO MOACTAHOBKY T € Sh, ;(7) MOXKHO NPEJCTaBUTh B BHE
T = o, e 0 € Sory1(7). Torma Mbl MOXKeM 3alucaTh, 4TO

2k+1
Mo 30 5 3 a5 i
i=1 w8y, (i) TES2k
2k+1
= Z Z Z aai#isiBT(l)Poi(l)BT@) . BT(Qk)Poi(2k+1) _
1=1 0;€89441(1) TES2k
2k+1
_ Z Sz Z Z agimBT(l)Pai(l)BT(Q) L BT(Zk)P0¢(2k+1) _
) 0;€8S41(i) TES2k
2k+1

=Y SO (B',... B P PP P,

2k+1
1 X D
YyutniBas Tenepb 3aMedyaHue 2, HpI/IXOIII/IM K paBeHCTBy W(m—k)xk = E S (I)4k P

2k:+1
2 3 2 i 1 D
Ananoruuno ans wmatpuu Wy, u Wp,, mnonydaem, uto Wg, , = E P B; P),
2k+1
i z A
Wi = E A D; A;) O

CaencrBue 5. [Ipednoaosxcum, umo d/zﬂ /lf06020 i = 1,2k + 1 muoeouren ®, (7', y) €
€ T[My(F)]. Toeda ®ypiq(ul,... w0l o 0%) =0.

7

Teopema 1. /(15 1106020 mHoeourena <I>4k+1(f, y) € Ky u npoussorvroLx mampuy

_ O xk O x (m—k) 'P}ixk A O xk Ok (m—k) Dixk
u' = | Om-ryxk Om—tyxm—t) Sn-ryur |+ " = | Om—tyk Otm—ryxim—r) Ulppyea
Ay Ok (m—k) Ok xk B Ok (m—k) Okxk

anreebpor M, (F), ede m > k, i = 1,2k+1, 7 = 1,2k, cnpasediuso paserncmso
Pyppr(ul, .. uP ot 0P = 0.
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JlokasareabctBo.  CornacHo Jemme 3 gaas Jwoboro ¢ = 1,2k+1 MHoro-
uten O, (¥,y) € Ko, a B cuiy mnpemioxenus 7 paborsl [2] mpu char F # 2
Ko C {S5.(¥')}". VuursiBasi Tenepb Teopemy Amwuuypa— JIeBHLKOro, MONyYaeM, 4TO
{S5.(Z)}T C T[My(F)], Ho torma &%, (7', y) € T[M(F)| nns moboro i = 1,2k + 1.

U3 roro, uro Bkmiouenue D% (7',y) € T[My(F)] BepHo mpu JjwoGom mnote F
XapaKTePUCTUKH He [1Ba, W TOro, uTo MHorouwneH P, (Z',y) MNOJUIHHEEH W HMeeT
K03 puunenTsl +1, BeITekaer, uTo BKaouenue DY, (7',y) € T[M,(F)] ocraercs

BepHbIM U npu char ' = 2. Takum oOpasoM, npu Jwob6oM mnose F U BCAKOM
i € Iy MHOFOH/IeH )] ( ,y) € T[Mg(F)]. Orciona U M3 CJeACTBUS D ToJaydYaeM
Py (ul, ... u Lol 02 ) 0. d

3ameuanue 3. HpH J0Ka3aTesqbCTBE TeOpeMbl | HAMH YCTaHOBJIEHO, YTO €CJIH MHOTO-
ujied Pyyy1(Z,y) € Ky, 1o mast qoboro i = 1,2k + 1 @4, (7, 5) € Ko C T[My(F)].

Jlemma 6. /[aa aw0boix mampuy

. Ok xk OkX(m—k) Plgxk ' Okxk 0k:><(m—k:) DiXk
u' = | Om-ryxk Om—ryxm—t) Sm-ryxr | 0" = | Om-ryxk Om—ryx(m—b) Ul
Ok lecx(m—k) Okxk O xk Lix(m k) Okxk

anreebpor M, (F), ede m >k, i = 1,2k + 1, j = 1,2k, cnpasedsuso paserncmso

Ok xk ka(m—k) NWl?xk
(I)4k+1<u17 Cuht 7U2k) = | Opm—r)xk  O(m—k)x(m—k) W(lm—k)xk g
Okxck Wkgx(m_k) Ok
eode
2k+1 k-1

N

m k)xk — Z S@Zk S Wk2><k: Z Piq)fuf(z; 5;),
i=1
2k+1 2k+1

Wl?x(m—lc): Z N'®,(U; N;) = Z Wiy (N;; U)N
=1

i=1

gdeco L = (Ll,...7L2k) S;o= (SY,..., 8t gt S U = (UYL, U),
No = (N, N1 Nitt] N2k,

Hoka3ateabcTBo. [loncraBniss 3agaHHble MaTpullbl B MHorousneH ®Py.4(Z,7y), 10-

JIYUUM
Dyppr (ul, . w0t 0% =
% (0 0 PO 0o 0o D@ 0 0 pr(2k+1)
Y or[[lo o s fo o0 UT@)) 0 0 gr(2k+1) | —
TESop 41 TESa i=1 \0 N7 0 0 L7® 0 0 N7(2k+1) 0
ok [0 Pﬂ(l)LT(Z) 0 0 0 Pr(2k+1)
Z Z H 0 LT(%) 0 0 0 §m(2k+1)
TESgp41 TESa i=1 \0 NT@O ) 0 N72k+1) 0
0 pPrOLTOTE, s7O L0 0
Y ot (0 1‘[2"“ S’”L”) 0 X
mESaky1 TESak 0 0 H?ﬁl N7 [,7()
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0 0 pr(2k+l) Okxk Ok (m—k) NW;ka
<00 ST, =1 Opniyk Omtyxm—t)y Winoryur | »
2k+1 i
0 Nﬂ-( ) 0 kak ngx (m—k) kak

raoe
/_Wv(lm Bk = Z Z ot STr(l) LT . LT(Qk) S7r(2k:+1) _

W652k+1 TESo,
2k+1
_ Z g Z Z aZiMLT(l)Sa'i(l)LT(Q) . L‘r(2k)80'¢(2k+1) _
=1 0;€Sok+41(1) TES2K
2k+1 2k+1

= Z S'®, (L; S:) = | yunteiBaeM 3aMeuanue 2| = Z S'®, (L; S:);

kak = Z Z o™ prY) [ 7() gm(2) | [ 7(2k) gm(2k+1)

7T€SQk+1 TESo)

2k+1 2k+1
= Z P (L Z Pt (L; 85);
Ty = 3 3 af NG g e _
mESop41 TES2K
2k+1 2k+1
=D N N;) = ) N'@y(U; V),
=1 i=1

WJIM TIPU JPYrOoM npeoOpa3oBaHUU

Wiy = D D af NTO T L. greh) yreksy

7TESQk+1 TESo
2k+1

_ Z Z Z agipiNcri(l)UT(l)NUi(Z) o Noi(2k+1)UT(2k)N’i _

i=1 0i652k+1(i) TESoy,
2k+1 2k+1

=S NN = Y U DNL O
=1 =1

CaenctBue 6. [Ipednoroxcum, umo oas ar0boeco i = 1,2k u npous3sosoHoiXx mampuy
Al AT € Myynen(F), B, ..., B* € M,_iyxi(F) cnpasediuso: paserncmsa

Dy (A;B) =0, P@yu(B;A)=0 wau @ (A;B)=0, V(A B)=0.

Tocoa
1 2%+1, 1 2%y _
Dy (u, ..., w0, vT) =0,

IIpennoxenne 4. [lycmo 0 < m — k < k u mrocouren

tar(Z, ) Z Z Vo T () Yr(1)Tr(2) * - Tr(2k)Yr(2k) € T[My(F)].

TESy, TES

Toeda Oas awboix mampuy A € Myym—i)(F), B? € Mn_pxi(F), e0e i,j = 1,2k,
CNpasedLUssb. paseHcmaa

ta(A; B) =0, ty(B;A)=0
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HoxkasareabctBo. Onpenennm otobpaxenus ¢y : Myymop(F) —  My(F),
Vg Mim—kyxi(F) = M(F'), nonoxus n1asa qo6bx A € My (m—k)(F), B € Mm_g)xk(F)

B
P (A) = (A0), Yo(B) = (0) HertpynHo BupmeTb, uTo oOTOOpaXkKeHHWs i, 1y SIB-

JAI0TCS TOMOMOP(U3MaMH BEKTOPHBIX INPOCTPAHCTB M UTO My (m—i)(F) = Im 9y,
Mm—ryxi(F) = Im 1po. Otciona u u3 Toro, uto t4(Z,y) € T[My(F)], nonydaem

t4k<A17 ce 7A2k; 317 c BQk) = t4k<w1(*’41)7 s >¢1(A2k)3¢2(31)7 s 7¢2(32k)) O
t4k(B17 c '7B2k;A17 st 7A2k> - t4k(¢2(B1)7 s 7¢2(B2k);1/)1(141)7 st 7¢1(A2k)) 0. U

Teopema 2. [lycmo 0 < m — k < k, $y1(7,y) € K1. Toeda oas aroboix mampuy,

A kak ka(mfk) 'Plixk ‘ kak ka(m—k) Dixk
u' = | Otk Om—tyxtm—t) Simryxk |+ 07 = [ Om-ryxk Om—ryxim—r) Ulmpyx
kak lex(mfk) kak kak Lix(m k) kak
anreebpor. My, (F), ede i = 1,2k+1, j = 1,2k cnpasediuso paserncmso
Ppyr(ul, .. u ol o 0?R) = 0.
Hoka3aTenbcTBo. BhiTekaeT U3 3ameuaHus 3, npenyokeHus 4 u caencTBus 6. U
Jlemma 7. [Ipednonoxcum, umo Oas awboix mampuy A',... A%* ¢ My (F),

B, ..., B* € M,,(F) cnpasediuso. pasencmsa asy(A; B) = 0, by(A; B) = 0. Toeda
6yoym eeprol u pasencmsa cy.(A; B) =0, hy(A; B) =0, fa(A;B) =0, gu(A; B) = 0.

Joka3atenbcTBO. BoiTekaer u3 mnpemioxenus 2 [1], npennoxenuin 1-2 [2] u pa-
BEHCTBA by — Gap = Gak- O

Mpennoxenne 5. [Iycmo mrozouren Pui1(Z,7) € Ky u s aobolx mampuy, P, ..,
P € My (F), Q... Q%" € My (F) an(P;Q) = 0, bu(P; Q) = 0. Tozda mnoeo-
uren a1 (Z,7) € T[Ml(m’k)(F)].

JlokasarenbcTBo. IlycTh u' = Omscm B pi = (Omxm Crx e MM (F)
Al Okxr )’ Dl Ok ! ’

Vl

. . _ 0

rie ¢ = 1,2k + 1, j = 1,2k. Torna ®yprq(u;0) = ( ";X’” ka), TIe C YYeTOM JieMMbl |
Vikm Ok
2k+1 2k+1

v 3amevanus 2 V1 = Z B'®, ), V2., = Z vl

Orcrona u us JIeMMbI 3 CJIeyeT, YTO AJis BbIHOJIHEHI/IH paBeHcTBa Pypyq(u;0) = 0
J0CTATOUHO, 4TOObI AJ1s1 JI0ObIX Matpull P!, ..., P?* € My, (F), Q', ..., Q% € My, k(F)
1 Besskoro MHorouseHa Du (7', y) € K, 6b10 BepHO paBeHCTBO Py (P;(Q)) = 0. Ho oHo
CMpaBeI/IMBO B CHJY YCJIOBHS MPEIJOKEHUST O U JIeMMBI 7. d

OkownuaHue caedyem.
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This paper observes the continuation of the study of a certain kind of polynomials of type Capelli
(Capelli quasi-polynomials) belonging to the free associative algebra F{X | JY'} considered over
an arbitrary field F' and generated by two disjoint countable sets X and Y. It is proved that if
char F = 0 then among the Capelli quasi-polynomials of degree 4k — 1 there are those that are
neither consequences of the standard polynomial S, nor identities of the matrix algebra M;,(F).
It is shown that if char FF = 0 then only two of the six Capelli quasi-polynomials of degree 4k — 1
are identities of the odd component of the Z>-graded matrix algebra M;,(F). It is also proved
that all Capelli quasi-polynomials of degree 4k + 1 are identities of certain subspaces of the odd
component of the Z,-graded matrix algebra M, (F) for m > k. The conditions under which
Capelli quasi-polynomials of degree 4k + 1 being identities of the subspace Mlm"k) (F) are given.

Marematrika 15



‘hms. Capar. yH-1a. Hos. cep. Cep. Matematnka. Mexannka. VHpopmatnka. 2020. T. 20, Bbin. 1

Keywords: T-ideal, standard polynomial, Capelli polynomial.

Received: 04.02.2019 / Accepted: 03.03.2019 / Published: 02.03.2020

This is an open access article distributed under the terms of Creative Commons Attribution
License (CC-BY 4.0)

Continuation. The previous part was published in: Izv. Saratov Univ. (N.S.), Ser. Math.
Mech. Inform., 2015, vol. 15, iss. 4, pp. 371-382. The [ollowing part is to be published.

References

l.

10.

1.

12.

13.

14.

Antonov S. Yu. Some types of identities of subspaces Mém’k)(F),Ml(m’k)(F) of ma-
trix superalgebra M) (F). Uchenye Zapiski Kazanskogo Universiteta. Seriya Fiziko-
Matematicheskie Nauki, 2012, vol. 154, book 1, pp. 189-201 (in Russian).

. Antonov S. Yu., Antonova A. V. Quasi-polynomials of Capelli. lzv. Saratov Univ.

(N.S.), Ser. Math. Mech. Inform., 2015, vol. 15, iss. 4, pp. 371-382 (in Russian). DOI:
10.18500/1816-9791-2015-15-4-371-382

. Birmajer D. Polynomial detection of matrix subalgebras. Proc. Amer. Math. Soc., 2004,

vol. 133, no. 4, pp. 1007-1012.

. Chang Q. Some consequences of the standard polynomial. Proc. Amer. Math. Soc., 1988,

vol. 104, no. 3, pp. 707-710.

Kostant B. A theorem of Frobenius, a theorem of Amitsur—Levitzki, and cohomology
theory. J. Math. Mech., 1958, vol. 7, pp. 237-264.

Rowen L. H. Standard polynomials in matrix algebras. Proc. Amer. Math. Soc., 1974,
vol. 190, pp. 253-284.

Wenxin M., Racine M. Minimal identities of symmetric matrices. Proc. Amer. Math. Soc.,
1990, vol. 320, no. 1, pp. 171-192.

. Vincenzo O. M. On the graded identities of M (FE). Israel J. Math., 1992, vol. 80, no. 3,

pp. 323-335.

. Mattina D. On the graded identities and cocharacters of the algebra of 3x3 matrices.

J. Linear Algebra App., 2004, vol. 384, pp. 55-75. DOI: https//doi.org/10.1016/S0024-
3795(04)00034-5

Aver’yanov [. V. Basis of graded identities of the superalgebra M;o(F"). Math. Notes,
2009, vol. 85, pp. 467-483. DOI: 10.1134/S0001434609030195

Vincenzo O. M. Zj-graded polynomial identities for superalgebras of block-triangular
matrices. Serdica Math. J., 2004, vol. 30, pp. 111-134.

Vincenzo O. M. Zj-graded cocharacters for superalgebras of triangular matrices.
J. of Pure and Applied Algebra, 2004, vol. 194, iss. 1-2, pp. 193-211. DOL:
https://doi.org/10.1016/j.jpaa.2004.04.004

Amitsur S. A., Levitzki J. Minimal identities for algebras. Proc. Amer. Math. Soc., 1950,
vol. 1, no. 4, pp. 449-463.

Antonov S. Yu., Antonova A. V. To Chang Theorem. Il. [zv. Saratov Univ. (N.S.),
Ser. Math. Mech. Inform., 2017, vol. 17, iss. 2, pp. 127-137 (in Russian). DOI:
https//doi.org/10.18500/1816-9791-2017-17-2-127-137

Cite this article as:

Antonov S. Yu., Antonova A. V. Quasi-Polynomials of Capelli. II. /zv. Saratov Univ.
(N.S.), Ser. Math. Mech. Inform., 2020, vol. 20, iss. 1, pp. 4-16 (in Russian). DOI:
https://doi.org/10.18500/1816-9791-2020-20-1-4-16

16

Hay4arsir otgen



M. Yu. Ignatiev. Asymptotics of Solutions of Some Integral Equations :

Asymptotics of Solutions of Some Integral Equations
Connected with Differential Systems with a Singularity

M. Yu. Ignatiev

Mikhail Yu. Ignatiev, https://orcid.org/0000-0002-4354-9197, Saratov State University, 83 Ast-
rakhanskaya St., Saratov 410012, Russia, mikkieram@gmail.com, ignatievmu@info.sgu.ru

Our studies concern some aspects of scattering theory of the singular differential systems
y — a2 YAy — q(x)y = pBy, x > 0 with n x n matrices A, B, q(z),r € (0,0), where A, B are
constant and p is a spectral parameter. We concentrate on investigation of certain Volterra integ-
ral equations with respect to tensor-valued functions. The solutions of these integral equations
play a central role in construction of the so-called Weyl-type solutions for the original differential
system. Actually, the integral equations provide a method for investigation of the analytical and
asymptotical properties of the Weyl-type solutions while the classical methods fail because of the
presence of the singularity. In the paper, we consider the important special case when ¢ is smooth
and ¢(0) = 0 and obtain the classical-type asymptotical expansions for the solutions of the con-
sidered integral equations as p — oo with o (p*l) rate remainder estimate. The result allows one
to obtain analogous asymptotics for the Weyl-type solutions that play in turn an important role in
the inverse scattering theory.
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INTRODUCTION

Our studies concern some aspects of scattering theory of the differential systems

y —a 'Ay —q(x)y = pBy, x>0 (1)

with n x n matrices A, B, q(z),z € (0,00), where A, B are constant and p is a spectral
parameter.

Differential equations with coefficients having non-integrable singularities at the end
or inside the interval often appear in various areas of natural sciences and engineering.
For n = 2, there exists an extensive literature devoted to different aspects of spectral
theory of the radial Dirac operators, see, for instance [1-5].

Systems of the form (1) with n > 2 and arbitrary complex eigenvalues of the mat-
rix B appear to be considerably more difficult for investigation even in the “regular”
case A =0 [6]. Some difficulties of principal matter also appear due to the presence of
the singularity. Whereas the “regular” case A = 0 has been studied fairly completely to
date [6-8], for the system (1) with A # 0 there are no similar general results.

The important role in scattering theory is played by a certain distinguished basis of
generalized eigenfunctions for (1) (the so-called Weyl-type solutions, see, for instance
[9]). In the presence of the singularity construction and investigation of this basis
encounters some difficulties which do not appear in the “regular” case A = 0. In
particular, one can not use the auxiliary Cauchy problems with the initial conditions

© Ignatiev M. Yu., 2020
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at = 0. The approach presented in [10] (see also [11] and references therein) for the
scalar differential operators

Vs .
ly=y"™ + (xnij +q5(2)) g 2)

is based on using some special solutions of the equation ¢y = Ay that also satisfy certain
Volterra integral equations. This approach assumes some additional decay condition
for the coefficients ¢;j(z) as # — 0, moreover, the required decay rate depends on
eigenvalues of the matrix A. In this paper, we do not impose any additional restrictions
of such a type. Instead, we use a modification of the approach first presented in [12] for
the higher-order differential operators with regular coefficients on the whole line and
recently adapted for differential systems of the form (1) on the semi-axis in [9].

In brief outline the approach can be described as follows. We consider some auxiliary
systems with respect to the functions with values in the exterior algebra AC". Our
study of these auxiliary systems centers on two families of their solutions that also
satisfy some asymptotical conditions as + — 0 and = — oo respectively, and can be
constructed as solutions of certain Volterra integral equations. As in [12] we call these
distinguished tensor solutions the fundamental tensors. The main difference from the
above-mentioned method used in [10] is that we use the integral equations to construct
the fundamental tensors rather than the solutions for the original system. Since each of
the fundamental tensors has minimal growth (as x — 0 or x — oo) among solutions of
the same auxiliary system, this step does not require any decay of ¢(z) as x — 0.

Construction and properties of the fundamental tensors were considered in details in
our paper [9] provided that ¢(-) is absolutely continuous and both ¢, ¢’ are integrable on
the semi-axis (0,00). In this paper, we consider the important special case ¢(0) = 0 and
obtain the classical-type asymptotical expansions for the fundamental tensors as p — o
with o (p~!) rate remainder estimate.

1. ASSUMPTIONS AND NOTATIONS. FORMULATIONS OF THE RESULTS

We are to discuss first the unperturbed system:
y' — a7 Ay = pBy (3)
and its particular case corresponding to the value p = 1 of the spectral parameter
y' —x7'Ay = By (4)

but to complex (in general) values of x.

Assumption 1. Matrix A is off-diagonal. The eigenvalues {y;}}_, of the matrix A
are distinct and such that p; — pup ¢ Z for j # k, moreover, Rep; < Reps < -+ < Repy,
RE/JJk % 0, k= 1,_71

Assumption 2. B = diag (by, ..., b,), the entries by, ..., b, are nonzero distinct points

on the complex plane such that ) b; = 0 and such that any 3 points are noncolinear.
j=1
Under Assumption 1 system (4) has the fundamental matrix c¢(x) = (¢1(z), ..., c.(x)),
where

cp(x) = 2ép(x),

detc(z) = 1 and all ¢é(-) are entire functions, ¢x(0) = by, by is an eigenvector of the
matrix A corresponding to the eigenvalue py. We define Cy(x, p) := c(px), = € (0,00),

18 Hay4Hbir otgen



M. Yu. Ignatiev. Asymptotics of Solutions of Some Integral Equations G2 SR

p € C. We note that the matrix C(z,p) is a solution of the unperturbed system (3)
(with respect to x for the given spectral parameter p).
Let ¥ be the following union of lines through the origin in C:

S= |J {z:Re(zb;) = Re(zby)}.
(k.j):i#k

By virtue of Assumption 2 for any z € C\ X there exists the ordering Ry, ..., R, of
the numbers by,...,b, such that Re(R;z) < Re(R22)--- < Re(R,z). Let .# be a sector
{z = rexp(iy),r € (0,00),v € (71,72)} lying in C\ 3. Then [13] the system (4) has
the fundamental matrix e(z) = (e1(x),...,e,(x)) which is analytic in ./, continuous in
#\ {0} and admits the asymptotics:

er(z) = ™ (f + 27 'me(2)), m(z) =O0(1), = — o0, z€.7,

where (fi,...,f,) = f is a permutation matrix such that (Ry,..., R,) = (b1,...,b,)f. We
define E(z, p) := e(px).
Everywhere below we assume that the following additional condition is satisfied.
Condition 1. For all k = 2, n the numbers

A) = det(e (), ..., ep1(2),cp(),. .., cn(T))

are not equal to 0.

Under Condition 1 the system (4) has the fundamental matrix
() = @WY(x),...,¢°%x)) which is analytic in .7, continuous in & \ {0} and
admits the asymptotics:

YR(rt) = exp(atRy)(fr +0(1)), t—o00, x€.7, Ypr)=0(x"), x—0.

We define ¥°(x,p) := ¥°(px). As above, we note that the matrices E(x,p), ¥°(x,p)
solve (3).

In the sequel we use the following notations:

— {ex}}_; is the standard basis in C";

— o, is the set of all ordered multi-indices o = (v, ..., ), 1 < ag < -+ < Qup,
aj € {1,2,...,n};
— for a sequence {u;} of vectors and a multi-index a = (ay,...,a,,) we define
Ug = Ugy N\ N Ug,,;
- for a numerical sequence {a;} and a multi-index o we define a, = > aj,
JEQ
a®:= ] a;;

JEa
— for a multi-index « the symbol o/ denotes the ordered multi-index that complements
ato (1,2,...,n);
— for K =1,n we denote

k n
ap = Qaj, ap = Qj, a .—Haj, a .—Haj.
. j=1 Jj=k

3

We note that Assumptions 1, 2 imply, in particular, >  pr = > Rr = 0 and therefore
k=1 k=1
for any multi-index « one has R, = —R, and po = —pta;
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— the symbol V(™) where V is n x n matrix, denotes the operator acting in A™C"
so that for any vectors uy, ..., u,, the following identity holds:

m
V(m)(u1/\u2/\"'/\um):Zu1/\u2/\“'/\Uj_l/\VUj/\Uj+1/\“'/\um;
=1

— if h € A"C” then |h| is a number such that h = |hfe; Aea A -+ Aey;

— for h € N"C" we set ||h|| := > |ha|, where {h,} are the coefficients from the
€Ay,
expansion h = Y h,e,.
aEdm

We use the same notation L,(a,b) for all the spaces of the form L,((a,b), &), where &
is a finite-dimensional space. The notation Cfa,b] for the spaces of continuous functions
will be used in a similar way.

Everywhere below the symbol .# denotes some (arbitrary) open sector with the
vertex at the origin lying in C\ X.

For each fixed p € .7\ {0} =: ./ we consider the following Volterra integral
equations (k = 1,n):

xT

Y(z) = Tz, p) + / Gt (2. ,p) (¢ D (Y (1)) dt, (5)
Y(z) = F(x. p) - / Gula.t.p) (P OV (1)) dt. (6)
where
Tlg(xap) = Ck(map>/\"'/\cn(xvp)7 (7)
FY(x,p) = Er(x,p) A=+ A By(x,p) = U](z,p) A--- AT}(z, p) (8)

and G,,(z,t,p) is an operator acting in A™C" as follows:

G(,t,0)f = > 0alf ACult, p)| Cale, p). 9

QEDm,

Here and below o, := [ha A hor|.
For any p € %/ equations (5) and (6) were shown to have the unique solutions
Ty(x,p) and Fy(x,p) respectively such that (see [9] for details):

-
ITu(e. )| < M (p:v)“kl_, pz| < 1,
RIS exp(pka)‘ . px| > 1,
1Fu(e )l < M (p) 7], pz| < 1,
w s eXp(pwﬁk)), o] > 1.

We call the functions Fi(z,p), Tk(z,p) the fundamental tensors. Note that the
fundamental tensors solve the auxiliary systems

Y = Q" (x,p)Y, Qlz,p):=12""A+pB+q(x) (10)
withm=%kandm=n—-%k+ 1.
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We note that the tensors {F,(x,p)}acw, form the fundamental system of solutions
for the system (10) in the “unperturbed” case. Therefore, the following representation

holds:
T, p)= Y, TiEalz,p) (11)

ae%’nflvl»l

with z-independent coefficients T}, . Taking into account the special construction of the
fundamental matrices C(z, p), E(x,p) one can conclude that the coefficients T}, do not
depend on p as well.

The G,,(z,t,p) terms in equations (5), (6) are actually the Green operator functions
for the nonhomogeneous systems:

Y= Q" (, p)Y + f(x).

In order to construct them one can use variuos fundamental systems of solutions of
the unperturbed system (3). In particular the following representations hold:

G, t,0)f = ) Xa [f AT )| VU2, 0) = D Xalf A Ealt,p)| Ealz,p).  (12)

aemfm OLG.Q{m

Here and below x, := |fo A for]-
In the paper, we study the asymptotical behavior of the fundamental tensors for
p — oo. In [9] the following expansions were obtained:

Ty(x,p) = T (z,p) + O (p’g exp (px§k>) , e€(0,1),

Fi(x, p) = F(z,p) + O (/f1 exp (pxﬁk))

for any fixed z € (0,00) and p — oo, p € /. We show that under the additional
condition ¢(0) = 0 more detailed expansion can be obtained.
Let Wy (&) be the function defined as follows:

Wo(&) = (1= [ENE+ €17, [l <1, Wo(€) == (Wo (¢71))7 €l > 1.

Notice that Wy(€) is continuous in £ € C, never vanishes for nonzero ¢ and admits
the estimate:
Mi[g] < [Wo(§)| < Mol

for all ¢ € C. Moreover, we have Wy(¢) = 1 if || = 1 and the asymptotics
Wo(€) =&(1+0(1)) hold as & — 0 and & — oc.
We introduce the following weight functions:

_JWo (€M) exp(Ri€), €] < 1,
Wi(§) == {exp(ng), 6> 1

From the definition and the above-mentioned properties of Wy(-) it follows that the
weight functions Wy (), k = 1,n are all continuous in .”, never vanish and admit the
asymptotics W (§) = €" (1 +o(1)) as & — 0. We define

Fiulw, p) := (WH(p2) " P, p), - Tl p) 1= (W (p)) Tl p)-
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Theorem 1. Suppose that q(-) is an absolutely continuous off-diagonal matrix
function such that q(0) = 0. Denote by q,(-) the off-diagonal matrix function such that
(B, Go(z)] = —q(x) for all = > 0 (here [-,-] denotes the matrix commutator). Define the
diagonal matrix d(x) = diag (di(x),...,d,(x)), where

i) = [ (00, ), de
and set §(x) = Go(x) + d(x).
Suppose  that  all  the  [unctions  qy(-),q;(-) and  Gy;(-), where
q(z) :==q'(x) + 27 q(x), A] are from X, := L1(0,00) N L,(0,00), p > 2.
Then for each fixed x > 0 and p — oo, p € /' the [ollowing asymptotics hold:

p(Ti(w.p) — Tw, p)) = donT(w.p) + S Tiagras(@) explpe(Rs — Ri))ia + (1),

a,BEA 111
p(ﬂ(x,p) F(x p) > fral@)fa + o(1).
aEd,

dok = —0ax(k) {(d("_kﬂ)(o)f)a*(k)) A Baxryy
a*(k) := (k,...,n) and the coefficients in the representations are defined as follows:
fkoz(x) = Xa ‘((j(k) (x)foa*(k)) A foz’

for a # a,(k):=(1,...,k),

I

frow (@ =— 3 / Xon | (@2 0f) A For 0] X [ (@8 (i) A o |

aE, T

9ras(2) = Xa [ (@77 (2)F5) A for

for 8 # a,

gres(®) = Y /Xﬁ [ ("D (O)Fa) A e

Oéengn_k+1 0

2. PROOF OF THEOREM 1

We consider in details the function Ty(x,p), for the function Fy(x,p) similar argu-
ments are valid. X ) )
For the function Ty(z,p) := Ti(z,p) — TP(z,p) we have the representation

Ti(-, p) = (Id — # (p)) ‘vi(-, p), where # (p) is an operator of the form:

Xo [(@" D (6)fa) Afor| dt

H N @)= [ Grosrlatp) (@0 OF0) di

acting in Lo.(0,7), T € (0,00) is arbitrary. Here and below

k
Gkt (l‘, l p) = %Gnlwrl(x? l :0)7
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Ulc(x7p> = /gn—k—&-l('x?tap) (q(n_k+1)(t)T£(t7p)> dt.
0

Let us consider first the function vi(z, p). From the identity:

pq" VDT, p)) A Ear(t, p) =

= % (D @I, p)) A Ew(t,p)) = (@ FOT(E, p)) A Ew(t, p),

where o € o7, .1 is arbitrary it follows the relation:

p/Gn—k+l<x7 t p) (q(n—k+1) (t)Tl?<t7 p)) dt =

zo
T
t=x

- Gn—k-‘rl(xa t P) (q(n_k+1) <t>TIS (t7 p)) |t:a:o B / Gn_k+1(l', t P) (g(n—k-ﬁ-l) (t)T]S(t, p)) dt.

Zo

Passing to the limits as o — 0 and taking into account that ¢,(0) = 0 we arrive at
the relation:

oo, ) = A TR, )+ S0 X [@ T, p)) A B, )| Bul, )

Q€D k41

/ Gt p) (E DT p)) . (13)
0

Since ¢;; =0, j = 1,n, from (13) and [14] we obtain (in particular) the estimate:
ok (-, p)llBeio,ee) = Op7Y), p €S (14)

In what follows if V' = V/(z,p) is some matrix function then V denotes the matrix
function V'(z, p) := V(x, p)(W(px))~", where W = diag (W1,...W,). Since ¥°(z, p) is
continuous and bounded in [0, 00) x . we have:

[G—pi(z tp)| S M, 0<t<z<oo, peS (15)

with some absolute constant M.
Using the boundedness of ¥, ,.1(x,t,p) one can obtain the estimate (see also the
proof of [9, Theorem 3.1]):

r

o< ot ([ atonar)

rl

where the norm ||.#7(p)|| assumes the norm of the operator acting in L. (0,7") for
arbitrary 7' > 0 and the constants M, M; do not depend on 7. This yields the estimate
|(Id— 2 (p))~ ]| = O(1) uniformly in p € .#’. Thus (with taking into account (14)), we

obtain the auxiliary prior estimate for 7:
1T Pl oy = Op™ ). p € 7 (16)
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for any 7" > 0.

In order to make a more detailed study we represent the operator £ (p) in the form
H (p) = Ho(p) + Hi(p), where:

Ho(p) f(z) ==

ozl =) Y v / exp(p(x — )(Ra — Ri)) | ("0 (1) A fur| Fu

€D k1

ol
Here and below the symbols #%(-) denote the Heaviside step functions:

b Joog<o, o f16<0
9(9‘{1, o 9@‘{0, RS RAG

Lemma 1. Under the -conditions of Theorem | one has the estimate

I #1(p) |l = O (p~).
Proof. We split the operator as follows: J#] = %(1) + 0 + o) where:

D) =0 (ol = 1) [ Fataton) (000 0)

ol
4" () = 0 (lpz] = 1) / Gurnr(@,t.p) ("D OF)) dr

By virtue of (15) we have:

oI~
1 | < M||f||/0 gl dt < Mlp| 7 F 1 - g Lo 0.1)-

Proceeding in a similar way and taking into account that (%(1)]‘)(:5) # 0 only if |pz| < 1
one can obtain the similar estimate for H%(l)fH.

Let us consider %(1). Using the representation (9) for G, _ri1(x,t, p), the asymp-
totics

Eo(x,p) = exp(prRo)(fa + O ((pz)™")),

%
which is uniform in |pz| > 1 and taking into account that Re(p(x — t)(Ro — Ry)) < 0
forany 0 <t <z, pe.y, a€ 9, 1 we obtain the estimate:

0" (lpx| = D)8 (lpt] = 10" (& = 1) [|Gomiir (2,1, p) (¢" D (D) (1)) —

%

Y xaexp(p(a = 1)(Ba = Ri)) [ (" V(@) F() Afur| fa| < %HQ@)H

O‘E'Q{n—k+l

with some absolute constant A/. Since under the conditions of Theorem 1
t71q(t) € L1(0,00) the estimate above yields

140 £l < Mol A1 / M lq(0)]] dt
and therefore ||4"| = O(p). O
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Lemma 2. Under the -conditions of Theorem 1 one has the estimate

122 (p)|l = O (p7").
Proof. We have:

T

D@ =0l =) 3 [ explole — (e~ R

a€dy_pir V1P
x| (gD AL E)) A far| T dt,
Xo | ("B (L) () Afar| = 0 (|pt] — 1) x

Xy m/ exp(p(t — 7)(Rs — R1)) | (470 (0) (7)) A for| Qus(t) dr
BEDn—k+1 o=
where Qag(t) = Xa |(q(n_k+1)(i)f5) VAN fo/| .
Thus, we can rewrite:
() (@) =0 (|pz| — 1) > ("D (1) f(7)) Afar| Hag(x, 7, p) dr,

—1
ABES k11 Y P!

where:
Hop(z,7,p) = / " Qust) exp(p( — 1)(Ra — ) + plt — 7)(Rs — B)fu dt.

= <
We notice again that Re(p(z — t)(Ry — Ri) + p(t — 7)(Rg — Ry)) < 0 for any
0<7<t<e, ped ap € o, 1. Moreover, under the conditions of Theorem 1
Qap(+) are absolutely continuous and Q,s(t) = 0 if a = 8. This yields the estimate

0 (|p7] — 1) Hap(z, 7, p) = O(p™"),

which is uniform in 0 <7<z, p € LASW. The estimate implies the required ass;rtion. O
Proof of Theorem 1. We have T}.(-, p) = vi.(-, p) + # (p)vi (-, p) + 2 (p)T%(, p).
We note that

(A ()T, ) () = / Guin(o,t,p) (¢ VDT p)) = walr,p) = O(p™)

uniformly for p € &', 2 € (0,7).
This, prior estimate (16), (14) and Lemmas 1, 2 yield:

Tk('a P) = Uk('?ﬂ) + %(p)wk('7p) + O <p—2) ) (17)

where

PW (ZE, P) - Z Xa

ae%nfivkl

(@D @) T2, 9)) A Bor(, 9)| Ea(, p)-

- / (o, p) (" (OTt, ) di. (18)
0

and the O(-) term assumes an estimate in L.,(0,7") norm.
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From [14, Theorem 1] and (18) we have:

pur(t,p) = D Xa

Q€S 41

(@D (@) T (2, ) A Bar(, p)| Balz, p) + 0(1),

that yields:

0% (|pt] — 1) pwi(t, p) =
—ot(ptl—1) S T exp(pt(Ry — Ri)Qup(B)fa+ p @kl p) + o(1),

o,BE€EAy i1

where Qus(t) = Xa | (G *V(t)fs) Afar|, the o-) term assumes an estimate in Lo (0,T)
norm and tw(t, p) is uniformly bounded in {|pt| > 1}.

Under the conditions of Theorem 1 we have t7'q(t) € L1(0,00). This yields
Ho(p)wk(+, p) = O(1) and thus from the representation above we obtain:

xT

ol ) @) =0 (ol = 1) S TS / exp(p(z — 1)(R, — Ri)+

a767’76‘§‘{n7k+1 |p|71

+pt(Rs — R1))Qus(t) [(¢" V@) Ay | §y dt +o(p™h) = p7 10 (|pa| — 1)

< 3Ty, / exp(p(z — 1)(Ry — Ry) + pt(Ry — Ri))Qqs (D) dt + o(p™),

ByYE€EAp—kt1 -1
where:
Q’Y/B Z Q’ya Qa,@( ) Q'ya(t) = X’y ‘(q(nkarl) (t)fa) A f'y’
CXEan k+1

and the o(-) term assumes an estimate in L. (0,7"). Under the conditions of Theorem 1

the functions Qs 1 Qab’ (for any pair of multi-indices «, 3) are absolutely continuous.
Therefore, we have for v # :

[ explote = (R, = Re) + pt(Ra — Re)Qyalt) dt = O™,
lp| 1

that yields:
(Ho(p)wr(g; -, p))(x) =

=p 0t (|pz| — 1) Z Tys exp(px(Rg — Rk / Qap(t) dtfs + o(p™h).

BEAy ki1 |1

Substituting the obtained asymptotics to the representation (17) we arrive at:

T(x, p) = vi(w, p) + p~ 0" (|px| = 1) x
S T explpr(Rs — i) / Qps(t) dtis + o(p™). (19)

[SY7 _
/8 n—k+1 ‘p‘ 1
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=

Here, as above, the o(-) term assumes an estimate in L,,(0,7") norm. But all the terms
in (19) are actually continuous with respect to =z € (|p~!|, 7). This means that the
expansion can be considered in point-wise sense as p — oo while x > 0 is arbitrary
fixed.

Now we notice that

/ Qps(t) dt%/@ﬁﬁ(t) dt = grps()

[p| =1

as p — oo. Then we use the representation (13) for wvi(z,p) and thus we obtain the
required asymptotics. O
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ACMMNTOTMKM peLleHUn HEKOTOPbIX UHTErpanbHbIX YpaBHEHUN,
CBsi3aHHbIX ¢ auddepeHunanbHbIMU CUCTEMAMM C OCOOEHHOCTbIO

M. FO. UrHatbeB

WrHatbes Muxaun KOpbeBud, kaHOuOaT OU3MKO-MATEMATMYECKUX HayK, OOLEHT kadenpbl
mMatemMatMyeckoin OU3NKM W BbIYMCIUTENBbHON Matematuku, CapaToBCKUA HaUMOHANbHbIN
nccnenoBaTenbCkuini rocynapCTBEHHbIM yHUBepcuTeT umeHn H. . YepHbiwesckoro, Poccus,
410012, r. Capartos, yn. ActpaxaHckas, . 83, mikkieram@gmail.com, ignatievmu@info.sgu.ru

B pabote u3yyaloTCs HEKOTOPble acrneKkTbl TEOpWUM pPacCesiHUS LN CUHTYNSIPHbIX CUCTEM
andgocpepeHumanbHblx ypasHeHun ' — 2~ tAy — g(z)y = pBy, * > 0 CO CrnekTpabHbIM
napameTpoMm p, rae A, B, q(x),z € (0,00) — n X n Matpuubl, Npuyem mMatpuupl A, B NOCTOAHHbI.
OCHOBHbIM NPeaMeTOM MUCCNENOBaHUS ABNSIOTCA HEKOTOPbIE BONbTEPPOBCKUE MHTErpasnbHbie
YPaBHEHNS OTHOCUTENbHO TEH30PHO-3HAYHbIX (PYHKUWIA. PeweHns aTux ypaBHEHWA WrparoT
LEeHTpanbHyl0 pPONMb B MOCTPOEHUM TaK Ha3biBaeMbiX pelweHuid Tuna Behns ons ucxonHown
cucTeMbl audbdoepeHUmanbHbiX ypaBHeHWA. [TockonbKy Knaccuyeckue mMeTtodbl Mpu Hanmymm
0COBEHHOCTU 0Ka3blBAlOTCS HEMPUMEHUMBIMW, WU3YYEHWe paccMaTpUBaeMbiX WMHTErpanbHbIX
YypaBHEHW CTAHOBMTCA B 3TOM C/ly4Yae KI/KOYEBbIM 3TarnoM WCCNeAoBaHWUS aHanuTU4yecKmx
N acyMMNTOTUYECKMX CBOMCTB peweHuini Tuna Beins. B paHHoi pabote Mbl paccmaTtpuBaem
BaXXHbIA YaCTHbIA cnyyai, korga Matpuua-gyHkums ¢(-) asnsetca rnagkoit n ¢(0) = 0. B aTom
Cnyyae ONs peweHnin paccMaTprBaeMbIX MHTErpasbHbIX YpaBHEHWUA yaAeTCs NOMYyYNTb acuMmn-
TOTUYECKMe Pa3NoXEHNS MPK p — oo C OLEHKON OCTAaTO4HOro 4neHa o (p~'). MonyyeHHbIi
pes3ynbTaT No3BONSET MONYYUTb aCUMNTOTUKM ANS peleHui Tuna Bewnnsg, wrpatowme, B CBOIO
oYepeb, BAXHYIO PO/b NPV UCCNENOBaHNN 0BPaTHOW 3a4a4n paccesiHus.

Knro4eBbie croBa: andpdpepeHunanbHble CUCTEMBI, 0006eHHOCTI/I, MHTErpasbHble YpaBHEHUA,
ACUMNTOTUHECKME PA3/T0KEHUA.
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H. 1. Moskeri. O reoMeTprn TpexMepHbIX NCEBAOPHMAHOBBIX OAHOPOAHBIX MPOCTPaHCTB. | COPN

YK 514.765

O reomeTpum TpexMepHbIX NCeBAOPUMAHOBbIX
OOHOPOOHbIX NPOCTPAHCTB. |

H. . Moxen

Moxen Hatanbsa [MaBnoBHa, kaHonpatr OU3NKO-MaTteMaTtMyeckux Hayk, LOLEHT kadbenpsl
nporpamMmHoro obecrnevyeHns MHPOPMAaLMOHHBIX TEXHONOMNii, Benopycckunii rocyaapCcTBEHHbI
YHUBEPCUTET MHPOPMATUKM 1N paanoanekTpoHukn, benapyce, 220013, r. MuHck, yn. . Bposku,
n. 6, mozheynatalya@mail.ru

OpnHoli 13 BaxHbix npobnem reomeTpun siBNsieTcs 3agada o6 yCcTaHOBNEHWM CBSI3eil MeX-
Iy KPWBWU3HOM W TOMOMOTrMYECKOM CTPYyKTypoi MHoroobpasms. B obuwem cnyyae 3apadva
nccnenoBaHnsl MHOroobpasmnii pasnnyHbIX TUMOB SIBASIETCS LOCTATOYHO CMOXHON. MoaTomy
€CTECTBEHHO paccMaTtpuBaTh [HaHHyl 3agady B 6onee y3KOM Knacce MCEBLOPVMMAHOBBIX
MHOroobpasuii, Hanpumep, B Kiacce OAHOPOAHbIX NMCEBOOPVMMAHOBBIX MHOroobpasuii. B cta-
Tbe onpeneneHbl OCHOBHbIE MOHATUS — M30TPOMHO-TOYHAA napa, NcesaopuMaHoBO OOHOPOA-
HOe NPOCTPaHCTBO, atpdUHHAS CBA3HOCTb, TEH30PbI KPUBU3HbLI U KPYYEHUS, CBA3HOCTb Jlesn —
Yesuta, TteH3op Pwuyun, Puyun-nnockoe, OnHwTenHOBO, Puyyn-napannenbHoe, nokanbHO-
CMMMeTprYecKoe, KOH(POPMHO-MNOCKOE NpocTpaHcTea. B paboTe ans TpexMepHbIX PUMaHOBbIX
OLHOPOIHbIX MPOCTPAHCTB OMNpefenieHo, MNpu Kakux YCNOBUSX MPOCTPAHCTBO $BNSETCH
Puyun-nnockmnm, OHWTENHOBBIM, Puyyn-napannenbHbIM, N0KanbHO-CUMMETPUYECKUM UK
KOH(OOPMHO-NN0CKMUM. Kpome 3Toro, Ang BCEX YKa3aHHbIX MPOCTPAHCTB BbIMMCaHbl B SBHOM
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BBEIEHUE

[Ipy uccsenoBaHWK PUMaHOBBIX (M TCEBIOPHMAHOBBIX) MHOT00Opa3Hi BayKHYI POJb
UTpaIOT ONepaTopbl KPUBHU3HBL, a Takxke TeH3op Puyuu. M3yuenue ux cBoHCTB mnpen-
CTaBJseT HHTepec JMJs MOHHMAaHUS TeOMEeTPUYECKOrO0 M TOIOJOTHYECKOTO CTPOEHUS
OZHOPOJHOTO pUMaHOBa mpocTpaHcTBa. KccnenoBanuio MHOroo6pasuil DHUHILTEHHA,
JIOKaJIbHO-CUMMeTPHUeCKUX, PUudn-napaJsienbHbIX U KOHPOPMHO-TIJIOCKUX MHOT000pasni
NOCBSILLEHbl PabOThl MHOTMX MaTeMaTHKOB. PHMaHOBBEI JIOKaJbHO CUMMeTpPHYeCKHe
npoctpaHctBa BBefeHbl [I. A. IllupokoBeim u 3. KapranoMm. B Hacrosiiee Bpems
UX TeoMeTpusl MpecTaBjsieT COOOH OOIIMPHYI W OOraTyio NPUJIOKEHUSIMH TEOPHUIO.
EctecTBeHHBle 0060011eHUS CUMMETPUUECKUX TMPOCTPAHCTB MPUBEJNH K IPYTUM, HE MeHee
UHTEPECHBIM KJacCaM PUMAHOBBIX NPOCTPAHCTB, ONHHM H3 KOTOPBIX SIBJISIETCA KJacc
PHMaHOBBIX MPOCTPAHCTB C MapaJJie/bHbIM TeH30pOM PHyuM, Teopus KOTOPHIX CBOAMTCH
K TeOpUH DUHIITEHHOBBIX MPOCTPAHCTB.
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OUHILITEHHOBBl MHOro0o0pa3ust B TMOCJENHHE [eCATHUJIETHS TakKkKe CTald OObek-
TOM MHOTOYHMC/EHHbIX HccyaenoBanuil (B kHure A. Decce [1] cobpanbl hakThl
Mo SUHIITEHHOBBIM MHOr000pa3usiM, MOJyueHHble pAa3JWYHBIMH aBTOPaMH, CM. TaK-
ke 0030p M. Bana [2]). MHoromepHbM 0000I1eHHEM JBYMEPHBIX MHOT000pasuii C
JIOKAJbHO H30TEPMHUUECKOH KOOPAMHATHOH cHUCTeMOH [3] sIBJSIOTCS KOH(POPMHO-IIOC-
KHe MHOroo6pasusi (pUMaHOBBI MHOrooOpasusi, OKPECTHOCTb KayKIOH TOYKH KOTOPBIX
MOXKeT ObITb KOH(POPMHO oToOpakeHa Ha 00/acThb €BKJHIOBa TMpOCTpaHCTBa). B
TpPeXMEepHOM CJIydae Kjacc KOH(MOPMHO-TIOCKUX MHOTO0Opasuil — 3TO KJIacC PUMAaHOBBIX
MHOroo0pasuii ¢ HyJeBbIM TeH30poM KoTToHa (ecsi pasMepHOCTb MHOTO0OPa3usi BBIILE
TpeX — C HYJIEBBIM TeH30poM Beiissi), oH comep:KUT MHOroo6pasus DUHILTEHHA WU WX
npsiMble MPOU3BENEHHS, JIOKAJbHO CUMMETPHUYHbIE TPOCTPAHCTBA, PuU4un-mapaJiesbHble
¥ KOH(OPMHO-TJIOCKHe MHoroo6pasusi (cMm., Hampumep, [1]). B caydyae MHoroo6pasui
MOCTOSIHHOH CKaJIIPHON KPUBU3HBI KJACC KOH(DOPMHO-TIOCKUX MHOT00Opa3uil COAEPKUTCS
B KJlacCe 3HHILITEHHOBOMOAOOHBIX MHOroo6pasuit B cmbicie A. I'pes [4]. MccaenoBanuio
MHOro00pasuil yKasaHHBIX KJaccoB MocBsiieHbl pa6otsl M. A. Akwusuca, B. B. Tosba-
6epra, H. Krwoiinepa, 1. B. Anekceesckoro, b. H. Kumenbdenbna, E. 1. Ponronona,
B. B. Cnagckoro, O. KoBanbckoro, C. Hukuesuua u ap. (cMm., Hanpumep, [5-8]); 3anava
OMMCaHHUsI MHOT00Opa3uil Ka)K0ro THUIA He pelleHa B MOJHOM 06beMe, HO JJIsi HEKOTOPBIX
KJIACCOB TIPOCTPAHCTB TOJNyueH OTBeT (mompobHee cMm. 0630p [9]). 3amaun usyueHwus
MPOCTPAHCTB pPacCMATPHUBAEMbIX KJIACCOB IMPENCTABJAIOT UHTEPEC U B MPHUJIOKEHHUSIX, Ha-
MpUMep, B 3aadax reoPpU3UKH.

B nanHoii paboTe HcC/enyIOTCsS reoMeTpUUecKHe CBOHCTBA TPeXMEPHBIX PUMAaHOBBIX
OIHOPOIHBIX MPOCTPAHCTB, MPHUBENEHbl OCHOBHBIE (DAKTHl MO YKa3aHHBIM MPOCTPAHCTBAM
¥ MX KJaccH(UKalus, Aajnee u3ydeHa reoMeTpUsi KaxKJIOro KJjacca, a UMEeHHO A/ BCeX
TPeXMepPHbIX PUMAaHOBBIX OJHOPOAHBIX MPOCTPAHCTB BLIMHUCAHBI B SBHOM BHJE CBSI3HOCTH
JleBu — UeBHTa, TeH30pbl KPUBU3HBI M KPYUYeHHs, aareOpbl rOJOHOMHH, T€H30pbl PHuun u
ompeJesieHo, B KaKUX CJy4asix MPOCTPAHCTBO SIBJsieTCs PUUYH-MI0OCKUM, DUHIITEHHOBBIM,
Puyun-napaJiesibHbIM, JIOKaJIbHO-CHMMETPHUUECKUM JIHO0 KOH(MOPMHO-TIJIOCKUM.

1. OCHOBHbIE OMNPEOENIEHUSA

[Tycte M — nuddepeHuupyemoe MHOroo6pasue, Ha KOTOPOM TPaH3UTHUBHO NeHCTBYeT
rpynna G, (M, G) — onHopoaHoe npoctpaHcTBo, (= G, — CTaGMJIH3aTOP MPOU3BOb-
HO# Touku x € M. Tlpobaema Kaaccu(HKALMKU OfHOPOAHEIX npocTpaHcTs (M, G) paBHo-
CHJIbHA KJaccH(HMKALMK (C TOYHOCTHIO 10 3KBHMBajgeHTHocTH) nap rpynn Jlu (G, G), rae
G C G, Tak kaK MHoroo6pasue M MoXKeT GbITh OTOXKAECTBJIEHO C MHOF00OPa3HeM JeBbIX
cMexHbIX KjaaccoB (/G (cm., nanpumep, [10]). Msyuas omHopoaHble NpOCTPaHCTBA,
BaXKHO paccMaTpuBaTh He caMmy rpynny G, a ee o6pas B Diff(M), npyrumu cioamu,
JOCTAaTOYHO paccMaTpUBaTh TOJNBKO 3(P(heKTHUBHbIe AeHcTBUs Tpynnbl (G HAa MHOro006-
pasuun M.

[lycts g — anre6pa Jlu rpynnel Jlu G, a g — nogasre6pa, COOTBETCTBYIOLIAS TOJI-
rpynne G. [lapa (g, g) anre6p Jlu HaseiBaetcs agpgpexmusroii, ecaun nopanredbpa g He
CONEPXKUT OTJIHYHBIX OT HYJs HAeanoB g. B nanbHeliiem Oymem mnpeanosaraTb, 4ToO
(G — cBsi3Has MOATPYIIA, YTO BCEr1a MOXKHO Clie/1aTh, OTPAHHUMBAsACH JOKAJIbHOH TOUYKOH
3penusi. HMsomponnoe Odeticmsue tpynnsl G Ha T, M — 3T0o (axkTopaeHCTBHE MNPHUCO-
enuHeHHoro gedictBusi G Ha g: s.(z + ¢g) = (Ads)(x) + g, nas Beex s € G,z € g. [lpu
3ToM anrebpa JIu g meficTByeT Ha KacaTesJbHOM mpoctpaHcTBe T,M = g/g cienymonm
obpasom: z.(y+g) = [z,y]+g nas Bcex z € g,y € g. [1apa (g, g) Ha3blBaeTCs U30MPONHo-
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MOuMOL, €ClM TOYHO H30TPOMHOE TpeacTaBjeHre mnopanredpsl g. C reoMeTpuyecKod
TOUKHM 3DEHMS 9TO 03HAYaeT, uTO ecTeCTBeHHoe AeHCTBHe cTabuauzatopa G, MPOH3BO-
JbHOU TOUKU © € M Ha T, M umeeT HyJeBoe fAPO.

[cesdopumaroso 0dropodroe npocmparcmeo 3anaercs Tpoikoi (G, M, g), rne G —
cBsiHast rpymnna JIu, M sBAsieTCs CBSI3HBIM TJIAJKUM MHOTO00OpAsHeM C TPaH3UTHBHBIM
neiicteuem G, a g — MHBapUaHTHas NCeBIOPMMaHOBa MeTpuka Ha M. MHBapuaHTHble
MCeBIOPUMAHOBbl METPUKH g Ha M HaxXomsTCs BO B3aHMHO-OJHO3HAUHOM COOTBETCTBHH
C MHBAapUAaHTHBIMH CHMMETPUYECKMMH HEBBIPOXKIEHHBIMH OHJHHEHHBIMH (opMamu B
Ha G-monyne g/g [11]. Bununeitnas ¢opma B TakxKe SIBJsieTCS WHBAapHaHTHOH Ou-
JMHelHO# (opmol Ha g-monyne g/g: B(x.vy,vs) + B(vy,x.09) = 0 s Bcex z € g,
vy, vy € §/g. Kaxpoe ncesnopumanoBo ogHopoaHoe npoctpanctso (G, M, g), codimg g < 4
omnHMChIBaeTcsi TPoHKoU (g,g, B), rae (g,9) — 3ddekrtuBHas napa anrebp Jlu, a B —
MHBapHaHTHass CUMMeTPHUHAsi HEeBbIPOXKIeHHasi OuJuHelHasi (opMa Ha g Mmomyne g/g.
CyliiecTByeT eIMHCTBEHHOE (C TOYHOCTBIO N0 3KBHBAJEHTHOCTH) MCEBIAOPHMAHOBO OIHO-
ponHoe mpoctpancTeo (G, M, g), cooTserctBylomee (g, g, B), Takoe, uTo M OIHOCBA3HO
u G cBssna [12]. Bynem HasbiBaTh TPO#KY (g, g, B) 10KkarvHo ncesdopumarnosoim 00HO-
poOrbIM npocmparcmeom. Tam, Tie 3T0 He OyaeT BbI3bIBAaTb PA3HOUTEHHs, OYIeM OTOXK-
[eCTBJSATh MOANPOCTPAHCTBO, IOTMOJHUTENbHOE K § B §, U (PaKTOPIPOCTPAHCTBO M = §/g.

2. TPEXMEPHbIE PUMAHOBbI OOHOPOOHBbIE MPOCTPAHCTBA

TpexMepHble PUMAaHOBBI OQHOPOIHBIE TPOCTPAHCTBA OMHUCHIBAIOTCS B padote [12]
(mceBnopumaHoBbl — B pabote [13]):

Teopema 1. [lycmo (§,9,B) - mpexmepHoe AOKAALHO DPUMAHOBO OO0HOPOOHOE
npocmparcmeo u g # {0}. OHO IK8UBANEHMHO MOALKO OOHOL U3 CALOYIOULUX MPOEK:

1.3.1X=0g=(s0(2) KR?) xR, g=s50(2)

€1 Uy Uz Ug
el 0 —us u; O ee 0 O
Uy | U 0 0 0, B=10 e 0|, e1,e0==1
Uy | —Up 0 0 0 0 0 e
U3 0 0 0 O
1.3.2Xx=0
e1 Uy Uy  Us
e1 0 —Uy Uy 0 e 00
wup | Usg 0 0  wu, B=10 0], e==+1,a#0;
Uy | —Ug 0 0 Uy 0 0
U3 0 —u; —us 0
1.3.3 g=sl2,R) xR
€1 Uy U2 Uus
el 0 — Uy Uy 0 a 0 0
Uy | U 0 ettus 0, B=10 a 0], ab#0;
Uy | —U] —e1 — Us 0 0 0 0 b
U3 0 0 0 0
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1.3.4 g=su(2) xR

€1 Uy U2 usg
er | 0 —Us Uy 0 a 0
up | U 0 —e;+us O B=|0 a 0}, ab#0;
Uy | —U] €] — U3 0 0 0 0 b
ug | 0 0 0 0
1.3.5 g=sl(2,R) xR, g=s0(2)
€1 Uy Uz Uz
€1 0 —uy up 0 a 0 0
up | Uy 0 er 0, B=10 a , a#0,e==+1;
Uy | —u; —e; 0 0 0 0
ug | 0 0 0 O
1.3.6 g =su(2) xR, g =s0(2)
€1 Uy U2 U3
€1 0 —up w0 a 0
up | Uus 0 —e 0, B=10 a 0|, a#0,e==1;
Uy | —UT € 0 0 0 0
ug | 0 0 0 0
1.3.7
€1 Uy Uz Uz
e1 0 —uy wuy O e 00
up | U 0 wus 0, B=10 ¢ , e==21,a#0;
up | —u; —uz 0 0 0 0
ug | 0 0 0 O
3.5.1 g=50(3) AR3, g=1s50(3)
e1 €9 €3 Uy Uy U3
el 0 e3 —ey —U3 0 w
ey | —es 0 er —Uy  Up 0 1 0
es €9 —eq 0 0 —us U , B==x=10 1 ;
up | us Us 0 0 0 0 0 1
Usy 0 —u;  Us 0 0 0
us | —uy 0 —Usg 0 0 0
3.5.2 g =s0(4) = su(2) x su(2), g=-s0(3) = su(2)
e1 €9 e3 Uy Uy U
el 0 es —ey —us 0 U
ey | —es 0 er —Us U 0 a 0 0
es | es  —e 0 0 —U3 U , B=10 a 0], a#0;
up | us Us 0 0 ey e 0 0 a
Us 0 —U; U3  —€y 0 es
Uz | —uq 0 —uy —ey —esz 0
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3.5.3 g=s0(3,1), g =s0(3) = su(2)

€1 €2 €3 Uy Ug Uus
el 0 e3 —ey —ug 0 Uy
ey | —es 0 er  —Us Uy 0 a 0 0
es | es —e 0 0 —us Uy B=|0 a 0], a#0
uy | U U9 0 0 —ey  —e 0 0 a
U9 0 —Up Us €9 0 —E€3
Uus | —Uy 0 —Uuz € es 0

30eco ¢; (i = 1,3) — 6asuc g, uy, us, Uz — 6AZUC M, HYMEPAUUS NAP COOMBEMCMEYem
npusedernnoti 8 [14].

3. TEOMETPUA TPEXMEPHbIX PUMAHOBbIX OOHOPOOHbIX
NMPOCTPAHCTB

AdduHHOI cB3HOCTBIO Ha mape (g, g) Ha3biBaeTcs Takoe oToOpaxeHue A : g — gl(m),
UTO €ero OrpaHWYeHHe Ha @ €CTb M30TPONHOE MpeacTaBieHHe Momanredpol, a Bce
oToOpaxeHHe sABJISETC g-HHBApUAHTHBIM. TeHsopbl Kpydenus 1 € InvTh'(m) w
KpuBM3Hb R € InvTy'(m) nas Becex 7,y € § HMEIOT, COOTBETCTBEHHO, BHJL
T(2m, Ym)=A2) Yy A (Y) 2t 2, Yl B(Tm, ym)=[A(2), A(y)H\([2, y]). Pumarosa ceasnocme,
COOTBeTCTByMOlas (opMe B, HAXOAUTCS U3 COOTHOLIEHHUS

Ay = 5l -+ (1),

rne 2B(u(z,y),z) = B(x,[z,ylm) + B([z,2|m,y) mas Bcex x,y,z € m. CyllecTByer
eIUHCTBEHHAsi pUMaHOBA CBA3HOCTb 0e3 KpyuyeHusi, HasbiBaemasi Jlesu — Hesuma
CBA3HOCMDBIO.

Tensop Puyun onpenesnsiercss yepes TeH30p KPUBHU3HBI CJEAYIOLIMM 00pa3oM:

Ric(z,y) = tr{z = R(z, 1)y},

rie x, Yy, # — IPOU3BOJbHbIE KacaTesbHble BEKTOPbl HA MHOTOOODPA3HH.

C rteHsopoM Puuun cBSI3aHO HECKOJbKO TeOMeTPUYeCKHX CBOHMCTB MHOrooOpasusl.
MHoroo6pasue (M, g) HasbiBaeTcss Puuuu-naockum, eCcind TeH3op PUddm TOXIeCTBEHHO
paBeH Hy/0. bosee obuiee ycnoBue — MHorooGpasue siasercs JhHulmeilnHosovim, ec-
au Ric = A\g n/1d HekoTOpoH KOHCTaHTbl A. ¥YcnoBue Puuuu-napasresvrocmu —
KOBapHaHTHasl NIPOU3BOAHAA TeH30pa Puuun paBHa Hymo. Ecin KoBapuaHTHast IPOU3BOL-
Hasl TeH30pa KPUBU3HbI paBHa HyJ0, T.e. A(R) = 0, MHOroo6pasue Ha3bBaeTCs AOKAALHO
CUMMEMPULECKUM.

KoHdopmHO-nIIockue MHOroo6pasuss — MHOroo6pasusi, OKPeCTHOCTb KaXKAOW TOUKH
KOTOPBIX MOXKET ObITb KOH(POPMHO OTOOpaxKeHa Ha 00J1acTh €BKJMWAOBA MPOCTPAHCTBA.
Ecan pasmepHocTb MHOrooOpasusi He MeHee ueThbipeX, TO MHOrooopasue fBJseTCs KOH-
(hOpPMHO TJIOCKUM TIpH PaBEHCTBe HYJIO TeH3opa Beiins

W(:L‘7 Y, %, U) = R(ZL’, Y, %, U) + R/Q{g(l’, U)g(y’ Z) - g(l’, Z)g(y7 U)} - {g(l‘, ’U) Ric(yv Z)_
- RiC(.T, Z)g<y7 U) + RiC(l’, U>g(y7 Z) - g(&l, Z) RlC(g, ’U)},

rie =, y, z, v — IPOWU3BOJIbHBIE KacaTesbHble BEKTOpbl Ha MHoroo6pasuu (a R —
cKaJsipHasi KpuBHU3HA). B pasmepHocTH Tpu TeH30p Bellsisi Bcerma paBeH HYJIO, BMECTO
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Hero npuMmeHsiercs: TeHsop KortoHa (reHsop CxoyreHa — Befinist), KoTopblii Ha pUMaHOBOM
MHOroo0pasnu 3aaeTcsl KaK TeH30p 3-TO paHra, ornpeaessieMblid ¢ TTOMOLIbIO METPHUKH:

C(z,y, z) = V, Ric(z,y) — V, Ric(z, ) + (VyRg(z,z) — V.Rg(z,y)),

2(n—1)

rae x,y,z € m. B paaMepHOCTH TpHU paBeHCTBO HyJI0 TeH3opa KoTToHa siBsisieTcst Heo6xo-

IUMBbIM H IOCTATOYHBIM YCJIOBHEM TOr0, YTO MHOroobpasue xorgopmro-niockoe [15].
Pryuu-nsnockue, diHIITeHHOBE, PU4yun-napasenpHele, JOKaJbHO-CUMMETPHUUECKHE U

KOH()OPMHO-IIJIOCKHE TIPOCTPAHCTBA OMHUCBHIBAIOTCS B CJEAYIOIIEH TeopeMe.

Teopema 2. [lycmo (g,9, B) — 00HO u3 mpexmepHoLX AOKAALHO DPUMAHOBLLX
00HOPOOHBLX  npocmparcms, npedcmasienHolx 6 meopeme 1. Puuuu-naockue,
JuHwmetinosel, Puuuu-napanrrenvrvie, A0KANbHO-CUMMEMPUUECKUE U  KOHGOPMHO-
nAoCKUe npocmpancmesa gvlnucarnsv. 8 maba. 1 u 2.

Tabauya 1 / Table 1
Puuun-niockue, DUHIITEHHOBE U Pruudn-napaJienbHble NPOCTPAHCTBA
Ricci-flat, Einstein and Ricci-parallel spaces

[Tapa | Puuuu-niockoe OUHILITEHHOBO Puyuun-napannensHoe
Pair Ricci-flat Einstein Ricci-parallel
1.3.1. na / yes na / yes (A =0) na / yes
1.3.2 HeT / no na / yes (A= —2/a) na / yes
1.3.3 HeT / no npu / for b= —a (A = —1/(2a)) npu / for b= —a
1.3.4 HeT / no npu / for b=a (A =1/(2a)) npu / for b=a
1.3.5 HeT / no HeT / no na / yes
1.3.6 HeT / no HeT / no na / yes
1.3.7 HeT / no HeT / no HeT / no
3.5.1 na / yes na / yes (A =0) na / yes
3.5.2 HetT / no na / yes (A= —2/a) na / yes
3.5.3 HeT / no na / yes (A =2/a) na / yes

Tabauya 2 / Table 2
Jloka/bHO-CHMMeTpUYecKHe U KOH(OPMHO-TIJIOCKHE TPOCTPAHCTBA
Locally symmetric and conformally flat spaces

[Tapa | Jloka/abHO-CUMMeTpPHYECKOE KonpopmHo-miockoe

Pair Locally-symmetric Conformally-flat

1.3.1. na / yes na / yes (R=0)

1.3.2 na / yes na / yes (R= —6/a)

1.3.3 npu / for b= —a npu / for b= —a (R = —(b+ 4a)/(2a?))
1.3.4 npu / for b=a npu / for b= a (R = (4a — b)/(2a?))
1.3.5 na / yes na / yes (R=-2/a)

1.3.6 na / yes na / yes (R=2/a)

1.3.7 HeT / no Her / no (R = —a/2)

3.5.1 na / yes na / yes (R =0)

3.5.2 na / yes na / yes (R = —6/a)

3.5.3 na / yes na / yes (R=6/a)
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HMoxka3areabctBo. [lockosnbKy orpanHudenue A : g — gl(m) Ha g ecTb H30TPOIMHOE
npeicTaBjieHHe Moaanre6pbl, CBI3ZHOCTb OJHO3HAYHO OMpeessieTcss CBOMMH 3HAUEHHSMH
Ha m. Dynmem BemucbBaTh ee uepe3 o6pasdbl 6asUCHBIX BeKTOPoB A(u1), A(uz), A(us),
TeH30p KPUBH3HBI IR OyleM BHIUCBIBATb €ro 3HaueHusMu R(uy,us), R(ui,us), R(ug,us),
a kpydeHust 7' — ero sHadeHUsMH T (u1, ug), T(u1,us), T (ug, us).

Paccmorpum, Hanmpumep, caydait 1.3.3. Addunnas cBssHocTh uMeeT Bua [12] (1o
YMOJYaHHUIO BCe MapaMeTpbl MpuHaaiexat R)

0 0 pis 0 0 —px rin riz 0
0 0 pa],{ 0O 0 piz|,|-T2 ™ O
31 P32 0 —ps2 ps1 0 0 0 73
CasiHoCTb siBJsieTcst cBsisHOCTbIO JleBr —UeButa (A(2)ym = i[z,ylm + u(z,y), rae

2B(u(z,y), z) = B(z, [2,Y|m) + B([z, %]m, y)) TpH BEIIOJHEHUH CJIEIYIOMINUX YCJIOBUH:
2p31b =0, (2p3a—1)b = 0, 2p13a = 0, 2paza+b = 0, —(2p3a—1)b = 0, 2p31b = 0, —2pa3a—b=0,
2p13a = 0,2r11a =0, —2r1a +b=10,2r9a —b=0,2r;1a =0, 2r33b = 0.
TOI‘,U,a P13 = 0, P23 = _b/<2a)7 P31 = 0, P32 = 1/2, r1 = 0, T2 = b/(2(l>, T3z — O, a
CBSI3HOCTb MMeeT BHJ, MPeACTaBJeHHbIH B TabJ. 3.
Tabauya 3 / Table 3
Addunnble casHoctn / Affine connections

[Tapa / Pair Addunnas ceasnocts / Affine connection
1.3.1 HyneBasi / zero
0 0 1 0 0 0 0 0 0
1.3.2 0 0 0,10 0 11,10 0 0],
—e/a 0 0 0 —¢/a 0 0 00
0 0 0 0 0 b/(2a) 0  b/(2a) 0
1.3.3 0 0 —b/@)l|l.| o o o |,|-b/20 o0 o0f,
0 1/2 0 ~1/2 0 0 0 0 0
0 0 0 0 0 b/(2a) 0  b/(2a) 0
1.3.4 0 0 -b/@)l|.| o o o |,|-b/2 0o o0f,
0 1/2 0 ~1/2 0 0 0 0 0
1.3.5, 1.3.6 HyJeBasi / zero
0 0 0 0 0 as/2 0 ag/2 0
1.3.7 0 0 —ag/2], 0 0 0 , | —ag/2 0 0],
0 1/2 0 ~1/2 0 0 0 0 0
3.5.1-3.5.3 HyJsieBast / zero

Tensop kpuBH3HB R(Tw,Ym) = [A(x),A(y)]—A([z,y]) wHBapuanTHOH adduHHOH
CBSI3HOCTH:

—P13P32tP23P31—T11 P13Ps1tPasps2—1—rio 0
R(u, uz) = | =pasps2—pispsi+ 14712 —P1sPse+D2sPs1 — 711 0 )
0 0 —2p23p31+2p13P32 — 7133
0 0 P137'33 —T'11P13 —T12D23
R(u1,us) = 0 0 P23r33+T12P13—T11P23 |
31711 —P32T12 —T33P31  P317T12FP32711 —1'33P32 0
0 0 —P23T'33 —T12P13+T11D23
R(uz,u3) = 0 0 P137'33 —T'11P13 —T12P23
~P32T11 —P31T12 T 733P32  P31711 —P3212 —T'33P31 0
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Tensop kpydeHUs T(Zm,Ym) = A(Z)Ym —A(Y)Tm—[z,y],, umeer BuL T'(ui,uz) =
= (0,0,2p30—1), T'(u1,u3) = (p13—7r11, P23 +712,0), T (ua, u3z) = (—pag —ri12, p13—7r11,0)
s cBsisHocTH JleBr — HeBUTa TeH30p KPUBU3HBI IPUMET BU[, NIPeCTaBAEHHBIN B Ta0J1. 4,
a TEeH30p KPy4eHMSs HYJeBOH.

Tabauua 4 / Table 4
Tensopsl kpuBu3Hbl / Curvature tensors

[Tapa / Pair Tensop kpususnbl / Curvature tensor
1.3.1 HyJIeBOK / zero
0 —¢/a O 0 0 -1 0 0 0
1.3.2 e/a 0 01, o o0 O0}],10 0 -17,
0 0 0 e/a 0 0 0 ¢/a 0
0 —(3b+4a)/(4a) 0 0 0 b?/(4a®)
1.3.3 (3b + 4a)/(4a) 0 0], 0 0 0 ,
0 0 0 —b/(4a) 0O 0
0 0 0
0 0 v?/(4a?) |,
0 —b/(4a) 0
0 (—3b+4a)/(4a) 0O 0 0 b?/(4a?)
1.3.4 (3b — 4a)/(4a) 0 0], 0 0 0 ;
0 0 0 —b/(4a) 0O 0
0 0 0
0 0 b2/ (4a?) |,
0 —b/(4a) 0
0 -1 0 0 0 O 0 0O
1.3.5 1 0 0,10 0 0,0 O O},
0 0 O 0 0 O 0 0O
0 10 0 0 O 0 0 0
1.3.6 -1 0 0,10 0 O),|0 O O},
0 0 0 0 O 0 00
0 —3sa/4 0 0 a®/4 0 0 0
1.3.7 3ea/4 o |,[{o o0 a%/4]|,
0 —5a/4 0 0 0 —ea/4 O
3.5.1 Hy/IeBOH / zero
-1 0 0 0 -1 0 0 O
3.5.2 1 0 0),]0 0 O {,|O -11,
0 0 1 0 O 0 0
0 1 0 0 0 1 0 0 O
3.5.3 -1 00,10 O0O0O)],10 O 1],
0 0 0 -1 0 0 0 -1 0

Ancebpa Jlu epynnol e010HOMUL UHBAPUAHTHOU cBsisHOCTH A : g — gl(3,R) Ha nape
(g,9) — 310 nonanre6pa anredpsl Jlu gl(3,R) suna V + [A(g), V] + [A(g), [A(g), V] + ...,
rae V' — nmoampocTpaHCTBO, nopoxkaeHHoe MHOKecTBOM {[A(x), A(y)] — A([z,y])|z,y € g}

[IpsiMBIMH BBIYHC/IEHHSIMH TOJydaeM, uTO ajredpa rOJOHOMHH HMeeT BHJ, MPEeACTaB-
JeHHbl# B Tabs. 5. Torma tensop Puuum Ric(x,y) = tr{z — R(z,x)y} npumer Buz
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Ric =

[p23p32 +P13P31—1—T12—P31711 +P32r12 -+ 1733031

P13P32—P23P31 +Tr11—P31712—P32711 +733P32

0

=| —P13P32+DP23P31—7T11+P32711 +P317T12—733P32 P23P32+P13P31—1—T12—Pp31711 +Pp32r12+7133p31 O,

0

0

H

raoe H = 2])137’33—27"11]?13—27’12p23‘ C.HeILOBaTe.HbHO, npua pi3 = O, P23 = —b/(QG), P31 = O,
p32 = 1/2, 111 = 0, 112 = b/(2a), r33 = 0 (a5 cBsazHoctH JleBu — UeBnra) TeHsop Puyun
MMeeT BHM, TMPeICTaBJeHHBId B Tab/. 6, a MPOCTPAHCTBO He sBJseTCs PHUUH-MIOCKHM

(Tak Kak TeH3op Puyuu He paBeH HYJIIO).

Tabauya 5 / Table 5

Aunre6pnl rosonomun / Holonomy algebras

[lapa | Aunrebpa romoHomun | [lapa Anrebpa rosoHoMun
Pair Holonomy algebra Pair Holonomy algebra
1.3.1 HyneBasi / zero 3.5.1 HyneBasi / zero
0 —p1 —(b/a)p2 0 —p1 —(b/a)ps
1.3.3 p1 O —(b/CZ)p?; 1.3.4 pr O —(b/a)p3
P2 p3 0 P2 p3 0
0 —p1 O 0 —p1 O
1.3.5 pr 0 0 1.3.6 ppr 0 O
0 0 0 0 0 0
0 —p1 —eaps 0 —p1 —eaps
1.3.7 pr 0  —eaps 1.3.2 p1 0  —eaps
P2 P3 0 P2 Dp3 0
0 —p1 —p2 0 —p1 —p2
3.5.2 pr 0 —ps3 3.5.3 pr 0 —ps
p2 p3 0O p2 p3 O
Tabauya 6 / Table 6
Tensoper Puyun / Ricci tensors
[Tapa Tenzop Puuun [Tapa Tenszop Puuun
Pair Ricci tensor Pair Ricci tensor
1.3.1 Hy/neBoOH / zero 3.5.1 HyJIeBOK / zero
—(b+2a)/(24a) 0 0 -1 0 0
1.3.3 0 —(b4+2a)/(2a) 0 1.3.5 0 -1 0
0 0 b2/ (2a2) 0 0 0
(—b+2a)/(2a) 0 0 100
1.3.4 0 (—b4+2a)/(2a) 0 1.3.6 010
0 0 b%/(2a?) 000
—ea/2 0 0 —2/a 0 0
1.3.7 0 —ea/2 0 1.3.2 0 —2/a O
0 0 a?/2 0 0 -2
-2 0 0 2 00
3.5.2 0 -2 0 3.5.3 0 20
0 0 -2 0 0 2
Marematrixa
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Jlst cBssnocTH JleBu — YeBuTa

—(b+2a +2Xa?)/(2a) 0 0
Ric—AB= 0 —(b+2a+ 2Xa?)/(2a) 0 ,
0 0 —b(—b+ 2Xa*)/(2a?)
T.e. IpH A = —1/(2a) u b = —a npoctpaHcTBo HHIITEHHOBO (MocKoIbKY Ric = AB).

[IpoctpancTBo siBasiercst Puudn-mapassiesibHbIM, €ClH KOBapHaHTHAsi MPOM3BOIHAS
TeHsopa Puuuu paBHa Hymio, T.e. ecar b(a + b)/(2a*) = 0, a JIOKaJIbHO CHMMETPHYECKHUM
npu A(R) =0, 1.e. mpu b(a + b)/(2a) = 0. CkanspHasi KpUBH3HA

R = —2(—bpaspsa—bp13p31+b+bria+bpsi r11—bpsario—ps1 bras—apisrss+pisarii+pazarie) / (ab),

nast casHoctu Jlesu — Uesuta R = —(b+4a)/(2a*). [IpocTpaHCcTBO SIBJASIETCSH KOHPOPMHO-
MJIOCKAM TpPU paBeHCTBe HyJio TeHsopa Korrona, masi cesasHoctu JleBu — UeBura mo-
aydaem, uto b(a + b)/a* =0, T.e. b= —a.

AHanoruuyHO paccMOTpPUM Temepb, Hampumep, caydad 3.5.2. AdduHHAas CBA3HOCThb
umeet Bun [12]

0 0 0 0 0 —pos 0 pa3 O
0 0 pas], 0 0 0 ; —paz 0 O
0 —peg O 23 00 0 0 0

CBsi3HOCTB siBJisieTcsi ¢BsI3HOCTBIO JleBu —UeBnTta npu 2poza = 0, torma poz = 0, oHa
UMeeT BHJ, TNpencTaBieHHbIH B Tabs. 3. TeH30p KPHUBH3HBI MHBAPUAHTHOH ap(HUHHOH
CBSI3HOCTH:

0  —p3—10 0 0 —piy—1 0 0 0
pas 41 0 0], 0 0 0 ., o0 —pk-1
0 0 0 2,+1 0 0 0 p3;+1 0
Tenszop kpyuennss — (0,0, —2pa3), (0,2p23,0), (—2p93,0,0). dnas ceasHoctu Jlen —

UeBUTa TeH30p KPHUBHU3HBbI TNPUMET BUM, NpeACTaBJeHHbIH B Tabs. 4, TE€H30p KpyuyeHHs
HYJIeBOH, a anrebpa roJOHOMHH MMeeT BUI, NpeacTaBjieHHbIH B Taba. 5. TeHsop Puyun —

Ric = 0 —2p2, — 2 0 ,

T.€. IPOCTPAHCTBO He SIBJseTCs PUUYM-TNIOCKUM NpU pog = 0 (MOCKOMBKY TeH3op Puuun
He paBeH HYJI0), TeH30p Puuun masi csisaHocTH JleBu — YeBurta BbimucaH B Taba. 6. Cka-
AsipHast KpuBM3Ha R = 3/a(—2p3, —2). Haxomum Ric —AB. OueBuaHo, uto npu A = —2/a
(1 pog = 0) mpocTpaHcTBO DUHIITEHHOBO. Takxke mosydaem, uto (mjs CBA3HOCTH JleBH —
YeBuTa) NpoCTPaHCTBO siBJAseTcs PUYum-napassenbHBIM, JOKaJbHO CHMMETPHUECKHM H
KOH(OPMHO-IIJIOCKUM (cKa/sipHast KpuBu3Ha R = —3/(2a)).

OcraJ/ibHblE CIyYad pacCMaTpUBAIOTCS aHAJOTHYHO.

[IpsiMBIMU BBIUMCJIEHHUSIMH /151 BCEX PUMAHOBBIX OJHOPOAHBIX MPOCTPAHCTB MOJYYaeM,
yto cBA3HOCTH JleBu —YeBuTa HMeIOT BHI, NpHUBeNeHHbIH B Taba. 3, a HUX TEH30pHI
KPUBHU3HBI — BHJ, NMPHUBEIeHHbIH B Tabs. 4 (TeH30pbl KpydeHHs BO BCeX CJydasix Hy-
JIEBLIE).

Aure6pbl TOJIOHOMMH YKa3aHHBIX CBSI3BHOCTEH MpUBeIeHbl B TabJ. 5.

Tensoper Puuun Ric(z,y) = tr{z — R(z,2)y} yKasaHHBIX CBSI3HOCTeH NpPHBELEHH! B
tabJ. 6, ckanspHble KPUBU3HBl R — B TabJ1. 2. U
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3AKJTIOYEHUE

Takum o6pa3om, [Js1 BCeX TPeXMePHBIX PUMAHOBBIX OJHOPOAHBIX MPOCTPAHCTB OIpe-
NieJIeHO, TIPU KAaKUX YCJOBHUSIX MPOCTPAHCTBO SBJSiETCS PUYUH-TIIOCKUM, DUHIITEHHOBBIM,
Puyuu-napasnsenbHbIM, JIOKAJbHO-CHMMETPHUECKHM WJIH KOH(pOPMHO-MJIocKUM. Kpowme
3TOro, OJisi BCeX YKa3aHHBIX MPOCTPAHCTB BLIMHCAHBI B SIBHOM BHJE CBSI3HOCTH JIeBH —
YeBuTa, TEH30pbl KPUBU3HBI M KpyudeHHs, ajredpbl rOJOHOMHH, CKaJsipHble KPUBHU3HHI,
TeH3opbl Puuun. [losydyeHHBle pe3ynbTaThl MOTYT HAaHTHU NPUOXKEHUS B MaTeMaTHKe H
(hu3MKe, TOCKOJbKY MHOTHe (hyHIAaMeHTaJbHble 3afladd B 3THX 00JACTAX CBOASTCSH K
M3yUeHHUI0 HHBAPUAHTHBIX 00BEKTOB Ha OIHOPOAHBLIX MPOCTPAHCTBAX.
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The problem of establishing links between the curvature and the topological structure of a mani-
fold is one of the important problems of geometry. In general, the purpose of the research of
manifolds of various types is rather complicated. Therefore, it is natural to consider this prob-
lem for a narrower class of pseudo-Riemannian manifolds, for example, for the class of homo-
geneous pseudo-Riemannian manifolds. The basic notions — such as an isotropically-faithful
pair, a pseudo-Riemannian homogeneous space, an affine connection, curvature and torsion
tensors, Levi—Cevita connection, Ricci tensor, Ricci-flat space, Einstein space, Ricci-parallel
space, locally-symmetric space, conformally-flat space — are defined. In this paper, for all three-
dimensional Riemannian homogeneous spaces, it is determined under what conditions the space
is Ricci-flat, Einstein, Ricci-parallel, locally-symmetric or conformally-flat. In addition, Levi—Cevita
connections, curvature and torsion tensors, holonomy algebras, scalar curvatures, Ricci tensors
are written out in explicit form for all these spaces. The results can be applied in mathematics and
physics, since many fundamental problems in these fields are reduced to the study of invariant
objects on homogeneous spaces.

Keywords: transformation group, Riemannian manifold, Ricci tensor, Einstein space, conformally-
flat space.
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Universal graphic automaton Atm(G, G') is the universally attracting object in the category of auto-
mata, for which the set of states is equipped with the structure of a graph G and the set of output
symbols is equipped with the structure of a graph G’ preserved by transition and output functions
of the automata. The input symbol semigroup of the automaton is S(G, G’) = End G x Hom(G, G’).
It can be considered as a derivative algebraic system of the mathematical object Atm (G, G') which
contains useful information about the initial automaton. It is common knowledge that properties
of the semigroup are interconnected with properties of the algebraic structure of the automaton.
Hence, we can study universal graphic automata by researching their input symbol semigroups.
For these semigroups it is interesting to study the problem of definability of universal graphic auto-
mata by their input symbol semigroups — under which conditions are the input symbol semigroups
of universal graphic automata isomorphic. This is the subject we investigate in the present paper.
The main result of our study states that the input symbol semigroups of universal graphic automata
over reflexive graphs determine the initial automata up to isomorphism and duality of graphs if the
state graphs of the automata contain an edge that does not belong to any cycle.
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INTRODUCTION

One of the main trends of the modern algebra is the generalized Galois theory, the
basis of which was laid in the research of E. Galois and which is devoted to the study of
mathematical objects by means of some derivative algebraic systems connected with the
objects in a special way. Various algebraic systems, topological spaces, formal languages
and many others were considered as initial mathematical objects, and automorphism
groups and endomorphism semigroups of algebraic systems, homeomorphism groups
and semigroups of continuous transformations of topological spaces, syntactic monoids
of formal languages and many others were considered as derivative algebraic systems.
Such studies for automorphism groups of algebraic systems, endomorphism semigroups
of graphs, endomorphism rings of modules, and other derivative algebraic systems were
very successfully carried out by B. I. Plotkin [1], A. G. Pinus [2,3], L. M. Gluskin [4,5],
Yu. M. Vazhenin [6,7], A. V. Mikhalev [8] and many other algebraists. S. Ulam in his
well-known book [9] has mentioned the problem of characterization of mathematical
objects by their endomorphisms and automorphisms.
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The generalized Galois theory also includes studies of structured automata, in which
the systems of states and output symbols are objects of some category K (see, for
example, review in [10]). In this case an automaton is considered as an initial mathe-
matical object and the semigroup of input symbols is considered as a derivative algebraic
system. For example, L. M. Gluskin, Yu. M. Vazhenin and other authors (see, review
in [11]) investigated the endomorphism semigroups of graphs that can be considered
as graphic semi-automata (i.e. automata without output symbols, for which the state
systems are objects of the graph category Gr). In particular, Yu. M. Vazhenin in his
studies [7] considered graphic semi-automata for graphs that contain an edge which
does not belong to any cycle. The main result of the paper states that such graphic
semi-automata are completely determined (up to isomorphism and duality of graphs) by
their semigroups of input symbols.

In this paper we generalize this result for graphic automata, in which the systems of
states and output symbols are objects of the graph category Gr. For any graphs G, G,
in the category of all graphic automata with the state graph G and the output symbol
graph G’ there exists the universally attracting object Atm(G,G’) which is called a
universal graphic automata over the graphs G, G’. The main result of the paper —
Theorem 1 — states that for a reflexive graph G that contains an edge which does not
belong to any cycle and a reflexive graph G’ the automaton Atm(G,G’) is completely
determined (up to isomorphism and duality of graphs) by its input symbol semigroup.

The main result of this paper was announced in [12].

1. PRELIMINARIES

As a preliminary, we introduce some basic terminology from the theory of semi-
groups, the theory of automata and the theory of graphs that will be used and state the
necessary notation. The reader interested in further details may consult, for instance,
A. H. Clifford and G. B. Preston [13], B. I. Plotkin [10], A. M. Bogomolov and V. N. Sa-
lii [14], F. Harary [15].

Let X, Y be arbitrary sets and let p € X x Y be a binary relation. We
put domp = {z € X : (Jy € Y)(z,y) € p}, p' = {(y,2) € Y x X : (z,y) € p}.
By a mapping of a set X to a set Y, denoted ¢ : X — Y we mean a single-valued
binary relation ¢ C X x Y such that dom ¢ = X. For an element € X, the image of z
under ¢ is denoted by ¢(z). For a subset A C X, let us denote ¢(A) = {p(x) | z € A}.

A mapping ¢ : X — {x} denoted ¢, is called a constant mapping of a set X to
an element z. A mapping of a set X to itself is called a transformation of X. The
identity transformation of a set X is denoted by Ax. A one-to-one mapping ¢ : X — Y
satisfying o(X) =Y is called a bijection of X onto Y. In this case the inverse mapping
e 1Y — X is defined by the formula o= (y) = 2 & ¢(z) = .

For mappings ¢ : X — Y, ¢ : Y — Z, the composition ¢y : X — Z is defined by the
formula (py)(z) = ¥(p(x)) for z € X. Denote the Cartesian product ¢ x ¢ = p?, where
¢*(x1,22) = (p(21), (p(a2)) Tor 21,22 € X.

Following [14], by a graph we mean an algebraic structure G = (X, p), where X is a
non-empty set and p is a binary relation p C X x X that is called an adjunct relation.
The elements of X and p are called vertices and edges, respectively. The edge (z,z) € p
is called a loop. Vertices z,y € X are called adjacent if (z,y) € p or (y,z) € p.
If e = (z,y) is an edge then e is said to join the vertex x with the vertex y. Edges
e1 = (x1,11), €2 = (22,y2) are called adjacent if y; = z5. A sequence of adjacent edges
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(xo, 1), (x1,22), .\ (Tn_2,%n_1), (Tn_1,x,) is called a path from the vertex x, to the
vertex x,. In case of equality =y = z,, the path is called a cycle.

A graph G = (X, p) is called reflexive if its adjunct relation p is a reflexive binary
relation, i.e. (z,x) € p for any = € X. Further, only reflexive graphs are considered.

For a graph G = (X, p) the graph G = (X, p~!) is called the dual graph of G.

Let G = (X,p), G’ = (X',p) be graphs. A mapping ¢ : X — X' is called a
homomorphism of G to G', denoted ¢ : G — G, i the following condition holds:

(Va,y € X)((z,y) € p= (0(x),0(y)) € p').

We denote by Hom(G,G’) the set of all homomorphisms of G to G’. Obviously, for
any vertex x € X', satisfying (z,z) € p, the constant mapping ¢, : X — {z} is a
homomorphism of G to G".

A homomorphism ¢ : G — G’ is called an isomorphism of G onto G’ if ¢ is a
bijection of X onto X’ and the following condition holds:

(Va,y € X)((z,y) € p & (0(@),0(y)) € p').

An isomorphism of G onto G is called an anti-isomorphism of G onto G’ Graphs G, ¢’
are called isomorphic (respectively, anti-isomorphic) if there is an isomorphism (re-
spectively, an anti-isomorphism) of G onto G’.

A homomorphism of a graph G = (X, p) to itself is called an endomorphism of G.
We denote by End G the semigroup of all endomorphisms of G under the composition.
Obviously, the identity transformation Ay of the vertex set X is an endomorphism of G.
Moreover, for any x € X, the constant mapping ¢, : X — {2z} is an endomorphism
of G.

For graphs G, G', S(G, G’) let us denote the semigroup End G xHom(G, G') equipped
with the following binary operation [10]

(0, 0) - (p1,91) = (pp1,091),

where (¢, %), (p1,11) € End G x Hom(G, G").

We denote by Z(G,G") the set of all right zeros of the semigroup S(G,G’) and
by U(G,G") the set of all left identities of the semigroup S(G,G’). These sets are
respectively defined in the semigroup S(G,G’) by the formulas of the semigroup theo-
ry ®(z) = (Vy)(yz = x) and ¥(x) = (Vy)(zry = y). By analogy with the lemmas 2.1-
2.3 [16], it is easy to prove the following results.

Lemma 1. For any reflexive graphs G = (X,p), G' = (X',p'), the semi-

group S(G,G") satisfies the following conditions:

1) an element s € S(G,G") is a right zero of the semigroup S(G,G") if and only
if there exist a € X, b € X' such that s = (c,,cp) for the constant mappings
co: X = {a}, ¢ X — {b};

2) an element s € S(G,G") is a left identity of the semigroup S(G,G") if and only
if s=(Ax,v) for some ¢ € Hom(G, G’).

Lemma 2. Let G = (X, p), G' = (X', p') be reflexive graphs. Then the formula of
the semigroup theory

N(z,y) = ®(z) A @(y) A (Ve)(Y(e) = ze = ye)
defines the binary relation € ¢y on the semigroup S(G,G"), such that the following

statements hold:
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1) ey is an equivalence on the set Z(G,G') such that for any elements
s,s1 € Z(G,G"), s = si(eany) if and only if s = (ca,¢z), $1 = (Carcy), for
some a € X and x,y € X’;

2) [or any right zero s = (c,,¢p) of the semigroup S(G,G') the equivalence class

e (s) is {(ca,cu) | € X'}

Following [10], by an automaton we mean a system A = (X, S, X', §,\) consisting
of a set of states X, a semigroup of input symbols S, a set of output symbols X', a
transition function 6 : X x S — X and an output function X : X x S — X' such that

d(z,st) =(6(x,s),t) and A (z,st) = A(d(x,s),t)

for any x € X and s,t € S.
For every s € S, we define the mappings 65 : X — X, A\; : X — X’ by the formulas

ds(x) = 0(x,s), As(x) = Az, s),

where z € X.

An automaton A = (X,S,X’,6,\) is said to be graphic if its sets X and X’ are
equipped with structures of graphs G = (X, p) and G’ = (X', p’) such that for every
s € S the transition function J, is an endomorphism of G and the output function A
is a homomorphism of G' to G’ respectively. In this case we denote the automaton by
A= (G, S G, 6, N).

By a homomorphism of a graphic automaton A = (G,S,G’,§,\) into a graphic
automaton A; = (Gy,S1,GY,01, A1) we mean an ordered triplet v = (f, 7, g), consis-
ting of homomorphisms f : G — Gy, 7 : S — 51, g : G — G, such that, for any
r e X, s,t €9, the following conditions hold

w(s-t) =m(s) - 7(t), f(6(x,s)) = 0(f(x),w(s)), g(A(z,5)) = M (f(z),7(s)).

A homomorphism v = (f,m,g) of A to A, is called an isomorphism of the automaton
A onto the automaton A, if f: G — Gy, 7: S — Sy, g: G' — G are isomorphisms.
An important example of a graphic automaton is given by the following algebraic
system
Atm(G,G) = (G, S(G,G), G, 6°,\°),

where G = (X, p), G' = (X', p) are graphs and for every x € X, (¢,v) € S(G,G") the
equalities 6°(z, (¢, 7)) = p(z), A°(x,(p,1)) = () hold. It is easy to verify that the
automaton Atm(G,G’) satisfies the following universal property: for any graphic auto-
maton A = (G, S,G’,0,\) there exists a homomorphism 7 : S — S(G,G’) such that
v = (Ax,m, Ax/) is a homomorphism of A to Atm(G,G"). For this reason the automa-
ton Atm(G, G’) is called [10] a universal graphic automaton over the graphs G, G'.

2. MAIN RESULT

The main result of this paper gives us the following solution of the problem of
definability of universal graphic automata by their input symbol semigroups.

Theorem 1. Let G, G', G, G be reflexive graphs, such that the graph G contains
an edge which does not belong to any cycle, and Atm(G,G"), Atm(G,,G)) be the
universal graphic automata over the graphs G, G' and Gy, G respectively. Then the
following conditions are equivalent:
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1) the graphs G, G’ are isomorphic to the graphs G, G or to the dual graphs
E}vl, 571 respectively;

2) the semigroups of input symbols S(G,G"), S(G1,G}) of the automata Atm(G, G'),
Atm(G4, GY) are isomorphic;

3) the automaton Atm(G G') is isomorphic to the automaton Atm(G,,GY) or to the
automaton Atm(Gl, G/l) over the dual graphs G, G’

Proof. Obviously, 3) implies 1), 2). On the other hand, any isomorphisms
f:G— Gy, g: G — G} determine a mapping 7 : S(G,G") — S(G1,G}) by the for-
mula

(o, ¥) = (f2(0), (f x 9)(¥)),

where (¢,1) € S(G,G"). Indeed, by the definition, the image f2(¢) = f~l¢f is an
endomorphism of G; and the image (f x g)(v0) = f~%)g is a homomorphism of G,
to G'. It is easy to verify that 7 is an isomorphism of the semigroup S(G,G’) onto the
semigroup S(G1, GY) such that the ordered triplet v = (f, 7, g) is an isomorphism of the
automaton Atm(G,G’) onto the automaton Atm(Gy, G)).
Similarly, any isomorphisms f, g of the graphs G, G’ onto the dual graphs
Gi, G determine an isomorphism 7 : S(G,G) — S(Gl,G’) by the formula
(o, ¢) (f2(0), (f x g)(¥)) (here (¢,v) € S(G,G")) such that the ordered tri-
plet v = (f,7,g) is an isomorphism of the automaton Atm(G,G’) onto the automa-
ton Atm(Gl,G ). Hence, 1) implies 3).

Let us now verify that 2) implies 1). Let # be an isomorphism of the semi-
group S(G,G’) onto the semigroup S(Gy,GY). It is well-known that any isomorphism
holds the true value of formulas of the semigroup theory. In particular, the isomor-
phism 7 preserves the true value of the formulas ®(z), ¥(z) and ¥(z,y). It follows that 7
maps the set Z(G, G’) of right zeros of the semigroup S(G,G’) onto the set Z(Gy,GY)
of right zeros of the semigroup S(G1,G)) and the set U(G,G’) of left identities of the
semigroup S(G,G’) onto the set U(Gy, G') of left identities of the semigroup S(G1, G}).
Moreover, by lemma 2 the Cartesian product 7 maps the equivalence ¢ = (g /) on
the semigroup S(G,G’) onto the equivalence 1 = g(g, ;) on the semigroup S(G1,GY).
In view of lemma 1, for any a € X, a’ € X', there exist a; € X;, a} € X{ such that
T(Ca; Car) = (Cay, Cay). Hence, m maps the equivalence class e(c,, ¢o) onto the equivalence
class €1(ca,, Cq;)- It Tollows that the formulas f(a) = a; and g,(a’) = a) determine the
mappings f: X — X; and g, : X’ — X7 (a € X) such that the equality holds

T(Cay Car) = (C(a)s Cgalar))- (1)

[t is easy to verify that f is a bijection of X onto X; and for every a € X, ¢, is a
bijection of X’ onto XJ.
Consider (¢, %) € S(G,G") and for arbitrary a € X we denote

pla) =b, ¥(a) =d. (2)
By definition of S(G,G") for any y € X’ the equalities hold

(Carcy) - (9, 0) = (cap, ca®) = (Co(a)s Co(a))-

Then (2) is equivalent to the equality (c,,¢,) - (¢, ¢) = (¢, ca).
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By definition of the isomorphism ,
ﬂ-(cau Cy) ' 7T(907 w) = 7T(Cb7 Cd)' (3)
Let us denote 7(p, 1) = (¢',¢'). By (1),

T(Ca, Cy) = (Cf(a), Cguy))s T(Co:Ca) = (Crp)s Cop())-

Then (3) implies
(Ca)s Coaty)) - (€15 0) = (Chp)s Cania))-
On the other hand,

(Cfa)s Coaw) - (s 0") = (er@)@s cr@)¥') = (Co(s(a)s Cor(f(a)))-

Hence,
(Cor(f(a))s Cor(f(a))) = (CFB), Can(d))s

which is equivalent to the following condition
¢'(fa)) = f(b) = fe(a), ¥'(f(a)) = g(d) = gp(a)(1(a)). (4)

Then (4) implies that fo' = of, ¢ = f~lof = f*(¢) and ¢ = ¢¥, where the mapping
Y¥ . Xy — X] is defined by the formula

P (f(a)) = Gpa) (¥ (@)

for every a € X.
Thus, for any (¢,v) € S(G,G"), the following equality holds

(o, ¥) = (f*(9), ¥%). ()

It follows that the mapping m; = f? is a bijection of the set End G onto the set
End G;. Moreover, it is obvious that f? preserves the composition. Hence, for any
v, pp1 € End G the equality m (pp1) = m(¢)mi(p1) holds. Then the mapping 7 is an
isomorphism of the semigroup End G onto the semigroup End GG;. By the condition of
the theorem G is a reflexive graph with an edge (ug,v9) € p which does not belong to
any cycle. It follows from [7] that the mapping f is an isomorphism of the graph G
onto the graph Gy or onto the dual graphs G

Suppose that f is an isomorphism of G onto G;. Hence (f(uo), f(vo)) € p1 is an
edge of the graph G, which does not belong to any cycle. Next we show that, for any
point a € X the mapping g, is an isomorphism of the graph G’ onto the graph G7. It
is easy to verify that for vertices xg,y0 € X’ the condition (xo,30) € p’ is equivalent
to the condition ¥?(ug,v9) = (g, o) for some homomorphism ¢ € Hom(G, G’). Indeed,
it ¥%(ug,vo) = (wo,y0) for some homomorphism ¢ : G — G’ then (xg,y9) € p’ by
the definition of graph homomorphism. On the other hand, let (zg,yo) € p’. Define a
mapping ¢ : X — X’ by the following formula:

o Yo, if there exists a path from the vertex vy to the vertex wu,
u) =
xo, otherwise.
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We show that ¢ is a homomorphism of the graph GG to the graph G'. Let (s,t) € p. If
there exists a path from the vertex vy to the vertex s, then by the condition (s,t) € p
there exists a path from the vertex vy to the vertex t. Then by our definition of ¢
the conditions #(s) = 1(t) = yo hold. Since the graph G is reflexive, the conditions
(¥(s),1¥(t)) = (yo,y0) € p' hold. If there is no a path from the vertex v, to the vertex s,
then by our definition of ¢ the condition v (s) = z holds. Since ¥(t) € {xo, 90} and the
graph G is reflexive, the condition (¢ (s),(t)) € p’ holds.

Thus, in any case the condition (s,t) € p implies (¢(s),9(t)) € p'. Hence
Y € Hom(G, G").

Since (f(uo), f(v0)) € p1 is an edge of the graph G;, which does not belong to any
cycle, it is similar for vertices xzy,y), € X that the condition (zf,y) € p} is equivalent
to the condition ¥?(f(uo), f(vo)) = (xf, y) for some homomorphism ¢ € Hom(Gy, G}).

Suppose that for vertices zg,yo € X’ the condition (xg,y0) € p' holds. It is
equivalent to the condition ¥?(ug,vy) = (zo,y0) for some ¢ € Hom(G,G"). Hence
(ca, ) € S(G,G") and, as it was proved before, 7((cq,%)) = (¢p(a),¥°) for the ho-
momorphism % € Hom(G1,G}). By our definition of the mapping ¢ for any = € X
the following equalities hold:

¢ca (f(l‘)) - .gcg(x)(w(l‘)) = ga(¢(x))

In particular, for ug, vy € X the following equalities hold:

e (f(uo)) = ga(t(u0)) = ga(x0), ¥ (f(0)) = ga(¥(v0)) = ga(vo)-

[t follows that the homomorphism % € Hom(G;,G}) maps the ordered
pair (f(uo), f(vo)) € p1 to the ordered pair (g.(xo),9a(y0)) and the condition
(9a(0), ga(yo)) € pi holds.

Let us assume the converse case — for some vertices x(,y, € X; the condition
(x),y4) € py holds. It is equivalent to the condition ¥?(f(uo), f(vo)) = (x5, y,) for some
homomorphism v, € Hom(G4, G). Hence, (cf),¥1) € S(G1,G') and by our definition
of the isomorphism 7 : S(G,G") — S(G1,GY) there exists (¢,1) € S(G,G’") such that

7((¢, 1)) = (¢f(a),¥1). From the previously proven part follows that cp,) = f*(yp) and
Py = Y. Smce Cf = f~lof the condition ¢ = fepu) f~! = ¢, holds. Hence

zo = U1(f (o)) = ¥ (f(uo)) = ga(¥(uo)), ¥(uo) = g5 (x5),

v = ¥1(f(v0)) = ¥ (f(v0)) = ga(¥(v0)), ¥(v0) = g4 ()
and the homomorphlsm ¢ € Hom(G,G") maps the ordered pair (ug,vg) € p to the
ordered pair (g, ' (x}), 9, (y5)). Thus, (g, (zf), 9, (v})) € p' and g, is an isomorphism
of the graph G’ onto the graph G.

Similarly, if f is an isomorphism of the graph G onto the dual graphs G, then all
mappings g, are isomorphisms of the graph G’ onto the dual graphs G}, since in this
case the condition (ug,vg) € p is equivalent to the condition (f(vo), f(uo)) € p1 and
hence (zg, o) € p' is equivalent to (g.(yo), ga(z0)) € p}. Therefore, 2) implies 1). O

CONCLUSION

The results obtained shows that universal graphic automata over the graphs from a
wide class of graphs are completely determined (up to isomorphism and the duality of
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graphs) by their input symbol semigroups. Consequently, on the one hand, the characte-
ristics of the input symbol semigroups of universal graphic automata must be defined by
the characteristics of the automata, and on the other hand, the characteristics of these
semigroups must characterize the automata to same extent. This approach allows us
to study the properties of such automata by studying properties of their input symbols
semigroups.
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06 onpenensieMoCcT¥ YHUBepCalbHbIX rpachmyeckmx aBTomaToB
CBOMMM NOJNyrpynnaMm BXO4HbIX CUrHaNnoB

B. A. MonyaHosB, P. A. ®apaxyTouHOB

MonyaHoB Bnagnmup AnekcaHOpoBuy, OOKTOP (OM3MKO-MaTEMATMYECKMX Hayk, npodeccop
Kadhenpbl TEOPETUHECKUX OCHOB KOMMbOTEPHOW 6esonacHoctu u kpuntorpadum, CapaTtos-
CKMIN HaLMOHAaMbHbIA NCCNeaoBaTenbCKMiA roCy0apCTBEHHbIN YHUBEpCUTET umern H. . YepHbl-
wesckoro, Poccus, 410012, r. Capatos, yn. AcTpaxaHckas, a. 83, molchanovva@mail.ru

®dapaxyTanHoB PeHaT AByxaHOBWY, CTYLEHT Kadoeapbl TEOPETUYECKMX OCHOB KOMMbIOTEPHOIA
6esonacHoctn u kpuntorpadomm, CapaToBCKWIA HaUMOHaNbHbIA UCCNenoBaTenbCKMin rocy-
[apCTBeHHbI yHMBepcuTteT umeHn H. . YepHblwesckoro, Poccusi, 410012, r. Capartos,
yn. AcTpaxaHckas, a. 83, renatfara@mail.ru

YHuBepcanbHbili rpacgouydecknii aBtomar Atm(G,G’) — 3TO yHMBEpCalbHO MPUTArUBAOWMNIA
00beKkT B KaTeropum aBTOMaToB, Y KOTOPbIX MHOXECTBO COCTOSHWIA HaOeneHo CTPYKTYpOWi
rpacgpa G' M MHOXXECTBO BbIXOLHbIX CUTHANOB — CTPYKTYypoW rpadpa G’, coxpaHsaowmmMmcs yHK-
UMSMM NEePexXolioB U BbIXOLOB aBToMartoB. [Monyrpynna BXOOHbIX CUFHANOB Takoro aBTomara
umeeT Bnag S(G,G’) = EndG x Hom(G,G"). OHa MOXeT paccMatpuBaTbCs Kak Mpov3BOA-
Has anrebpanyeckas cucTema matematmyeckoro obbekta Atm (G, G’), koTopas cCoaepXuT no-
Ne3Hytlo MHdopMaumio 06 ncxoaHoM o6bekTe. XOpoLWo M3BECTHO, HTO CBOMCTBA TakoW Mony-
rpynnbl B3avMOCBSA3aHbl CO CBOMCTBaMM anrebpanyeckoi CTpykTypbl aBTomata. Cnegosartenb-
HO, yHMBepcasnbHble rpadouyeckMe aBToMaTbl MOXHO M3yyaTb MyTEM WUCCNELOBaHWS UX MO-
Nyrpynn BXOLHbIX cUrHanos. lna Takux nonyrpynn npeactaenseT uHtepec npobnema onpene-
NAEeMOoCTU yHMBEepCanbHbIX FpanI/Il-IGCKI/IX ABTOMATOB CBOUMUK nonyrpynnaMmn BXoOHbIX CUTHANOB:
npw Kakux ycnosumsax NoNyrpynnbl BXOAHbIX CUFHANOB YHMBEPCANbHbIX Fpanyecknx asBToMaTos
6ynyT n3omopdpHbl. B paHHoi paboTte Mbl uccnenosanu aty npobnemy. OCHOBHOW pesynbTaTt
Hawel paboTbl COCTOMT B TOM, YTO YHUBEpPCANbHbIE rpadouueckne aBToMaTtbl Hand pedpnek-
CVBHbIMM rpagoamn onpenensioTcs nonyrpynnaMm CBOUX BXOLHbIX CUFHANOB C TOYHOCTbIO 0O
n3omopdomama 1 LBONCTBEHHOCTM rpadpoB, ecnv B rpadpe COCTOSHUIA aBToMaTa HanaeTcs oyra,
He BXOOAWAS HN B OOWNH OPLUUKII.

Knroyesbie cnoBa: 0606weHHas Teopus [anya, asTomart, rpady, noayrpynna, U3oMopouaMm.
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MpuHUMN nokanusauumn Ha Knacce PyHKLUNA,
MHTerpupyembix no PumaHy, onsa npoweccos
NarpaHxa - LWtypma—Jinysunns

A. 1O. TpbiHuH, E. 0. KupeeBa

TpbiHMH AnekcaHop lOpbeBuy, OOKTOP (PU3UKO-MaTeEMATUHECKMX HayK, OOLEHT Kadpenpbl
mMatematnyecko 9KoHoMuKKM, CapaToBCKWIA HaUMOHaNbHbIA UCCNenoBaTeNbCKUA  rocy-
[apCTBeHHbI yHuMBepcuteT umeHn H. . YepHbiwesckoro, Poccus, 410012, r. Capatos,
yn. AcTpaxaHckas, a. 83, tayu@rambler.ru

Kupeesa EkatepuHa [LOMuTpueBHa, CTyOeHTKa MexaHWKO-MaTemMaTtmyeckoro goakyb-
TeTa, CapaToBCKUA HaUMOHaNbHbLIA WCCNeaoBaTEeNbCKUA FOCYAAPCTBEHHbIA yHUBEPCUTET
uvmenn H. . YepHbiwesckoro, Poccus, 410012, r. Capartos, yn. AcTpaxaHckas, g. 83,
ekateriha98@mail.ru

bynem rosoputb, 4YTO AN MHTEPNONsAUMOHHOro npouecca JlarpaHxa-—lWTypma—Jinysunns
LIL(f,x) Ha knacce oyHKUMA F B Touke zo € [0,7] MMeeT MecTo MpuHUMN noKanusa-
LMW, ecnv U3 TOro, 4To ANs Nobbix ABYX (OYHKUMA f W g, NpuHagnexawux F, Takux, 4to
B HekoTopol okpecTHocTn Ogs(zg), 6 > 0 BbInonHseTcs ycnosue f(x) = g(x), cnempyet
COOTHOWEHNE limy, o0 |L5E(f, o) — L5 (g, 0)| = 0. JlokasaHo, 4TO ANSi NHTEPMONSLNOHHBIX
MPOLLeCCOB, MOCTPOEHHbIX MO COBCTBEHHBIM CPYHKLIMSM perynspHoi 3agauu Wrypma —Jlnysunns
C HEnpepbIBHLIM MOTEHLMANOM OrPaHNYEHHOW Bapnaummn, MMeeT MECTO MPUHLMN NoKanu3auum
Ha knacce (yHKUWIA, MHTErpMpyeMbiX B CMbiciie PrmaHa. YCcTaHOBNEHO, YTO LNS UHTepnons-
LIMOHHBIX MPOLLECCOB, MOCTPOEHHBIX MO COBCTBEHHBIM (PYHKLIMAM perynspHoi 3apaym Wrypma—
Nuysnnns ¢ Heobs3aTeNbHO HEMPEPbLIBHBIM MOTEHLMANOM OrpaHW4YeHHON Bapuauum, umeet
MEeCTO MPVHLMM TIOKanM3aunmn Ha Knacce HenpepbiBHbIX Ha 0Tpeske [0, | dyHKUMiA. PaccMoTpeH
Cny4an KpaeBbIX YCNOBMWIA TPeTbEro poaa, U3 KOTOpbIX yAaNneHbl rpaHnYHble YCNOBUS NEPBOro
popa. AnmpokcumaTtuBHble cBOWCTBa onepatopos JlarpaHxa-—LTypma—Jinysmnns B Touke
xo € [0,7] B 0BOMX Crnyyasx 3aBUCAT TOMbKO OT 3HAYEHWUI NpubnvXaemor OyHKUUM NnWb B
OKPECTHOCTU 3TOW TOYKU xq € [0, 7).

KntoueBbie cnoBa: NHTEPMNONSLMOHHbIV NPOLEcc, COBCTBEHHbIe GYHKLUW, NPUBMXKeHne goyHK-
LMK, NPUHLMN NoKanuaaumm.
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[. Y. Hatancon B [1] ycraHoBHJ, uTO Ajs (GYHKUME u3 KJjacca JuHu — Jluninuia
MMeeT MeCTO paBHOMepHasi CXOAMMOCTb BHYTpPH HHTepBasa (0,7), T.e. paBHOMepHas Ha
J060M KommnakTe, conepxkamiemest B (0, ), npoueccoB Jlarpanxa — Lltypma — JIluyBunis
BUIA

LSH(f,2) = fo;mU, Ol Zf%nl (@), (1)

() — 2pp)
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rae U, ecTb n-s1 coOCTBeHHass (pyHKUHA peryaspHor 3anauu Lltypma — JInyBu.ns

U” + [\ — qlU =0,
U'(0) — hU(0) = 0, )
U(rn)+ HU(m) =0

C HenpepbiBHBIM MOTEHIHMAJIOM ¢ OrpaHMYeHHOH Bapuauuu Ha [0, 7] ¥ rpaHUYHBIMH yC-
JIOBUSIMM, TapaHTUPYIOLIMMH, YTO TJIaBHBIMA 4JieH B aCUMOTOTHYecKUX (opmynax pasa U,
OyZeT KOCUHYCOM, T.e. h # *oo, H # *oo. 3mech uepe3 0 < 1, < Ta, < ... < Ty <
< 7 0003HaueHbl HyAu GyHKUHUU U,.
CBoiicTBa OMepaToOpoB HMHTEPIOJUPOBAHUST (PYHKLUHME JarpaH:keBoro Buma (1) TecHo
CBfI3aHbl C MOBeJleHUEeM CHHK-TPUOIHKEHUH
n . n .
sin (nx — k) , (km sin nx km
Lo(fiw) =) ————f(— ) =) —++& =/ =] )
nw — kn n sin’ (ni2) (z — £X) n
n n

k=0 k=0

UCIIOJIb3YEMbIX B TeopeMe O0TcueToB YuTTeKepa — KoresbHukosa — lllenHoHa (cMm. [2-5]).
Haubosee nmosnublii 0630p pe3ysnbTaToB, MOJYUYEHHBIX B 00/1aCTH HCCJEIOBAHUS CBOWCTB
CUHK-aNMpoKCUMalui (3) aHaJUTHUECKHX Ha AEeUCTBUTEJbHOH OCH (DYHKIIMH, 3IKCIO-
HeHLHaJbHO yOBIBAlOMIMX Ha OECKOHEYHOCTH, a TakxKe OOJblIoe KOJHUYECTBO BAXKHBIX
TMPUJIOKEHUH CHHK-aNNpOKCHMAaLUi MOXHO Ha#TH, Hampumep, B [4] u [6]. Cunk-
NpUOJIMKEHHSI HALIKM LIMPOKOe TMPUMEHeHHe TPH TOCTPOEHHWH Pa3JUUHBIX UHCJEHHBIX
MeTOJ0B MaTeMaTHyecKoH (U3UKU W TNpUOJIMKeHUs (YHKUMH Kak ONHOH Tak M He-
CKOJIbKMX TMepeMeHHbIX [7-23] B TeopuH KBaapaTypHbIX (Gopmysa [4] ¥ Teopuu BeiiBjert-
npeoOpa3oBaHUi MM BeryeckoB [2,3,5]. B [20-22] u [23] npenJsiokeHbl pa3jvyHble
MOIM(UKALMN CHHK-TIPUOJHKEHUH (3), MO3BOJSAOIINE ANNPOKCUMHUPOBATh HEMPEPhIBHBIE
GyHKUMK Ha oTpeske [0, 7]

M3yueHHto anmpoKCHMaTHBHBIX CBOHCTB caMuX omnepaTopoB Jlarpanka — Iltypma -
JlnyBuans (1) mocesiieHbl Takxke pa6oThl [24-34]. B pabore [24] ycraHas-
JIUBAETCsl CYIIeCTBOBaHMe HenpepblBHOH Ha [0, 1] QyHKIMH, UHTEPIOJSIHOHHBIN MpoLece
Jlarpanxa — lrypma — JluyBusns (1) KoTOpol HeOrpaHUUEHHO PACXOTHUTCS MOUTH BCIOLY
Ha [0, 7]. MccnenoBanus, npoBeneHHble B [25, 34], MOKa3blBalOT, UTO MPH CKOJb YTOAHO
MajioM H3MeHeHHWH mnapamerpoB 3amaud lrypma —Jluysuans (2) (moreHuwana ¢, WM
KOHCTaHT h, H) anmpokcHMaTHBHbIE CBOHCTBA TporeccoB (1) MOryT CHJIBHO U3MEHHUTbHCS.
B [31] u [32] nmoaydyeHbl pa3/jiduHble NMPHU3HAKH PAaBHOMEPHOH CXOAMMOCTH HHTEPIOJS-
[IMOHHBIX MPOLECcCoB (2).

B wmonorpaduu [33] npuBeneHbl Gosiee MOAPOOHBIE 10Ka3aTeNbCTBA H HCIIPaBJEHbI
orneyaTkd, oOHapyKeHHble B HEKOTOPbIX (opMy/ax Oojiee paHHUX MyOJHKALUH.

B Hacrosiie#i paGoTe, HCMoJb3ysi KOHLENUHH HccaenoBaHuid B [35-41], ycTaHOB-
JIEHO, UTO MJIf UHTEPIOJSIHUOHHBIX MpoleccoB (1), MOCTPOEHHBIX MO pelleHUsM 3aJauu
Irypma — JInyBuasis (2), uMeeT MeCTO MNPUHIMI JOKAJU3alUKM Ha KJjacce (YHKIHH,
UHTErprupyeMbIX 1o Pumany.

Ha mnporsizkeHun Bcell paboTbl, €CaM He OrOBOPEHO HHOe, OyleM CYMTaTh TMOTeH-
uuan q 3apaun Ultypma — JInyBuans (2) HenpepblBHOH (DYHKIMeH OrpaHHUeHHOH Bapua-
uuu Ha [0, 7|. JloroBopuMcst Takxke, 4To coOCTBeHHas (QpyHKIMs OyleT HOPMHpOBaHA yc-
aosuem U, (0) = 1. PaccmaTprBaeM KpaeBble yC/OBHSI (2) TpeTbero poaa, U3 KOTOPBIX
UCKJIIOUeHbl ycyioBHsl TUna dupuxie, T.e. h # oo, H # +oo.

1. BCNOMOIATEJIbHbIE YTBEPXXKOEHUSA

[IpuBenem HekoTOpble BCIOMOraTe/bHble YTBePXKAEHHUS, KOTOpble OYAYyT HCIOJb30BaHbI
MPU [10KA3aTeJbCTBE OCHOBHOTO pe3ysbTaTa paboThl.
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=

Jlemma 1 ([31,32,42]). [lycmo U, — cobcmsennas ¢pyHkyus, coomeemcmasyrou,as
CO6CMBEHHOMY 3HAUEHUIO N, pecyrapHoil 3adauu Imypma - Jluysuara (2). Yepes 0 <
< Tip < Top < ... < Ty, < T 00603HaUUM HYysu QyHKyuu U,. Toeda umerom mecmo
caedyroujue acumnmomuyeckue opmyrol:

Un(x) = cosnz + 5537) sinnz + O(n™?), (4)
Ul (x) = —nsinnz + B(x) cosnz + O(n™ "), (5)
Un(@rn) = (=1)*n+O(n™), (6)

T = 22; 17r + n_2ﬁ<2k2; 17?) +0(n?), (7)

ede f(x) = —cx+h+3 [ q(t)dr, ¢ = %<h+H+% Jo a(r) d7'>, a OUeHKa 0CmamouHo2o
ynrena 8o scex gopmyrax (4)—(7) pasnomepra no x € [0, 7] uau 1 < k < n.

3ameuanune 1. M3 acumnrotuueckod Qopmysasl (4) BHAHO, UTO BbIOpaHHAs
HOPMHpPOBKa COOCTBEeHHBIX (PYHKUMH U, obecneuynBaeT UX OIPAHMYEHHOCTb B COBOKYII-
HocTH. O603HAYUM

M = sup{|U,(z)|, = € [0,7], n € N} < <. (8)

Bynem HasbiBaTb IpynmnoBbIM cerMeHTOM / 0ObeqUHeHHe KOHEYHOIo 4YHUcJa OTPEe3KOB,
comepxkaluxcsi B [A, B], TaKUX, 4TO COOTBETCTBYIOLIHE UM HHTEPBAJbl He TePeceKalnTCs.

[yets {kn}rl; oy — TPOU3BOJbHAA CcHCTeMa Touek B oTpeske [A, BJ: A < ry, <
< Top < ... < Tpp, < B. Kaxkpomy xp, MOCTaBUM B COOTBETCTBHE AeHCTBHUTENbHOE
4ncao Ay .

JlokaszaTesbCcTBO CleAyIOLIel JeMMbl cofepKuTes B [43, ¢. 318-326].

Jlemma 2. [lycmo ¢pynxyus f unmeepupyema 6 cmoicae Pumana na ompeske [A, B),
xo € [A,B], 0 >0 u Os(xg) = (xg — 0,20+ 6) N [A, B]. Ars mozo umobo

n—o0
k:xk,ne[A7B]\05(CC0)
Heobxodumo u docmamouro, umobol delicmsumenvrole KOIGpuyuermol yoo8AemMEops -
AU YCAOBUAM:

1) li_}rn > Apn, =0, ede [a,b] — npoussosvrbil ompe3ok, codepixcauiulics 8
n Ook:mkyne[a,b}
[A, B]\ Os(x0);
9 maxsen Y |Apal <M < o
k:xp n€[A,B]\Os(x0)
3) das aoboil nocaedosamesbrocmu epynnosolx ceemenmos {I;}5°, maxux, umo
[A,B]\Og(i[fo) DL DL D DI]' ..., mes[j—>0 npu]—>oo

lim lim |Ag..| = 0.
Jj—00 n—00 ’
kixy n €15

2. OCHOBHOW PE3Y/NbTAT

Bynem roBoputTh, 4TO MAJS HHTepHoJsiLiMoHHOro mnpouecca Jlarpanxka— Illtypma -
JluyBunas (1) Ha knaacce (yHkuuiéi F' B Touke xy € [0,7] MMeeT MeCTO TMPUHUHMI JO-
Ka/Ju3allii, eCd U3 TOTO, UTO IJsi JIOObIX ABYX (YHKUHMH f M ¢, npuHamjexamux F,
TakUX, UTO B HeKOTOpoH okpecTHocTH Og(xg), 6 > 0 BhmosHsieTcs: yeaoBue f(x) = g(x),
CJleflyeT COOTHOMIeHH e limy, oo |LEE(f,20) — L (g, 20)| = 0.
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Teopema 1. B arboi mouke xy € [0, 7] na kaacce HenpepovleHolx Ha [0, ] pyHKyuil
05 uHmepnoaayuorrozo npoyecca Jlaepawaca — LImypma — Jluysurrs (1) (8 cayuae
He 0053ameAbHO Henpepvl8HOE0 NOMEeHUUALA q 0eparHuterHol sapuauuu 8 (2)) umeem
MEeCmo NPUHUUN LOKAAUSAUUL.

Hoka3areanbcTBo. [/ NpOCTpaHCTBA HENpPEepbIBHBIX, HCUE3aIOUIUX Ha KOHLAX
orpeska, (yukuuii Cyl0, 7] = {f : f € C[0,n], f(0) = f(m) = 0} rTeopema | cJe-
nyet u3 [33, Ilpensoxenue 19]. [delicTBUTeNbHO, NONOXKHUB B 3anade Kown [33, dhopmy-
na (2.2)] ¢ = q, h(\) = h ¥ paccmatpuBasi TONbKO COOCTBEHHbIE 3HAUeHUsI A = )\, 3a1auu
Irypma — JInyBuans (2), nonyuum, yto onepartop Jlarpanxa — Llrypma — Jluysuaas (1)
SIBJISIETCST YAaCTHBIM cjiydaeM ormeparopa [33, ¢opmyna (3.3)]. Tak kak B 3ToM ciyuae
umeeMm LYL(f )= Sy, (f,-).

CrenaB 3aMeHy Heu3BeCTHOH (QyHKUMH Kak B [33, Ilpensoxenue 20], yGexxnmaemcsi
B CIIPaBeIJIMBOCTH TMPHUHIMIA JOKanusauuu Ha knacce C[0,7] ans m060H TOYKH
untepBasia (0,7). Mcronb3ys acumnrotudeckue (opmysnl (4)—(7), HemocpencTBeHHOH
MPOBEPKOH yOexknaeMcsi B CIPABEIJMBOCTH MPUHIMNA JOKaJHU3alUKU [Jisi WHTEpPIoJsi-
IMOHHbIX npoueccoB Jlarpanxa — Iltypma — JlnuyBusas (1) Ha KJjacce HempepbIBHBIX Ha
[0, 7] dyHkuui B Toukax x = 0 u = 7. Teopema | nokasaHa. O

3ameuanue 2. Teopema | ocraercs crnpaBeisiMBOH B cJyuae He 006s3aTesNbHO He-
MPepBIBHOIO MOTeHIHana ¢, Tak Kak mnpensoxenus 19 u 20 B [33] mokaseiBaioTcs B

MPEANONOKEHUH OTPaHUUEHHOCTH BapHallMd MoTeHIMasna ¢ B 3amade Komu [33, dhopmy-
na (2.2)].

B Hacrosimell paboTe ycCTaHaBJAMBAeTCs CIPaBeAJHBOCTb MPHUHLMNA JOKANH3aLHH
nJsi npotieccoB Jlarpanxka — Lltypma — JInyBusnns Ha 6oJiee MIHUPOKOM (PYHKLHOHAJBHOM
KJiacce.

Teopema 2. B awbou mouke xy € [0,m] Ha Kaacce unmeepupyemvlx 8 CMbLCAE
Pumana Ha [0, 7] ¢ynkyuil 0ra unmepnoasyuonnoco npoyecca Jlaepanaca — Llmypma -
Jluysunas (1) umeem mecmo npunyun L0KaAUSAUUL.

Hoxka3ateabcrBo. [lycTb 24 € [0, 7]. 3adukcupyem J1060€e MOJIOKUTENBHOE § ¥ BO3b-
MeM MPOU3BOJIbHYI0 HHTerpupyemyto no Pumany Ha [0, 7] GyHKIHIO f, paBHYIO HYJIIO MPH
x € Os(zg). B cuny nemmsl 2, yto6sl pisi npoueccoB Jlarpanxka — [ltypma — JInyBusis
(1) umes MecTO MPUHIMI JIOKANHU3ALHH, T. €.

lim L5 (f,z0) = lim > fl@ra)lih(zo) =0, (10)

n—00
k=1

HEOOXOMMMO M JOCTATOYHO, YTOOBI /I 3HAUEHHH (yHIaMeHTaJbHbIX (QYHKUME [FE (z)
BBIIIOJIHAJIOCh OJHOBPEMEHHO TPH YCJIOBHS:

: SL _
lim Y () =0, (11)
k:xy pn€la,b]

rae [a,b] — nmpousBosbHBIE 0Tpe3ok, comepxaiuiics B [0, 7] \ Os(xg);

max > 155 (20)] < M < o0; (12)

neN
kzwk,ne[ovﬂ']\O(S(mO)
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An8  06OH  TOC/Ie/I0BaTe/IbHOCTH  TPYNMOBBIX  CerMeHToB  {[;}3%, TakuxX, uTo
0,7\ Os(xg) D1 DI, D---DI; D...,mesl; — 0 npu j — oo

lim T [ (o) = 0. (13)

k: Tk, nEI

C momotbio GopMyJbl KOHEUHBIX TnpupaileHud Jlarpawxa, (4), (5) u (6) oueHum
pasHoCTb

~sni N VU@ x| Ual@) || (=D = Up(an)
;lk’”( ) ; n(r — xx,) g; (x — xpn) ‘ nU! (xg.n)
ey [ED U |
= W) || = 0 (14)

OTcrona nenaeM BBIBOZ O CMPABENJHUBOCTH aCUMIITOTHYECKOH (DOPMYJIbI

Sﬁ(x)|:|Un<x>| I vy

no = (2= Tp)

Ecnu cymMupoBaHHe OCYIIECTB/IATb TOJbKO IO HMHIEKCAM Y3JI0B, MOMAaiaiolMX B
POU3BOJIbHBIH OTPe30K [a, b, conepxkatuuiics B [0, 7]\ Os(zp), TO 3TO HEPABEHCTBO MOXKET
TOJIBKO YCHJIUTBCSI

Un ()] (—D)F -

15 )| = 1 O(n™). 15

k:xy n€la,b] k:xy n €la,b] ’

Ouenka octaTouHblX useHoB B (14) u (15) paBHoMepHa 1o x € [0, w|. Paccyknasi Tak
e, Kak TP 0Ka3aTeJqbCTBe COOTHOLIeHHUs (14), mosydyaeM OLEHKY

| (=D (2 - (=1 Un(z)
B ; n(r — Tgn S ; l,‘jﬁ(w) oz — T,) S
- (=1)*n — Up(wx.n)
S kz:; (x — Zpm) nU! (Tk.n)
o - ’ n_U/(xkn) o -1
= ) || = 0 (16)

[TycTb /st onpene/ieHHOCTH BHIOpaHHAsi TOUKA X JIEXKHT cJleBa OT OTpe3Ka [a, b]. Torna
crnpaBeliuBbl cooTHOWIeHHsI 0 < g < 2o+ 0 < a < b < 7. O6o3HauuM yepes ky HOMep
6amxKaflIero crpaBa K xg y3Ja UHTepNoJsLnH, a yeped ky U ky — HOMepa HaWMeHbILEro
1 HauOOJbIIEro M3 Y3JI0B, MOMAaloNIMX B OTPe3oK [a,b]. B cuay (7) MoxHO BbIOpAThH
ny € N Takum o6pas3om, uTo AJs BcexX n = ny OyAyT CIpaBeiJHBbl COOTHOLUEHUS

27
4”5”0[0,#] +0( -3 m o
— n=?)| < - B aCHMIITOTHYeCKOM dopmyae (7). (18)

Marematrka 55



‘hﬂs& Capar. yH-1a. Hos. cep. Cep. Matematnka. Mexannka. VHpopmatnka. 2020. T. 20, Bbin. 1

Jlo6aBMM K MHOXKeCTBY Hysled coOCTBeHHbIX (yHKUMH 3anauyu lltypma — JInyBuaias
TOYKHU To,, = 0 ¥ Ty 11, = 7. Teneps, B CUIy BbIOOpA HOMEpA y3J1a T, ,, UMEEM IPeCTaB-
JI€HHE To = Tkyn — O (Thon — Thy—1,n), TAE MOCJIENOBATEIBHOCTD (v, NIPUHUMAET 3HaYEHUS
B cermenTe [0,1). Orcrona u (7) nnas mwo6bix 1 < k < n mojaydyaeM acUMOTOTHYECKYIO
opmyary

Thm — To = 2k 17r _ 2k 17r + Oznz +0(n™?) = il (k—ko+a,+0(n7")). (19)
2n 2n n n
BeiGop n; € N B (18) rapantupyer B 310# dopmyie ouenky |O(n~1)| < 1.

YcTaHOBUM cripaBeqIMBOCTh cooTHoweHuss (11). YuurtwiBas (17) u (18), ouenum

nepBoe cjaraeMoe B mpaBod uactu (15)

U, (0))| (—DF | |Ualzo)l &= (=D |
Z n Z(xo—ka)

" k:xy , €[a,b] (.TL'O N xk,n) k=k1
|Ua(0)] | & (—1)*
B ];(k—ko+an+0(n—1))‘<
Un(@o)] [ <= (—1)* o +O(n)
< ™ { ,;kl (k — ko)) (k—k0>(k—ko+an+0(”_l))’} S

k2—ko (_1>l+k’0

2.

l=k1—ko

< [Uaa) {

ko—ko 2
+ l:;ko ) } . (20)

BosbMeM Mpou3BoJibHOE TOJOXKUTEIbHOE € U BbIOEpEM Ny = 1y TaKUM 00pa3oMm, 4TOObI
ISl BCeX n > mg ocTaTounblil used |O(n~!)| B acummrotrueckoir dopmyse (15) Gbla

menblle £/2. B cuny (7), (8), (17) u cxomuMocTH psimoB ) (_1)ll+k0, > l(l32) ¢ ToMO-
=1 =3

wbio Kputepusa Kown Haiimem Takoe ms > no, HauMHAas ¢ KOTOPOTO OYyAYT BBINOJHSATHCS
HepaBeHCTBa

ka—ko I+k ka—ko
(—1)"t*o ET 2 ET
E —_— < E —_— < .
& [ 4AM - (1—-2) 4M
[ [

Orcroma, wu3s (15), (18) wu (20) crjemyeTr CrHpaBemsMBOCTb HEPABEHCTBA

> RE(x0)| < e mns mo6oro n > ng. Takum oGpasom, coorHomerue (11) mo-
k:xy pn€la,b]
Ka3aHo.

Tenepp oueHum cymmy > |lkn To | = {lkn xo) { . Kak u npexnge,
k:xy n €[a,b] k=k1
orpaHuyumMcsi paccMoTpenueM caydast 0 < xg < 29+ 0 < a < b < 7. Onsate nonbepem ny,
Kak B cayuae (17), (18). B cuny (16) cymectByer Koncranta C > 0, g KOTOPOH TpH
n > ny CrpaBelJUBbl HepaBeHCTBA

ko
U, 1 C
§ 1% (o) < < [Un(2) S + 2L 1)
n (o — Thn) n
k=kq k=kq ’

Ho nns Bcex k1 < k < ky MMeeT MeCcTO COOTHOLIEHMe |ry — x| = J. Kpome Toro, B
cuny (7) cymectByeT KoHctanta Cy > 0 Takasi, UTo AJisl BCEX n > mq BEPHbl HepaBeHCTBA
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ko — ki < =%n 4+ 24 2. TlostoMy HafiieTcst 3aBUCSILKI TOJBKO OT NAapPaMeTPOB 3aiadun
Itypma — JIHyBHmm (2) HoMmep n4 € N, HauuHasi ¢ KOTOPOro % B (21) 6yner MeHblle,

2mes [a,b]n

ueM mes (a, b), U OyIeT crpaBelsuBa OleHKa ky — k < . Takum o6pasom, uz (18)
1 (21) crenyet cylecTBoBaHWe KOHCTaHTHl ('3 TaKoH, UTO IJIs JI}O6OFO n, Ha4WHas1 C Ny,
CrpaBel/IMBa OLIEHKA

2M
S k)] < P e o,8] < Comesfa, )
s

k:xy n€la,b]

Otcrona caenywot (12) u (13). HelctBuTenbHo, (12) noaydyaeM U3 HEpaBEHCTB

max 3 @)l =maxd ST EEe)l+ Y k) p <

neN eN
k‘:xk,ne[ovﬂ]\oé(xo) k:$k,ne[077/‘0_5] k:a:k,ne[m()'f'éﬂr}
< max | Csmes {[0,7] \ Os(zg)}, max g |2k (o)
1<n<ng

k:xy , €[0,7]\Os(z0)

Mycrs [; = U™, Ajy, tne A;; — npoussosbHbIe, He epecekatomuecs ¢ Os(xg) 0Tpesku
TaKMe, UTO COOTBETCTBYIOIIME MM HHTepBajbl A;; He HMelT obmux Touek. Torga mo
CBOUCTBY IMOJIHOM afIMTUBHOCTH Mepbl [44, ¢. 58] msis M060T0 1, HAUKHHAS C Ny, TTOJyUaEM
OLIEHKY

> knl’ol—z Do (o) < Cames {A; 1} =
=1

k::kaef =1 ]{;kaeAJ’l

= Z Csmes {A;;} = Csmes I;.
I=1

Otkyna u caenyer (13). Coyuail, Korza BbIOpaHHast TOUKA X JEXKUT CIpaBa OT OTPe3Ka
la, b], mOKa3biBaeTCs aHAJIOTHUHO WJIHM C MOMOLILbIO 3aMeHbl 2 = T — .
Teopema 2 nokasana. O
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Let us say that the principle of localization holds at the class of functions F at
point =g € [0,7] for the Lagrange-—Sturm-—Liouville interpolation process L:SE(f,x) if
limy o0 | L5E(f,20) — L% (g,20)| = 0 follows from the fact that the condition f(z) = g(x) is met
for any two functions f and g belonging to F in some neighborhood Os(x¢), 6 > 0. It is proved
that the principle of localization at the class of Riemann integrable functions holds for interpolation
processes built on the eigenfunctions of the regular Sturm—Liouville problem with a continuous
potential of bounded variation. It is established that the principle of localization at the class of
continuous on the segment [0, 7] functions holds for interpolation processes built on the eigen-
functions of the regular Sturm — Liouville problem with an optional continuous potential of bounded
variation. We consider the case of boundary conditions of the third kind, from which the boundary
conditions of the first kind are removed. Approximative properties of Lagrange — Sturm —Liouville
operators at point zy € [0, 7] in both cases depend solely on the values of the approximate function
just in the neighborhood of this point zy € [0, 7].
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MexdpasHasi KOHBEKLMSI — LWMPOKO PacrnpoCTpaHeHHoe siBne-
HWe, BCTPEeYaloleecs B PasNUYHbIX OTPACNSX TEXHWKWU, BKIIHO-
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B naHHo paboTe aHaANUTUYECKM UCCNELyeTCs MOBELEHUE TOH-

KOV MNEeHKM CrMMPTOCOAEpXXalero pactesopa Mnpu ee Harpese.
%% M3meHeHVe TemnepaTypbl cBOOOOHOM MOBEPXHOCTU BMECTe C
\_ W,
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BBEILEHUE

[lupokuit 0630p paboT mo Mek(a3HOH KOHBeKIHH TpuBeneH B [l, 2]. JIBuxKeHHe
TOHKHMX T[JIEHOK paccMaTpuBaeTcsi, Kak MPaBWUJO, B paMKaX JAJHHHOBOJHOBOTO IpHU-
6skeHusi [3,4]. BamaHcoBble COOTHOIIEHUS Ha IPaHUIe pasaesa cpel ¢ yueToM (pa3oBbIX
nepexonoB MpuBeleHbl B [D,6]. M3ydyeHuto KoHBeKIMM MapaHTOHH C yUeTOM HCHapeHHUs
nocesillieHbl padothl [7, 8]. IBuKeHHe OWHAPHOM CMeCH B IJIOCKHX M LMJIHHIpUYEC-
KHX CJ0sX Moipo6HO paccmoTpeHo B [9]. B mMoHorpaduu rtakxke omucaHbl CBOHCTBA
MHBAapUAHTHBIX pelleHUH ypaBHeHUH Tepmonuddysuu. B HacTosiell padoTe uccaenyeTcs
NoBelleHNe TOHKOW TJIEHKH CIHUPTOCOAEPIKALIET0 pacTBOpa MPH ee HarpeBe C yUeTOM yXo-
la JeTyded KOMIIOHEHTBI B Pa3HBIX MaciiTabaxX BpeMeHH. DKCMEPUMEHTB C MOAOOHBIMH
CHCTeMaMH MpH BO3JEeHCTBHH JIa3epPHOTO U3JydeHHs onucanbl B [10].

1. NMOCTAHOBKA 3A0A4YA
OCHOBHble ypaBHeHUs!

[TycTb TOHKMI C/I0H OJHOPOAHOrO PacTBOpPa PacloJIOXKEeH Ha MJIOCKOH TOPU3OHTaJb-
HOH moBepxHOCTH 2z = 0. [a3 Hag NJEHKOH CONEp:KUT Mapbl JeTydyed KOMIOHEHTHI,
HaXoAsllMecss B TePMOAMHAMHUYECKOM PaBHOBECHM C JKMIKOCTbIO. B HEKOTOpBIH MOMEHT
BpeMeHM MOJAJIOXKKA MIHOBEHHO HarpeBaeTcs, 4TO TNPUBOAUT K Ae(opMalUM IJEeHKH.
Bynem cuuTath H3MeHEHHs TeMIepaTypbl M KOHLEHTPALMH pacTBOpa He3HAUWTE/b-
HBIMHU HACTOJbKO, YTO K TaKHM OTKJOHEHHSIM UyBCTBUTEJEH TOJbKO KO3(P(HULHEHT
TIOBEPXHOCTHOTrO HaTsxkeHUs. [lapameTpel XKe, XxapakTepusyioliie caMy KUIKOCTb, a TaK-
e 00beM pacTBopa, mosaraeM noctossHHbIMH. Ha cBoGonHoil moBepxHocTH z = h(x,y,t)
npeHeOpekeM KOHBEKTHBHBIM TEIJOOOMEHOM C OKpy»Kalolllel cpeloH, COXpaHHUB 3aTpaThl
Temsia Ha ucnapeHue. VMeem crefymoulyl0o CHCTeMy YypaBHEHWH W TPaHHUYHBIX YcC-
JoBui [1,3]:

ov Vp
— Vv =——-+vV?
8t+(v )v P +vViv + g,
oC
— +wv -VC = DV?*C, (1)
ot
or
— VT = xV*T
o 7 A
V -v=0,
2=0: Y
v=0, T=T,, — =0,
0z
z="h:
—(p—pa) +2uD -n-n+2kpy =0,
2uD -m -T=V7vy -1, (2)
—kn -VT = JL,,
pDn -VC=—-J(1-C).
3necb v, p, p, T — CKOpOCTb, MHaBJieHHe, IMJOTHOCTb W TeMIepaTtypa KHIKOCTH
cooTBeTCcTBeHHO; ' — MaccoBasi KOHLIEHTpalusl JieTyded KOMIIOHEHTBl B pacTBope; D,
k u x — koappuureHTsl AUPY3UH, TENJONPOBOAHOCTH W TeMIEPaTypONpPOBOAHOCTH;
U, v = p/p — [NMHAMHYecKas M KHHeMaTHuecKasi BSI3KOCTH; Y — KOI(D(DHLHEHT
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MIOBEPXHOCTHOIO HaTs>KeHMs, L, — CKpbITas TemjoTa napooOpasoBaHUsl, p, — BHeELIHee
aTMocgepHoe naBjeHUe, kr — KPUBH3HA CBOOOAHOH MOBepXHOCTH, I) — TeH30p CKO-
pocteld ne(opMauMH; 7, T — HOPMaJbHBIA W TAaHTeHLMAJNbHBIH €IMHUYHblE BEKTOPBHI
K CBOOOJHOH MOBEPXHOCTH; g — YCKOpPeHHe CBOOOAHOro MajieHusi, J — HHTEHCHBHOCTb
MaccoobMeHa.

B cuny NpUHATBIX JIONYILEHHH O HE3HAUUTEJbHOM H3MeHeHUM oO0beMa KHIKOCTH
BCJIE/ICTBUE YXOAa JeTy4yell KOMIIOHEHTbl KUHeMaTH4YecKoe YCJOBHe Ha CBOOOJHOH IMoO-
BEPXHOCTH MpPHUMEM B BHUJE

oh
E—I—U-V(—zjth):O. 3)

HauanbHble YCJIOBHSI COOTBETCTBYIOT O,[[HOpOI[HOﬁ JKUJIKOCTH B COCTOSIHUH IIOKOS ¢ = 0:
h = hy,
O<Z<hI’U:O, T:To, C:CO

Temnepatypy noa/oKku 1151 onpee/leHHOCTH 3alaluM B BUJle OCECHMMETPHUYHOr0 MATHA
C LIeHTPOM B HaydaJjle KOOpPAMHAT:

Ty =T (r) =To+0e 7/ r= Vv + 2. (4)
3ambiKkaro e CoOoTHoLWweHus

KOS@)@)I/IL{I/IeHT HOBerHOCTHOFO HaAaTd>XeHUud 3ariuuieM B JII/IHeapI/ISOBaHHOM BHUE
v =7 (T1 —Tp) +ve¢ (Cr — Cy) ,

0 0
:8_;(T:TOaC:CO)7 WCZ%(T:TO, C=0C).

AHasIorHUHO MpeaCcTaBUM MHTEHCUBHOCTh Maccoobmena. CorsacHo [1] nmeem

yr

M, \ V2
J:acom(%—m> [ vs (TfaCI)_va}'

,B,aBJIeHI/Ie HacCbIII€HHBIX IMapoB JeTy4dero BeliecTsa p,s ONpeaeJuM Kak

e (1.0 = (C)paer | 72 (7= 7]

MOJIbHasA O0JId paCTBOpeHHOIjl KOMITOHEHTbI

CM,
O = Ly A=

[TapuuanbHOe naBjeHre MapoB HaJ CBOOOMHOH MOBEPXHOCTBIO P,y OyIeM CUHUTATb PaBHBIM
NepBOHAYAJbHOMY 3Ha4eHHI0, COOTBETCTBYIOIIEMY NABJAEHUIO HACHILIEHHS

Poi = Pus (T07 CO) .

Juddysuio napoB B 1aHHOW 3anade He paccmaTpuBaeM. Pasnoxus (QyHkuUui0 J 1o cre-
neHsiMm B okpectHOCTH (1p, Cp), TIONYUUM B TIEPBOM MPHOJHKEHUN

J = jr (T = Ty) + jo (C; — Cy),
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. Mv 12 C10]\4111 vaLv
JT = Qeom 57 RTy ) CoM, + (1 — Co) M, RIZ’
M, \'? M, M
'C = Olcom y =t Puvo-
/ (27TRT0> [CoMy + (1 — Co) M)>

B npusenennubix ¢opmynax 77 u C; — TemnepaTypa M KOHLEHTpPaLHUs Ha CBOOOLHOH
MOBEPXHOCTH; (e, — KO3 PULMEHT KoMMonauuu; M, M,, — MoOJSpHBIE MacChl JeTy4del
U OCHOBHOH KOMIIOHEHTBI pacTBopa; R — yHUBepca/jibHasi ra3oBasi MOCTOSIHHAS, Pyo —
NlaBJieHUe HACBILIEHHOTO Mapa YUCTOH KOMIIOHEHTHI.

[IpencraBienHble HHXe WJIIOCTPALUU TOBEAEHHUS KUIKOH IMJIEHKH OyoyT COOTBETCT-
BOBaTh BONHOMY pacTBopy wu3omnpornanona (IPA), mapameTpel KoToporo mpumeM Kak B
[10]. HauaneHasi temmeparypa Ty = 293 K, HavyasnbHasi maccoBasi KoHueHTpauusi [PA
Co = 0.35, mossipHasi macca JieTyded KommnoHeHThl M;py = M, = 60 r/mosb, Bo-
ael — M, = 18 r/mMoJb, MJIOTHOCTb pacTBopa p = 860 kr/m3, Ko3pdHUIKEHT Bs3-
koctu pu = 3 wmlla - ¢, temmompoBogHocty — k = 0.6 Br/(m -K), nuboysuun —
D =10"° MZ/C, Tensorta napoodpasosanusi L, = 756 KK /Kr, naBjeHHe HACbILIEHHBIX

napoB p,o = 4.1 klla, Ko3ppuuHeHT KOMMOZAUHUU Qe = 1, XapaKTepHBIH pasmep
30Hbl HarpeBa a = 107° M, nosbimenue TemmepaTyphl 6 = 1 K. Jlng kosdduunenra
MOBEPXHOCTHOrO HaTsikeHust umeeM yr = —10~* H/(m - K), 7¢ = —0.017 H/m. Tak kax

B pa60Te paccMaTpuBalOTCA TOJIBKO MaJible Il,eCpOpMaLlI/II/I TOHKOTO CJIOod, TO JiallJlJaCOBCKUM
CKAa4YKOM OaBJIEeHHA B JAHHOM HCCJI€ENOBAHHUHU 6y,[1€M npeHe6peraTb.

XapakTepHble BpeMeHa

[TpoBenem aHanu3 ypaBHEHHH NBHXKEHHSs, BBOIAS MaJbli MapaMeTp B BUIE OTHOILIEHUS
TONepeyHol M MPOAOJNBHON XapaKTepHbIX IJIUH. /g ToH 1Lend 3anuileM ypaBHEHHs B
MPOEKLUSAX, BblIIEIUB BEPTHKANbHYIO KOOPAUHATY 2

0 0 0
V=" we,, V=V —e,, V,=—e,+ —e,.
1+ 1+ py 1=5; + a9y
[Iycte | — mnpoposbHasi, d — mnonepeyHass XapakTepHble AJHHBI, TpuueM [ > d, Tak

uto ¢ = d/l npencraBsiser co6oil Majblii mapaMeTp CHCTeMbl. XapaKTepHble MPOAOJb-
Hasi U TorMepeuHasi CKOPOCTH Uy M wy CBSI3aHbl MeXX1y COOOH COOTHOLIEHHEM wy = £y,
KOTOpO€e BbIT€KAaeT U3 YPaBHEHHUsl HElpPephIBHOCTH. XapaKTepHOe NaBJjeHre ONpe/ie UM Bbl-
paxkeHueM po = (pugl)/d*. XapaktepHoe BpeMs mpoliecca 0603HauMM Kak 7, § — mepenaj
TEMIePaTypbl, COOTBETCTBYIOLIMH MOCTAHOBKE 3a1ayH.

B ypaBuenusix (1) ¢ rpaHuuneiMu ycsaoBusmu (2), (3) mepeiimem K Ge3pasMepHBIM
nepeMeHHBIM

T Y z t
V* —lv 5 *:_, *:_7 * :_) t*:_7
R R e R T
T — 1T h
vi — ’U_J_) Wy = E, PDe = £7 T* — 07 h* = — .
Uo Wo Po 0 d

B Lesisix mosTanHoro aHaJju3a BBIIEJSUM SIBHO XapaKTepHOe BpeMsl Mpollecca IBUXKEHHUS T
no aHajoruu ¢ [11]:

2 *

& v

vt Ot,

o', 0%v*
2 * * * 1 2v7%2, % * 1
+ Ree ((UL.VL)UJ‘—Fw*@Z*)_SVLUJ‘_ Lp*+a7*27
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o d* Ow . . Ow, L , 02w,
s ((”i Vi)w Gz*) VI, - T =
op.  Ga
= - — 5
0z, Re’ (%)
Prd*oC  RePr ,( ., _. oC 9 s0 0*C
E;@t + Le S <’UJ_'VJ_C+'LU*8_Z*>_€VJ_C—8Z$’
d? oT, oT, 0*T,
P 2 * * T* . * 2 *2T*
v Ot, (’UL Vili+w 0z, ) g 02,2
* * aw*
z.=0: v, =0, w,=0, T.=Tr 0C/0z. =0,
Ze = hy :
— (P« —p) +
+2€4Vivj -V he - V*h, —e'Viw, - Vi h, — 200 [0z, - V' hy + 20w, /02, _0
1+ 52(th*) ’

Repy S V1YL - Vih, — e.c0v1/0z - Vih, 4+ &Viw, +cdw,/0ze.
\/ 1+ (Vi h,)?
t Repr == 1) - Vih —ee’Viw Vih + v /02 + cOw,/Oze.
\/1 +e2(V* h,)?
—2R6Pr€3vjvi Vih -Vih, —Viw, -Vih, —e0v]/0z - Vih, + 0w, /0 X

1+e2(V%h,)?
—eVih,+e,

\/1+€2 Vi h
oT.

= Ma (E‘:V*LT* + gez — (—gQVET* . Vih* + ) EV ] + e )

(7)

82* 1 ‘I—EZ(Vih*)Z

1 *
+Ma§E<erC’+%ez—( Vi C -V h, +80> €Vh—|—ez>’

YT

0z. ) 14 €2(V%h,)’
B —e?VA T, -Vih,+0T./0z _ JL,d
\/1 +e2(V4h,)® w0
—e?V4C - Vih, +0C)0z, _J(A-0)d
\/1+52 V"ih*)2 pD
L 0Oh,
o o +v) -V w 0
31ech HCMOJb30BaHbl caeytolie 0603HauUeHUs A/l Ge3pasMepHBIX KOMIJIEKCOB:
3
Re:u—ol, Pr:Z, Ga:%, Lezg, Mazﬂ,
v X v X KX

u Bequuun: T = (Ty — 1) /0, pi = pa/po.
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Kak caenyer u3 (5), (7), npu necdopmMauny MieHKH pacTBOPa MOXKHO BBIJEJNHUThH YETHI-
pe Maciitaba BpeMeHH, CBSI3aHHBIX C Pa3BUTHEM IOJIell CKOPOCTH, TEMIMEepaTypbl U KOH-
IeHTPAIMH, a TaKyKe C M3MeHEeHHeM TOJIIWHBI cJosi. BBemeM cienyroliye xapakTepHble
BpeMeHa:

d? d? Pr d? {
= To = PT—: T3 = ) Ty = —, (8)
v v Le v Ug
npyh 3TOM
s T Le s
—~1, === = =¢c%Re.
T 3 Pr T

paCCMOTpI/IM ABa MpeneJbHbIX Caydas COOTHOLIEHUH XapaKTepHbIX BPEMEH: ﬂe(popMa—
s IJIEHKH OlliepexKaeT pa3BUTHE I10Jid KOHLUEHTpaluruu paCTBOpeHHOﬁ KOMITOHEHTbI

7—4 3 Le
— ~EE= e~ =g
T3 PrRe '
pa3BUTHeE MOJIS KOHLIEHTPALlMK OrepexKaeT npoliecc AepopMalry MAEeHKH
T3 Le
— ~EE= e~ = €.
T4 PrRe

COOTHOU_[eHI/IH XapaKTeprIX BpeMeH 6y,U,eT COOTBETCTBEHHO
T~ Ty < Ty <T3, T1~Tyg<T3<Ty4.

[Ipy € 2 ¢, XKUAKYIO NJIEHKY YCJIOBHO HAa30BeM «T€PMHUECKOH», a MpH € S €9 — «AUDDY-
3UOHHOW»; BpEMEHHOHW WHTepBaJl, NMpeAllecTBYIOINWNA BUAUMON nedopMallui, — «MaJbIMH
BpeMeHaMu». [/ TepMUUeCKOW MJEeHKU MaJble BpeMeHa t ~ 7y, Aas AUPDY3UOHHOH —
t~ 73.

XapakTepHble CKOpPOCTHU

CKOpOCTb g OJ51 TePMHUYEeCKOH U AU(PPY3HOHHOU MJEHOK 0003HAUWM COOTBETCTBEH-
HO ur W up. [Ipumem takxke d = hy, | = a. XapakTepHble CKOPOCTH Up U Up ONpPeNes UM
npu OOJBLIUX BpeMeHax ¢ ~ T4, KOrja AeopMallii CTaHOBSITCSA CyLleCTBEHHBIMU. B 3TOM
c/lyyae MOXKHO CUMTaTh TeMIEpPaTypy OAHOPOAHOH MO BHICOTE, U, KAK CJEACTBHE,

Ty =T, (r) =Ty + e /7.

B cayuyae TepMHYecKOH TJIEHKH KOHLIEHTpAlUsl ellle He M3MeHWsach 3HauuTespHo Cf =
= (' = Cy. KoapduuneHT noBepXHOCTHOTO HATSIKEHUS

v = = (T1 — To) + v¢ (Cr — Cp) = vrbe

d A
XapakTepHasi CKOPOCTb TEPMOKANHMJJIAPHOTO TEYEHHs Uy ~ _T’y’ TaK YTO MOXKHO
1
TIPHHATh
|yr| 0d
rT=—".
a

[Ipouecc nedopmaumu nuddysnoHHOH MNJAeHKH OyneM CUYHUTaTb PaBHOBECHBIM, YTO
JIOCTUTaeTCsl YMeHbIlIeHHEeM ee TepBOHAYaJbHOU TOJLIMHBEL. B 3TOM c/iydae umeeT MecTo

yCJIOBHE HACHILEHUS
J = jr (Tr —Tp) + jo (Cr — Cy) = 0,
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T —r2/a2
W—VOZVT(TI—TO)JFVC(CI—CO):(VT—].—CVC)QG /e,
B cuay npeo6aagaHus KOHIEHTPALHOHHOTO 3({eKTa XapakTepHas CKOPOCThb

Jr 0d
Up = |70 -
Jc pra
BesnnuuHbl ur U up onpeneneHbl A5 KaXKI0W U3 IJIEHOK, HO TOJBKO OfHA M3 HUX OyHeT
COOTBETCTBOBATb XaPAKTEPHOH CKOPOCTH.
Ternepb MOXKHO KOHKPETH3WPOBAThb BBeJeHHble Bbillle MOHATHSA. [lneHka pacTBopa
NPOSIB/ISIET TePMUUECKHUH 3 (PeKT, ecyar ee MepBoHAUaJ bHasA TOJLIMHA

.| Dpa®
[yr|0°

d>

~Y

¥ KOHIIEHTPallMOHHbIH (IU(dy3noHHas MIeHKa) — MpH

B namewm cayuae d > 107" m u d < 107% M cootBetcTBeHHO. Jlanee paccMaTpHBalOTCA
JKUKHe MJeHKH ¢ Haua bHOH TOMHUHON d = dp v d = dp, rae dp = 1074 ™, dp = 107° m.

2. PA3BUTUE NOoNgd CKOPOCTWU. MAJIbIE BPEMEHA

Paccmorpum mporece (hOpMHPOBaHHUS MOJIsI CKOPOCTH MPU HarpeBe CJIOsl XKHIKOCTH.
[Tonoxxum B ypaBHeHuHsix (5), (7) xapaktepHoe Bpemss 7 = 71 u3 (8). [IpeHebperas
4JIieHaMH TIOpsiIKa € U Bhille, OyeM HMeTb

ov’. 0*vi  Op.  Ga oC
= -V * ) Py 07 = Oa
o - VT g T Re ot o
or, 0T, vt ow, 0
ot, 022’ R P
['paHuuHbIe yCI0BUS:
2.=0:0v] =0, w,=0, T,=T7,
Ze = hy i pe = p:;,
ReProv’, 0z, = eMa (V1 T, + vc/ (vr0) V', C)
dT,/0z, =0, 0h,/ot, =0.
Hauanbubie yenoBus t, = 0:
he =1, (10)

0<zi<hy: v} =0, w,=0, T,=0, C=C0C.

3aTpathl TemnJsa Ha UCMapeHHe Ha JAaHHOM BPEMEHHOM HHTepBaJjie He YYUTbIBaeM.
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PeweHue 3apaumn (ug = ur)

M3 KrHemaTHuecKoro ycJ/oBUsl Ha CBOOOJHON TOBEPXHOCTH CJeyeT MOCTOSHCTBO TOJI-
ILMHBI MJIEHKH

Oh,
=0 = h, =1,
Ot
KOHLEHTPALMsl TaKxKe HeH3MeHHa
oC
=0 = (C =y = const,
ot, 0

MPOMOJIbHBIA FPAJHEHT AABJEHHSI OTCYTCTBYET
= (Ga/Re) (1 — z,) + p.

Hanee, pemas 3anauy (9), (10) meronom Pypbe, HAXOAUM IOJIE TEMIEPATYPbI
1 1
T (Taey Yy 2as o) = T — 2T ; n—ne_”"t*sin (Mnzs), M = (n + 5) T
Ha CBOOOAHOM MOBEPXHOCTH (2, = h, = 1)
00 n
(=" 2 vy
TF (2o, yorty) = T — 270 S —Log Mt L (z, = h,) = —ViT7.
7 (@ Yus i) ; n 0z ( ) 147

HpOJlOJIbHaH CoCTaBJidmollad CKOPOCTHU

400 +oo (e—nzt* _ e—'f],%l&)
* n+k .
U (Ty Ysy 24, 1) = — 4 E E sin (9, 24) +

2 (2
— = M (M = 7)
(k#n)
+oo n
+4Z e Mntrgin 2 ﬂ “Mate _ ] Vi T* 11
p (Mnzs) + Z ; e ze o VT, (11)
n=0 " n=0 n

BepTHUKaJbHagd KOMIIOHEHTA

+oo +oo <e—m§t* - e—n%t*>
W (T, Yuy Zaey ) {42 Z n+k 5 (1 —cos (Muzy)) —

2
— m (M = 17)
(k##n)
4 Mt S _(_1)n TR V2T 12
- Z —¢€ COS(UM*))‘ ; T € _5 2y 1L +4se ( )

[Tpu HarpeBe momsoXkH 1o 3akoHy (4) B dopmynax (11), (12)

2
* 5T — /2 2
TS =€ ) Ty = x*+y*a

oT* 5 1 0 oT* >
Y =—"e,=—2r.e "ve,, V7 T* = re——| =4 (rf — 1) e "
or, r. Or. or,
1noJie CKOPOCTH 00/1afiaeT 0CeBOH CHUMMeTpHen
V1
vj:u—:v:er, vr =) (Twy 2, t)
0

Ha puc. 1 npencras/eH mpoliecc nporpeBa CJ0s >KUIKOCTH U (DOPMHUPOBAHHE MOJIS
CKOPOCTH.
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T v,
3 ]
067 3
0.8 i
2 0.4
2
0.6 i
0.2
p 1
0.437 , . , , 3 , - . ) ,
0 1z, 0 1z,
a/a 6/b

Puc. 1. Temneparypa T, (r. = 0) u paguajbHas KOMIOHeHTa cKopocTH v\ (r, = 1)
no BeicoTe. KpuBble /-3 COOTBETCTBYIOT MOMeHTaM BpeMeHH t, = 0.3, 0.7, 3
Fig. 1. The temperature T, (r, = 0) and the radial velocity component v} (r, = 1)
in height. Curves /-3 correspond to time instants ¢, = 0.3, 0.7, 3

[IpuBeneHbl 3aBUCHMOCTH TeMmepaTypel 1, W pagua/]bHOM KOMIIOHEHTBI CKOPOCTH v
OT BepTHUKaJbHOH KOOPAMHATHI Z,. leMIepaTypa yKa3aHa Ha BepTHKa/abHOH ocH 7, = 0,
a mpo(UJM CKOPOCTH — Ha HEKOTOpoM yaajeHuH oT Hee (7, =1). Kpusee 1-3
COOTBETCTBYIOT MOMeHTaM BpeMeHHu t, = 0.3, 0.7, 3. Ilpu mocTpoeHuu rpadukos ps-
Ibl OblIM 3aMeHeHbl KOHEUHBIMM CYMMaMH C JOCTATOYHBIM YMCJIOM CJaraeMblX, TakK 4TO
NpH JajbHellleM UX yBeJUYeHHH BHU3ya/bHOTO M3MEHEeHHs He HalJII0fa/oCh.

3a mepuof XapaKTepHOro BpeMeHH YCTaHaBJHWBAeTCsl OAHOPOJHOE pacrpeseseHne TeM-
nepaTypbl 10 BePTHKa/JU W JUHEHHBIH NPO(UIb CKOPOCTH, KakK NpHU TedeHHH KysTra.
[loBenenue tepmuueckoit U n1U(EGy3HOHHON MJEHOK NPU BpeMeHax ¢ ~ 7 ofiMHaKoBo. [la-
Jiee JJ1 TEPMHUECKOH IJIeHKH HauMHaeTcs mnpouecc AedopMauuy, a L AUPQPY3HOHHON
MaJjible BpeMeHa IMPOAOJIXKAKTCA N0 t ~ T3, NPOUCXOAAT M3MeHeHHe KOHLEHTpaluu H
nepecTpauBaHue MOJIS CKOPOCTH.

Onpenenum najbHeillee pa3BUTHe MOJS CKOPOCTH AJs AU(PQPY3UOHHOH IJIEHKH,
CBsI3aHHOE C HCMapeHWeM JieTydeil KommnoHeHTHl. [losnarasi B ypaBHenusx (5), (7) xapak-
TepHOoe BpeMsi T = 73 U3 (8), OynemM UMeTb

. 0?v* op. Ga oCc  9*C
VIt e =0 5 T R T T o
) (13)
8T*_0 v *+8w*_0
022 1YL 0z,

['paHuuHBIe yC/0BUS (NHHeapr30BaHHbIE)

ze=0: v =0, w,=0, 0C/0z, =0, T.=T7,
Ze = Dyt P :pZ;
ReProv' [0z, = eMa (V1 T, +~¢/ (vr0) V', C),
pD/ (jo (1 = Co)d) 9C [0z, = = [(jr0/jc) Te + (C = Co)],
—kO/ (joL,d) 0T, )0z, = (j1r0/jc) T + (C — Cy), 0Oh,/Ot, = 0.
HauanbHele ycnosusd t, = 0:
he =1, (14)
0<zye <h,: C=0C,.

72 Hay4rsir otgen



H. A. FleaHosa, K.A. bopoanHa. TepMoKannnspHoOe ABKKEHNE TOHKOF MNEHKN COPN

PeweHwue 3apaum (ug = up, d = dp)

TOJIHLHHa [IJIEHKHW HeH3MeHHa

Oh.
ot

=0 = h,=1.

WuTterpuposanue ypaBHeHus Ajs Temnepatypsl B (13) naet

82T* * * * 8T* * *
522 =0=>"T. =17 =Tz + 17 = o= =17 -1T.
3necw 17 = T, (2. = h,) moka HeusBecTHass (QyHKUHUs. [lomcTaBUB 3TO BbIpaXKeHHe B
TPaHUYHOE YCJIOBHE
k0 Jro
T =T7 —17 + (Cr = C
—pa T =T =207+ (0= ).

HaxolMM cBsi3b nepeMeHHbIX 1} 1 C; = C (2, = h,) Ha BHeLIHEeH MOBEPXHOCTH MJIEHKH

kOT* — joL, (Cr — Co)d

17 =
! (k + ]TLvd) 0

(15)

Hcnonbays (15) B rpanuunom ycsoBuu aasi C' u3 (14), MOXKHO HCKJIOUHTH TEMIEpPaTypy
T

oD 9C []TQ }
_— Ze = 1) = +(Cr—Cy)| =
jo (1= Cy) d 0z, ) Jo )
o k ]T0
g 5 @ )
UJINU
0(C —C
rae
jc(l—CO)d k jTe
H= . U=—"—-T" 16
pD  k+ jrL.d jo (19

Takum obpasom, 3amada nJsi KoHueHTpauuu u3 (13), (14) otnensiercs

0(C—Cy) _ (C—Cy)
ot = 522 , O0<z, <1, t,>0,
t*:OI (C—CQ):O,
z.=0: 0(C—Cy)/0z =0,

[Tose KOHUEHTPaUHHu UMEET BUL

e Mt o8 (fin 2y )

400
H./H? 2
C(x*ay*7z*7 ) C'O—i_[] 1+2Z +Iun

un[H2+H+ui]
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3necb U u H ompenesnensl gopmynoi (16), p, — MOJ0XKUTeNbHbIE KOPHU YpaBHEHHS
ctg u = p/H. Ha cBoGoOHON mOBepXHOCTH (2, = 1)

. —+o0
]TQ n H\/HQ—F,U% 2t
Cr=Ch——|1+2 —1 Hntcos p, | T 17

OcrasibHble HEHM3BeCTHBIe HaxoasTcest ¢ momoltibio (15) u (17)

h t = V7 0:>820*l 0
« = cons . = =0,
1p 822

ov’, gl
L =h,) = * T* *
82* (Z h ) UD (V TGV C])

[Ipoduab NponosbHON COCTABJAIOLIEH CKOPOCTU JIMHEHHBINA MO BBICOTE

V) (T, Ysy 24, ts) = VAT + —=V'1Cr ) 2,
(7Y ) UD( 1 ’YT9 1 I)
BepPTUKaJbHAsT KOMIIOHEHTA CKOPOCTH
2
* rYC * Z
Wy (T, Yus Za, T Vil + —=V.Cr | =,
( Yy ) U/D( 1 7T0 1 I) 2

1oJie TeMIepaTyphl
T (Tay Yy 2as o) = (T7 = T2) 2z + T

Kak BugHo u3 (17), TepMoauHaMuyeckoe paBHOBEeCHE HACTyMaeT 3a BpeMs

Ts 1 d?

[Ipouecc npedopmauuu nuddy3MOHHOH MJEHKH PAaBHOBECHBIH MNpPU YCJAOBUU T, < Ty.
JlanHoe TpeGoBaHHE BHIMOJHSETCS.

Ha puc. 2 noxkasanbl AMHAMHWKA H3MeHEHHS KOHLEHTPAaLUWW W TeMIlepaTypbl Ha
MIOBEPXHOCTH MJIEHKH, a TaKXKe NepecTpauBaHue paHee C(DOPMHUPOBAHHOIO MOJISI CKOPOCTH.

%
C}*’TI 2 v;," 3
0.98 A 1
0 Z*
0.96 A ] 4
—0.21
0.94
5
0""'2""21"t_0‘4_
*
al/a 6/b

Puc. 2. Konnenrpanusa C; = C;/Cy n temneparypa 1} mpu 7, = 0 B 3aBUCHMOCTH OT
BpeMeHH — KpHUBble / W 2; pajuasbHas KOMIOHEHTa CKOPOCTH v (7. = 1) 1Mo BbIcOTE —
KpHBble 3—5 COOTBETCTBYIOT MOMeHTaM BpeMeHH ¢, = 0.001, 0.3, 3
Fig. 2. Concentration C; = C7/Cy and temperature T} at 7, = 0 depending on time are
the curves I and 2; the radial velocity component v} (r, = 1) in height is the curves 3-5
which correspond to time instants ¢, = 0.001, 0.3, 3
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[IpuBenensl 3aBucumoctn Cf = C;/Cy u T} or BpeMeHH ¢, B LeHTpe 7, = 0 —
KpuBble / U 2 cOOTBeTCTBEeHHO. [lokasaHo pacnpeneseHre paauajbHOH KOMIIOHEHTH CKO-
pOCTH v} 1O BepTHKa/M NpU 7, = 1; KpUBble 3—5 COOTBETCTBYIOT MOMEHTaM BpeMeHU
t, = 0.001, 0.3, 3. Kak u paHee, cXOAMMOCTb PSIIOB KOHTPOJHMPOBAJACh BH3yaJIbHO.
KonueHTpanus y6elBaeT co BpeMeHEM H CTPEMMTCS K HOBOMY PaBHOBECHOMY 3HAUeHHIO.
[Ipn sToM TemmepaTypa MOBEPXHOCTH IJEHKH HECKOJNBKO TOHHXKeHa BCJENCTBHE 3aTpaTr
Tellj1a Ha UCIIapeHHe JeTydell KOMIOHeHThl. [opr3oHTa/IbHAS COCTABIAIOIAA CKOPOCTH v
MeHsieT CBO€e HallpaBJjieHHe Ha MPOTHBOMOJOXKHOE.

3. OE®OPMALUUA NNTIEHKU PACTBOPA

PaccmoTpum nuHamMuKy kKuAKOH mieHkH. [lpu 7 = 74 u3 (9), (7) caenyer

0*v7 op.  Ga Ow,
v, 0, Ga o v 2y 18
Vi« + 522 0 8z*+Re 0, VI vL+8z* 0 (18)
2.=0:0] =0, w,=0, z.=h.: p.=p,,
ReProv’ /0z, = eMa (V1 T, +v¢/ (v0) V1 .O), (19)

Oh. JOt, + v} -V he —w, = 0.

Beons B (18), (19) cpenHioo Mo TOJIIKMHE TMPOAOJBHYIO CKOPOCTb Uy, MPUXOIUM K
M3BECTHBIM COOTHOLIEHHUSIM

Oh, » Ga
a—t*+m (hyuy) =0, u, = e ) VA mp——

eMa

Srep (VLTI + —VLCI) .

b
Jlnsg paccMOTpeHHbIX NPUMEpPOB JHHEAPU30BAHHOE YpPaBHEHHE 3BOJIIOLUMH IPUHHUMAET
equHYyI0 Qopmy
Oh.
ot

2
=A(r2-1) ‘T+B(a mh*)

Or? 7. OT,

HO C Da3JMYHBLIMM 3HAYeHUAMH Ko3(D(puuHeHToB. I/l MIEHKM C HayaJbHOH TOJLIMHON
d = dp: A = 2, B = pgds/(Buaur), t. = wupt/a; nng nnenku ¢ d = dp:
A = 2(ur —up)/up, B = pgd}/(Buaup), t. = upt/a. Tpuxogum K ciepymouiei
IOCTaHOBKE:

Oh.,
ot

9%h, l Oh,
or2  r,or,’

= Af(r) + BALhe, f(r)=(2=1)e™,  ALh. =

hie = hy (1, t); 12 >0, (20)

t
hi (re,0) =1,  hy(+o0,t.) = 1.

Pemasi 3anauy (20) ¢ momotunkto npeobpa3oBaHusi XaHKeJ sl HYJ€BOrO MOPsiiKa, yCTaHAB-
JIUBaeM NTUHAMUKY W3MEHEHUs TOJILIUHBI MJIEHKH

B () = 1 A { 2} 1 r?
(raty)=1—— |exp{—ri} —————expy —7—— 7 |.
4B \ &P 1+4Bt, P\ 11 4Bt

Ha puc. 3 npencrasnena nepopmauus niaeHku. F3o6pakeHbl 3aBUCUMOCTH TOJILIHUHBI
CJI0s1 KHUIAKOCTH h, = h/d OT pagHanbHON KOOPAMHATHI 7.
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h, | h,

11 i 3

] N
0.5

3 i
g X——
0 2 o 0 2 i
al/a 6/b

Puc. 3. 3aBUCHMOCTb TOJILIUHBI MJIEHKHA h, OT TPONOJBbHOH KOOpPAUHATH 7. Kpusele 1-3
COOTBETCTBYIOT MOMeHTaM BpeMmeHH t, = 0.1, 0.5, 1; d =dp (a), d = dp (6)
Fig. 3. Dependence of the film thickness h, on the longitudinal coordinate r,. Curves /-3
correspond to points in time ¢, = 0.1, 0.5, 1; d = dr (a), d =dp ()

Kpusele /-3 cooTBeTcTBYIOT MOMeHTaM BpeMeHH ¢, = 0.1, 0.5, 1. [na Tepmuyeckoit
d = dpr n nudpdysuoHHol d = dp naeHOK HabJofaeTCsl pa3HOHANpaBJeHHOE [BUXKEHHE
CBOOOIHOH TOBEPXHOCTH.

3AKJNTKOYEHUE

B pabGore wM3yuyeHO MNOBefeHHe TOHKOH IJIEHKH XKHAKOCTH, COlepxKalled JeTydylo
KOMIIOHEHTYy, NpU ee Harpese. BblgeseHO dYeThlpe MacliTaba BpeMeHM, CBS3aHHBIX C
pasBUTHEM II0JIEH CKOPOCTH, TeMIlepaTypbl M KOHLEHTpALWH, a TaKxkKe C H3MEeHEHHEeM
BBICOTHI cJ/105. OmnpeniesieH XapakTepHBIH NepUOM, B TeueHUe KOTOPOro yCTaHaBJ/HMBaeTCs
TepMOJMHAMHUYeCKOoe paBHOBeCHe pacTBOpPAa C HACBILIEHHbIM IMapoM. B 3aBucuMocTH
OT MNepBOHAYA/bHOM BBICOTHl KHAKOILO CJIOS TPOrMO MOBEPXHOCTH IJIEHKH MOXeT Kak
onepexaTb pa3BUTHe MO/ KOHLEHTPALKHU, TaK U OTCTABATh OT Hero. B nocsennem ciayyvae
HaOJII0aeTCsA TIepeCTPOeHHe TeYeHUs B IJIEHKe C U3MEHEeHWeM HalpaBJeHUs pagua/bHOU
COCTABJIAIOLIEH CKOPOCTH 10 MOMEHTAa BUAMMOH Je(hopMaLKHu.
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Interphase convection is a widespread phenomenon that occurs in various branches of tech-
nology, including chemical technologies. The greatest interest in the case of thin liquid films is
the Marangoni convection. Phase transitions significantly affect the convective flow, changing the
coefficient of surface tension. In this paper, the behavior of a thin film of an alcohol-containing
solution when it is heated is analytically studied. The change in the temperature of the free sur-
face together with the escape of the volatile component leads, as a rule, to two opposite effects
with respect to the directionality of the surface tension gradient. It is shown that four time scales
associated with the development of velocity, temperature and concentration fields, as well as the
change in layer height, can be distinguished in the considered non-stationary problem of a film
deformation. Depending on the initial thickness deformation of the film can both advance the de-
velopment of the concentration field, and lag behind it. In the linear approximation formulas for
the fields of the basic quantities, and also for the asymptotics of the film deformation process are
obtained.

Keywords: thermocapillary flow, Marangoni convection, deformation of a liquid film.
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UccnepoBaHne NPOYHOCTU U YCTOMUYUBOCTU OPTOTPOMHDbIX
KOHUYEeCKNX 060/104eK U KOHUYECKUX NaHenen

E. O. JlanuHa, A. A. CemeHOB
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kadbenpoli MHGOPMaLMOHHBIX TexHonoruid, CaHkT-MeTepbyprcknii rocynapCTBEHHbI apXu-
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B cTponTenbcTBe TOHKOCTEHHble 0060/104€YHblE KOHCTPYKUMM MCMONb3YOTCS ONS MOKPbITUS
nomeleHni 6onblmMx Nnowanei, Takmx Kak cTaauoHbl, aHrapbl, LMPKK, asponopThl. B naHHoi
paboTe NPUBOAUTCS MCCNEAoBaHME MPOYHOCTM M YCTONYMBOCTU 3AaMKHYTbIX KOHMYECKMX 060-
Jlo4ek, a TakXxe Ux naHenen. YuyntbiBaetcs reoMeTpunyeckas HENUHENHOCTb U nonepeYyHble
cosurn. Micnonb3yeTca matematmnyeckas MoLenb B BUAE (PyHKLMOHANA NOMHON NOTEHUMANbHOM
aHeprum gecopmaunn. Takxe NpUBOSATCS BbpaXXeHns ana gedopmaunii, yCunmii 1 MOMEHTOB.
PacyeTHas nporpamma peanusoBaHa B cpefe MatLab. Anroputm nocTpoeH Ha MeTone Putua u
mMeTone HbloToHa ANs peleHnst CUCTEeMbl HENMHEHbIX anrebpanyecknx ypaBHeHWit. MNokasaHbl
BapuaHTbl anmnpoKCMMMPYIOWMNX OYHKLIMIA ANS 3aMKHYTOM 060/104KM 1 ANst ee naHenu. HalioeHsb
3HAYEHNS KPUTMYECKMX Harpy3o0K, NnoyyeHa 3aBMCUMOCTb Npornba oT Harpysku, HanpsiXKeHui
0T Harpysku, nokasaHo nose npornboB B AOKPUTUHECKUIA U B 3aKPUTUYECKIIA MOMEHTBI. MNprBo-
OATCA NONS PasfiMyHbIX KOMMOHEHT HanpsiXeHUn B MOMEHT Hayana HeBbINOJIHEHUS YCNOBUIA
NPOYHOCTU. YUMTbIBAETCS OPTOTPONUS MaTtepuana.

KntoueBble cnoBa: 060M04KW, KOHMYECKME NaHenu, YyCTOMYMBOCTb, MPOYHOCTb, OPTOTPONUS,
reomMeTpuyeckast HeNMHENHOCTb.
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BBEILEHUE

B crpouTesnbcTBe TOHKOCTEHHBle 000J0YHBIE KOHCTPYKIMHM HMEIOT LIMPOKOE
npumenenue [1-3]. OHU HCHONB3YIOTCS [Jisl MOKPLITHS MOMEIIeHHH OGOJBIINX IJIO0LLA-
fell, TakKuX KakK CTaAUOHbBI, aHrapbl, LUPKH, a3pOMOPThbl, MPU 3TOM TOJLIMHA 000-
JIOUKH JIOCTATOUHO MaJja, MO3TOMY TaKhe KOHCTPYKLHH, OCOOEHHO IMPHU HCMOJb30BAHHUH
COBpPeMeHHbIX MaTepHuaJsoB, OYAyT JEerKUMHU.

B apxuTeKTypHOH MpaKTHKe HCMOJb3yI0TCs 000J0YKH KOHHYeCKHe, cheprudecKue, LHU-
JUHApPUUECKHE, TO0JOorue, TopooOpasHele W Ap. Kak mnpaBuio, KOHCTPYKLUHH JAHHOTO
TUNA TOABEPralTCs BO3AEHCTBHUIO PA3/JUUHBIX HArpy3okK, MOITOMY BO3HMKaeT HeoOXo-
IUMOCTb HCCJeNOBaHUS MX ycToHuuBocTH. HccnenoBaHuo 060/0U€YHBIX KOHCTPYKLHH
Ha YCTOMYMBOCTb IIOCBSIEHO MHOXKeCTBO NyOsuKaumi [4-7], B ToM dwucjie wuccre-
JIOBAaHUI0 KOHHWYeCKHX obOojouek W ux mnaneseid [8—12]. Tlpouece nedopmupoBanus
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MpyU IeHCTBUM OCEBOH HArpy3kd paccMaTtpuBaercss B cTathsix [13-17], xosnebanus —
B [18-21], naMHHUpOBaHHBlE KOHCTPYKIHH — B paboTax [22-24]. [lpyrue 3anauw,
CBsI3aHHBIE C aHAJM30M TIpolecca NeOPMHUPOBAHHUS KOHHUECKHX KOHCTPYKIMH, MOXHO
HaiiTh B paborax [25-28]. Tak, B pabGore [10] mpoBomuTCs HCCJenOBaHHe TMpolecca
pa3pylIeHUs] MHOTOCJOMHBIX LUJIMHAPUUECKHX W KOHHUECKHUX TMaHeseldl MpU CXKATHH C
y4eToM TeoMeTpHyecKkol HesuHeHHocTH. CHcTeMa HeNHMHEHHBIX ypaBHEHHH pellaeTcs
C HCIOJNIb30BaHHWEM HTepalroHHOro Metona HreioToHa — Padcona. B pabore [28] aHa-
JIU3UPYETCsl BJHSHUE TeOMeTPUYEeCKUX MapaMeTPOB Ha YCTOHMYMBOCTb KOHHYECKHUX IaHe-
JIeH TIpY Pa3JIMYHBIX YCJIOBHSIX HArpy»KeHHs.

MeToauKa HCCIEOBAHUS MPOYHOCTH M YCTOMYMBOCTH OOOJIOUEUHBIX KOHCTPYKIHH
CBOIHUTCS K pa3paboTKe MaTeMaTHUeCKOH Mojeau HX IeOopMHUpOBaHHS, pa3paboTKe
aqroputMa u nporpammbl s OBM, a Takike NPOBENEHHI0 BBIYUC/IUTENBHOIO IKC-
TIepUMEHTA.

B nanHoii pabore mjsi HCCAeNOBaHMs MPOYHOCTH H YCTOMYMBOCTH ObLIH BBIOPAHBI
KOHHUEeCKHe 000JI0UKM M HUX IMaHeJsH, TaK KaK, HECMOTPsl Ha CBOe ILIMPOKOE MpaKTHYeCKoe
TpYMeHeHHe, UCCIeI0BaHUH TaKHUX KOHCTPYKIHMH MPOBOAMUJIOCH CPABHUTEJIBHO MaJo.

1. NMOCTAHOBKA 3AL0A4YU

bynem paccmarpuBaTh 000J70UKH U
naHesd KOHUYecKou ¢opmbl (puc. 1). I'eo-
MeTPUYECKUH BHJ AAHHBIX KOHCTPYKLHH
OyneT XxapakKTepu3oBaTbCsl IapaMeTpaMu
JIAMe ¥ TyIaBHBIMH KPHUBH3HAMH BJOJb
KOOPAMHAT T, ¥, KOTOpble IMPHUMYT BHJ
A=1, B=gxsinb, k, =0, k, = ctgf/z.

Bynem wucno/nb3oBaTh MaTeMaTHuec-
Kylo Mofenp Tuna Tumomenko (Mwunmu-
Ha — PelicHepa), KoTopas y4MTBIBaeT IIO-
NepeuHble CABHUIH, OPTOTPOIMIO MaTepHa-
Jla ¥ TeOMEeTPUUEeCKYI0 HeJiuHeHHocTh [29].
CorsacHo 3TOH MoJe/M, HEU3BECTHBIMM (DYHKLUHSMH OYAYT TPU (PYHKLHH NepeMelleHUH
TOUeK KOOpAHMHaTHOH nosepxHocTH U(z,y),V(x,y), W(zx,y) n nBe (yHKUMH, Xapak-
TepU3ylollMe YIJBl 10BOpoTa HopMmaad B miockoctd z0z, yOz: ¥, = Y (z,y), ¥, =
= U,(x,y). Yder reomerpuyeckoil HeJHHEHHOCTH B NAHHOM Cjyuyae NaeT BO3MOMKHOCTb
UCCJIeIOBATh HE TOJIBKO HANpsiKeHHO-Ie(hOPMHUPOBAHHOE COCTOSIHME 000JI0OYKH, HO U ee
YCTOHUUUBOCTb.

B ocHoBe naHHOH MOzeJH JIeXKUT (DYHKLMOHAJ IIOJHOH MOTEHLHAIbHOH SHepruu me-
(dbopMauuu, KOTOpPEIA OyeT UMeTb CJAeAYIOUMH BUM:

Puc. 1. Ilanesnb KoHUUecKoH 060J0UKH C JIO-
KaJIbHOU CUCTeMOU KOOpAHUHAT
Fig. 1. Conical shell panel with local coordi-
nate system

IR 1
By = 2 / /0 (Nx5x + Nyey + 2 (Nay + Nya) Yoy + Maxa + Myxa + (May + Myz) X107+
a1

+Qu (W, —61) +Qy (Y, —0,) — qW> AB dzx dy,

rie N,, N, — HOpMa/JbHble YCUJIMS B Hanpas/JeHWH oced x, y; Ny, Ny, — CIABUIOBbIE
ycuaus B cooTBeTcTByolleH naockoctd xOy; M,, M, — nsrubawoimme MoMeHThl; M, —

KPYTAILLMHA MOMEHT; (), (), — momnepeuHble cuJbl B muockocTaXx 0z U yOz, KoTOpbIE
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orpeneadrTcd COOTHOWEHUAMU:

Elh EQh
e =7T— €z + Ey) Ny=—— (g + €x) N, :Nx:th7
L — praapion ( HnEy) Y1 — o (8 F 112) Y Y 12y
Eh? Eyh?
M, = + , M, = + ,
12 (1 — i1ofiny) (X1 + p21x2) v= 19 (1 — firapiar) (X2 + H12X1)
Gioh?
My =My = =12, Qa = Grahh (Vo = 01), Qy = Gashh (¥, — ).

3nech Ey, Es — MOAynH yNpyrocTH B HampaB/ieHusx z, y; k = 5/6; Gia, Gi3, Gaz —
Moayau caBura B miaockocTsix xOy, Oz, yOz COOTBETCTBEHHO; [i12, fi21 — KOIDPULUHUEHTHI
[lyaccona; €., €, — nedopmauuu yAJUHEHHS; Y, — Ae(POPMALMU CIABUra B MJOCKOCTH
xOy:

_lou 1 o4 l, __10V 1 0B 1,
== dar Tap oy WA s =gy, YAl — RV gk
19V 19U 1 0A 1 OB

_toy 1oy 104 + 0,0
Y= A0r T Bay  AB  dy  AB' ax %

10w 18W

J1s1 pellleHHs 3amayd aHa/KM3a YCTOHUMBOCTHU HEOOXOAMMO HAWTU MHUHUMYM (DyHK-
uuoHana. [lonyyeHHele B pe3ysnbTaTe 3Ha4eHHs] MOTYT COOTBETCTBOBATb JIMOO KpUTHUeC-
KHM Harpy3kam MOTepyu YCTOHUHMBOCTH (BEPXHHUM HJM HHUXKHUM), JUOO TOukaMm Oudypka-
100208

[Ipumenum Kk ¢yHKUMOHAAy MeTof PuTua, 4TO MO3BOJUT CBECTH BapUALUOHHYIO
3ajayy O TIIOMCKe MHHHUMyMa (yHKLHMOHA/Ia K PpeLIeHUI0 CHUCTeMbl HeJMHeHHbIX
anre6pandyeckux ypaBHeHMH. B Takom ciydae HeusBecTHble GyHkuuu U(z,y), V(z,y),
Wi(x,y), Vy(z,y), ¥V,(x,y) NpeAcTaBUM B BHJE

U:ii@pﬂ( kY1), V= ZZVMX2 Y 2(1),

k=1 I=1 k=1 I=1
W=> ") WuX3(k)Y3(l),
k=1 I=1
0, > U XAR)YA(D), U, = Zz%k,xs) )Y5(1),
k=1 I=1 k=1 [=1

rae U, Vi, Wi, Vg, Wy, — HeusBecTHble uncjoBble mapamerpsl; X1(k) — X5(k),
Y1(l) — Y5(I) — u3BecTHble ammpoKCHMHUPYIOLIHe (YHKIHHU, KOTOPblE YIOBJETBOPSIHOT
KpaeBbIM ycJ/10BUsIM. KpaeBble yc/10BUS /151 KaXKI0H KOHCTPYKIIMM BEIOMPAIOTCS MUCXOAS U3
cnocoba 3akpenyeHuss KOHTypa 000JI0OUKH.

B KkauecTBe anmpoOKCHMHUPYWOIIMX (DYHKUMHA TPH MIAPHUPHO-HETOABHUKHOM 3aKperl-
JIEHUM KOHUUECKOH MaHesu OyfeM UCMOo/b30BaTh CJedyolLIHMe TPUrOHOMEeTPHUUeCcKHe (PYyHK-
LU

X1(k) = sin (M> . X2(k) = sin (M> . X3(k) = sin (M)

a — ay a — ap a — aq

X4(k) = cos (M) . X5(k) = sin (M) ,

a — aq
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vag) =sin (B vam —sin (27), vam =i (B0

R (CER L R CELEY)

,HaHHbIe qDYHKU,I/II/I [IPUMEHHWMBbI TOJIbKO [JIs HaHeJIeﬁ, IIOCKOJIbKY OHH He€ TIO0/1-
pa3dyMeBarOT BBINIOJHEHHUA YCJAOBHA MNEPUOAUYHOCTHU BAOJbL OCH Y. I[.HH 3aMKHYTbIX 060-
JIOUEK alllIpOKCUMHpYIoUihe Cp}IHKU,I/II/I MOXKHO MPUHATL B CJAEAYIOLIEM BHUIE:

XK@=wm(Eﬂﬁiﬁﬁ),xn@):$n<@iilﬂg, X%@:wm<ﬁﬂﬁigﬁ)

a — aq a — aq a — aq

X4(k) = cos (M) . X5(k) = sin (M) ,

10— (K5IY v (B0) o (B0

b b
YA(l) = sin (2%) Y50 = cos (W) |

CornacHo wmetopy Purtua, anmpokcumupyiomive (yHKUHH TMOACTABAAIOTCS B (DyHK-
[MOHAJ M HaXOHATCS TMPOU3BOJAHBIE MO HEU3BeCTHBIM NapamerpaM. [losyueHHBIE BBI-
paKeHUsl NpUpaBHUBAIOTCA K HyJl0. B pesysnbrate mnojdydaercss cUCTeMa HeJUHEHHBIX
anredpanueckux ypaBHeHHH.

Ilns HaxoXIeHWs HEU3BEeCTHHIX KO3(D(PULHEHTOB OyAeM pellaTb NAHHYIO CHCTEMY
meTonoM HbroToHa:

Xi=Xi—H ' X)) VE, (X)), X = Uk, Vit, Wi, Yo, \ijk:l)Ta k=1.n,1l=1.mn,

rae marpuua 'ecce H u rpaguent VE, UMeOT BUJ

9 Ep 0°Ep 9*Ep o 9*Ey - SE. -
8U121 oU110U12 oU110U 13 OU110¥ ynn aUpl
9E, 9E, 0E, . 0E, o8,
oU120U71 8U122 oU120U 13 U120V ynn OUEH
H = 92E, 82E, 92E, 92E, VE = | %
oU120U11 oU110U2 6U122 U120V ynn ’ b oU3
02E, 02E, 02E, o O2E, ang
| OWynnOUi1  O¥ynndUia  OVynndUis ov,2 | - ynn =

B kauectBe HauasbHOro mpubmmkenust Upy, V9, Wi, .0, 0.0 (k=1.n,1=1.n)
BbIOMpaeM HyJieBble 3HaueHHUsl KO3((PHULHEeHTOB. BbIMoHAS HTepallMOHHBIM [TPOLECC, HaXo-
narces Koapduuuentel Uy, Vi, Wiy, Wop, Wy, uY€pe3 KOTOPble MOXKHO IOJNYYHThb
3HaueHHs1 HeusBeCTHBIX GyHKUMH U(xz,y), V(z,y), W(z,y), V.(z,y), Y,(z,y) nasa te-
KYLIero 3HauyeHWs MapaMmeTrpa Harpysku. Jlanee mapameTp Harpyskd yBeJUUHUBaeTCs U
pelleHHe CHCTeMBbl MOBTOpsieTcsl. B KadecTBe HauasbHOrO MpUOJIMKEHUS YKe BblOMpaeTcs
pellleHHe C MpeAbIAYIIero 1iara rno Harpyske.

Jlng  aHanmM3a TNPOYHOCTH MaTepuasta KOHCTPYKLMHM MOXKET OBITb MCIOJNb30BaH
KPUTEPUH MaKCHUMaJbHBIX HANpPSIXKEHHUH, KOTOPbIM UMeeT CJeAYIOLIUH BUM:

|7'xy| <7

<o, <o 0*<0y<a+ oy

g z y Yo

T
KommnoHeHTHI HaHpH}KEHI/Iﬁ AHAJHU3HUPYIOTCA TI0 BCEMY IOJIO KOHCTPYKHIHH, UYTO I103-

BOJISIET TaKHM 00pa3oM BHISIBUTb TOYKHM HauaJbHOTO HEBBITIOJHEHHSI YCJOBHE MPOUHOC-
ta [30].
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Ha nanHblll MOMeHT Bce 6o0Jibllle BBIYUCAEHHH MPOU3BOAUTCS C MOMOLLBIO PA3JHUHBIX
MaTeMaTMYeCKHUX cucTeM, Takux Kak Maple, MatLab, WolframAlpha u Mathcad. Ouu
MO3BOJIIOT PeasiM30BbIBaTh PA3/UUYHBbIE MOAXOMABl K pelleHHI0 3afadyH, MPOBOAUTH OoJjee
JeTasbHble HCCJeI0OBaHUS U CO3[aBaTh 0a3dy AJs AajbHellleld pa3paboTKU MPOrpaMMHOrO
obecrieyeHHs C MPUMEHEHHEM YKe TPaAWLHUOHHBIX S3bIKOB MPOrpaMMHPOBAHHUS.

[IpensioxkeHHblll B 1aHHOH paboTe aAropuTM Obla1 peasM30BaH B MaTeMaTHYeCKOM Ma-
kete MatLab. MatLab npencraBnisier co6o#l BBICOKOYPOBHEBBIH $3bIK M OJHOBPEMEHHO
MUHTEPaKTHBHYIO Cpely MJs IpPOrpaMMHUPOBAHHS, YMCJAEHHbIX pacyeToB M BHU3yasn3a-
nuu peaynbtaToB. OH mpesacTaBisieT cOO0H MHOXKECTBO METOMOB [J/s1 aHA/IM3a NAHHBIX,
pa3paboTKK aJrOPUTMOB M CO3/[aHUS MOJeJel, BKAl0YaeT MaTeMaThieckre (PyHKIUHU AJS
MH2KEHEepPHBIX U HayUHbIX Onepanui.

2. PE3YJIbTATDI

B nanHO# paboTe paccMaTpHBasUCh KOHHUYECKHe MaHeIM U 000J0YKH, BHIIIOJHEHHbIE
M3 HEeCKOJbKHX BapHaHTOB OPTOTPONHBIX MaTepuasnoB [31, 32], mapameTpbl KOTOpBIX
npuBoaATcs B TadJ1. 1.

Tabauua 1 / Table 1
XapaKkTepucTHKU OPTOTPOIMHBIX MaTepHasioB
Characteristics of orthotropic materials

Marepuan / Material T300/976 | JIY-I1/9H®B | T300/Epoxy
Eq, T'Tla / GPa 140 140 125
B, I'Tla / GPa 9.7 9.6 7.8
12 0.29 0.3 0.34
G19, I'Tla / GPa 5.5 4.6 44
Gh3, I'Tla / GPa 5.5 4.6 4.5
Gog, I'lla / GPa 3.3 4.6 4.5
[Ipenes npu pactsixkenuu o, , MIla 1517 700 1760
Tensile strength o, MPa

Ipenen npu pactsxennu o, MIla 46 27 80
Tensile strength o;, MPa

[Ipenen npu cxartuu o, , Mlla —1599 —600 —1570
Compression limit o, MPa

Ilpenen npu cxkaruu o, , Mlla —253 —184 —168
Compression limit o, MPa

[Ipenes npu cuBure Tfy, MIla 41.4 55 98
Shear limit Té, MPa

['eomeTpuueckue napameTpbl paccMaTpUBaeMblX BapHAaHTOB KOHCTPYKLHH IpencTaB-
JeHbl B Taba. 2. Ha Bce KOHCTPYKUHH AeHCTBOBaJja paBHOMEPHO pacrpelesieHHass Io-
nepeyHasl Harpyska ¢, HarpaBJ/leHHasl 10 HOpMaJsy K MOBepXHOCTH. PacuyeTsl mpoBoAM/IUCH
npu yuepxkauuu N = n? = 9 4jleHOB pasJioKeHHst UCKOMbIX (YHKIHE B MeTone Putia.

Jns Hayasna paccMOTpPUM MpHUMep, KOTAa o6ojodyeuHass KOHCTPYKLHS He3aMKHYyTas
(Bapuant 1). Ha puc. 2, a, 6 nokasaHbl rpapuKd 3aBUCHUMOCTEH «Harpyska — MpPOTHO»
U «Harpyska — HampsikeHHe B LeHTPe KOHCTPYKLUHH» MAJs TaHeJd M3 YIJeNJacTHKa
T300/976. Kak BugHo u3 rpaduka Ha pHC. 2, a, TMaHe]b TepsieT YCTOHYHMBOCTb IpPH
Harpyske ¢., = 0.1 MIla. Ilose nporu6oB 10 MOTepH YCTOMYUBOCTH M IOCJE Hee IO-
Ka3aHo Ha puc. 2, 8, 2.
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Tabauya 2 / Table 2

BxonHble mapaMeTpsl paccMaTpUBaeMblX KOHCTPYKLHH
Input parameters of the considered structures

[Tapamerpnl Bapuaunt 1 | Bapuant 2
Parameters Variant 1 Variant 2
Jlune#HbIH pasmep aj, M 5 5
Linear size a1, m
JIuHelHbI# pasmep a, M 25 25
Linear size a, m
TonuHa 060104KH h, M 0.01 0.01
Shell thickness h, m
Yros pazBopoTa 0060JI0YKU b, pan s 27
Shell turning angle b, rad
Yroa KoHycHOCTH 6, pan 0.78
Taper angle 6, m
g, MP ! <
oot ¢ a 0o q, MPa :Zi:))f
0.8 0.8 —=
0.7 0.7 .
0.6 0.6 4
0.5 0.5 Ox
0.4 / 0.4 2
0.3 / 0.3
0.2 S 0.2
0.1 ] 0.1 -
. W, m L NS ~ o,MPa
-05 0 0.5 1 L5 2 —1000 =500 0 500 1000 1500 2000 2500 3000
a/a 6/b
W, m W, m
0.8+ il
0.6+ 0.8
ey 0.6 4
02 044
01 02+
=025
4 \//25 2’ .
> Sl 3 5
¥, pan o 10 X, M y, pan 1 s 10

e/ d
Puc. 2. PesysbTaThl pacueta KOHCTPYKUHH BapuaHTa 1 u3 yrienaactuka 1300/976 (user online)
Fig. 2. The results of the calculation of the design of option 1 of carbon fiber T300/976
(color online)
3nech W gnajee Ha rpauKax «Harpyska — TNporu6» KpacHBIM IIBETOM MOKa3aHbl
3HaUeHHs B LEHTPe KOHCTPYKUUHU ((a; + @) /2,b/2); cHHUM BeTOM — B 4eTBEPTOH 4acTH

(a1 + (a —ay)/4,b/4).

8/ c
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Takxkxe HeoOXOAMMO MNPOBOAWUTH KOHT-

poJib  MPOYHOCTH MaTepuasa 000JOUKH, c;,\MHa
MOCKOJIbKY, HaxXOAsiCb BOJIM3U KpUTHUeC- 0
KOM Harpy3KH, MpH MpeBbILIEHUH YPOBHS o
JIOTTYCTUMBIX HAMpPSi2KEHHUH 3TO MOXKET I10- 4100
BJedb 3a CO0OH paspylleHue KOHCTPYK- 150 §
uuu. [loss KOMIIOHEHT HANPSKEHUH 0, Oy, <00

Tyy B MOMEHT Hauasla HeBBINOJHeHHs yc- %~

JIOBUH TMPOYHOCTH AJsS AAHHOHW KOHCTPYK-
LIUM MPUBOASITCSA HA pHC. 3.

‘'c,.Mlla T

1000 100

al/a 8/ c
Puc. 3. Tlons KOMIOHEHT HanpsiKeHUH 0y, 0y, Tyy B MOMEHT Haua/a HEeBBLINOJHEHHS YCJIOBUH
MPOYHOCTH /151 KOHCTPYKLMH Bapuanta 1 u3 yriemnactuka 1300/976 (uset online)
Fig. 3. Fields of stress components o, oy, 7, at the moment of the beginning of non-
fulfillment of the strength conditions for the construction of option 1 from carbon fiber
T300/976 (color online)

Jlanee paccMOTpUM pe3ysbTaTbl pacueTa KOHCTPYKLHH BapuaHTa 2, Korjpa 000J0uKa
3aMKHyTas. [pauku 3aBUCUMOCTEH «Harpyska — Mporud» U «Harpyska — HalpsikeHue B
LleHTpe KOHCTPYKLMH» MpeacTaBaeHbl Ha puc. 4.

5 5 —

q, MIla —— W(15,pi) q, MIla sigmX
45 —— W(10,pi2) 45 —— signY
~—=—tayXY

4 4
35 35
TA
34
3 3

25 25

0.5 W i 0.5 G, MHa

2

0 02 04 06 08 1 12 14 -1000 -500 0 500 1000 1500

a/a 6/0b
Puc. 4. PesynbraThl pacyeta KOHCTPYKIMH BapuaHrta 2 us yriemnactiaka T300/976 (user online)
Fig. 4. The results of the calculation of the design of option 2 from carbon fiber T300/976
(color online)
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[Torepss ycTOHUMBOCTM MJl JAHHOrO BapuaHTa O000J0YKH He HaO/I0aeTcsi, 4To
JOCTATOYHO YaCTO SABJSETCH XapaKTePHBIM /5 3aMKHYTbIX KOHCTPYKLHH.

Ha puc. 5 usobparkeHbl MoJsie Mporu6oB U MoJsl HAaNpsiKeHHH B MOMEHT HayaJjla HeBbl-
TMOJIHEHHUS YCJOBUH NMPOUHOCTH (mpH Harpyske, 6auskoi kK 1.5 MIla).

R
::-‘“\\‘c\\\\}\\\\\\\\\\\\
AARRRRRN

155

I
iy

400 »
8 25
\/
4 15
¥, pan 2 1 X, M
0

5

86/ c e/ d
Puc. 5. Ilose mporu6oB ¥ Mo/ KOMIOHEHT HaNpsiKeHWH o, 0y, Tyy B MOMEHT Haua-
Jla HEBBITIOJHEHUS YCJOBHH MPOYHOCTH JJiS KOHCTPYKIMH BapuaHTa 2 W3 YIJENJacTHKa
T300/976 (user online)
Fig. 5. The field of deflections and the field of stress components o, oy, 7, at the moment
of the beginning of the failure to fulfill the strength conditions for the construction of
option 2 from carbon fiber T300/976 (color online)

B rtaba. 3 npuBomsiTcs 3HAueHHsT MPOTHOOB MPHU HEKOTOPBIX 3HAUEHHSX HaArpyskH
IJisl 3aMKHYTbIX 000J04ek U3 MaTepuasnoB JIY-II/OQH®B u T300/Epoxy. [as naHHBIX
KOHCTPYKLUHH YCJOBHE MPOYHOCTH IepecTaeT BBIMOJHATbCA NPU Harpyskax, OJU3KHUX K
3HayeHuto 1 MIla.

3AKJ/TIOYEHUE

B naHHO# paboTe ObIAM pacCMOTpPEHbl TOHKOCTEHHble KOHHYeCKHe 000J0ueyHble
KOHCTPYKLHUH, COCTOSILIMe K3 pa3JUUYHbIX OPTOTPONHBIX MaTepHasoB U HMeILHe
LIAPHUPHO-HENOJBUKHOe 3aKpenJeHue. PaccmarpuBaeMble KOHCTPYKLUHUH HAXOIUJIUCH MOJ
BO3/JelicTBUEM DaBHOMEPHO pachpefesieHHOH MornepeuyHoi Harpysku. [IpoBoaunoch Kom-
MJIeKCHOe HCCJ/le[jloBaHHe 000JI04eK Ha YCTOHUMBOCTb M NPOYHOCTb. Dblna paspaboraHa
pacueTHass nporpaMma B cpene MatLab, koropasi mosBoJsisieT NMpPOBOAMTH HCCJENIOBAHHUS
YCTOWYUBOCTH 000JI0YEUHBIX KOHCTPYKLHH.
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Tabauya 3 / Table 3
3HavyeHus mporuda B LUEHTPe U YETBEPTHU 3aMKHYTBIX KOHCTPYKIHH
u3 marepuasos JIY-I1/9H®PDb u T300/Epoxy
Deflection values in the center and a quarter of closed structures made
of materials LU-P/ENFB and T300/Epoxy

q, MIla W (a1 +a)/2,b/2), m Wi(a1 + (a —a1)/4,b/4), m
¢, MPa | JIY-TI/SH®B | T300/Epoxy | JIY-TI/3H®B | T300/Epoxy
0.5 0.1618 0.1693 0.1381 0.1453
1 0.3230 0.3379 0.2816 0.2962
1.5 0.4823 0.5040 0.4217 0.4436
2 0.6385 0.6675 0.5571 0.5858
2.5 0.7908 0.8420 0.6868 0.7220

Jlnsi maHesn 000JIOUKM, BBINOJHEHHOH M3 opToTpornHoro Matepuana 1300/976, Gblia
HalileHa KpUTHYecKas Harpys3ka MoTepu YCTOHUMBOCTH, MOKa3aHa 3aBUCHMOCTb Mporuba
OT HarpysKH, JOKPHUTHYECKOe H 3aKPUTHYECKOe COCTOSIHHEe KOHCTPYKIHH, a TaKxkKe
3aBUCHUMOCTDb HaTpsKeHHs] MaTepuasa OT AeHCTBYIOIIEH Harpys3KH.

s 3aMKHYTBIX 000J104€K, BBIMOJHEHHBIX M3 MaTtepuastoB 1300/976, JIY-I1I/9HPb
1 T300/Epoxy, mokasaHsbl 1oJisi IPOrHOOB U HATIPSiKEHUH, a TaK:Ke HEKOTOpPble YHCJIOBbIE
3HaYeHHUHl.

Takum o6pasom, OblJIO TPOBENEHO KOMILJIEKCHOE HCCJeNOBaHWe Ha YCTOHUHMBOCTb U
TMPOUHOCTb 060JI0UEUHBIX KOHCTPYKLHH, COCTOSINX U3 OPTOTPONHBEIX MaTePHAJIOB.

Bbnaromapnoctu. PaGorta BeiosHeHa Npu (UHAHCOBOHM mnoanepxke Poccuiickoro
HayuHoro ¢onzna (mpoekt Ne 18-19-00474).
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In the construction, thin-walled shell structures are used to cover the buildings of large areas, such
as stadiums, hangars, circuses, airports. In this paper, the strength and buckling of closed conical
shells as well as their panels are studied. The geometric nonlinearity and transverse shifts are
taken into account. A mathematical model is used in the form of a functional of the total potential
energy of deformation. Also expressions for deformations, forces and moments are given. The
calculation program is implemented in the MatLab environment. The algorithm is based on the
Ritz method and Newton’s method for solving a system of nonlinear algebraic equations. Variants
of approximating functions for a closed shell and for its panel are shown. The values of critical
loads are found, the dependence of the deflection on the load, the dependence of the stresses
on the load is obtained, and the deflection field is shown at the subcritical and at the superecritical
moment. The fields of various stress components are given at the moment when the strength
conditions begin to fail. The orthotropy of the material is taken into account.
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KBaTepHMOHHbIe MOOEeNnuy 1 anropuTMbl peLleHns obuLen

3a4auu oNTUMaNbHOW NepeopueHTaum opobuThbl
KOCMMYECKOro annapara

W. A. NaHkpartos, 4. I'. CanyHkKoB, FO. H. YenHokoB

MaHkpaTtoB Vnbs AnekceeBnd, KaHOMOAT TEXHUYECKMX HAYK, OOLEHT Kadeapbl MaTtemMaTuyec-
KOr0 M KOMMbIOTEPHOrO MogenupoBaHuns, CapaTtoBCKUIA HaUMOHAaNbHbIA MCCNenoBaTeNbCKUA
rocynapCTBEHHbI yHMBepcuteT mmenn H. M. YepHbiwesckoro, Poccus, 410012, r. Caparos,
yn. ActpaxaHckas, O. 83; Hay4HbI COTPyOHMK nabopaTopuy MexaHUKu, HaBUrauum u ynpas-
neHns nBuxeHneM, MHCTuTyT npobnem To4HOM MexaHuky u ynpasneHust PAH, Poccus, 410028,
r. Capatos, yn. Paboyas, o. 24, PankratovlA@info.sgu.ru

CanyHkoB $koB [puropbeBnd, KaHOnOaT PU3NKO-MaTeEMaATUYECKMX HaykK, CTapWwuii Hay4YHbINA
COTPYOHUK nabopaTtopuv MexaHuKW, HaBUrauuu v yrnpaefieHusi OBUXeHUeM, VIHCTUTYT npob-
fieM TOYHOW MexaHuku n ynpasneHus PAH, Poccus, 410028, r. Capatos, yn. Pabodyas, o. 24,
SapunkovYaG@gmail.com

YenHokoB HOpwii Hrukonaesumy, OOKTOP (PM3MKO-MATEMATMYECKUX HAyK, TNMABHbIA Hay4HbIN
COTPYLOHUK nabopaTtopun MexaHuKun, HaBuraumm v ynpaeneHus apuxeHunem, VNHCTUTYT npob-
NieM TOYHOW MexaHuku n ynpaeneHuns PAH, Poccusi, 410028, r. CapaTtos, yn. Pabouas, o. 24,
ChelnokovYuN@gmail.com

B KBaTEPHUOHHOWM NOCTaHOBKE pPaccMOTpeHa 3ajaya OnTvManbHON nepeopreHTaumMm opbuTsl
kocmmnyeckoro annapata (KA). YnpasneHne (BEKTOpP YCKOPEHMS OT PeakTUBHOW THArn) sB.-
NsieTCs OrpaHNYeHHbIM Mo Moy 0. B xone pelweHuns 3apaymn TpebyeTcs onpenennts onTuManb-
HYIO OpPUEHTaUMIO 3TOr0 BEKTOPA B MPOCTpaHCcTBe. [Npn 3TOM HEOOXOAMMO MUHMMU3MPOBATb
LNUTENbHOCTb npouecca nepeopueHTauun opbutol KA. Ing onucaHns OBUXEHUS LeHTpa
macc KA ncnonb3oBaHO KBaTePHUOHHOE LM PepPEHLManbHOe ypaBHEHE OpreHTaumnm opbuTsl
KA. lNocTaBneHHas 3afjaya pelanacb ¢ nomouwbto npuHumuna makcumyma J1. C. ToHTpsiruHa.
Y4eT n3BeCTHOro YaCTHOrO pelWeHns ypaBsHeHUs ANs NepeMeHHOW, CONPSXEeHHON K UCTUHHOM
aHomanuu, No3BOAUA YNPOCTUTb YpaBHEHMS 3adayn. 3ajada onTuManbHOW nepeopreHTaumm
opbuTtbl KA cBeneHa K KpaeBol 3agaye C NOLBMXHBIM MPaBbiM KOHLIOM TPaeKTopuK, OMUChI-
BaeMON CUCTEMOW HeNMHEeNHbIX auddpepeHumanbHbix ypasHeHUn 15-ro nopsaka. ons duc-
NIEHHOrO peLeHnst MoNy4YeHHOW KpaeBoli 3anaqm Obin ocywWwecTBNeH nepexon k 6e3pas3mMepHbIM
nepemMeHHbiM. pyn aTOM B (©a30BbIX M COMPSXEHHbIX YPaBHEHMSX MOSBUCS XapakKTepHbIN
6e3pa3mMepHbii NapameTp 3amnaqn. [TOCTPOEH OpWrMHanbHBIA YUCNEHHbBIA anrOPUTM HAaxoX-
[eHVS HEM3BECTHbBIX HaYasbHbIX 3HAYEHWUIA COMPSXXEHHBIX MEPEMEHHbIX, ABNSIOWNACS KOMOMHA-
unen metonos PyHre —KyTTbl 4-ro nopsagka To4HOCTU, MOAMPULMPOBAHHOrO MeToda HbloToHa
N rpagueHTHoro crycka. icnonb3oBaHme OByx METOO0B peLeHNs KpaeBblX 3a4ay no3BOvIo
MOBLICMTb TOYHOCTb PELEHNs paccMaTpUBaeMon KpaeBon 3a4a4m ONTUManbHOro ynpasneHums.
[MpuBeaeHbl NPUMepPbl YUCNEHHOTO PelleHns 3a8a4v ANs Cnyyas, Korna oTamyme Mexay Havanb-
HOW 1 KOHEYHO opueHTaumsMm opbuTel KA cocTaBnsietT eauHnLbl (Mn LECSTKN) rpamLycoB B yr-
nosow mMepe. MNoCcTpoeHbl rpadki MUBMEHEHNSI KOMMOHEHT KBATEPHMOHA OpUEHTauum opbuThl
KA; nepeMeHHbIX, xapakTepuayowmx ¢opmy 1 pasmepbl opbutsl KA; onTumMansHOro ynpas-
neHus. MNMpueeneH aHanM3 Nosly4YeHHbIX pelleHnit. Y cTaHoBEHbl 0COOEHHOCTN 1 3aKOHOMEPHOC-
TV NpoLecca onTUManbHOM nepeopueHTaumm opbutol KA.

© Marrpatos M. A., CanyHros A. I, YenHoros 0. H., 2020
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1. NMOCTAHOBKA 3ALA4YU

[Ipenmonoxkum, uto kocmudeckui anmapat (KA) nBuxeTcss B NpoCTpaHCTBe MO
IeHCTBUEM TSITU PeaKTUBHOTO NBUrateJsi, coobuawuiero KA Bekrop yckopenus p. Torna
opouta KA B mpouecce ynpaejeHusi ABUKeHHeM LeHTpa Macc KA meHsieT cBowo dhopmy
U CBOM pasMepsbl, T.e. siBjseTcs AedopMupyeMod ¢urypoil. PaccmoTpum caenytouiyio 3a-
nady: TpeOyeTcsl ONpeaesHUTb OrPaHHUEHHOE 10 MOAYJIO YIpaBJ/eHHe p:

0 < p < Prax < 00, p = |p|, (1)

nepeBoasiiee opouty KA, 1BUXKeHMe I1leHTpa Macc KOTOPOTO  OMHCHIBAeTCS
ypaBHeHUsMH [1]

dr dv, ¢ M dc dA
_ _c_M de _ 22 Ao
@~ a T e TPy g T Sy T A0
psr . . r
Q = — - .
¢ . (cos iy + sin @iy) R Ccos

(2)

( ( er | >‘)
-\ cprcosp — | ¢+ p2sSIn | 23 |,
c

dp ¢

! LM
dt 72 Cz_ercosgo Cp1 COS @ c . Do Sin @ ,

N3 3aJaHHOI'O0 HAa4aJbHOTO COCTOAHHUSA

t=0, 7(0)=7" v (0)=1), ¢c0)=c" 0)=¢’ A(0)=A" 3)

B KOHEYHO€e COCTOdHHEe
t=t"=2 ct*)=c(0)=c, ent) =en(0), A(t*)=EA" (4)

32 MHHUMaJbHOE BpeMS.

3nech r — panuyc-BekTop KA, mpoBomMMbIil M3 LIeHTpa TPUTSIKEHHS, T = |r|; v —
MpoeKusi BeKTopa ckopoctd KA Ha HampaBjieHHe ero paguyc-BeKTOpa, ¢ — MOIYJb
MoMeHTa opbutasnbHoil ckopoct KA; f — rpaBuranuoHHas moctosiHHasi, M — macca
NpUTATHBaILero Tena (3emau); py, k = 1,3 — KOMIIOHEHTBI BEKTOPa YCKOPEHHUS OT THATH
peakTtuBHOro nBuraress; A = Ay + A2y + Ayt + Agi3 — HOPpMHUPOBAHHBIM KBaTePHHOH
opuentauun op6utsl KA, i, k = 1,3 — BeKTOpHbIe MHMMblE €IHHHULBI [aMU/IbTOHA; (0 —
MCTUHHAs aHOMAaJIUsi, XapakTepuaymomas nojnoxeHue KA Ha op6ure.

B nocraBieHHO# 3amaue 3amaHbl HauaJdbHble 3HAUeHHUs (ha3oBbiX KoopauHat KA r, vy,
¢, p, A u axcuentpucutera opoutel KA e,,., Beiurcasgemoro jnu6o no gopmyse [2,3]

C2 CQ
Cor = 1+_2<U%+_2_2H)7 :U’:fM7
u 2 r
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Jaub6o no Gopmy.e
r-v

607' . Y
cSsin ¢ — rv; oS ¢

TaK»Ke 3alaHbl 3HAaYeHUs] KOMIIOHEHT KBaTepHHOHA A*.

KoHeuHble 3HaueHrs (ha30BbIX KOOPAWHAT MpHUHALJeXaT MHOorooopasuto (4). Koneunoe
3HaueHHe MOMeHTa BpeMeHM t* He (PUKCUPYeTCs U MOIJEXKUT ONpelesNeHHI0 B pe3yiib-
TaTe pelleHus 3agadd. [lostTomy sTta 3amaua — 3ajada ¢ MOABHMIKHBIM MPABbIM KOHLIOM.
OTmeTtuM, 4TO B OT/iMdMe OT padoT [4,5] BeJHUUHHBI OOJBIIKUX MOJYOCeHd HauaJbHOH U
KOHEUHOH OpOHMT B 0OlleM cJydae He COBMAAAlOT, T.e. pasMep KoHeuHo# opoutel KA
MOXKET OTJMYaThbCsl OT pa3Mepa ero HauajbHOH OpOUTE. OTMETHM TakXKe, 4TO BBUIY
CBOEH CJIOKHOCTH 3aJiaua 0 ObICTPONEHCTBUM NPYTUMH aBTOPAMHU pellianach peako (MoKHO
oTMeTHTb paboThl [6-9]). B ocHOBHOM MUHMMH3MPOBAJUCh 3aTpaThl pabGouero Teja HJH
XapaKTepucTHUecKas CKOPOCTh.

H3BecTHO, uTO 3a1a4a MexKOpOUTaNbHOTO TepesieTa KA 3HauuTebHO yIpolaeTcs, ec-
JIM Haua/bHasi U KOHeyHasi OpOUTHl Jie;KaT B OJHOU MJOCKOCTH. CTaHOBUTCS BO3MOXKHBIM
aHAJUTUYECKH (TOYHO WJIM NPUOJIMKEHHO) HAHTH ONTHMAaJbHble TPAEKTOPHH Mepexosa.
ITUM 00YCJIOBJEHO 3HAUWTeJbHOE KOJUYeCTBO MyOJMKaUMH B NaHHOH objactu. Yarle
BCEro MMHMMH3UpPOBaJCs pacxon pabouero Tena. Otrmerum pabotel M. C. ['puropne-
Ba, K. I'. I'puropeeBa [10-13], C. H. KupnuunukoBa ¢ coaBropamu [l14, 15]. 3angaun
OTNTHMAaJIbHOTO YIIpaBJeHUs pPellalnTcsl Ha OCHOBe MpUHLKNA MakcuMyMa. KpaeBble 3agaun
MPUHIMIA MaKCUMyMa pellalTcss YUCJEHHO MEeTOAOM CTpesbObl. B HacTosiledl cTaTbe
paccmoTpeHa obias 3anada nepeopreHtauuu opoutsl KA. Ha dopmy u pasmepsr Hayasb-
HOU M KOHEYHOH OpOUT NOMOJHUTEJNbHBIX OTPAHUUEHHUH He HaJ0XKeHO.

B oTsauune oT ympaB/seHHs YTJIOBBIM IBHXKEHHEM TBEpIOro Teja, Ie yKe TOBOJIb-
HO J1aBHO NPUMEHSIOTCS KBaTEPHUOHHble MOJEJH, B MOJAABJSAIOLIEM OOJNBLIMHCTBE PadorT,
MOCBSIIIIEHHBIX TlepeopreHTalul opouTel KA, ncnosnb3yroTes ypaBHEHUs BUXKEHHUS B Tpa-
IMUHOHHBIX YTJIOBHIX 3JieMeHTax opOuThl. OTMETHM TaK»Ke, YTO HEKOTOpbie aBTophl [16,
17] npuUMeHSIIOT KBaTePHHUOHHBIH MOAXOH /S TOCTPOEHUS aHAJUTHUECKOro pelleHHs
yPaBHEHUH HEBO3MYLIEHHOU MPOCTPAHCTBEHHOW 3aJaud [BYX TeJ BO BpallaKLIeHcs
cUCTeMe KoopauHaT. B 6o/blinHCTBe paboT 3aaya CBOAUTCS K UUCJAEHHOMY pelleHHI0 He-
JIMHEHHBIX KpPaeBbIX 3a7auy BbICOKOHW pa3MepHOCTH, MOJNYUYEHHBIX C TOMOILbIO NPUMEHEHHS
npununna makcumyma JI. C. [lontpsruna. AHanuTHdeckoe HccaenoBaHue AudQepeH-
LMaJbHbIX YpPaBHEHHH OpHEHTALUH OPOUTHI B KJIACCHUECKHUX YIJIOBHIX 3jeMeHTax (M
MOJy4YalOLIUXCsl KpaeBbIX 3anady) — JOCTaTOYHO cJoxkHas 3agada. OTMeTuM paGoThl
C. A. NuwkoBa, B. B. Canmuna u gp. [18, 19]. IloBbiieHue 3ppeKTUBHOCTH UHCIEHHOTO
pelleHMsl 3ajad B 3TOHW 00/1aCTH, MO-BUAMMOMY, MOXKET OBITh IMOJY4YeHO MNPH HCIOJb-
30BaHUH KBAaTEPHUOHHBIX Mojesed opbutasnbHoro neuxkeHusi KA. B nacrosue#t padore
pa3BUBAKOTCS UCC/AEI0BaHUsl H3yuaeMod 3ajaauu, HauaThie B [20].

UeTblpe KOMIOHEHTH A; KBaTepHHOHa A ymoBseTBOpsiioT yejiosuio A2 + A 4+ A2 +
+ A2 = 1, nostoMy KpaeBoe KBaTePHHOHHOE yCjOBHe B (4), SKBMBaJEHTHOE YeThpeM
CKaJ/ISIPHBIM, 3aMEHHM Ha YCJIOBHE

vect [A(t*) o A*} —0, (5)
SKBHUBAJIECHTHOE TpeM CKa.HHprIM (B (5) n gaJiee BerHHH BOJIHA O3Ha4daeT COHpH}KEHHbIﬁ
KBaTepHI/IOH). Takas 3ameHa IMOBBILIAET 9(pq)eKTHBHOCTb YUCJIEHHOI'0 pelleHHd 3anaydu

ONITUMaJIbHOH TepeopueHTalun opOUThHl KA.
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2. 3AKOH ONMTUMAIJIbHOI'O YINPABNEHUSA

[ToctaBsieHHyo 3amauy OyneM peliaTh € MOMOIIBIO MNPUHLKNA MakcuMmyma [21].
Jlns 3TOoro BBeHeM [OMOJHUTEJbHblE MepeMeHHble p, s, €, x U M = My + Mz, +
+ Ms2o + M323, comnpsizkeHHble MO OTHOLLEHHIO K (pa30BbIM MepPeMeHHBIM 7, U1, ¢, @ U A.
MsBectro [20], 4To ypaBHeHHe AJis TePEMEHHOH X HMeeT 4acTHOe pelleHHe

X = N3/2. (6)
B stom cayuyae pyukuus [amunbrona — [loHTpsArnHa npumer BUI

c? M c r .
H= -1+ pv; + 51 <—3 — —f2 —l—pl) +erpa + X— + 35 (Nicosp + Nasinp),
r r r 2c

rae N, 7 = 1,3 — komnoHeHTHl kBaTepHHOHa N = A o M.
Cucrema ypaBHEHHUH M1Jis1 CONMPSKEHHBIX MePeMeHHbIX MPUMET BHUJL

dSl .
dt - p7
d 2 M —
&P _ 3310— — 2$1f—xc —epy — b3 (Njcosp+ Nysiny),
dt rt r3 c (7)
de ST X r .
pri —205 ] +p32—62 (N1 cosp+ Nysing),
dM
2—— = Mo Q.
dt ° R

3aK0oH ONTHMAJBHOTO B CMbICJIE OBICTPOAENHCTBHUS yIPaB/AeH s (T. €. 3aKOH YIpaBJeHHS,
YIOBJIETBOPSIOIIMN HEOOXOAUMOMY YCJIOBHIO ONTUMAaJbHOCTH) HAXOAUTCS M3 YCJIOBHH MaK-
cuMmyMa (GyHKUMH H 10 TiepeMeHHOH p ¢ y4eTOM HaJjIoKeHHOro orpaHudeHus (1) u nmeer
BUJL

. . r . .
P’ = pmaxn/|N|, M = s1% +eris + % (N cos @ + Nysing) 4. (8)

YcnoBus  TpaHCBepCasbHOCTH, He ColeprKalllie HeolpeleseHHbIX MHOXKHTeJel
JlarpaHxa, UMeT BUA:

t=t, p——2 (1—-L1) =0, AMy+AM +AMy+AM;=0.  (9)
vy - 12 c?

Takum oOpa3om, 3agaya ONTUMaJbHOH mepeopreHTalMd opoutel KA cBeneHa
K KPaeBOH 3ajauye C MOABHXKHBIM IPABbIM KOHIIOM TPAaeKTOPHUM, OMHUCBIBAEMOH CHCTEMOU
HeJIMHEHHbIX TU(QepeHIHalbHbIX YpaBHeHu# (2), (7), (8) 15-ro nopsinka u TpUHAALATHIO
KpaeBbIMU ycaoBUSAMH (3), (4), (D), KoTopble HEOOXOAMMO MOMOJMHUTH ABYMS YCJIOBHSIMH
TpaHcBepcasibHOCTH (9) M paBeHCTBOM

HO

t* - 0’
HMEIIHM MeCTO OJ5 ONTHMAaJIbHOTO YIIpaBJEHHSA po U ONTUMaJIbHOU TPAa€KTOPHH.
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3. YPABHEHWSA B BE3PASMEPHbIX MEPEMEHHbIX

Jlnsg  4ducsaeHHOro pelleHUsl KpaeBOM 3alayd  ONTHMaJbHOH IepeopHeHTalUH
opoutsl KA 3anuiiem ypaBHeHHs 3TOH 3amauu B 0Oe3pa3MepHBIX IePEeMEHHBIX.
dasoBble A; u conpszkeHHble M, nepeMeHHble BJSIOTCS 6e3pa3MepHbIMU. BespasmepHeie
nepemenHbie 7’ t° U KOMIOHEHTH ynpaBjeHusi p CBA3aHbI C Pa3MEPHBIMU MEpPeMeHHbI-
MU 7, t U YIPaBJEHHUAMH P, COOTHOWIEHHAMHU: r = Rrb, t = Tt’, p, = pmaxpz, k=13,
rie R — XxapakTepHoe paccTosiHHe (B ero KayecTBe NMPHHHMAaJach BeJHYKHA, OJHU3Kas K
nsuHe 60JbLION mosiyocu op6uThl ynpasiasemoro KA); V, T — xapakTepHble CKOPOCTb
U BPeMsi COOTBETCTBEHHO, orpesiessieMble cooTHowenusimu: V = C'//R, T = R?/C. 3pechb
(' — xapakTepHasi CEKTOpHasl CKOPOCTb.

OTmeTHM, uTO mNpH mepexofe K Oe3pa3MepHbIM T[epeMeHHbIM B YypaBHEHUSX [J5
(ba30oBbIX M CONPSKEHHBIX [epeMEeHHBIX IOSBJSAeTCS XapakKTepHbld Oe3padMepHbId
napametp N = ppa R3/C2

Takum ob6pasom, cucrema (pa3oBbIX ypaBHeHUH B Oe3pa3MepHbIX MepeMEeHHbIX HMeeT
ClefyIOIIMN BUA (3ech W Jajiee BepXHHE HHIEKCH Y Oe3pasMepHbIX MepeMeHHbIX Ormyc-
KaloTCs):

dr dv, 2 1 de dA
A TR B R b Sy o
Q=N P T (cos iy + sinpiy) — N - — COS P X
. ct—r (10)
X (cp1 cos p — (c + —posin gp) i3> ,
c
R R (c+ Zrusing))
T —-_ _N. cos - (cpycosp — ¢+ —pysin .
dt  r? 2y ORI\ LY 2Py

HavanbHble yc/0BUS UHTETPUPOBAHUS ITOH CHCTEMBI
t=0, r(0)=1" w(0)=v], c(0)=c" ¢0)=¢" A®0)=A" (I1)

SIBJISIIOTCS 3aaHHBIMHU.
Jlnst mpaBoro koHua Tpaektopun KA nmeem ycnoBus

t=t =7 () =c0) =2, eon(t) = eor(0), vect []\(t*)oA*]:o, (12)

rie A — 3amaHHas KBaTepPHHOHHAs BeJMUYHMHA.
c2 2 2
OrpaHuueHMe Mo ynpaBJ/eHHIO B Oe3pa3MepHOM Buie: py + p; + p; < 1.
CucTeMa comnpsiKeHHBIX ypaBHEHUH B Oe3pa3MepHbIX NepeMeHHbIX HMeeT BUJ

d81 .
dt - p?
d 2 -
o 3310——251—)@—Nepg—N@(Nlcosgo—i—NQsincp),
dt r4 73 2¢ (13)
de S1 X r .
%:—QCﬁ—§+N-p32—62(Nlcosgp+Ngsm<p),
dM
2—:MOQ£

OTtmeTHM, 4To Ge3pasmepHoe AU hepeHIIraibHOe YpaBHeHHE /st TIePeMeHHOH Y OblI0
3aMeHEeHO YacTHBIM pelieHHeM (6).
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Yc10BHSI TPaHCBePCANBHOCTH, He COlleprKalllke HeolpelesleHHbIX MHOXKHTeseld Jlarpan-
’Ka, B 0e3pa3MepHbIX NepeMeHHbIX UMET BUJ

t=t* il (1 T)—O
- ) p Ul-T2 02 - I
AEMg + AIM; + AZM, + AZM; = 0.

(14)

Takum o0pa3om, B OGe3pasMepHBIX MMepeMeHHBIX 3ajaua ONTHMaJjbHOH MepeopHeHTa-
uuu op6utbl KA cBeneHa kK KpaeBoil 3ajaue ¢ MOABHKHBIM MPABbIM KOHIIOM TPaeKTOPHH,
OMMUCHIBaeMOH CHCTEMOH HeJMHeHHBIX nuddepeHunanbHbix ypaBHeHud (10), (13) 15-ro
Mopsiika U TPUHANIATbIO KpaeBbiMH ycyoBusimu (11), (12), koTopble HEOGXOOUMO HOTIOJN-
HUTb JBYMSl YCJIOBUSIMHM TpaHCBepcasbHOCTH (14) U paBeHCTBOM raMHJIbTOHHAHA HYJIO B
KOHIle NBHKeHHs. [Ipy 3TOM 3aKOH ONTUMAJIbLHOTO YyIpaBJeHHs aHajorudeH (8).

4. YACJNIEHHOE PEWEHUWE 3A0A4YU TEPEOPUEHTALUUA OPBWUTDHI
KOCMUWYECKOI'O AINMNAPATA

ANropuTM UMCJIEHHOTO pellleHus 3aJau peaqusyeT komOuHauuo Metona Pynre — Kyrra
4-ro mopsiika TOYHOCTH M ABYX METOJOB pelleHHUs KpaeBbX 3afauy: MOAU(HULMPOBAHHOIO
Metona HeloToHa M MeTonma rpafiueHTHOTO crycka [22].

BesnnuunHel, xapakrepusywouide Gopmy, padmepsl opbutsl KA, HauasbHOe U KOHEUHOe
nosnoxeHus: KA Ha op6ute, HauaJbHYI U KOHEUHY opueHTalUuu opoutel KA, nosnaranuch
paBHbIMU [23] (@, — OoJIbILIAS TIONYOCh OPOUTHI):

Cor = 0.8257, o = 37936238.7597 M,
0o = 2.95477T9pa., Pmax = 0.101907M/c?, N = 0.35;

IUIS HA4aJIbHOTO ToJoxeHus KA
A) =0.679417, AY = —0.245862, A) = —0.539909, AJ = —0.353860;

1JIs KOHeYHOoro nosioxeHus: KA
BapuaHT 1 (MaJjioe oT/IMUMe B opHeHTauusx opout KA):

A5 =0.678275, A} = —0.268667, A; = —0.577802, A3 = —0.366116;
BapuaHT 2 (6oJsiblioe OT/IMYME B opueHTalusx opout KA):
Aj = —0.440542, A} = —0.522476, A5 = —0.125336, A= —0.719189.

3HaueHHs] BbIOpaHHBIX MacIUTaOHpPYIOLIUX MHOXKHTesed paBHb: R = 37000000.0 M,
V = 3282.220738 m/c, C' = 121442167306.088539 m/c?, T = 11272.855470 c. YKkasaHHbIe
3HAUEHHUS] 3TUX BEJHUUMH OTBEUAIOT 3HAUEHHUSIM NEeKapTOBBIX KOOPAWHAT YU MPOEKLUUH Bek-
TOpa cKopocTH lieHTpa Macc KA, npuseneHHbIM B [24].

OpueHTauuu HadyasabHOW U KoHeuHOH op6ut KA xapakrtepusyiorcs mapamerpamu Jii-
Jepa A? u i, j= 0,3, Ecau B Bapuante 1 3TH 3HaueHusi GJU3KH (OTJIMUYME OpHEHTa-
OUH OpOUT MO JAOJrOTe BOCXOASIIIEr0 Yy3Ja, HAKJOHY, YIVIOBOMY pPacCTOSHHMIO IepH-
IeHTpa OT y3Jia COCTaBJjsieT eiuHHLbl rpamycoB: AQ, = Q,(ty) — Q,(t*) = —3.30°,
Al = I(ty) — I(t") = —1.51°, Aw, = wx(ty) — we(t*) = —1.59°), To B BapuaHre 2
OHH CYLIECTBEHHO OTJIMYAIOTCS (OTJIHUYHE OpUEHTALUH OPOUT B YIJIOBOH Mepe COCTaBJIseT
necsaTKy rpapycoB: AS), = —32.00°, Al = —117.57°, Aw, = 39.96°).

Ha puc. 1, 2 npruBeneHbl 3aKOHBI H3MeHeHHs (ha30BbIX NEePeMEeHHbIX U yIpaBJaeHUs /15
000MX BapUAHTOB UCXOIHBIX JAHHBIX.
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Puc. 1. Dnnunrtudeckas op6urta, BapuaHT l: a — MomyJb MOMeHTa OpOH-

TaJbHOU ckopocTH KA; 6 — skcuentpucurer opoutel KA; 8 — KOMIOHEHTHI
KBaTepHHUOHA opueHTaUuu opouThl KA; ¢ — onTHManbHOe yrpaBieHHe
Fig. 1. Elliptical orbit, variant 1: @ — modulus of the moment of the
spacecraft orbital velocity; b — eccentricity of the spacecraft orbit; ¢ —
components of quaternion of the spacecraft orbit orientation; d — optimal

control
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Puc. 2. Dnnunrtudeckasi opouTta, BapuaHT 2: a — MOIYyJb MOMeHTa OpOH-

TaJbHOU ckopocTH KA; 6 — skcuentpucurer opoutel KA; 8 — KOMIOHEHTHI
KBaTepHHOHA opueHTaUuK opOouThl KA; ¢ — onTHManbHOe yrpaBieHHe
Fig. 2. Elliptical orbit, variant 2: @ — modulus of the moment of the
spacecraft orbital velocity; & — eccentricity of the spacecraft orbit; ¢ —
components of quaternion of the spacecraft orbit orientation; d — optimal
control
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[Ipu mMasioM OT/IIMYMK B OpUEHTALMSX HayaJbHOH M KoHeuyHo# opoutT KA (BapuaHnT 1)
IJIUTEJIbHOCTh Mpoliecca nepeopueHTanuu opoutel KA cocraBuia 0.565439 6e3pasmepHbIX
enuHul, uan 1.771 4. 3amerum, uto mpu t = 0.296730 pe3Ko MeHSIOTCS 3aKOHBI
MU3MeHeHHsl KOMITOHEHT ONTHUMAaJIbHOTO yIpaBJ/eHus (Co cMeHOH 3Haka). J[o 3Toro BpeMeHH
MOIY/Tb MOMeHTa OpOUTaNbHOH cKOpocTH KA mnpakTHYecKW JUHEHHO yBeJIMYUBAJICSH, a
3aTeM OH HauyWHaeT yMeHbluaTbcs. M, Hamportus, skcueHTpucurer opbuthl KA BHauase
JIMHEHHO yMeHblIaeTcsd, a nocie ¢t = 0.296730 HauMHaeT yBeJUYUBATLCS, JOCTUIAsl CBOCTO
TepBOHAYAJBHOTO 3HAYeHHs B KOHIlEe ABHKeHHs. KOMIMOHeHTHl KBaTepHHOHA OpPHEHTALUU
op6utel KA aBAsOTCS MeIJIEHHO M3MEHSIOUUMHUCS TTepeMeHHBIMH.

[Ipu GosbIIIOM OTIMYMU B OPHEHTALMSX Haya bHOU U KoHeuHoH opOuT KA (BapuaHT 2)
NJIUTEJIbHOCTh Mpoliecca nepeoprueHTanuu opoutel KA cocraBuia 5.112605 6e3pasMepHbIx
enuHuIl, uan 16.009 4. 3amerum, uto npu t = 1.933729 opburta KA 6Gsu3ka K KpyroBoi.
3areM 3KCUEHTPUCUTET OPOUTHI HAYMHAET yBeJnyuBaThcs. MakcuMaJsbHOe 3HaUeHHe IKC-
neHTpucurera (6JM3KOoe K eOMHHIE) OoJibllie ero HadyaabHOro 3HadeHHs. Takxke MpH
t = 1.933729 monmynb MomeHTa opbOuTasnbHOH ckopocT KA pmocTHraer cBoero Makcu-
MaJsibHOrO 3HaueHUs. B 3Tol ke Touke (pa3oBble mepeMeHHble Ay, Ay HMEIOT JOKaJlbHBIE
KCTpeMyMbl, a Ay, A3 MeHSIIOT 3HaK.

OTMeTHM BBISIBJIEHHYIO HEEIHHCTBEHHOCTb UMCJEHHOTO pelleHHsl KpaeBOH 3aauu
ONTHMaJbHOH TMepeopHeHTalid opOuThl KA, cBf3aHHYIO C HEJUMHEHHOCTbIO AU(depeH-
[MaJbHBIX YpaBHEHUH 3anadu. [Ipy omMHUX U TeX )Ke TPAaHUUHBIX YCJOBHUSX B MOCTAHOBKE
KpaeBo 3a7aud ONTUMAJbHOTO YIIPaBJEHUS MOJyUeHbl Pa3inyHble pelleHns /5 3aKOHOB
I BUKEHUS, yIIpaBJeHHs U NOBeJeHHUsl CONPsSI)KEHHBIX NMepeMeHHbIX. M3 HUX Obl10 BEIOpaHO
TO, TIPY KOTOPOM MNepeopueHTalust opouTel KA mpoucXomuT 3a MeHblee BpeMs.

OTMeTHM Takxke, UTO B OT/IHUKe OT paboTel [20] aBTOpaM ynasnoch MOJMYyYUTh pelieHue
B CJydae, KOTJla OTJHMYHMe B OpPHEHTALMsX HauaJbHOH W KoHe4HOH opbuT KA cocrassier
necsaTKH rpaaycoB. [Ipn 3ToM KOMOMHMpPOBaHHE ABYX METOMOB pelleHHs KPaeBbIX 3aaady
TI03BOJIMJIO MOBLICHTh TOUHOCTb YMCJEHHOrO pelneHus Kpaesod samauu ¢ 0.002 mo 107
6e3pa3MepHbIX eIUHHULI.

BanarogapHoctu. Pa6ora BbimosiHeHa npu (uHaHcoBoH mnopaepxke PODPU (mpoekt
Ne 19-01-00205).
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The problem of optimal reorientation of the spacecraft orbit is considered in quaternion formu-
lation. Control (vector of the acceleration of the jet thrust) is limited in magnitude. To solve the
problem it is required to determine the optimal orientation of this vector in space. It is necessary to
minimize the duration of the process of reorientation of the spacecraft orbit. To describe the motion
of the center of mass of the spacecraft we used quaternion differential equation of the orientation
of the spacecraft orbit. The problem was solved using the maximum principle of L. S. Pontrya-
gin. Accounting the known particular solution of the equation for the variable conjugated to a true
anomaly, we allowed to simplify the equations of the problem. The problem of optimal reorientation
of the spacecraft orbit is reduced to a boundary value problem with a moving right end trajectory
described by a system of nonlinear differential equations of the fifteenth order. For the numerical
solution of the obtained boundary value problem the transition to dimensionless variables was
carried out. At the same time a characteristic dimensionless parameter of the problem appeared
in the phase and conjugate equations. The original numerical algorithm for finding unknown ini-
tial values of conjugate variables, which is a combination of the 4th order Runge — Kutta method,
modified Newton method and gradient descent method is constructed. The use of two methods
for solving boundary value problems has improved the accuracy of the boundary value problem
solution of optimal control. Examples of numerical solution of the problem are given for the case
when the difference between the initial and final orientations of the spacecraft orbit equals to a
few (or tens of) degrees in angular measure. Graphs of component changes of the spacecraft
orbit orientation quaternion; variables characterizing the shape and dimensions of the spacecraft
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orbit; optimal control are plotted. The analysis of the obtained solutions is given. The features and
regularities of the optimal reorientation of the spacecraft orbit are established.
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B 1993 r. Frank Harary n John P. Hayes npegnoxwunu
OCHOBaHHYI Ha rpadpax Mogenb AN WUCCNenoBaHWs OTKa30B
CBSI3€I 9/1EMEHTOB OUCKPETHbIX CUCTEM. TeXHWYEecKon cucteme
conoctasnsgerca rpad. OnemMeHTam CUCTEMbl COOTBETCTBYIOT
BEPLWMWHbI rpaga, a CBA3SM MeXay anemMeHTamu — pébpa unm
nyru rpadpa. lon oTkasom CBSA3M MeXny 3/eMeHTamMu CUCTEMbI
noHMMaeTcs ypaneHme m3 rpagya CUCTEMbl COOTBETCTBYIOWEro
pebpa (unu gyrun). dopmanusaumneri 0TkasoycTon4nBo peanmnsa-
uun cuCTeMbl SBRsSeTCS pacwupeHne rpada. 'pad G* Hasbl-
BaeTca pE6GepHbIM k-paclumpeHuem rpadpa G, ecnu nocne ypa-
neHns nobbix k pébep m3 rpagpa G* rpacp G BKnamgbiBaeTcs
B nonyuymswuniics rpadp. PébGepHoe k-paclmpeHne n-BepLnH-
Horo rpacpa G HasbiBaeTCs MUWHUMaNbHbIM, €CN OHO uMeeT
n BEPWWH U MUHMMalbHOe 4ucno pébep cpean Bcex pébepHbix
k-pacwupenunii rpadpa G ¢ n BepwuHamu. B pabote npeg-
naraeTtcs anropuTM NMOCTPOEHNS BCEX HEU3OMOPMHbIX MUHUMAb-
HbIX PEBEepHbIX k-paclinMpeHnii 3afaHHoro rpaga 6e3 npoBepku
Ha N30MOPM3M METO4aMMN KaHOHUYECKMX npeacrtasutenen n Pu-
na—®apagxesa.
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BBEOEHUE

[Ton mosHON 0TKa30yCTOMYMBOCTbIO TeXHHUECKOH CUCTEMbl TOHMMAeTCsl BO3MOXKHOCTh
CUCTEMbl MPOAOJ/KATh pPaboTaTb MPH €IUHUYHOM WJW MHOXKECTBEHHBIX OTKasax 0e3
CYLLECTBEHHOH MoTepH (PyHKLUHUOHAJBbHBIX CBOUCTB. OTKAa3bl MOI'YT BO3HUKATh B 3JIeMEHTaX
CHUCTEMBl MJH B CBA3X Mexny aJjemeHtamu. B 1976 r. John P. Hayes [I]
NPEeJIOKUI TEOPETHUECKYIO MOJeNb [JI HCCAeN0BAHUSA TOJHOH OTKA30yCTOHUYHBOCTH
IOUCKPETHBIX CHCTEM C OTKa3aMH 3JeMeHTOB Ha si3blke Teopuu rpacos. [losnnee
coBmecTHo ¢ Frank Harary wmomesnb Obla pacrmpocTpaHeHa Ha OTKasbl CBfI3€H Mex-
ny snemeHTaMu [2]. TexHuueckoil cucTeMe COMoCTaBJsieTcs rpad. DjeMeHTaM CHCTEMBI
COOTBETCTBYIOT BEPIUHHBI rpada, a CBA3AM MeX1y dJeMeHTaMu — pébpa WUJIu OyTH rpada.
CooTBeTCTBeHHO, Tpad cHucTeMbl OyaeT HEOpPUEeHTHPOBAHHBIH HJIM OPUEHTHPOBAHHBIM.
B nanHo#él pabore Mbl OyneM paccMaTpuBaTb HEOPUEHTHUPOBaHHbIE Trpadbl, XOTS Mpef-
JlaraeMble METOIbl MOTYT ObITb JIETKO NepeHeceHbl W Ha C/aAydyad OpUeHTHPOBAHHBIX I'pa-
¢oB. [log oTKazoM CBSI3U MexAy ABYMsl 3JeMEHTAMH CHUCTEMbl IOHHMaeTcsl yaajeHHe U3
rpada cucteMbl COOTBeTCTBYIoOLIero pedpa. Popmanusanneil 0TKa3oycTOHUMBON peann3a-
UM CHCTeMbl siBJsieTcsl paciuiupeHue rpada [3]. OcHoBHbIE HeOOXOOMMBIE ONpeeseHHs
Mo TeopHH rpadoB, KOTOPblE UCIOJb3YIOTCS Jajiee, MOXKHO HAUTH B pabotax [3,4].

['pap G* = (V*, o*) HasbiBaeTcsi pébepHbIM k-paciuupenuem (k — HaTypasdbHoe) rpada
G = (V,«a), ecnu rpadp (G BKIambiBaeTcss B KaxKIblH rpad, mosydaromiuics U3 rpada
G* ynanenuem no0bX ero k pébep. [pap G* = (V*,a*) ¢ n BeplIMHAMH Ha3bIBaeTCS
MHUHHUMaJbHBIM pEGepHbIM k-pactinpenuem (MP-k-P) n-epunntoro rpajga G = (V) «),
ecin rpadp G* aBasercs pébepHblM k-pacuivpenueM rpaga G M UMeeT MHUHHMaJbHO
BO3MOXKHOE YHCJ/I0 pébep cpeiid BCeX n-BepLIMHHBIX pébepHbIX k-paciuupenuit rpagpa G.

B paGore [1] Oblin mpensiokeHbl cxeMbl nocTpoenns MP-1-P nas ueneit u uuk-
JoB. B paGore [5] Obl0 mOKa3aHO, UTO 3ajauya MOCTPOEHHsT PEGEPHBIX k-paciIMpeHHH
SIBJISIeTCS BBIUMC/MTENBHO CJA0XKHOH. ['pad B obuiem ciaydae MoKeT HMeTb HECKOJbKO
Hensomoppubix MP-k-P. B paGote [6] Obli mpemsioxkeH aJrOpUTM MOCTPOEHHS] BCEX
HEU30MOP(PHBIX MUHUMAJbHBIX BEPLIMHHBIX k-PaclIMPEHUH METOAOM KaHOHHYECKHX MpeN-
craBuTesnedl. B 3Toi craTbe OymeT paccMOTpeHa 3ajauya MNOCTPOEHHS BCeX HEU30MOopd-
HbIX MHUHUMaJbHbIX pEO6epHbIX k-pacliupeHUil 3amaHHoro rpada. byner paccmoTpen
nepeOOpPHBIH aaropuT™ noctpoeHusi Bcex MP-k-P, a Takxke aaropuTMmbl OCTPOEHUST BCEX
Heusomop(ubix MP-k-P 6e3 nposepkn Ha usomoppusm. Hamomuum, uto mBa rpada,
G1 = (Vi,an) u Gy = (Va, ), Ha3bIBAIOTCS U30MOPPHbIMU, €CTH MOXKHO YCTAaHOBHTb
B3aWMHO OJHO3HAuHOe COOTBeTCTBHE ¢ : V; — V5, coxpaHsiollee OTHOILIEHHE CMEXKHOCTH:
(u,v) € ay < (p(u),p(v)) € az, ¥V u,v € V;. VuBapuantom rpacda G Ha3blBaeTcs ero
XapaKTepUCTHKA, OfMHaKoBas AJs BceX M30MOp(HbIX G rpagos. [Ipumeprl npocTedmmnx
MHBApPUAHTOB — MOPSIOK rpada n (UKo BepUIMH) Uau pasmep rpada m (ducao pédep).
MHBapuaHT HasbiBaeTCsl MOJHBIM, €CJM €ro 3HaueHUsl pas3JvyalTcs AJs Henu3oMopd-
HbIX rpaoB. [lonHbIH MHBApHAHT MOXKET MCIOJb30BATHCS AJS pelleHUs 3aJaud U30MOop-
(pr3ma rpaos, MO3ITOMY €ro BbIUHCJIEHHE He MOXKeT ObITb 3(peKTHBHee pelleHUs 3a4auu
00 uzomopdusMe. Ha naHHbll MOMEHT HeHW3BeCTHBl 3(P(eKTHBHO BbIUHCJSEMbIE MOJHbIE
uHBapuaHThl rpada. OfAWH U3 MOJIHBIX HHBAPHAHTOB OyleT Jajee pacCMOTpeH B paboTe.

106 HayyHbir otgen



M. B. Abpocnmos n ap. [locTpoerne MIHNMarbHbIX pEBEpPHBIX paclunpernri rpaga COPN

1. MOCTPOEHUE PEBEPHbIX PACLULMPEHUW MPADA

s moctpoeHus: Bcex HenzomopHbix MP-k-P B pa6orte [3] 6bl1 npenyioxen obmui
nepeOOpPHBIH aJTOPUTM.
Auroputm 1. Iloctpoenne Bcex MP-k-P rpada G.
1. m:=0.
2. Crpoum Bce rpadsl, nosyuatwliiyecs u3 rpadga G nobaBaeHreM m AOMOJHUTEIbHBIX
péodep.
3. Eciu Ha mare 2 He MOCTPOEHO HH OAHOro rpada, TO 3aBepLIUTb aJTOPUTM,
pacIIMpPeHUH He CYLIeCTBYeT.
4. Boibupaem cpenu MOCTPOEHHBIX Ha miare 2 rpadoB pébepHble k-paciinpeHus rpada
G.
5. Ecnu Ha ware 4 He 6b110 HaligeHo rpadoB, TO MPUCBAUBaEM m := m-+1 U Mepexoaum
Ha war 2.
6. Cpenu rpacoB, BeIOpaHHBIX Ha miare 4, OCTaBJIieM MO OJHOMY TPEACTABUTENIO OT
KsaccoB u3oMop(HbIX rpados. [lonydyennsle rpader ssasotcs MP-k-P rpada G.
Ha mnpaxktuke marn 2-4 wmoryT OBITh COBMeIIEeHH. PaccMoTpuM wuaer padoThl
aJIrOpUTMa Ha MpUMepe MOCTPOEHUS] MUHHUMAJbHOTO pé6epHOro l-pacuinpeHus 7-BepLivH-
Horo 1uukiaa C7, U300paKeHHOr0 Ha PUCYHKe, a.

DRO R Re

a/a 6/b 8/c e/d
Huka C7 u rpadsl, oTauyayecs ot Hero Ha 1 pe6po
The cycle C7 and graphs differing by 1 edge from it

Ha mare 2 anroputma Heo6xonumo n106aBuUTh K Uukay C7 m pébep, roe m = 1,2, ...
Hob6aButb m = 1 pe6po k rpacdy C; o3HauaeT 3aMeHUTb OJUH U3 HYJel, pPacrooKeHHbIX
B MaTpHLle CMEXHOCTH BBbIILIE UM HUXKe TJIaBHOH AMaroHanu, Ha equHuny. [Ipu Hermocpen-
CTBEHHOM Nepebope BCex BapUaHTOB 3TO MOxHO caenatb C7), T.e. 14 cnocob6amu. Jlerko
3aMeTHTb, UTO Ha CaMOM JieJie MOJYYHUTCS TOJNBKO 2 HeM30MOp(HBIX Tpada (Ha puc. — 3TO
rpadpl 6 U ¢), BCe oCTasbHble OyIyT HU30MOP(HBI OTHOMY M3 HUX (Ha puc. rpadsl 6 U 8
n3omopdHbl). [Ipu m = 2 uucno cnoco6oB Oynet 91, a HeusomopdHbIX rpadoB — 10, mpu
m = 3 coorBercTBeHHO 364 u 30. lanee KaxKAbpli MOJYYUBIIHECS rpad MpoBepsieTcsl HA
ware 4 — siBsisieTcsl 1M OH péOepHbIM 1-paciinpenreM 3afaHHoro rpaga. B obuem caydae
#Js aToro TpebyeTcs MPOBEPUTh, UTO HUCXOAHBIM rpad AOMyCKaeT BJIOKEHHE B KaKIblH
rpad, nosayyamoumiics U3 ouepeHOro KaHauaaTa yaajaeHueM ogHoro peopa. Eciu xoTs 6bl
IJ151 ONHOTO rpaga He cyllecTByeT BJoxeHUs rpada C7, TO UCXONHBIH rpad He sBASETCH
péoepHblM l-pacmnpenuem. 15 Toro utoObl NPOBEpUTh, 4TO rpad He aBasercs MP-k-P,
MOXKHO MCII0JIb30BaTh Cjeaylollyto JeMmy [3,7].

Jlemma 1. Ecau munumanvras cmenernsv gepuiurol epaga G ecmo d > 0, mo eco
MP-k-P G* ne codepacum sepuiun cmenenu Husxce d + k.

C nomollbio 3TOH JeMMbl A5 LMKJAa C7 MOXKHO yCTaHOBUTh, uTo B MP-1-P He moxer
OblTb BeplIWH cTerneHu Huxke 3. Kak cjenctBue, 4uc/0 AOMOJMHUTENbHBIX pébep Oyper
He MeHbiie 4. B pabore [1] nmokaswiBaercs, utro MP-1-P uuksaa umeer BeKTOp cTe-
neneit (4,3,...,3) uau (3,...,3) B 3aBUCHMOCTH OT YETHOCTH YMCJ/A BepILIMH LHKJIa. Uucso
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BapuaHToB npu m = 4 coctaBuT 1001, U3 KOTOPBIX HEU30MOP(HBIX OymeT TOJbKO 58, a
Hen3oMOp(HbIX IpadoB, YIOBJIETBOPSIOIIKX JeMMe | (T.e. rpadoB ¢ BEKTOPOM CTereHeH
(4,35)), Bcero 4. Y umknaa C; Bcero 2 Heuszomophubix MP-1-P. Anroputm 1 MoxHO
UCI0JIb30BaTh A5l nocTpoeHust MP-k-P rpadoB ¢ HeGoMbIIUM YUCIOM BepiinH [8].
HameTuM OCHOBHOH MyTh AJs ONTHUMH3AUMU aJropuT™ma l: Ha mware 3 Hy»KHO OCTaB-
JSITb KaK MOXKHO MeHbllle KaHAWIATOB ISl MOCJeAYIOLel MPOBepKH Ha paclliUpeHHe Ha
ware 4. Jlanee B craTbe OyIeT pacCMOTPeHO pelleHWe 3TOH 3aaadyd. [lss TOro 4ToObI
CHM3UTb KOJIMUECTBO TMOWUCKOB BJIOKEHHUH, TIPU NMpoBepke rpada Ha pacliMpeHHe MOKHO
MCII0/Ib30BATh CJeYIoUylo JeMMy. Bynem rosopute, uto y pebpa e = {u,v} rpadva H
HeT npoobpasa B rpage G, ecau CylLlecTBYeT BJoxeHHe ¢ rpada G B rpad H Takoe, 4To
B rpade G HeT pebpa Mexay MpoodpasaMu BepUIMH u U v, T.e. Mexay ¢ '(u) u ¢~ (v).

Jlemma 2. Ecau ¢ — saoxcenue epagpa G 6 epadh H u pébpa ey, e, ..., e, epadpa H
He umerom npoobpasos, mo ¢ bydem seaamocs eroxcenuem epaga G 8 Kaxodovitl epag,
noayuerHolll yoareruem aw0boix k pébep epagpa H uz dannoco nabopa, ede 0 < k < m.

Y anroputma | MOXKHO BBIIENHTb HECKOJBKO HEOCTATKOB, CBSI3aHHBIX C U30OBITOUHBIM
nepebopoM. OnMH M3 HUX COCTOWUT B CJEAYIOLIEM: €CJH Ha liare 2 MOTYT TOSIBJSTHCS
U3oMop(HbIe rpadbl, TO HEOOXOAUMO XPAHHUTh BCE MOCTPOEHHbIE paclUHMpeHHUs], YTOObl Ha
mare 6 UCKJIIOUNATh U30MOp(HBIE KoUK, Ecsn Ha mare 2 CTpOUTh TOJIbKO HEU30MOP(HBIE
rpadbl, To HeOOXOAMMOCTb XpaHEeHHs BCeX MOCTPOEHHBIX pPaCIUMpeHUH UCUe3HeT, a TaKxkKe
YMEHBUIUTCS YUCJO0 I'padoB, KOTOPble HYKHO OyleT MpoBepsiTb Ha pacluupeHue. MeTonbl
reHepauuy 6e3 MPOBEPKH Ha M30MOP(HU3M HOCTATOUHO HHTEHCHBHO HCCJEAYIOTCS MAJs
nocTpoeHust rpadoB pasjHUUHOTO BHAA. XOPOWIMH 00630p MOXHO HallTH B padore [9].
[lanee B cTaTbe OyfieT ONHUCAH MeTOJ KaHOHMYECKHX IpelCcTaBUTe el AJis OCTaBJIeHHOH
3anauu noctpoeHuss MP-k-P u paccMoTpeHbl ero onTHMH3aLHOHHbBIE BApHAHTHI.

2. METO.O KAHOHMYECKWX NPEOCTABUTENEWN

Wnes metona KaHOHMUYECKUX TpeACTaBUTe/eld COCTOUT B TOM, YTO BbIOMpaeTCsi HeKO-
TOpOe MPaBMJIO, MO KOTOPOMY M3 BCeX H30MOP(HBEIX I'padoB OAWH 00DBSABAAETCS KAaHOHU-
yeckuM. B oflieM BHIe MeTON MOXKHO ONMUCATh CJAeymuM obpazom [9]:

1) ompenensiercsi croco6 KoxupoBaHHUs Tpados;

2) cpenu Bcex KOMOB HM30MOP(MHBIX rpadoB BbIOMpPaeTCs KaHOHWYeCKHH Kon (mpen-
CTaBUTEJIb);

3) MOpOXKAAITCS BCe BO3MOXKHBIE KOAbI TpadoB;

4) mopoXAEHHBIH rpad NPUHUMAETCS, €CJAM ero KoJI KaHOHHUYECKHH, B MPOTHBHOM
cJlydae HUCKJIIOUYAeTCS.

C ncrnosib30BaHUEM MeTOa KAHOHUUYECKUX MpeACcTaBUTesNed aaroputm 1 MoxkHO npeo6-
pasoBaTb B a/JrOPUTM 2.

Aaroputm 2. [loctpoenne Bcex MP-k-P rpada G 6e3 nmpoBepku Ha U30MOP(HU3M.

1. m:=0.

2. m:=m+1.

3. Crporm Bce Hensdomop(Hble rpadel, nonyudaiomuecs U3 rpada G nobasieHueM m

péoep.

4. Ecnv Ha wmare 3 He MOCTPOEHO HHM OAHOTO rpaca, TO 3aBepPIINTb aJTOPUTM,
pacIlMpeHH He CyLleCTBYeT.

Bribrpaem cpenu nocTpoeHHbIX rpadoB pébepHble k-pacuiupeHus rpada G.
Ecsu Ha mare 5 He 6blyi0 HalineHO TpadoB, TO MepexoiudM Ha wiar 2.
[Tonyuennsie Ha mare 5 rpagsel sBasores MP-k-P rpada G.

N9

108 Hay4Hbir otgen



M. B. Abpocnmos n ap. [locTpoerne MIHNMarbHbIX pEBEpPHBIX paclunpernri rpaga COP

B anroputme 2 npu HCNoNb30BaHUM MeTOAa KAHOHMYECKUX Tpe/CTaBUTe el He HYXKHO
npoBepsiTb rpadbl Ha H30MOp(pU3M. TakkKe HU3MEHEH MOPSNOK MPOBEPKHU: CHayasa Haxo-
IUM BCe Heu3oMOp(Hble rpagdbl, a Mocje MNpoBepsieM, SBASITCH JU OHU PEOEPHBIMU
k-pacumivpeHusiMd uad HeT. I/ TPaBUJABHOCTH TMPENJOXKEHHOr0 aJroputMa HeobXo-
IMMO, 4YTOObl BCe KaHOHHWYECKHe NpPeACTaBUTeNH KaxKAOro Kjacca MU30MOP(HBIX rpados
OblM TOCTpOeHbl Ha wiare 3. s MCMIOAb30BaHUS MeTOla KaHOHMYECKHX IpejcTa-
BUTeJIel CaMbIM BaKHbIM sBJIIeTCs BbIOOp MeTona KoaupoBaHus rpada. [lpensnaraercs
B35ITb KO/, OCHOBaHHBIH Ha MaTpHlle CMeXHOCTH rpaga. HamoMHuM, 4TO A/ NPOCTBIX
HEOPHEHTHUPOBAHHBIX Irpa)oB MaTpUlla CMEXKHOCTH CHUMMETPHYHA OTHOCHTEJbHO TIJ1aBHOH
JIMaroHa/jy, a Ha [JaBHOHM [MaroHasy pacrnoJsiokeHbl Hynd. TakuMm oOpa3om, MaTpulia
CMEeXKHOCTH TOJIHOCTBIO OIpejesisieTcsl CBOeH 4YacThblo, PACIOJIOKEHHOH Bblllle WJH HHUXKe
TJIaBHOH JMaroHasu.

Omnpenenum croco6 kogupoBaHusi rpada. PaccmMoTpuM 1Ba n-BepLIMHHBIX rpada,
G = (Zy,a) u H = (Z,,8), tne Z, = {0,..,n—1} u a,f C Z, X Z,. dna kax-
poro rpada cocTaBUM MaTpulbl cMexXHocTH. Yepes G 0603HauuM rpad, Ajas KOTOPOro
Tpebyercsa Halth MP-k-P. Uepes H o6o03HauuMm rpad, njs KoToporo OyaeM CTPOUTH
kon. Ywucso BepuinH B rpadax G u H paBHo n. Onpenenum kon Cq(H) rpada H cie-
AYIOLUM 00pas3oM: OyneM OBaxK[bl MPOCMATPUBATh 3J€MEHTBl MaTPHUILbl CMEXHOCTH Ipa-
¢a G, HaxomsillMecs HHUXKe [JIaBHOHM AMAroHa/u, 10 CTPOKaM CJeBa HAlpaBo U CBepXy
BHHU3, BBIMUCHIBAS COOTBETCTBYIOLIME 3JE€MEHTBbl MAaTpPULbl CMeXHOCTH rpada H mno cre-
AYIOLIUM NIpaBUJ/IaM:

1) B mepBbIil pa3 BBHIMUCBIBAEM 3JIeMEHT MATPHUIBI CMEXKHOCTH rpada H, ecsiu B MaTpH-
e cMexxHoCTH rpada G crourt 1;

2) BO BTOPOH pa3 BBIMUCHIBAEM 3JIEMEHT MaTPHUIIbl CMEXHOCTH rpaca H, ecau B MaTpH-
e cmexxHocTH rpada G crout 0.

[Io mocTpoeHuto 04eBHIAHO, YTO KOI N-BEPLIMHHOTO rpada ¢ m pébpaMu OyoeT UMEThb
naudy C? u comepkaTh POBHO m eIMHHI. Bymem HasbiBaTb rpad H KaHOHHYECKHM
oTHOCHTeJbHO (G (MO0 MPOCTO KAHOHWYECKHM) M €ro KOJi KaHOHHYECKHM, eCJId Cpelu
BCcexX rpagos, usoMopHbIX [, Kon rpacda H gBigeTcs JeKCHUKOrpapuyecKu HauOObIINM:
{VR=H, R#H: Cs(R) <Cg(H)). CnpaBe1uBbl CJleayIOLIHe YTBEPKACHUS:

YrBepxkaenue 1. Ecau G asasemcs wacmoro epagpa H, mo Cq(G) < Cq(H), unaue
Cg(G) > Cg(H)

YrBepkaenue 2. [pag G exaradvieaemcs 6 epagh H moeda u moavko mozda, koeda
cyuecmsyem W = H, maxoti, umo Cqe(W) = Cq(G). Imo oznauaem, umo ecau epagh

G ekaadvisaemcs 6 epagp H, mo cyuwecmsyem usomopgrolil emy KaHoHuuecKut epag

OTO 3HAUUT, 4YTO KAHOHUYECKOrO IpeiCcTaBUTess KJjacca H30Mop(pHU3Ma KaxKI0oro
rpada, B KOTOpblf BKJaneiBaercss rpag (, MOXKHO MNOJY4YUTb [do0aBjeHHeM pébep B
rpad G. Takum o6pa3om, airoputm 2 sBJsSeTCS KOPPEKTHBIM.

Auaropurm 3. [locTpoeHue Bcex HeM30MOP(HBIX IPpaoB, OTIHMUAIOLIUXCS OT 33aHHO-
ro rpaa G Ha m AONOJNHUTENbHBIX pPEOep, MeTOAOM KaHOHUYECKHX IpelcTaBUTesel.

1. HayanbHbeiM BeIOMpaeTcs KOA ¢ = 17’00721_7", CIIUCOK R = .

2. Ilepebrpaem Bce BapHaHThl pasMmelleHUs: m enuHul B xBocTe M3 0 koma c. Ecau

OYepesHON TOJMYUYHUBLIHHCS KOL ¢ SIBJsSeTCS KaHOHWYEeCKUM, TO noOaBiseM ¢ B R.

OO6BIYHO NpU peasn3alyy MeTOla KAHOHHUECKUX NpeJCcTaBUTeNell HeT HeoOXOAUMOCTH
nepebupaTh BCeX BO3MOXKHBIX IMpeAcTaBuUTes]ed. Ecau Ha HEKOTOpOM Ilare H3BECTHO,
4TO MOCJeYIOllhe UTepallui He MOTYT MPHUBECTH K KAaHOHWYECKOMY IMpeICTaBUTEJIO, TO
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MOXKHO NPOM3BECTH yceueHHe rnepebopa. Takas onTHMHU3alMs Ha3blBaeTCs MeTOAOM Pu-
na— Papanxesa [9]. B namem nprumepe nmoctpoeHue rpagoB MOKHO pacCMaTpHBATb Kak
nepe6oOp KOJAOB, KOTOpble HayMHAIOTCS ¢ Koja rpadga (G U OTIMYarOTCs OT Hero no0as-
JIEHHeM m eIWHHUL B TeX Mo3uuusx, rae ctosit 0. MoxkHO He paccMaTpuBaTh Te Tpadwl,
KOTOpble 3aBeJJIOMO He MOT'yT ObITb pacllMpeHUsMU rpada (G, B TOM UYUCJe Te, KOTOpble He
YIOBJIETBOPSIIOT JleMMaM. JlokakeM BCrioMoraTesibHOe yTBep:KIeHHe.

Teopema 1. [lycmo epagp H omauuaemcs om epagpa G na m > 0 pébep u kod epaga
H Cq(H) = x129...2410...0 asasemca kanonuueckum. Toeda ko0 ¢ = xyx5...2400...0,
noayuaroujutics us Cg(H) 3amenotl camoil npasoti eQunuybl Ha HOAb, makxe bydem
KQHOHUUECKUM.

Joka3areabcTBo. [Ipenmnosoxum, 4To yTBep:KAeHUe HEBEPHO U KOJ
cd = x129...2;,00...0

He siBJsieTcss KaHOHHYecKWM. OG603HauWM rpad, COOTBETCTBYWIIHH Komy ¢, depe3 .
Torna cyumectsyer rpad W', usomopdusiii rpagy W, kon kotoporo Cq(W') siBasieTcs
kaHoHHueckuM U Cg(W') > Cq(W). O6o3naunm uepes ¢ usomopduam rpada W’ Ha
rpadp W. Kon rpada H u3 ycsaoBus nosydaercss us kona rpaga W nobaBieHHeM OLHOH
eMHULB, T.e. rpad H noayuaercs u3 rpada W nobasneHuem opHoro pebpa. [lycts nas
onpefesieHHOCTH 3T0 OyneT pedpo {u,v}. [TocTpoum rpad H', nobaBus k rpady W' pe6po
{é(u), d(v)}. OueBunHo, uto ¢ OymeT usomopdusamom rpada H Ha rpacd H’, Ho Kon rpada
H' 6ynet meHble kona rpada H, a 3ToO MPOTHBOPEUYHUT TOMY, 4TO KOJ rpacda H siBasieTcs
KAHOHHUYECKHM. U

Teopema 1 o3HavaeT, 4YTO ec/M Ha HEKOTOPOM Liare Obl/1 MOJy4YeH KOA ¢, KOTOPbIH He
SIBJIIeTCS KAHOHWYECKUM, TO HeT HeoOXOAMMOCTH nepedbrupaTh KOMbl, KOTOPblE OTJIUYAIOTCS
OT MOJIyUeHHOro N00aBJ/eHHeM eIWHHUL] B MO3ULHUAX, CAeAYIOUMX 3a MoCaeHeH eqnHNLEeH
Kona c. Bce aTu kombl mo Teopeme | He OyAyT KAaHOHHUUECKHMH. DTO SIBJSETCS OCHOBOH
IJI UCIOJIb30BaHUs MeTona Puna — Papamkesa.

3adukcupyeM n-BeplIMHHBIN rpad (G, OTHOCUTEJbHO KOTOPOTO U OyleM CTPOUTH KOJ
rpacoB. [Toctpoum nepeBo 7), BceX m-BepLUMHHBIX TpacoB cjaeAyOLIUM 00pa3oM: MyCThb
Kol rpada paBeH aga;...axl0...0, Toraa ero poauTeabCKUM y3J0M OyeT ABAATbCA Tpad C
KOIOM agas...a;00...0, T. e. Kox rpada poaUTe bCKOro y3Jsa MnoJjydaercss 3aMeHOH KparhHeH
npaBoé 1 Ha 0. B Takom fepeBe KOA POAUTENBCKOTO 3/7eMEHTa BCETAa MeHblle, yeM KOJ
JI0O0Tr0 ero Jo4epHero 3/eMeHTa.

[To Teopeme | mosmy4um, uTo BCe n-BeplLIMHHbIE KAHOHUUECKHe Tpadbl TaKKe 06pa3yioT
nepeo T, kotopoe Gymetr sBaATbCA noaaepeBoM 1), U3 yTeepxaenus 1 mosyduum, 4to
nonnepeso 1y nepesa 71, ¢ kopHeM (G — 3T0 Bce rpadbl, KOTOPble MOT'YT ObITb MOJYYeHbI
u3 G nobaBseHueM pédep, T.e. Te rpadbl, KOTOpPble pPacCMaTpPUBAIOTCS B ajaroputMe 1.
[lo yrBepxkaenuto 2 u Teopeme 1, nepeso Ty COmePXKHUT mopnepeo 1., KOTOPOE COCTOMT
U3 BCeX KaHOHWYECKHX MpeacTaBuTesiedl rpacdos, B KoTopble rpad G BkJaaabiBaercs. B
aaropuTMe 4 npeacTas/eH CNOCOO MOJyYeHHs] NOYEPHUX JEeMEHTOB MPOM3BOJIBHOTO Y3Ja
H pepesa TS. OGosnauum uepes [(c) IJuHY Koma ¢, a yepes cli] — 3/eMeHT Kojaa B
MO3ULIUH ©.

Aaroputm 4. [Tonydenue nouepHux 31eMenToB yana H nepesa T§.

C = C(;(H), W =ga.

. BbluncsuTe ¢ — HoMep KpaiiHel NMpaBOH eMHHULBI B KOJE C.
1:=1+ 1.

. Ecmu ¢ = I(c), To pesyabraT W, 3aBepLIUTh aJrOPUTM.

cli] :==1.

e
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6. Ecau ¢ — KaHOHHWYeCKHH KoM, TO N100aBUTb COOTBETCTBYIOIIUH Kony ¢ rpag B W.
7. c[i] :=0.
8. Ilepe#iT Ha mwar 3.

Hanee c ucronb3oBaHueM anroputma 4 MoKHO peanusoBaTb Meton Puna — @apanxesa
nJs1 noctpoeHuss MP-k-P 3ananHoro rpadga.

Auaroputm 5. [loctpoenne Bcex MP-£-P rpacda GG o6xonom nepesa.

1. m := 0, xonbl rpagoB cTPoSATCS Ha OCHOBe rpaga G.

2. m:=m+ 1.

3. CocTaBuTh S — MHOXECTBO BCEX 3/IEMEHTOB lepeBa 15 Ha pacCTOSiHUH m oT G.

4. Y6patb u3 S Bce rpadbl, He siBASOLIMECS k-pacliMpeHUsIMU (G IO YCIOBUIO JleMMBI 1.

5. Ybpatb u3 S Bce rpadel, He siBJAsiIOLIMecs k-paciinpeHussMu (G Ha OCHOBE MPOBEPKH
10 OIpeJeJ/eHHIO.

6. Ecau B S ocranuch rpadel, To oHU siBasiorcss MP-k-P, 3aBepiiuTh anroputm, uHaye

MepedTH Ha war 2.

B asropurmMe 5 He cKaszaHO, KakKHM HMEHHO METOIOM HeOOXOIMMO COCTaBJSATh
MHOXKECTBO 3JeMeHTOB JepeBa. [l 3TOH LieJM MOXHO HCIOJNb30BaTb Kak OOXOA B
ryOuHY, TaK M 00XOH B LIMPHUHY. Y KaxKAOTO U3 MeTONOB €CTb CBOM JOCTOMHCTBA W
HenocTaTKU. Ecau KaXKabli pa3 UCMo/b30BaTh 00XOA B IyOWHY, HauHMHAasi C KOPHS, TO
HEKOTOpbIe Y3Jibl OyAyT NPOBEPSATHCS Ha KAHOHUYHOCTb HECKOJbKO Pa3, 4TO yBEJHYHUT KO-
JIMUECTBO NIPOBEPOK KAHOHUYHOCTH. Ec/u ucnosb3oBaTh 00X0[ B LUMPHHY, TO HEOOXOAUMO
XPaHHTb TOCJENHUH MOCTPOEHHBIH YPOBEHDb epeBa TS LENUKOM, YTO YBEJHUHMT PACXO/IbI

n(n—1)
namsiti 10 O(2™ 2 ), HO YCTPAHHUT JIMLIHHE NPOBepKH. [yl peanusauuu airopuTMa B
nporpaMme Obly BbIOpaH 0OXOA B LIMPHHY.

Bo3moxkeH TakxkKe [pyrod BapHaHT HCMOJb30BaHUs Metona Puna-— Papanxesa.
PasmecTM TNpOBepKYy BBHINOJHEHHs JieMMbl | 10 TpOBEPKM KaHOHMUYHOCTH rpada.
[TpoBepka seMMbl | BBIMIOJIHSIETCS 3@ MOJHUHOMUANBHOE BpeMsi — OBICTpee, YeM MpPOBepKa
KaHOHMYHOCTH M TPOBEPKa Ha pacliMpeHHe MO onpejeseHHro. JlaHHBIH MeTOH ONHCAaH B
anaroputme 6.

Auaroputm 6. [loctpoenue Bcex MP-£-P rpaca G.

m := 0, Koabl rpaoB CTPoOSATCA Ha OCHOBe rpada G.

m:=m—+ 1.

[TocTpouth MHOXKecTBO rpacoB S, noaydeHHbIX U3 (G noOaBjaeHUeM m peébdep.
Ynanute u3 S Bce rpadbl, KOTOpble He SIBASAIOTCS PEOEpPHBIMU k-paclUMpPeHUsIMH
rpada G ucxons U3 JeMmbl 1.

Ynaaute u3 S Bce rpadbl, KOTOpble He ABJSIOTCS KAHOHUYECKUMH.

Ynaaute u3 S Bce rpadbl, KOTOpble He ABJSIOTCS paclIMpeHUsIMU rpada G.

Ecniu S mycrto, To mepedTH Ha mar 2, uHade S — MHOXKECTBO BCeX HeM30MOP(HBIX
MP-£-P rpaga G.

[Ilaru 3-6 anropurMa 6 MOXKHO OOBEIMHHTb M He XPaHWUTb B NaMATH Bce Trpadsl,
IJ1s1 4ero He0OXOAMMO MMeTb BO3MOXKHOCTb MX Nepeuuc/aTb. [Ipu GoJblIOM KoMyecTBe
BEPLIMH U MaJjioM KoJjuuecTBe pébep B rpade GG mepebop Bcex rpadoB OCyLIeCTBJsETCS
ponro. [lss yCcKOpeHUsl MOXKHO OCYLIECTBJSATb Nepebop ¢ oTceyeHHeM rpadoB, KOTOpbIE
He SIBJISIIOTCS PaCLIMpPeHHsIMH 110 JeMMe 1, a Takke 3aBeJJlOMO He SBJSIOTCS KaHOHUYecC-
KUMH. JIJIs 9TOro coCTaB/IsieTCs MHOXeCTBO Map cjenyioutero suna: (¢, {ej,...,e}}), ato
03HAYaeT, uTo Mpu nepedope HeOOXOAUMO N06ABUTh KaK MUHUMYM t pébep U3 MHOXKECTBA
{ej,..., €} Tlyerb Tpebyerca nafith MP-£-P n-pepuunnoro rpada G, Torna MHOKeCTBO
nap OyZeT COCTaBJ/SATbCS Tak.

e

NG

1. Ecnin B G MuHMManbHas cteneHb d > 0, TO IJs KaXKA0H BepluMHBl u rpaga H co
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crenenblo d(u) < d + k cOCTaBJIAOTCS CJeNYIOLIHE Mapbl:

TIe v’ — He CMeXKHble C v BeplUMHbl. J[aHHble mapbl Hy>KHBI 17151 OTCeUeHHs BceX rpagos,
He YIOBJIETBOPSIOILIUX JeMMe |.

2. [Napa (1,W), rne W — MHOKeCTBO Tex pébGep, MpH 106aBJEHHH OIHOTO M3 KOTOPBIX
B H nosydaercss kaHoHMYeckuil rpad. JlaHHas napa oTcekaeT HEKOTOpPOE KOJHYECTBO
HEKaHOHWYECKHUX TpaoB MO YCJOBUIO U3 TeOpeMbl .

OTmeTHM, UTO NAHHBIH Mepe6Op MOXKET MCIOJIb30BaThCs W B anroputrMe 1. Tak kak
KaHOHUUYECKHH TpefcTaBUTe/ b KaXJ0ro Kjacca He MOXeT ObITb OTCeY€H Npu nepebdope
Ha OCHOBaHUM BBIOOpA 3J€MeHTa M3 BTOPOH TPYMIBl, TO /IS Ka)KJI0ro KJjacca H30MOp-
(u3Ma, MpencTaBUTeNH KOTOPOro OyAyT SIBJAATHCS pacLIMpeHUsIMH, Mpu nepebope Oynet
MPUCYTCTBOBATh XOTSI Obl OAMH 3JE€MEHT M3 KaxKIOH TpymNibl U30MOP(HBIX rpacos.

3. MPOrPAMMHASA PEANTU3ALNSA, OLUEHKA 3®PEKTUBHOCTHU
N PE3YJIbTATDI

Ha sisbike C++ c¢ ucnosbzoBanvem MPI Obliu peannsoBaHbl aaroputmsl 1, 5 u 6.
Ha Bxom mporpammel rpadsl momaBanuch B (opmare graph6, KoTopblii npencTaBJ/sieT
co00H 3aKOAMPOBAHHYIO CIeLMaJbHbIM 00pa30M 4acTb MaTpHLBbl CMeXHOCTH rpaga, pac-
TOJIO’KEHHYI0 Bblllle TJ1aBHOH nuaroHanu [10]. DToT ¢opmar siBaseTcss OCHOBHBIM B Tia-
kete nauty [11], koTopelil ucrnosnb3oBascs AJsi reHepauuu rpacos. Belio 3ameueHo, 4TO
pes3yJibTaThbl CYLIECTBEHHO 3aBUCAT OT HyMepauUWH BepllWH rpada. [Hasa rpada c Jek-
cukorpauuecky HaubOOJbLIMM 3HaYeHHeM Kopa graph6 cpemu Bcex H30MOP(HBIX eMy
rpadoB Bpems mnoacyéta MP-Ek-P 06bluHO cylleCcTBEHHO MeHblle, YeM y U30MOP(HOro
eMy rpaga, creHepupoOBaHHOIO NporpaMMod geng u3 nakera nauty. Tak, Hanpumep, npu
UCIIOJIb30BAHMM ajroputMma 6 ans 12-BepumivHHOro LMKJa BpeMs noctpoenuss MP-1-P or-
Juyajoch npumepHo B 228 pas, a aas 10-BepumHHoro — npumepHo B 30 pas. Bpewms
noacyéra MP-1-P 9-BepuinHHBIX rpad)oB ajropuTMoM 6 yMeHbIIHJIOCh MPUOJHU3UTETBHO
B 72 pasza. DTOT Bonpoc TpebyeT NOMOJHUTENBHOrO HCCAEN0BAHUS W BBIXOAWUT 338 PAMKH
JIaHHOHM paboThl. Bo Bcex omucbiBaeMbIX Aasee 3KCIepUMEHTax HCIO/Mb30BAIHCh KOIBI
rpadoB, creHepHpoBaHHble NIPOrpaMMON geng B pPeKUMe 110 YMOJIYAHHIO.

Ha npaxkrtuke B asnroputmax 2, 5 U 6 He HYXHO XpaHHUTb BCe Trpadbl, MOJyYeH-
Hble noOaBjeHueM k pébep, W KaHOHWYecKHWe rpacbl B naMmaTd. JlocTaToyHO HMeTb
BO3MOXKHOCTb MepeyucyaTh rpadbl U BbIOMpPaThb M3 HUX KaHOHUUYecKHe. B Takom ciydae
noctatoyHo O(n?) mamsaTH AJs peasus3aldd IaHHOTO aJropuTMa (XpaHeHHe MaTPHILbI
CMeXHOCTH rpaca). BelunciuTeIbHAS CJI0XKHOCTb KaXKAOTO W3 OMHUCAHHBIX aJTOPUTMOB
9KCIOHEHLHa/IbHA.

B Ttaba. 1 u 2 nokazaHo cpaBHeHHe BpeMeHH BbruucaeHuss MP-1-P u MP-2-P rpados
C 3aJaHHBIM KOJIMYECTBOM BeplIMH. s mocTpoeHus Bcex rpadoB € 3aJaHHBIM UHC-
JIOM BepIIMH MCII0Jb30BaJiCs reHepaTop geng u3 nakera nauty [11]. Beuucsienusi BbI-
NOJIHAMUCh Ha KJyacTepe [I0BOKCKOTO pernoHasbHOTO LEHTPa HOBBIX WH()OPMALMOHHBIX
trexnosoruit (ITPLL HUT) [12]. B Buiuucienusix Owviio 3apeiictBoBano 40 spmep. Ilo-
JIyueHHble B paMKaX BBIYMCJIHUTEJNbHOI'O 3KCIIEPUMEHTA pe3yJbTaThl OblIM J00aBJEHbl B
sHIMKIoNnenuo «Mup rpados» [13]. B peanuzanusix Oblid yuTeHBbl NpHUBENEHHbIE paHee
JIEMMBI.
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Tabauya 1 / Table 1
Bpewmsi nopcuéra MP-1-P Bcex rpadoB ¢ 3agaHHBIM YHUCJIOM BEPLIUH N
Counting time MP-1-P of all graphs with a given number of vertices n

n | Bcero rpagos | Anropurm 1 | Aaroputm 5 Anroputm 6
Total Counts | Algorithm 1 | Algorithm 5 Algorithm 6

1-7 1249 <lec. <lec. <lec.

8 12 346 13 c. 6 c. 6 c.

9 274 668 lu. 7 wm lu. 3m 99 M.

Tabauua 2/ Table 2
Bpewms nopcuéra MP-2-P Bcex rpaoB ¢ 3aaHHbIM YHCJIOM BepLIUH N
Counting time MP-2-P of all graphs with a given number of vertices n

n | Bcero rpados | Anroputm 1 | Anroput™ 5 Anroputm 6
Total Counts | Algorithm 1 | Algorithm 5 Algorithm 6

1-7 1249 <lec <lec <lec

8 12 346 2 m. 38 c. 17 c. 16 c.

9 274 668 1 o 12 4. 3 4. 38 M. 34.9 M.

MoKHO OTMETHUTb MNPUPOCT CKOPOCTH mocTpoenuss MP-k-P nns anroputma 2 mo
CpPaBHEHMIO C aJroputMoM 1. 3ameTuM, uTo JeMMa 2 NaéT HebGoJsblIyl0 NMPUOABKY B CKO-
POCTH K aJrOpUTMaM D U 6 U HOCTATOYHO CYILIECTBEHHYIO K ajJropuTMy 1.

Jl1s1 OLleHKM BBIUMC/MTENBHON CJI0KHOCTH KaxKJIOH M3 4YacTed mNporpaMMbl Obl-
JU TpOBeleHbl 3aMepbl BpeMeHH BbINIOJHEHHS HEKOTOPbIX 0C000 BaKHbIX €€ uacTel.
OcHoBHOe BpeMsi B CpelHEM OXHAaeMO 3aHUMaeT MpoBepka rpada Ha pacllirhpeHHe
UM KaHOHWYHOCTb. [IpoBepka KaHOHHYHOCTH MPOUCXOAMUT ObICTpee, yeM IpPOBepKa Ha
paciidpeHre, O3TOMY aITrOPUTM |, B KOTOPOM OCHOBHBIM JEHCTBHEM SIBJISETCS MPOBEPKA
Ha pacllMpeHHe, YCTyNaeT OCTa/bHbIM aaroputMaM. OcoOeHHO 3TO 3aMeTHO INpH IOA-
cuéte MP-2-P, tak Kak 3ajaua NnpoBepKU KaHOHHUHOCTH He YCJOXKHSeTCs, a B 3ajaye
NPOBEPKH rpada Ha pacllMpeHHe YBeJUYHMBAeTCs KOJIMYeCTBO MOMCKOB BJoxeHHs. Cie-
LlyeT OTMETHUTb, YTO HUCIONb30BaHHE JeMMbl 2 CYILIeCTBEHHO Y/Iy4llaeT BpeMs MOCTPOeHUS
MP-2-P rpada no anroputmy 1. Hampumep, Bpemsi noctpoenuss MP-2-P Bcex 9-Bep-
IIMHHBIX TpadoB cokpaiaercs Gosee yeM BABOe: ¢ 3 nHel 8 yacoB no 1 pHs 12 uvacos.
Jls ocTanbHBIX aJArOPUTMOB JieMMa 2 He JaéT Takoro pesy/bTara.

3AKJTIOYEHUE

B paGore Oblin OMUCaHbl aJrOPUTMbl MOCTPOEHHUS BCeX MHHUMAJbHBIX PEOEPHBIX
k-paciiupeHu#l Ajs 3alaHHOTrO rpada ¢ MOMOILbI0 METON0B KaHOHMYECKUX Mpe/iCTaBUTe-
neit n Puna - ®PapamxkeBa. Anroput™bl OblIM peann3oBaHbl Ha si3biKe C++ ¢ HCMOJB-
3oBaHueM TexHoJorun MPI u nporectupoBaHbl Ha KjaacTepe [10BOJI2KCKOTO peruoHasb-
HOTO LEeHTPa HOBBIX HMH(OPMALUOHHBIX TexHOJOTHH. CpaBHEHHUS NAHHBIX AJTOPUTMOB C
OOBIYHBIM AJTOPUTMOM H APYT C APYTOM T0Kasaju MPeUMYLIecTBa M HeJOCTaTKH KaxK-
JIOT'0 M3 HHUX.
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In 1993 Frank Harary and John P. Hayes proposed a graph model for investigating edge fault
tolerance of discrete systems. The technical system is mapped to a graph. The elements of the
system correspond to the vertices of the graph, and links between the elements correspond to
edges or arcs of the graph. Failure of a system element refers to the removal of the corresponding
vertex from the system graph along with all its edges. The formalization of a fault-tolerant system
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implementation is the extension of the graph. The graph G* is called the edge k-extension of the
graph G if, after removing any k edges from the graph G* result graph contains the graph G.
The edge k-extension of a graph G is called minimal if it has the least number of vertices and
edges among all edge k-extensions of a graph G. An algorithm for constructing all nonisomorphic
minimal edge k-extensions of a given graph using methods of canonical representatives and
Read —Faradjev are proposed.

Keywords: fault tolerance, edge fault tolerance, graph extension, isomorphism rejection, canoni-
cal form, method of generating canonical representatives, Read-Faradjev-type orderly algorithm.
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UccnepoBaHMe cTaTUCTMUYECKUX XapaKTePUCTUK TeKcTa
Ha ocHoBe rpadooBOI MOAENU NMMHIBUCTMUYECKOro Kopnyca

E. . Fpuropbesa, B. A. KnauuH

puropbeBa EneHa [eHHagveBHa, kaHAmAat OU3MKO-MaremaTUHecKMx Hayk, OOLEeHT Ka-
denpbl KOMMbIOTEPHBIX HayK W 3KCMepuMMeHTanbHOM MaTemaTtuku, Bonrorpagckuin rocy-
napcTBeHHbI yHuBepcuTeT, Poccuns, 400062, r. Bonrorpaa, YHusepcutetckuin np-1, 4. 100,
e_grigoreva@volsu.ru

KnsunH Bnagumup AnekcaHOpPOBWY, AOKTOP (OU3MKO-MaTEMaTUYEeCKMX Hayk, 3aBenytowwuii
Kadoenpoli KOMMbIOTEPHbIX HayK M 3KcrnepuMeHTanbHO matematuku, Bonrorpapckuii rocy-
hapcTBeHHbIn yHuBepcuteT, Poccuga, 400062, r. Bonrorpan, YHusepcutetckuin np-1, 4. 100;
Kanmbiukunii rocynapcTBeHHbln yHBepcuTeT umenmn b. b. MopoposukoBa, Poccus, Pecnybnvika
Kanmbikunsg, 358000, r. 9nucta, yn. lNMywkuHa, a. 11 klyachin.va@volsu.ru

Crtatbs nocBsWeHa NCCNeaOBaHMIO CTATUCTMYECKUX XapaKTEePUCTUK TEKCTa, KOTOPbIE BblYMC-
nstoTcs Ha H6ase rpadoBoi MOAENM NMPeLCTaB/eHNs TEeKCTa U3 NIMHFBUCTUYECKOro Kopryca.
Bo BBeneHuMM manaraeTcs akTyanbHOCTb CTATUCTUYECKOro aHanmMsa TEeKCTOB W NMPMBOASATCS
HEeKOTOpble 3afayn, pellaeMblie C NMOMOLWbBIO Takoro aHanusa. lNpennaraemas B ctatbe rpa-
doBag Mogenb TekCTa CTPOUTCS Kak rpad, B BEpPLWMHAX KOTOPOro pacrofioXeHbl cnosa
TekcTa, a pebpa rpadha oTpaxalT akT nonagaHusl OBYyX CNOB B Kakylo-1mbo 4acTb TeKc-
Ta, Hanpumep B npennoxeHue. Ons BepwuH n pebep rpadpa B cTaTbe BBOAATCS MOHSATUS
BeCa Kak 3Ha4yeHus M3 HekKOTOpOoW anauTuBHON nonyrpynnbl. JlokasbiBatoTcsd (PopMynbl Bbl-
yncneHns rpadoa 1 ero BecoB MNpu KOHKateHauuu TeKCToB. Ha ocHOoBe npennoXxeHHon moge-
NN peannayloTcs BbIYUCIIEHMS HA SA3blke nporpammupoBaHus Python. ns akcnepumeHTanb-
HOro MCCNefoBaHUs CTAaTUCTMYECKNX XapakTEPUCTUK BbIAENAOTCS 24 BENNYMHbI, KOTOPbIE Bbl-
paxaroTcsi Yepes Beca BeplunH, pebep rpadpa, a Takxe APYrux xapakTepuctuk rpagoa, Ha-
npUMep CTEMEHN ero BEPLUH. Hago 0TMETUTb, YTO LIENbIO YUCTIEHHbIX 9KCNEPUMEHTOB ABNSETCS
NOUCK XapakTepUCTMK TEKCTa, C NMOMOLLbKD KOTOPbIX MOXHO ONpenenstb, SBNSETCA NN TEKCT
CO3[4aHHbIM YENOBEKOM UMW CNy4YalHO CreHepupoBaHHbIM. B cTatbe npepnaraetcs oavH u3
BO3MOXHbIX TAKUX anropuntMmos, KOTOprI7I reHepupyert CJ'Iyl-IaI7IHbII7I TEeKCT, UCMNoJib3ys HEKOTO-
pblii cO30aHHbIA YENOBEKOM ApYroil TekcT B kayecTse wabnoHa. [Mpn aToOM B cny4aiHOM Tekc-
T€ COXpaHseTcs nocnefoBaTenbHOCTb YepenoBaHNS YacTel peyn BCrOMOoraTelbHOro Tekcra.
OkasblBaeTcs, 4To TpebyeMbiM YCNIOBUSIM YAOBNETBOPSIET MeAMAHHOE 3Ha4YeHEe OTHOLWEHNS Be-
NNYMHbI Beca pebpa rpadpa TekcTa K YMCny npeasioXeHunn B TekcTe.
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BBEOEHUE

B paGore mnpensoxkeHa Moaesnb JHUHTBUCTHUECKOTO KOpIyca Ha OCHOBe rpada
OTHOLIEHUH TPUHAIJIEKHOCTH CJIOB CEMAHTHUYECKHM HJIM CHHTAKCHYECKHUM eIUHHIIaM
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TekcTa. K3 BecoBbIX 3HaueHUH BeplIMH U pebep 3TOoro rpada MOryT OBITH IO-
JIyueHbl CTAaTUCTHUECKHE [aHHble, MO3BOJISAIOLIME pelllaTh pas3JhyHble aKTyaJbHble 3a-
Jlaud JIMHTBUCTHUKU: H3BJeYEHHE KJIOYEBBIX CJIOB, OLEHKA COYETAaeMOCTH CJIOB, TeMaTH-
yecKoe MOJEeJUPOBAHHE JIMHTBUCTHUECKUX KOPIYCOB, MOCTPOEHHE KOHKOPAAHCOB H T. 1.
A rtakxxe mpensokeHHas MOJEJb MOXKeT ObITh B3siTa 32 OCHOBY BBIUHCJIEHWS IpH3HA-
KOB TEKCTOB [J/151 TIPUMEHEHHs B HCCJEeNOBAHUSX, OMUPAIOIIMXCS HA METOAbl MALIMHHOTO
o0yuenus. [IpuBeneHel anredpanueckue CBOHCTBA rpa)oBOM MOIEJH, MO3BOJSIOIINE Bbl-
YUCJISITh BECOBBbE MapaMeTphbl BepIIWH U pebep rpada mpu CKJAeHBaHUM (KOHKATEHAllHH)
TEKCTOB UJK 00beANHEHUH TEKCTOB B eAMHBIN Koprnyc. [IpensoxeHHas Monenb, B OTJIHUHE
OT 4acTO WCIOJb3yeMOH MOJEJH «MellKa CJOB», M03BOJSET UCIO0/Ab30BaTh ONpeeNeHHYIO
CTPYKTYPY TeKCTa, 3aK/aJblBaeMyl0 B MOJeJ/b B 3aBUCHMOCTH OT crioco6a ero pasbreHus,
NpU TMPUMEHEHUM CTaTUCTHYECKHX MeTOJNOB aHanu3a. Fcrmosb3oBaHue TakKUX MeTOMOB
JIOCTaTOYHO PACMpPOCTPAHEHO W TNPHUMEHsieTCsl MPH pPelLleHHH psijia 3a1ad KOMIbIOTEPHOH
KOPIyCHOU JIMHTBUCTHKH. Hampumep, B pabote [1]| omuchiBaeTcs mporecc aBToMaTHuec-
Koil 00pabOTKH TEKCTOBOTO KOpryca, cOOPaHHOrO M3 HOBOCTHBIX JIEHT psijia UHTEpHeT-
CalTOB, AJS1 CO3[aHUSI BEPOSTHOCTHOM n-rPaMMHON MOJEJH Pa3roBOPHOrO PYCCKOTO S3bl-
Ka. [IpuBonuTcs cratucTHYecKWi aHaNW3 JAHHOTO KOpIyca, AAlTCs pe3ysbTaThl M0 MOJ-
CUeTy YacTOThl MOSIBJIEHHs PA3JHUYHBIX n-rpaMM cjoB. B pabore [2] craTHCTHYeCKUMH
MeTOIaMHi B paMKaX MOJEJH «MellKa CJOB» C MPUMeHeHWeM HaWBHOTO 6aHecoBCKOTO
KJaccu(uKaTopa HUCC/aeqyeTcsl BOSMOXKHOCTb PAaHKUPOBAHHUS PYCCKOSI3bIUHBIX TEKCTOB T10
UX 35MOLIMOHAJbHOH TOHAJBHOCTH B COOTBETCTBUM C Kjaaccuduxauuved [. JleBxeiima.
B pa6ore [3] paccmMaTpuBalOTCS aJrOPUTMbI OMNpENENeHHUs] CeMaHTHUYeCKOH OJU30CTH
KJIIOUEBBIX CJIOB: aJroput™M [MH30ypra, OCHOBAaHHBIH Ha YaCTOTHBIX XapaKTepUCTHKax
CJOB, U €ero NporpaMMHas peajusalius, a TakxkKe a/JrOPUTM C Y4eTOM uacTeldl peud H
npo6JseMbl ero peanusauuu. B pabore [4] mpennaraetcss paccMaTpUBaTh CTaTUCTHYECKHE
napaMeTpbl TEKCTa B KaueCTBe aBTOPCKOH XapaKTePHUCTUKH, UCIO/b3ys pa3JnyHble HH(OP-
MallMOHHBbIE U TporpaMMmHble cpenctBa. OTMeTHM Takke paboThl [D, 6], B KOTOPBIX Mpen-
JIaraloTcsl MeTO/bl MALIMHHOTO 00y4YeHHsI U COOTBETCTBYIOLINE MOJEJIU BEKTOPHOTO INpel-
CTaBJIeHUSl JIMHIBUCTHUUECKUX TEKCTOB [J/51 pelleHUs Pa3JU4HBIX 33434 KOMIbIOTEPHOH
JIMHTBUCTUKH.

OTmeTHM, UYTO ONHCbIBaeMasi B HacTosille#d craTbe rpadoBas Momaesb 0000I1aeT
YIOMSHYTYIO BbIlI€ MOJE/b «MeIIKa CJIOB» U COAEPXKHUT HE0OXOAUMMYI0 HMH(OPMALHUIO 115
aHaJ/M3a TeKCTa, K MpUMepy, MeTofaMH 3akoHoB 3umnda. HamomuuMm, uTo Kaaccuueckue
3aKOHBI 3uM(a HCMONb3YIOT CTATUCTHKY OTAEJNbHBIX CJOB TEKCTa MJIsl ONpeleseHHs €ro
OCMBICJIEHHOCTH. B mepBoMm 3akoHe 3unda yTBepkKaaeTcsi, UTO PaHT YaCTOTHI CJoBa (T.e.
HOMEp 4YacTOThbl B OTCOPTHUPOBAHHOM M0 YObIBAHHIO MacCHBE 4acToT) yObiBaeT o6paTHO
NPONOPLHOHAIBHO PaHry. Bropoil 3akoH 3umncda yTBepKaaeT, 4YTO KOJHUUECTBO CJOB C 3a-
JIAHHOH 4YacTOTOH 3KCMOHEHHA/JbHO yObIBAeT OTHOCHUTEJNbHO YACTOThl B YMOPSAOUEHHOM
0 BO3PACTAHHIO MAacCHBE YACTOT. DKCIEPHMEHTANbHO MTPOBEPEHO BBIMOJHEHHE 3TUX 3aKO-
HOB [I/151 TEKCTOB, HAlIUCAHHBIX YeJOBEKOM, — OCMBICJEHHBIX TeKCTOB. OIHAKO He CJI0KHO
NPENJNOKUTb KOHCTPYKIIMIO, KOTOpas MO3BOJISET CreHepupoBaTh O0€CCMBICJIEHHBIH TEKCT C
BBINIOJIHEHUEM YKa3aHHbIX 3aKOoHOB. KopoTko omnuilem 3Ty KoHCTpyKkuuio. [To 3apmanHomy
TEKCTY CO3[aeTCsl CJ/0Bapb CJIOB M BBIUUC/IAIOTCA HX 4acToTel. Jlanee momesnupyercs
clyualiHasi BesJiMdrMHA (HOMep CJIOBa B CJIOBape), MMelllas TAaKoe »Ke paclpelelieHue,
KaK M cJoBa B 3amaHHOM TeKcTe. COOTBETCTBYIOUIMH AUCKPETHBIH CJy4aWHBIH IMpolecc
OyneT reHepupoOBaTh CJAyUalHbIH TEKCT, CTATUCTUUECKHU OJU3KHUH K TEKCTY, MOJy4eHHOMY
repeMelllMBaHUEM CJIOB UCXOAHOro TekcTa. [Ipu mepemelMBaHWM OCMBICJEHHOCTb TEKCTa
ucyesHeT. TakuMm o6pas3om, 3akoHb 3unda B paMKaxX MOIAEIH «MeIlKa CJ0B» He T03BO-
JSIOT OTJIMYHUTb TEKCThl, KOTOPble MOTYT OBITb CTeHEpPHPOBAaHbI yKa3aHHBIM CIOCOOOM.
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B nactosiledl craTbe mnpenJiokeHa rpagoBasi MoJe/b TeKCTa M JaHO 3KCIIepPUMEeHTallb-
HOe MOATBEpXKIEeHHe TOro, 4To B paMKaX 3TOH MOJEJU MOTYT ObITb BBIYUCJEHBI TaKHe
XapaKTePUCTUKHU UCXOIHOTO TEKCTa, KOTOpPble CIIOCOOHBI OT/IMYATh JaHHBIE TEKCTHI OT TeK-
CTOB, KOTOpblE FeHEPUPYIOTCS He TOJNbKO BhILIEYKAa3aHHBIM CII0COO0M, HO U PSIOM APYTHUX
C0CO00B, OMUCBIBAEMBIX HHUXKeE.

1. OMUCAHUE NrPA®OBOW MOLENN

AncdaButom OyneM Has3bBaTb MPOU3BOJBHOE KOHEUHOE MHOMKECTBO Y. OJIeMEeHTh
MHOXKeCTBa . OyfeM Ha3blBaTb CUMBOJIAMH. YTOPSAOUEHHBIH HAOOp CUMBOJIOB HAa30BEM
CJOBOM MJIM 1eMOYKOH CHMBOJIOB. MHOXeCTBO BCeX IleroyeKk CHMBOJIOB ajdaBUTa X
0603HaunM uepe3 X*. TekctoMm Oynem Ha3blBaTh yHOPSAOYEHHBIH HaOOp CHMBOJIOB M 3a-
MUCHIBATb €r0 B BHUJE

T = ayay...a,, a; €%, n=]|T|.

3mech U nanee uepes | X| 0603HaYMM MOILIHOCTb MHOXKeCTBa X — KOJMYECTBO 3JEMEHTOB
mHoxectBa X. Ecaum T3, T — nBa Tekcra, To 4epe3 1) - 15 OGymem o603Ha4yaThb
TEKCT, CKJEEHHBIH M3 JBYyX JAHHBIX TEKCTOB (KOHKaTeHauus TekcToB). Yepes 2% 6y-
neM 0003HayaTh MHOXKECTBO BCEX MOAMHOKECTB MHOXkKecTBa X . HekoTopyto COBOKYMHOCTb
TeKCTOB Oy/eM HasbliBaTbh Kopnycom. JLas nocTpoeHus rpadoBoil Moae/d HaM HeOOXOAUMO
NOHATHE pa3OHeHUs TeKCTa, NoJ KOTOpbIM Oyl1eM MOHHMaTb POU3BOJIBHOE MMOAMHOKECTBO
P C 2V ynopsmouennsix nogmuoxkects MHokectBa N = {1,2,3,....|T|}. Kaxmoe Takoe
TMIOZIMHOKECTBO OIpefiesisieTcsl HabopoM KOpTexeHd HOMepoB (iy,...,i;) € P BXOAALIMX B
Hero cuMBOJIOB. [IpumMepamu Takux pasOueHHH MOTyT ObITb pazOHeHHe TeKCTa Ha CJIOBa,
pasbueHHe TeKCTa Ha MpelJioKeHHsl U pa30OheHHe TeKCTa Ha 1m-TPaMMBl.
[lycts I € P. Iloctpoum oTtobpaxenue w : P — X*

w(I) =y gy, 1 < T < . < g, ij el, =12 ..k

IT10 oToOpaKeHHe COIMOoCTaBJseT HabOpy HOMEPOB CHMBOJIOB COOTBETCTBYIOILYIO YacTb
TEKCTa B BHUJE LIeNOYKH CUMBOJIOB.

IIpumep 1. 3adukcupyem NpousBoJbHBIA CUMBOM § € >. Ilag 3apanHoro tekcra 1’
nycTh HalUAyTcsl HoMepa 1 = ig, < iy < ... < iy < ix41 = |T'| Takue, 4TO a;; = s. Torga

Py =1(ig,.ryi1 — 1), (i1 + 1, ..yt — 1), oo, (i + 1, ..., |T])]
npeacTtasJ/seT co60d pa3bHeHHe TeKCTa € MOMOILbID pasfeuTens s € 2.

IIpumep 2. Jlns 3apanHoro pasbueHusi BUAa P U NPOU3BOJBHOTO HATYPasbHOrO m
MOXKHO MOCTPOUTH pazbreHre BUAA

P =wiU..wpUwa U .1 U wpm—2 U Wy,
rae
Wj = (’ij_1+1,...,ij—1), ]: 17...,]€, We+1 = (ik+1,...,ik+1).

[lanHoe pasbueHue mpencrtab/sieT coOOM pasbueHHe m-TpaMM, a CJOBAMH CJyKaT yac-
TH W; UCXOIHOI0 pasbHeHHs.

[To ompenenenuto Oynem cuyuTaTh, uTo pazbueHue P’ siBjsieTcss Oojiee MEJKHM, 4eM
pasbuenue P”, u sanuceiBath P’ C P”, ecnu aas Bcsikoro I” € P’ Halimercs Ta-
koe [" € P”, uro I’ C I"”. lns nByX 3agaHHbIX TeKCTOB 17,75 ¢ COOTBETCTBYIOLIUMHU
azbuenussmMu P;, P, onpegeaum pasouenue P = P, o P, nasa tekcra 17 - T, ciaegyiomiuM
)
obpasom:

P10P2:{IC(1,2,...,|T1|—|—|T2|): IleCPl HJTH]:{i+|T1|2 iEIQEPQ}}.
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Teopema 1. Cosoxkynnocmov scex mekcmos u ux pasbuenuti (T, P) obpadyem no-
Ayepynny ¢ epynnosot onepauuet

(Tl, Pl) + (Tg, Pg) - <T1 . TQ,Pl (0] PQ)

Jloka3arenbcTBo. EnuHCTBeHHOe, yTO TpeOyeTcs MPOBEPUTb, — 3TO aCCOLMUATUB-
HOCTb BBeJleHHOH Bblllle orepaury. PaccMOTPUM TpPU TeKCTa ¢ KAKUMHU-IM00 pa3bueHUs MU
(T3, P;), 1 =0,1,2. fcHo, uTo

(T1 . Tg) . T3 - Tl . (TQ . Tg)
O6o3nauum Py o P3 = Py, T, - T3 = T%. 1o onpenesnennio nmeem

P10<PQOP3):{]C<1,2,,|T1|+|T2,|) ]:]1CP1,
w [ ={i+|Th|: ie€ly, I P} ={1 C(1,2,...,|Th| + |Ta| +|T3|) : [ =1, C P,
I/IJII/I[:{Z—f—‘Tl‘ iE[Q, IQGPQ, HJIHZG{]+’T2|, j€[3, [3€P3}}}

Tak, sanementsl [ € Py o (P o P3) UMEIOT OIUH M3 TPeX BHUAOB
IEPh I:{i+|T1‘,i€IQ, IQEPQ}, I:{]+|T1|+|T2|,]elg, ]3EP3}.

He cJi03kHO mpoBepuTh, UTO MBI MOJYYUM TOT XKe pedynbrar anasg I € (P o Py) o Ps.
Tak, okoH4aTeJ bHO

(Ty, 1) + (Tz, ) + (T3, P3)) = ((Tx, 1) + (T, ) + (T3, Ps).

Urto u TpeboBasoCh N0KA3aTh. OJ

Ilnsi 3amanHoro Tekcrta 1 W ero pasbuenHus P o6osHauum uyepes U(T,P) =
= {w(I) : I € P} cOBOKYIHOCTb YHHMKaJbHbIX 4YacTeil pasbuenus. Hampumep, B ciyuae
pa3breHHst TEKCTa Ha CJI0BA 3TO MHOXECTBO MPEJCTABJSIET COO0H COBOKYIHOCTb YHHUKAJIb-
HBIX CJIOB TeKcTa. PaccmoTpuM TekeT 7' M JiBa €ro MpoOU3BOJbHBIX pa3buenuss P’ C P”.
[Toctpoum rpay G = G(T', P', P") ¢ mHoxkecTBOM BepiinH VG = U(T, P') u MHOXeCTBOM
pebep

EG ={(a,b),a,b e U(T,P"): 31€P" I, I, CI, roe w(l,) =a, w(l,) = b}.

ITOT Tpad NpencTaB/sieT OTHOLIEHHE MPUHAMJIEKHOCTH Mapbl YacTeld TEKCTa ONHOTO
pa3bueHuss OAHOH yacTH Apyroro pasbuenus. Hanpumep, pebpy rpada ¢ BeplIMHAMH B
BHUJle YHUKAJIbHBIX CJIOB TEKCTa COOTBETCTBYET Mapa CJIOB, KOTOPble BCTPEUAIOTCS B KAKOM-
a0 ofHOM npensoxeHuH. HenocpeacTBeHHO MOXXHO MPOBEPUTDH CJIENYIOULYIO KJIOUEBYIO
(hopMyJ1y AJ51 MOCTPOeHHUs rpada Npy CKJAeHBAHUH ABYX TEKCTOB.

Teopewma 2. [Tycmo umeromcs mexcmol Ty, Ty ¢ coomeemcmayrowumu pa3buerusmu
P!/ c P, i=1,2. Toeda umeem mecmo pagercmeso

G(T} - Ty, P o Py, Pl 0 PY) = G(T1, P}, P})) UG(Ty, Py, PY). (1)

Hoka3sareabctBo. 3amertuMm, uto VG (T Ty, Pjo Py, P o PY) = U(Ty- Ty, Pio P5) =
= U(T\, P ) UU(Ty, ) = VG(T1, P,) UVG(Ty, P;). Hanee, eciu umeercsi pebpo u3
e € EG(T,-Ty, Plo Py, P'o PY), To cyliecTByeT napa uacteil wy, wy U3 P o Pj, BXonsias
B P o PJ. Ilpennosnioxum, 4to pe6po (wi,ws) He mpuHamgiexut Hu EG(Ty, P/, P/'), uu
EG(Ty, Py, Py). 9To MoXeT ObITb, TOJIbKO €CJM OHM He NONajdu HU B ONHY U3 yacteil P/

MHpopmatrka 119



~@ n3s. Capart. yH-Ta. Hos. cep. Cep. Matematrka. Mexannka. NMHpopmatnka. 2020. T. 20, sbin. 1

¥ HU B ofHY U3 4acted PJ. [TocKo/sbKy Npu KOHKaTeHalUWH TekcToB 4yactu P, P) obbe-
IMHSIOTCS, TO Mapa He MomajaeT HU B oAHy yacTb U3 P’ o Py. Tlonmyuunn npoTuBopeune.
Teopema nokasana. 0J

®opmyna (1) mossossier crpouth rpad G oObenrHeHHs NBYX U GoJiee TEKCTOB Iie-
JIOTO JIMHTBUCTHUYECKOI'0 KOpIyca JJisl MOCJ/eYIOlero aHalu3a CTaTUCTHUEeCKUX BeJUUHH,
CBSI3aHHBIX C BeCaMH BeplUMH W pebep atoro rpada. Mbl paccmMoTpuM Hanbosee 0OLIUH
c/ydall BeCOBBIX 3HAU€HHH. DTO MO3BOJUT BbINONHUTL 0000LIEHHYIO pealu3alnio BbIUKC-
JIEHHsl BeCOB NpPU KOHKATeHAallUW TEKCTOB.

Paccmotpum HekoTopylo aaauTuBHylo mnoayrpynny W. Bec pasa rpaga w — 310
oToOpakeHue, CONOCTaBJsAOllee KaxKJI0H BeplIMHe rpada UM Kaxaomy pedpy rpada
3HaueHus U3 noayrpynns W

w: VG —=W wm w: EG—=W.

BBeneHve BecoBOH (PyHKIMHM [Jis IOCTPOEHHOTO rpada oObsCHSETCS TeM, UTO B KOp-
MyCHOM JIMHI'BUCTHKE PAaCIpPOCTPaHEHbl CTaTUCTHUYECKHe MeTO/bl pelleHHs] pa3HO0OpasHbIX
3amad. BecoBas ¢GyHKUMS W TNpU3BaHa NPOM3BOAWUTH BBIUHC/JAEHHE COOTBETCTBYIOIIMX
cTaTUCTHYeCcKUX BesuuuH. [nsi BepunH rpada G(T, P/, P") onpenenum cienyolee
MHOKeCTBO:

B(v)={JeP": Fa,peXx* J'(J)=avs}.

IpyruMu cioBaMu, B(v) — TMOAMHOXKeCTBO pa3bueHusi P, KOTOPOMY COOTBETCTBYIOT
YacTH TEeKCTa, cojepxKalliue LeNoyKy v.

IIpumep 3. Ilyctb W = N MHoXecTBO HaTypa/jbHbiX uucesa. Has v € VG u
G = G(T, P, P") nonoxum w'(v) = |1 (v)], w’(v) = |B(v)|.

[TlepBasi (yHKUMS BBIUKC/ASET KOJUYECTBO BXOXKIEHUH YHUKAJIbHOH YacTH TeKCTa v
pa3buenusi P’ B Tekcte 1', a BTOpas (PYHKIHUS BBIUMC/SET KOJWYECTBO YacTed TeKCTa
pasbuenuss P”, comepxawmux v. [lyctb Z,, 0603HayaeT LUKJIHUYECKYIO TPYIIY TMOPsiaKa
m € N. Ha MHOXecTBe MOAMHOXKeCTB MHOXKeCTBA Z,, BBEeM ONepPaLHI0 «+» CJAeAYIOUIUM
obpasom:

L+ I =sort(lLUL), I, I,& 2,

KaK pe3yJbTaT KOMIO3HUIHKM 00beluHeHUs U copTupoBKHU. [losoxkum m = |P”|. Ynops-
JIOUMM KaKHM-HUOynb ob6pasom MHoxecTBo P”. Torma kaxmomy J € P” MoXHO co-
MOCTaBUTh HEKOTOPHIH HoMep n(J) € Z,,, a MHOXeCcTBY B(v) — HEKOTOpOoe MOAMHOKECTBO
I C 7Z,,. BBenennas Bbillle onepauus aeaeT MHOKecTBO 22 mosyrpynmoi. Toraa MoxHO
MOJIOXKHUTh

w™(v) = B(v) € 2%,

IlaHHasi BecoBasi (DyHKILHsI CTPOMUT YIMOPsIAOYEHHbIE CIHCKH HOMEPOB UacTed TeKcTa
pa3buenus P”, comepxkallive YHHKAJbHYIO YaCTh TeKCTa v pa3bueHus P’

OrmpenesiuB HEKOTOPblE BeCOBbie (DYHKIIMH, KOTOPbIE BBIUHUCJSIOT KOHKPETHBIE Xapak-
TEPUCTUKH TEKCTa, HEOOXOAMMO HayuHTbCsl MPeoOpa3oBbIBaTh Beca MPH OMepaluu CKeH-
BaHusl TekcToB. [lis nByx TekctoB 77, 75 WM COOTBETCTBYIOIIMX BECOBBIX (DYHKLHH
w; : VG(T;, P!, P") — W onpenesuM BecOoBYI0 (QyHKIIHIO

wi(v), ecin v € U(Ty, P) \ U(Tx, Py),
w(v) = < wo(v), eciu v € U(Ty, Py) \ U(Th, Py),
wi(v) + wy(v), ecau v € U(Ty, Py) NU(Th, P)),
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dta ¢opmysa MO3BOJSET BBIUUC/SATH BECOBYIO (YHKLHUIO JJs pe3ysabTaTa CKJeHKH
IBYX TEKCTOB MPH YCJOBHUM, YTO 3HAUEHHUS BECOBBIX (DYHKLUMH OBYX TEKCTOB TMPHUHAJ-
JiexKat ofHOMYy MHoxKecTBY. [lonyunm Takxke GopMmyay IJs caydasi, KOTAa 3TH MHOXKeCTBa
pasHble. IlycTb my, my — 1Ba HaTypaabHBIX uucaa. dcuo, yro 2Zm C 2%Zmi+ms [lycThb
I, € 2% | [, € 272 TlosoKUM

Il ) [2 = {(il, ...,ik,j1+m1, ...,jl+m1) . (’L.l, ,Zk) € ]1, (jl, ...,jl) € ]2}
HeHOCpe,[LCTBEHHbIM BbIUHUCJIEHUEM TIPOBEPSETCSA CBOHCTBO ACCOUMAaTUBHOCTHU
(heh)®lz=5LH (I2®I3)

[IpuBenem nprumMep BecoBOH (PYHKIMH, KOTOPash MOXKeT HMeTb OIpee/leHHOe 3HaueHHe
TIPU UCCJIeIOBAaHUM JIMHIBUCTHYECKOr0 Kopnyca. [Ipeanosoxum, 4To UMelTCs Ba TeKCTa
T;, i = 1,2 ¢ HekoTOpbIMM pasbuenusimu P C P/, i = 1,2 1 1Be BecoBble (YHKLHH

w; « VG(T;,P,P") — W;, tne W; = 2Zm rne m; = |P!|. TpeGyemyo (yHKIMO
MOCTPOUM CJIEAYIOLIUM 00pa3oMm:

wl(v), €CJin UGU(Tl,Pl/)\U(T27P2/),
w(v) = T B ws(v), ecmu v € U(Ty, Py) \ U(T1, P}),
wi(v) B wy(v), ecau v € U(Ty, Py)NU(Ty, P}).

[IpuBeneM Temepb mpuMep BecoBOH (GyHKUUM Aas pebep rpada G = G(T, P, P").
O6o3nauum m = |P"|. [lyctb e = (vy,v9) € EG. IlpuMepamMu BecoBbIX (DYHKUHH MOTYT
ObITb (PYHKLUUU

w(e) = [w™(v) Nw™(vy)|, wumm w(e) = w™(vy) Nw™(vy).

[lepBasi ¢yHKUMS BBIYHC/SET KOJIUYECTBO BXOXKIEHHWH mapbl (vi,vs) B ONHY 4YacTh
pasbuenusi P”, Bropasi (yHKIIUS TepeurcssieT Bce TaKhe 4acTH pasbuenuss P”. 3ameTuwm,
4TO 3TH (PYHKLUHH MOTYT ObITb BBIYMCJEHBl Uepe3 COOTBETCTBYIOIHME BeCOBble (YHKLHH
BepPLUMH rpaga.

2. 9KCMNEPUMEHTAJIbHOE UCCJIEOBAHUE TPA®OBOW MOLENMU

['padpoBast mozmesb TekcTa OblIa peasM3oBaHa Ha si3blKe MporpamMMmupoBaHus Python.
Peanusauus BK/0OYaeT B ceOsl yeThbipe OCHOBHBIX Kjacca: TEXT, PARTITION, STATISTICS,
GRAPH. IlepBble nBa MpenCTaBJsIOT TEKCT TaK TAKOBOH W ero pas/juuHble pa3OHeHHs.
Knace GRAPH XpaHHUT CTPYKTypy rpacda Tekcrta no ero pazbuenusm P’ C P”. Hakownel,
KJlacc STATISTICS BBIYMC/SET CTAaTUCTHUECKHE XapaKTepUCTHKH TeKCTa Ha MOCTPOEHHOM
rpacde. B sxcrneprmMeHTax Hcnosb3oBasuch pasbueHus P’ — Ha ciaoBa, P’ — Ha npen-
JIO’KeHHs. AHasiM3 MPOBOHJICS Ha 6a3e TEKCTOB XYNO0XKECTBEHHOH JIUTEpaTyphl PYCCKHX
KJIACCUKOB.

Bce skcrneprMeHTBI MOCBSILLIEHbl HCCJEN0BAHUIO XapaKTEPUCTHK TEKCTa, MO KOTOPBIM
BO3MOXKHO OTJIMYaTh TEKCT, HAIUCAHHBIH YeJI0BEKOM, OT TeKCTa, Cly4yalHO MOCTPOEHHOro
Ha TOM e Habope CJ0B, YTO WU HUCXOAHBIH TeKCcT. Huxke Mbl NPUBOAHMM OOLLYIO CXeMy
reHepalyu TaKoro TeKCTa.

PaccMoTpuM npou3BOJIbHBIA TEKCT U M3BJeYEeM M3 HEro CJ0Ba, U3 KOTOPHIX COCTABUM
coBapb. B mpenpinyiiem pasaesie 3TOT ciaoBapb o6o3Havaetcs dyepes U(T, P'). ns kax-
JIOTO 3JIeMeHTa CJ10Bapsl BBIYMCAUM YacCTOTY MOSIBJIEHHUS] COOTBETCTBYIOLIErO CJI0BA B TEKC-
Te. ATy YacToTy OyeM NMPUHUMATh B KaueCTBe BEPOSTHOCTH CJIOBA B TeKcTe. PaccMoTpum
HECKOJIbKO MOJeJIeH CJYYahHOro TeKCTa.
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B nepBoil Momenu B cioBapb 100aBHUM CllellMasibHOE CJ0BO — CHUMBOJ pasjesuTe-
a5 npenjoxeHnd. Ilocne 3Toro Ha Kaxmo# HUTepaluMu Ipoliecca MOCTPOEHHs TeKCTa
pasbIrpeEIBAETCS CjydaiHasl BeJUYMHA, paclpejeseHde KOTOPOH COBMajaeT C paclpee-
JIeHueM CJIOB HhcxofaHoro Ttekcrta. [Ipw sTom 3HaueHuWeM NaHHOH CJAy4yalHOW BeJUUMHBI
MOXKHO CUMTaTb HOMep cJioBa B cJjoBape. [lo aTomy ciyyallHOMy HOMepy HaXOAMUTCS
CJIOBO U J100aBJIsSIeTCSl B TEKCT. 3aMeTHM, YTO CTaTHUCTHUECKH 3TOT MpOoLecc SKBUBaJIEHTEH
NPOCTOMY CJy4alHHOMY IepeMellMBaHUIO CJIOB U pasfieuTesnedl NpefoKeHUH HCXOLHOro
TeKCTa.

Bo BTOpo#l Mozsesn MBI Takxke 100aBUM CHMBOJ pasjesutess npeaioxeHuid. Kaxnomy
CJIOBY B cJjioBape 100aBHM HEKOTOPBIH ero Mop(oJoruueckKui npusHak. JTo MOXKeT ObITb,
HampuMep, 4acTb pedd — CYLIECTBUTEJbHOE, MpUJaraTespHOe, IVIaroj, Hapeude W T. 1.
[Tpouecc mocTpoeHHss HOBOrO TEKCTa YMTAET UCXOAHBIM TEKCT U 3aMeHsieT KaxKl0e CJIOBO
CJy4aHHBIM CJOBOM C TeM Ke MOP(OJOrMYecKHM IMPU3HAKOM, 4YTO U TeKyllee CJOBO.
3aMeTuM, 4TO 3Ta MOJeJb CTAaTUCTHYECKH 3KBHMBAJIEHTHA CJy4yalHOMY IepeMellUBaHHUIO
CJIOB UCXOMHOTO TEKCTa, B KOTOPOM IepeMellUBaHhe OCYILIeCTBJSETCS 10 CJI0sIM MOpdo-
JIOTHYeCKUX MpU3HaKkoB. [Ipu 3ToM coxpaHseTcs CTPyKTypa Kaxk[IOro MpesoxKeHHsl TeKC-
Ta: MOCJe10BaTebHOCTb MOP(OJOrMYECKUX TIPU3HAKOB CJIOB NpeJIoKeHHsl CoXpaHseTcs.
fcHo, uto aTa BTOpas MojeJb CAy4aHHOrO TeKCTa SIBJSETCS YAaCTHBIM CjydaeM [epBoH
MOJIEJIH.

Bgenem crenyromune o6o3Hauenus. Uepes L(v), v € VG 0603HauMM MOCJ/EI0BATEb-
HOCTb 3HaUeHWH BecoB pebep, MHLUHAEHTHBIX BeplinHe v, yepe3 deg(v) oOO3HAUUM CTe-
NeHb BepIIMHBI v, uepe3 f(e) obo3Hauum Bec pebpa e € FEG, HakoHel, depe3 o(T)
0003HaYUM UYHUCJO TIpefJoKeHUH Teketa 1 — HWJM, APYTUMH CJIOBAMH, YHCJO 3JE€MEHTOB
pasouenuss P”. Ilanee nJsi BCSIKOH KOHEYHOH MOCJeNOBATENbHOCTH x = {X1,T9, ..., Ty}
BBeleM 0603HaueHuss max(z), mean(z), median(z) 0ad MakCHMaJbHOrO, CPEHETO U Me-
IMaHHOTO 3HayeHHs B x. [las Tekcta 7' 0603HAUMM COOTBETCTBYIOLLME I10CJEL0BATeb-
HOCTH:

d(T)={d(v),v e VG}, 6(T)={b(e),e € EG},
0,(T) ={0(e)/o(T),e € EG}, dp.(T) = {max(L(v)),v € VG},
Ay (T) = {mean(L(v)),v € VG}, dpman(T) = {median(L(v)),v € VG}.

OTMmeTHM, 4TO pacrpefesieHHe BeJUUHHbl CTeleHel BeplIMH ciydaiHoro rpada [7-9]
SIBJISIETCS TIPEIMETOM TEOPETHUECKOTO HCCJ/IEIOBAHUS U UMEET NpaKTHYecKoe PUMeHEeHHe,
HampuMep, MpU aHa/au3e rpadoBoil cTpyKTypsl cetu MHTepHet. [Ipn 3TOM npenmnosnaraercs,
4TO CTENEeHH UMEKT MJIOTHOCTb pacnpenenenue Ilapero p(x) = 2~ [10, 11].

B kauecTBe YMCJIOBBIX TPU3HAKOB TEKCTOB JJIsi HCCJIE0OBAHHS Mbl pacCMaTpPUBAeM CJle-
AyIollKe xapakTepuctuku rpadpa G(7T, P, P"):

— cpelHee 3HauyeHue crerneHu BepluuH rpada, mean(d(T));

— MakKCHMaJbHOe 3HaueHHe CTeleHH BepliuH rpada, max(d(T));

— MeJlMaHHOe 3HaueHHe cTeneHH BeplMH rpaga, median(d(T));

— cpezHee 3HaueHHe BecoB pebep rpada, mean(d(7));

— MakcHMaJibHOe 3HaueHHe BecoB pebep rpada, max(0(7));

— MeJMaHHOe 3HaueHue BecoB pebep rpacda, median(H(T)).

Kpome 3THX BenuuMH OyleM TakxKe pacCMaTpPUBAaTh CJAEIYIOLIHE XapaKTepPUCTHKH:

max(05(7)), mean(0s(7)), median(05(7)), std(05(T)),
max(dy,. (7)), mean(d,,(T)), median(d,.(T)), std(d,..(T)),
max(d,,,(T)), mean(d,,,(T)), median(d,,,(T)), std(d.(T)),
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max(dygn(T)),  mean(dygn(T)), median(dg,(T)),  std(dpan(T)).

3nech std(z) o6o3HauaeT cTaHAAPTHOE OTKJIOHEHHE B I0C/E0BATEBHOCTH

n

1
std(z) = | — g (x — mean(x))2.
[
OnpenesieHHbIH HHTEpeC MOTYT MPEACTABJATb BEJUUYUHBI, AJS KOTOPBIX 3HAUEHHs Ha
MCXOMHOM TEeKCTe M Ha CJydyaiiHOM TeKCTe OTJMYaloTCs, Hanpumep, B He MeHee 70% Bcex
TeKcToB. M3 mpencraBieHUsl pe3y/nbTaToB Ha pUC. 1| BHAHO, 4TO 3TOMY YCJIOBHIO OYAyT

Y/IOBJIETBOPSITh BEJTHUMHbI
mean(fy(7)), median(65(7)), std(0(T)), mean(6(T)).

[Ipy sTOM mepBEIe Be BeJMYMHBI 1al0T TpebyeMoe oTauure B 84 % caydaes. Jpyrumu
cnoBamMu, B 84 % TEKCTOB 3TH BeJHUYHHBl [/ MCXOAHBIX TEKCTOB MeHblIe, YeM JJIs
CJly4alHBIX TEKCTOB, CT€HEPUPOBAHHBIX MO HCXOIHBIM aJrOPUTMAaM, NPUBEIEHHbBIM BhILIE.

Tenepb paccMoTpuM noBefieHHe TeX XKe BeJMYMH, eC/M B KayeCTBe HCXOIHOIO TeKCTa
BbIOMpaeTCss CAy4alHbIH TEKCT, MOCTPOEHHBIH MO MCXOAHOMY. Te »Ke BBIYMC/IEHHS NAIOT
pe3yJbTaT, TIpUBEeeHHbIH Ha puc. 2.

M3 storo rpacduka BuAHO, uTO TOJMBKO BesnnunHa median(fs(7")) maet HyKHble pe-
3yJIbTaThl, MOCKOJBKY [OKa3bIBAET, UTO CJAy4alHO CreHepUPOBAHHBIE MCXOLHBIE TEKCTHI B
GoJbIIMHCTBE caydyaeB (97%) Hepa3JHUUMBbl C TEKCTAMM, KOTOpble CJydalHbIM 00pa3oM
CTeHepHUpOBaHbl MO0 HHUM »ke. TakuM o0Opa3oM, MeIHaHHOe 3HaueHHe BeJMYMHBI Beca
pebpa rpada G(T,P', P"), neneHHOro Ha KOJHUECTBO MpPeNJOXKeHHH B TekcTe T', MOXKeT
OBITb MCI0JMb30BAHO B Ka4eCTBE BEJHUMHBI, ONPeesIollel, IBIsSeTCs JIM HCXOIHBIH TeKCT
OCMBIC/IEHHBIM HJ/IM OH CT€HEePHUPOBAH C/JyuyalHO MO HEKOTOPOMY LIAGJOHHOMY TEKCTY, HC-
MOJIb3Ysl aJITOPUTM, OMUCAHHbBIN BBILIE.
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Puc. 1. PeaysbTaTel UHC/IEHHOTO aHA/MM3a XapaKTEPUCTHK TeKCTa: A — CMHUCOK 3HaYeHHH /15
MCXOIHOr0 TeKcTa; B — crnucok 3HayeHW# 1Jis caydaiiHoro Tekcra (uBet online)
Fig. 1. Results of numerical analysis of text characteristics: A — list of values for source
text; B — list of values for random generated text (color online)
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Puc. 2. Pe3ynbraThl UHCJIEHHOr0 aHa/IM3a XapaKTEPUCTHK TEKCTa I10C/Ie BTOPOTO IKCIEPHMEHTa:
A — cnucok 3HaueHHi 1/ UCXOMHOTO TeKCTa; B — CIHCOK 3HaueHWH /ISl CydyalHOTo TeKCTa

(uBet online)

Fig. 2. Results of numerical analysis of text characteristics after the second experiment: A —

list of values for source text; B — list of values for random generated text (color online)
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The article is devoted to the study of the statistical characteristics of the text, which are calculated
on the basis of the graph model of the text from the linguistic corpus. The introduction describes
the relevance of the statistical analysis of the texts and some of the tasks solved using such an
analysis. The graph model of the text proposed in the article is constructed as a graph in the
vertices of which the words of the text are located, and the edges of the graph reflect the fact that
two words fall into any part of the text, for example, in — a sentence. For the vertices and edges of
the graph, the article introduces the concept of weight as a value from some additive semigroup.
Formulas for calculating a graph and its weights are proved for text concatenation. Based on the
proposed model, calculations are implemented in the Python programming language. For an ex-
perimental study of statistical characteristics, 24 values are distinguished, which are expressed
in terms of the weights of the vertices, edges of the graph, as well as other characteristics of the
graph, for example, the degrees of its vertices. It should be noted that the purpose of numerical
experiments is to squeak in the characteristics of the text, with which you can determine whether
the text is man-made or randomly generated. The article proposes one of the possible such algo-
rithms, which generates random text using some other text created by man as a template. In this
case, the sequence of parts of speech in an auxiliary text alternation is preserved in the random
text. It turns out that the required conditions are satisfied by the median value of the ratio of the
text graph edge weight value to the number of sentences in the text.
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B paboTte uznaratotcs pe3ynbTaTtbl, NOMYYeHHble Npu paspaboTke CUCTEMbl MOLENMPOBAHUS
MPOLLECCOB reHepauny BHELWHUM 3NeKTPUYeckUM rnonem 6e3MaccoBbix HOcUTenein 3apsna ¢
POTOHOMOAOBHbLIM CNEKTPOM A5 ABYMEPHbIX cpen. OCHOBOW CUCTEMBI SBNSIeTCA husnyeckas
MOAenNb npouecca, NOCTPOEHHas B (DOPManvM3mMe KMHETMYEeCKOro ypaBHEeHNS ANs afekBaTHOWA
KBaHTOBO-MONEBON Teopun. [Mpu 3TOM He NCMONb3YIOTCS ynpoLwatowme NPeanonoXeHus, B ToM
yucne pasnoXeHusi no KakMM-nnmbo MasbiM napametpam (Teopust BO3MyLWeEHWA). B 9ToM cMblc-
ne ncrnonb3yemas Moaenb aBnseTca TouHon. OHa odhopmneHa B Buge cuctemol OLY nepsoro
nopsiika, Ans KoTopoi ctaButcs 3apada Kowu. OcHoBHOW npobnemoii sBNSeTcs BblYUCIU-
TeNbHas CNOXHOCTb ONpeneneHus HabngaeMblx BENNYMH MO XxapakTepuctukam mogenu. He-
nocpencTBeHHO peuwenne cuctembl OLY paet uHgopMauuio TONbKO O BEPOATHOCTU 3ace-
NEHNS HEKOTOPOro KOHKPETHOro KOHEYHOro COCTOSHUS Ha OBYMEPHOM KOHTWMHYyMe MOTEH-
LManbHO [LOMYCTUMbIX UMMYNbCHBIX COCTOSHMIA. O6nacTb nokanu3aumm 3acensieMblX COCTOSHUIA,
rnagkocTb WX pacnpeneneHust B UMMNynbCHOM MPOCTPaHCTBE, a CnefoBaTeNbHO, pasMmepbl u
MNOTHOCTb HEOOXOOMMOW CETKW 3apaHee He W3BECTHbl. DTV MapameTpbl 3aBUCST OT Xapak-
TEPUCTMK BHEWHErO NONS N SBNSAOTCS NPEeOMETOM OMpeneneHns B NpoLecce MOLENNPOBaHNS.
BbluncnutenbHas CnoXHOCTb COBCTBEHHO PELEHWS MOLENbHOW CUCTEMbl YpPaBHEHWA Ans
3a4aHHO TOYKM WMMMYNbCHOrO MPOCTPAHCTBA TOXe MpencTaBnsieT coboi OTKPbITy0 Mpob-
nemy. B npencrtaeneHHoM cnydae Takas 3afjada Bcerga pewaeTtcsl Ha OLHOM Bbl4MCAWUTENb-
HOM sgpe. Ho HeobxoouMoe Lns 3TOrO BPEMS 3aBUCUT KaK OT XapakTepUCTWK BblYUCANTE-
ns, Tak U OT Tuna, BUha WU peanusaunmm metoma MHTerpuposaHus. OnNTuManbHbIl UX BblBOP,
Kak MpPOLEMOHCTPMPOBAHO [anee, O4YeHb CYLECTBEHHO BMSIET HA Pecypcbl, He0OXoAauMble
INs peweHns Bceit 3aaayun. Npy aTOM 13-3a 6ONbLIOA BapnaTUBHOCTU XxapakTepa MoBeneHus
CUCTEMbl YpaBHEHWI NPY N3MEHEHUN PU3NYHECKUX NMapaMeTPOB MOLENN ONTUMM3ALMS Bbibopa
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BBEOEHUE

B cBsi3u ¢ MOTpPeOHOCTHIO PAaIHO3JIEKTPOHUKU B HOBBIX MaTepuasax C MepcrneKTUBHBI-
MM XapaKTepUCTHKaMH OJHUM W3 HalpaBJjIeHHH MOWCKa SIBJISETCS MccenoBaHue (MceBmo)
JIBYMEPHBIX CHUCTeM, peajiu3yeMblX B BUJIe MOHOATOMHBIX WJU MOHOMOJIEKYJ/ISIPHBIX CJIOEB
Ha MOAJIOXKKAX WM B CBOOOAHOM COCTOSSHUH. OIHUM M3 MpelacTaBUTeNed TakUX Mepc-
MEeKTUBHBIX MaTepuasoB siBjasieTcss rpaded [1-3]. Jlist Hero xapakTepHa OueHb BBICOKas
s (heKTUBHAsT CKOPOCTb HOCUTeJsed 3apsiaa ¥ crenrduueckuil (hoTOHOMONOOHBIN) 3aKOH
IHCIIEPCHH, YCTaHaBJUBAIOIIMK CBSI3b SHEPTUH U UMIYyJbca HocuTesel [4-6].

1. MOOEJ1Ib KWHETUKWN HOCUTEJNEN

JIns OLleHKU NpakTHYeCKHX acCleKTOB MCIOJNb30BAaHHS HOBBIX MaTepHasoB Heo0XO-
IUMO YMeTb ONpelessATb UX OTKJHWK Ha JAeHCTBHE BHELIHWX 3JeKTPOMarHUTHBIX I10-
Jei. Hacrosimas paborta npencrasJ/seT nepBble pe3y/bTaTbl pa3padOTKH BbIUUCAUTENbHON
NpOLEeAYyphl onpeneseHUs] (PYHKLHMOHAJNbHON CBSI3M MapaMeTpPOB BHELIHEro BO3AeHCTBHS
U OTKJHKA MaTepuasja Ha MaKCHMaJbHO JOCTOBEPHOH (usanueckodl ocHoBe. bBazoit nus
pelleHUs] 3aJauM SBJSETCS KUHeTHYeCKoe ypaBHeHHe [/15 (PYHKLUHMH pacrpeneseHus
Hocutesedd f(p,t). B pamkax IByMepHO#H amanTalud KBAaHTOBOH 3JEKTPOIMHAMUKHU OHO
MOXeT ObITb TOJy4eHO CTPOro, 0e3 HMCMOJb30BaHUsI Teopur BoamyieHuid [7]. [pu ywmc-
JIEHHOM HCCJIEIOBAHUM ero ynoOHee NMPeACTaBUThb B (POPMe CHCTeMbl OOBIKHOBEHHBIX AU(-
(bepeHLHANbHBIX yPaBHEHUU:

f(p.1) = 5MB. Oulp. ),
i(p. 1) = A3, (1 ~ 21 (7. 1)) ~ 225,15, ), (1

0(p,t) = 2e(p, t)u(p, 1),

rne e(p,t) = vpy/P?+ P} sBJsieTCs 3aKOHOM [MCIIEPCHH HOCHUTEJEH B TPUCYTCTBUH

BHellIHero noJisi (vp — ckopocth Pepmu, P; = p;—eA; — KMHeMaTHUeCKui umnynsc, A; —

BEKTOPHBIH MOTEHIHA NeHCTBYIOLIETO TMOJs, € — 3JEKTPHUECKUH 3apsi] KBa3U4YacTHIL).

Koadduuuent

AP, t) = ev? —E1P2 — Fahy
P = R a0

onpeje/sieTcsl yepe3 MapaMeTpbl 3JEKTPUUECKOTO MOJS M KOOpPAMHATBl B HMIYJIbCHOM
NPOCTPAHCTBeE.

YHrBepca/bHOCTb MOJEJH OrPaHHUUYMBAETCS TOJBKO NPEAINoJIOKEeHHeM O NPOCTPaHCT-
BEHHOU OJHOPOJHOCTH 3JIEKTPUYECKOrO IO/ U OTHOCHUTE/JIbHO HEOOJBbLIMMHU 3HEPrUsiMH
BO30OYKIEHHH, TIOCKOJNBKY peasibHasi (opMa 3aBUCHUMOCTH &(p,t) OT p TepecTaer
COOTBETCTBOBATb IPHUBEIEHHOMY BBIPAKEHHIO BIAJMU OT Touek JlHpaka HMMY/JIbCHOrO

(2)
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npoctpaHcTBa [8]. B pamkax atux orpaHudeHu# cucrema (1) mosBosisieT meTanbHO Hcce-
JI0BaTh XapaKTePUCTHUKU (YHKLUHUU pacrpeleseHUsi HOCUTesNel 3apsiia BO BHEIIHEM 3JieK-
TPUUECKOM I10JIe C NTPOM3BOJIBHON 3aBUCHMOCTBIO OT BpeMeHHU. B cBOlo ouepenb, Hajluuue
noJiHOM uH(popManuu o f(p,t) TMO3BOJSIET BBIUKUC/AATL J0Oble HabJ/0IaeMble MaKpOCKO-
NUYecKHe XapaKTepPUCTUKH MOJIEJH.

2. NMPOrPAMMHASA PEAJTTU3ALIUA MOOEIN

OcHOBHasi TPyIHOCTb B HUCMOJb30BaHUM (1) CBsi3aHA C BBIUHUCJUTEJBHOU CJIOXKHOCTHIO
3a/laul, pellaeMoll TOJBKO 4YUCJeHHO. [Ipu 3ToM KaKayio TOUKY ABYMEPHOrO HMITYJbC-
HOT'O TMPOCTPAHCTBA XapaKTepusyeT yHHUKaJbHOe MoBeleHHe KO03((HULHUEHTOB ypaBHEHHs
BO BpeMeHH. J[J1s1 moJTy4eHHs: JOCTOBEPHOH U MOJHONW MH(MOPMALIUK O TOBEAEHUH (PYHKIIHH
pacrpenesieHUs1 B UMIY/JbCHOM NPOCTPAHCTBE HEOOXOIUM JOCTATOUYHO NpeACTaBUTebHbBIH
Habop pelleHHil, COCTAaB KOTOPOro 3apaHee He u3BecTeH. [lo/10:KUTENBHEIM MOMEHTOM $1B-
JIileTCsl BO3MOXKHOCTb pelllaTb CHCTEMY YypaBHeHHH B KaxKIOH Hcc/enyeMoH Touyke HM-
MyJbCHOIO NPOCTPAHCTBA He3aBUCHMO. B 3ToM cMbic/ie 3ajaya Xopoulo pacrapaJie-
auBaetcs. [lo MHOruM npuuMHaMm mnpeicTaBJseTcss YIOOHBIM 3aJaBaTb MapaMeTpbl MO-
[IeTUPyeMOH CUCTEMBI, BBIMOJHATDH POMEXKYTOUHBIE BBIUUC/AEHHS U XPAHUTH TOJyUeHHBIE
JlaHHble C HCIOJb30BaHUEM CIelHaIbHON, «eCTEeCTBEHHOWU» MJs paccMaTpuBaeMoH Mmpoo-
JIeMbl, CUCTeMbl eIMHHUL U3MepeHHUsl (pU3MUeCKUX BeJU4YUH. B KauecTBe 0asbl /5 TakoH
cUCTeMbl OyeM HCIO0Jb30BaTh:

— TOCTOSIHHYIO pelleTKH rpacdeHa, oO6bluHO 0003HAUaeMYl0 a U HMEIOILYl0 3HaueHHue

0.246 HM= 2.46 x 1071 M (eguHHULA ANHHBI);

— ckopocth Pepmu vy = 100 M/c;

— nocrosiunyto [nanka (npusenennyw) h = 1.0546 x 10734 kr m%/c;

— sJeMeHTapHbI# 3apan e = 1.602 x 107 c.

B wucnosnb3yemoll cucreMe BCe 3TH BeJHYMHbl HMEIOT eJWHUYHBblE 3HAYeHUS.
B wuacrtHocTH, 3TO o6ecmeyuT 6sM30CTh (MO MOPAAKY 3HAYEHHWH) HCMOJNb3YeMbIX B
MPOMEXKYTOUHBIX BBIUHCJIEHUSIX BEJUUYHH.

Ha nepBom 3Tamne peiieHue cuctembl (1) /s Habopa KOHTPOJBHBIX TOUeK ObLIO pea-
nmu3oBaHo cpenctBamu CAS Mathematica [9]. DTo m03BOMHIO OBICTPO MOJYYHUTH OLEHKH
pPecypcoeMKOCTH 3aJayd B MIeasbHbIX YCJOBHSIX aBTOMAaTHYeCKOH ONTHMH3alMUM Mpolie-
nypsl perieHust cuctembl OJlY cpencTBaMH 3TOro naketa U HaGOp 3TAJOHHBIX 3HAUEHHH
UCKOMOH (DYHKLMU pacrnpeesieHns AJs MOCAeYIOUlero UCnoNb30BaHHUS.

Ha BTopom 3Tame paspaboraHa mporpamma AJs BBIYMCJAUTENBHOIO KJacTepa, obec-
Me4yuBawIlasi TNapajjesbHOe pelleHHe CHCTeMbl KHHETHYeCKHX ypaBHeHu# (1) mss
MPOM3BOJIBHOIO KoJMYecTBa HabopoB mapamerpoB. [Iporpamma peanunsoBaHa Ha sI3bIKe
C ¢ ucnonb3oBanueM uHTepdeica nepenaun coobmenuit MPI [10,11] u dyHKUHOHAMA
cBoGonHo# 6ubanorekn GSL [12, 13]. Beibop GSL o6ycsioB/iieH HaiuuueMm B Hell 00beK-
TOB Pa3J/IMYHOIO YpPOBHS A/ yAOOHOH OpraHM3aluy NpoLenyphl pelleHus 3anauu Koun
nns cucteMmbl O1Y u mopnep:Kod pasHOOOpPasHBIX METOAOB UHCJEHHOTO pelleHHs Ta-
KOH 3anauu. B OubavoTeke peasnnsoBaHbl NATh MOAU(MHKALUKN SIBHOTO U TPU MOAH(DUKa-
LMK HesiBHOTO MeTofoB PyHre — KyTTa, crenuanbHble BO3MOXHOCTH MpeAJaraiTcs AJs
pelIeHHs] JKECTKUX CHCTEM.

3. ONTUMU3ALIUNA NMPOIrPAMMbI U PE3YJIbTATDI

Mogenupyioliast mporpaMMa Mo3BoJisieT BOCIPOU3BOAUTD OTKJIUK HCCJIEIYeMOH CHUCTe-
Mbl Ha J€HCTBHE CYMEepPHO3HUIUK UMITYJbCOB 3JEKTpUdeckoro moasi Fi(t) u Fy(t). dto
M03BOJISIET MOJEJUPOBaTh OOJbIION AMANA30H peaNuCTHYecKUX KOoH(puUrypauui noss. B
OTJIMYKE OT Pa3BHUBABIIMXCS PaHee METOMOB MOJAEJHPOBAHHS MPOLECCOB POKIEHHUS IJIEK-
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TPOH-TIO3UTPOHHBIX Map B 3IKCTPEMAasbHO CHJBHBIX 3JEKTpUUYecKUX mnojsx [14-16], B
paccMaTpUBaeMOM CJly4yae 3JeKTPUYeCKoe IMoJie MOXKeT MeHSITb C TedeHUeM BpPeMeHH He
TOJIBKO CBOIO a0COMIOTHYIO BEJUYMHY, HO U HalpaBJeHHe.

Ouenka paboToCrOCOOHOCTH MPOrpaMMbl U ONTHMM3ALHKs €e HACTPOEK MPOBOAUNNCH
Ha MpUMepe MaKCHUMaJbHO YIPOLLEHHOTO OfHONOJNSPHOIO UMITYJ/bCa 3JE€KTPHUUYECKOro 110J15
BUIA
B FEq

cosh?(t/T})’

[locne mepBoHauasbHOW OTJNANKH W BepU(UKALMK pe3y/]bTaTOB cueTa OBbLIO HCCJe-
JI0BAHO BJIMSIHUE BbIOOpA MeTOJa HHTErPUPOBAHUS HA CKOPOCTb paboThl porpamMmmbl. Cpas-
HeHHe MPOBOJAUJIOCH 0 BPeMEHH BbIYMCJIEHHS OCTAaTOUYHBIX 3HAUEHUH (PYHKLUHH pacrpeje-
nenusi f(p,t — oo) mas matpuusl 10 x 10 Toyek MMMyJNbCHOTO MpocTpaHcTBa. Mcmosb-
30BaJIUCh CJeNyIOLIMe 3HaueHus napametos noJs (3): By = 10° B/m, T} = 2.46 x 10~ c.
I MUHUMM3aLMK BJAUSHHS 3aTPaT BPeMeHU Ha OOMeHbl JAaHHBIMH BBIUMCJIEHHS BBINOJ-
HSIJIMCh Ha JIeCATH sipax ofHoro yana. dyHkuuu 6ubanoreku GSL ucnosb3yoT hopmart ¢
NJaBarolled 3anTOW NBOMHOW TOYHOCTH U MO3BOJISIOT 331aBaThb OTHOCHUTEJbHYIO U a0co-
JIIOTHYIO MOTPellHOCTb BbluucaeHUd. [IpuBenennsie B Tab/1. 1 3HaYeHUs] BpeMeHU pelleHUs]
3a/1a4y TOJTy4YeHbl NIPH 3HAYEHHH MOCJAeAHHX mapametpos 1.0 x 10714,

Ex(t) Es(t) = 0. 3)

Tabauya 1 / Table 1
3aBUCUMOCTb BPeMeHH pelleHHsl 3aa4k OT BHIOOpa MeTOa MHTErPUPOBaHMUS
The dependence of time of the problem solution on the choice of the integration method

Bpewms pelnenus
e Merton uHTerpupoBanus (mo mpokymenraruu GSL) 3agaud (Mmc)
i Integration Method (GSL documentation) Problem solving
time (us)
1 | Explicit embedded Runge — Kutta (2, 3) 5815
2 | Explicit 4th order (classical) Runge — Kutta 290
3 | Explicit embedded Runge — Kutta — Fehlberg (4, 5) 135
4 | Explicit embedded Runge — Kutta Cash — Karp (4, 5) 136
5 | Explicit embedded Runge — Kutta Prince — Dormand (8, 9) 57
6 | Implicit Gaussian second order Runge — Kutta 23 853
7 | Implicit Gaussian 4th order Runge — Kutta 647
8 | A variable-coefficient linear multistep Adams method 84
in Nordsieck form
9 | A variable-coefficient linear multistep backward 177
differentiation formula

[IpencraBnenHble pe3y/bTaTbl YUCJEHHBIX 3KCIEPHUMEHTOB NEMOHCTPUPYIOT BO3MOXK-
HOCTb YCIELIHOT0 HCIOJIb30BAHUSI SIBHBIX MeTONOB. AGCOJIIOTHBIM JIUAEPOM SIBJISIETCS
pemiatesb Ha ocHoBe «explicit embedded Runge — Kutta Prince — Dormand (8, 9)» metona,
obecrieyuBasi 6ojiee 4eM MSTUKPATHBIH BBIMIPBILI 110 BPEMEHH Yy KJACCHYECKOro MeTofa
Pynre — KyrTol uerBeproro mopsinka. HesiBHble MeTombl TakyKe MPUMEHHMBI, XOTS MAJS
UX HCIOJb30BaHUSl MOTpeOOBaNoCch 00ECHeunTh BO3MOXKHOCTb BblUMCJAeHUS $KoOuaHa
cuctembl (1). OHH NPOUTPBIBAIOT MO BpPeMeHH, HO MOTYT HCIOJb30BaThCS MJis KOHTPO-
JI TOYHOCTH pe3yJbTaTOB B CBfI3U C WX OoJjbliledl ycToduuBocTbio. OTMeTHM, 4YTO
MPEUMYILEeCTBO SBHBIX METOJOB B PacCMaTpPUBAEMOM CJjydae MPUHIUMIHAIBHO OTJIHYAETCS
OT UX pOJIK NPH pelleHWH aHasora (1) mnasg cTaHAapTHOW KBAHTOBOW 3JEKTPOLMHAMHUKH
(K9MM), nanpumep [17]. D10 0OycsoBaeHO TeM, uyTo B caydae K] cucremMa KHHeTHUecC-
KUX ypaBHEHUN 0ObIUTO BeleT celsi »KeCTKO W sIBHble MeTOAbl MOTYT OBITb BOOOLIe He
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NPUMeHHMBI. Pasiuuusi B XKeCTKOCTH CHCTeMbl KMHeTHUecKHX ypaBHeHuid B KO u (1)
CBfI3aHbl C Pa3/JMYUSIMH B CBOMCTBAx HOCHTeJeH 3apsiioB B 3THUX ABYX cjaydasx. Bompoc
O BO3MOXKHOCTH IPOSIBJIEHHS KeCTKOCTH B pacCMaTpUBaeMOM cJjyuyae TpeOyeT NOMOJHHU-
TeJIbHOTO MCCaeloBaHusl. B cayuae ecim xKecTkoe nosefieHUe OyneT oOHapy»KeHo, yioOHee
MCI0JIb30BaTh pelllaTesib Ha OCHOBe MeToza Anamca.

Ha cnenyrouiem stane onTUMHU3UPOBATUCh HACTPOUKH TOYHOCTH. B Tabs. 2 npuBeneHb!
pe3yJibTaThl BBIIOJHEHUS] TECTOB HAa CKOPOCTb cyeTa /I TeCTOBOW 3aiauyu. [IpuBeneHHble
3HaueHUsl (PYHKIHUH pacrpeleseHHsl COOTBETCTBYIOT OfIHOH TOUKe M3 CUMTABIIEHCS MaTpH-
ubl. Koneuno, Tpebyemasi TOUHOCTb pe3y/NbTAaTOB BO MHOTOM OyIeT ONpelessiTbCsl LesiMU
mMonenupoBaHus. Ho naxe npu 3agaHHOH, SIBHO 3aBbILIEHHOH, TOYHOCTH MpeNCTaBJeHUS
pe3yJbTaTOB HCIOJb30BaHHE MeHee XKEeCTKUX TPeOOBaHUH K MOrPeLIHOCTSM BbIYUCJEHHUH
MOXKeT 00ecrneyuTb 2—3-KpaTHYI0 SKOHOMHIO BPEMEHH.

Tabauya 2 / Table 2
3aBHUCHMOCTh BPEMEHH pelleHHs 3aJlaud U Pe3y/JbTaToOB OT MOTPEIIHOCTEH WHTErpUpOBaHHUs
17151 MeTonoB b U 8 u3 tabs. 1
The time of dependence of the problem solution and the results of the integration errors
for methods 5 and 8 from Table 1

3anaBaemble Bpewms pemrenusi (Mkc)

MOrPEeHOCTH Solution time (us) uauenue / Value

(abc. u OTH.)

Set errors MeToq, 5 MeToq 8 MeToJ, 5 meton 8

(abs. and rel.) | method 5 method 8 method 5 method 8
10e-6 15 378 16 679 0.94855704072 | 0.97524534512
10e-8 20 718 28 074 0.97525691165 | 0.97525695955
10e-10 27 296 40 725 0.97525691167 | 0.97525690930
10e-12 45 247 53 919 0.97525691167 | 0.97525691167
10e-14 58 625 80 339 0.97525691167 | 0.97525691167
10e-16 94 744 110 887 0.97525691167 | 0.97525691167
10e-18 481 768 154 258 0.97525691167 | 0.97525691167

Jlns oLeHKH moBeleHUs MPOrpaMMbl MOJAEJNHUPOBAHHS NPHU MaclITaOUPOBAaHHUH 3a-
fayd OblIO MPOBENEHO CpPaBHEHHE pe3y/bTaToB paboTbl Ha TECTOBBIX CETKax pas-
JUYHOHM ToTHOCTH. CoxpaHssi mapameTpbl U 00/1aCTb MOJAEJNHUPOBAHHS B HMIYJbCHOM
MPOCTPAHCTBE HEM3MEHHBIMH, B JOMOJHEHUe K UCXOAHOMY BapuaHTy 10 X 10 OblIM BHIIOJ-
HeHbl paccyeThl aJs ceTok 10 x 100 u 100 x 100 ¢ ucnosb3oBaHKeM MeTona b u3 TabJ. 1.
Jlns oueHKM BJIMSHHUS NpoLeccOoB oOMeHa AaHHBIMM B MHOTOHOAOBBIX KOH(UIYypaLHUsX
KJlacTepa TMpoBeleHO CpaBHEeHHEe BpeMeHH pelleHHsl 3agaud Ha omnHo# Home (10 BbumMC-
JIUTEJIbHBIX §iIep) U Ha ABYX HOAAX C TAKUM K€ CyMMapHBIM UHCJIOM siiep (2 HOABI MO 5
sinep). PesynbraThl npenctaBsieHbl B TabJI. 3.

M3 ux aHanusa W cpaBHeHHs C JAHHBIMH, MpPeNCTaBJEHHBIMU B Tabs. 2, MOXKHO
CleJlaTb BBIBOA O IPAKTHUYECKU JIMHEHHOW 3aBUCMMOCTH BpPEMEHM CyeTa OT KOJIMYeCTBa
TOYeK CeTKH, Ha KOTOPOH BBINOJNHSAETCS MofeardpoBaHue. [lepexon K MHOTOHOLOBBIM KOH-
(urypauusM ckasblBaeTcsl Ha BpeMeHHM MojenaupoBaHus. Ho yBesnnyeHue BpeMeHH cueTa
HEe3HAYUTEeJbHO.

B kauecTBe neMOHCTpallMu Ha puc. | mpencTaB/eHbl pe3y/bTaThl paccyeTa KOHEYHOIO
BUAAa (PyHKUMH paclpefesieHUsl Mocyae BO3AeHCTBUS HUMITy/lbCa 3JEKTPUYECKOro MoJs BUIA
(3). [TapameTpsl MoJIst COOTBETCTBYIOT 3HAUEHHUSIM, UCIIOJNb30BABILIUMCS IJis TECTUPOBAHUS
nporpaMMbl. Ha pucyHke npencrasieHa KBaapaTHast 00/1acTb UMITYJIbCHOTO NPOCTPAHCTBA
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B auanaszoHe 3HadeHuil 1.0 x 107* < p; < 5.0 x 1074, 1.0 x 107* < py < 5.0 x 107
3HaueHust pUBeNeHbl B efHuLax fi/a = 4.289 x 1072 krm/c.

Tabauua 3 / Table 3

PesysbraThl TeCTHPOBaHUS MacCIITaOUPYyeMOCTH 3aJadyH
Results of testing of the task scalability

3anaBaemble Bpewmst mist cetku 10 x 100 (mMxc) | Bpemsi nast cetku 100 x 100 (MKc)

MOrpELIHOCTH Time for the grid 10 x 100 (us) | Time for the grid 100 x 100 (us)

(abc. u oTH.)

Set errors ollHa HOMa 1IBe HOMIbI ollHa HoJa JIBE HOJIbI

(abs. and rel.) | one node two node one node two node
10e-6 126 184 162 657 1 164 969 1 202 761
10e-8 175 180 195 095 1 517 363 1 669 305
10e-10 250 783 260 707 2129 171 2619711
10e-12 344 800 396 212 3 158 579 3 459 483
10e-14 580 914 608 269 4 764 188 5 345 023
10e-16 906 610 970 593 7 621 487 8 342 612
10e-18 4 433 375 4 863 168 42 357 249 46 519 604

Jlns mocTpoeHUs: 3TOro AeTaJu3upOBaHHO-
ro usobpakeHusi norpebdoBajacb MaTpula
pasmepom 250 x 250. C yuyeToM BHINOJ-
HEHHOM ONTHUMM3aLHH [axKe Ha TeCTOBOU
KOH(purypauuu U3 10 sgep Ha ONHOU HO-
Jie 17151 TAKOTO MOJIeJIMPOBAHHUS LOCTATOYHO
MPUMEPHO MOJMHUHYTHI.

4. BbICOKOYACTOTHbIW UMMNYJIbC

JI15 OLEHKH XapaKTepUCTHK Mporpam-
Puc. 1. Bun pynkuuu pacnpenesenus HOCUTE-  nipp ripy HCCJIEIOBAHMM SIEKTPHUECKHX TMO-
neit f(p1,pz,t — ©0) NPH TECTOBLIX MaPA~  joi ¢ peanuCTMUHBIMU 3ABHCHMOCTAMH OT

MeTpax noJ BpeMeHHU OBbIJIO BBIMOJHEHO MOAEJTUPOBAHHE
Fig. 1. The form of the distribution function .
nedcTBUs noJs Buaa (puc. 2):

of carriers f(p1,p2,t — oo0) under test field
‘par:f?lmeters‘ o E\(t) = Eygcos(wt) exp(—t?*/272),

10000
80000 |

(4)
600007 Takoe mnoJie npeacras/sieT MakKCHMaJb-
HO  YIpPOLIEHHBIH MNpUMep  HMIYJbCa,
(bopMHpyeMOro B pPaguo4acTOTHBIX YCT-
poHcTBax HWJM JazepHbX cucTemax. OHO
XapaKTepusyeTcsl LMKJIUYECKOH 4YacTOTOH
Hecylled w W LIHUPUHOU, OlpenessseMon
napameTpoMm 7. Jljis HarAsiAHOTO MpeacTaB-
JIEHUsI OTHOCUTEJIbHOW LIMPUHBI UMIYJIbCA
MIPUHATO HCIOJIb30BATh XaPAKTEPUCTUKY
0 = WT, KOTOPYK YyCJIOBHO MOXHO
WHTEPIPETUPOBATh KAaK KOJHUYECTBO BOJIH
Hecyuled B UMITyJbCe.

40000 -
20000 |

0
—20000
—40000

—60000f

—80000——— N ‘ ‘ N ‘7
—8x107"3  —4x107" 0 4x10® 8x107

Puc. 2. Bun »sjektpudeckoro mnoss ¢ pea-
JUCTUYHOH 3aBUCHMOCTbIO OT BpeMEeHH

Fig. 2. The electric field with a realistic time
dependence
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C. A. NeBeHell n ap. MoaenriposaHne anHamriky 6e3MacCoBbiX HOCHTENen 3apaaa 2> S

Cepusi UHC/IEHHBIX 3KCIIEPUMEHTOB OblJa BBINOJHEHA [/ Habopa NapaMeTpoB
Eip = 10°B/M, w = 27 x 108 Tu u o = 5. [lapameTpsl COOTBETCTBYIOT KOPOTKOMY
UMITyJIbCYy TeparepiioBoro nuanasona (10 TT).

HanpsizkeHHOCTh mOJIE B paccMaTpuBaeMOd CUTYalMH Ta e, UYTO U B MOJEJBHOM
BapuaHTe C OIHOMOJISIPHBIM UMIy/nbcoM. Ho eci B npeablaylleM caydae MOAeNHpOBaIUCh
coObITHSI Ha MHTepBaje BpeMeHH B 5.904 x 1073 ¢, To Temepb 06LIass NMPOLOIKUTEb-
HOCTb MojeupyeMoro nporecca ~ 2.0 x 10712 ¢ ¥ 3aBUCMMOCTD HAMPSIKEHHOCTH TOJIST OT
BpeMeHU OoJiee cnoxkHas. OTpakeHHe 3TOTO TpeacTaB/aeHo B TabJ/. 4, KoTopas siBJseTcs
aHaJsorom TaobJ. 1.

Tabauya 4 / Table 4
3aBUCHMOCTb BPEMEHH pellleHHs 3aaud 4 OT BbIOOpa MeTOofa WHTErPUPOBAHUS
The dependence of time of the problem 4 solution on the choice of the integration method

Bpewmst pelenus
No Merton uHTerpupoBanus (mo nokymenranuu GSL) 3ajgauu (Mc)
i Integration Method (GSL documentation) Problem solving
time (us)
1 | Explicit embedded Runge — Kutta (2, 3) 13 827
2 | Explicit 4th order (classical) Runge — Kutta 1370
3 | Explicit embedded Runge — Kutta — Fehlberg (4, 5) 803
4 | Explicit embedded Runge — Kutta Cash — Karp (4, 5) 640
5 | Explicit embedded Runge — Kutta Prince — Dormand (8, 9) 188
6 | Implicit Gaussian second order Runge — Kutta 99 645
7 | Implicit Gaussian 4th order Runge — Kutta 53 667
8 | A variable-coefficient linear multistep Adams method 1273
in Nordsieck form
9 | A variable-coefficient linear multistep backward 9927
differentiation formula

Kak v B mepBoM ciyuae, Jydilde pe3ynbTaThl nmokasas «explicit embedded Runge -
Kutta Prince — Dormand (8, 9)» meron. OTmMeTHM, 4TO MOBeJeHHE BCeX SIBHBIX METOJ0OB
cTabunpHo. PocT BpeMeHH pellleHHsl 3anadd B 3TOH TPYIlNe MPUMEPHO COMOCTaBUM. A
BOT HesIBHble M MHOTOLIAroBble MeTOMbl CYIIECTBEHHO YXYIIIWJAW pe3yabTaThl. Ecau B
cJydae OfHOMOJISIPHOrO UMMyJbca (3) mMeton «variable-coefficient linear multistep Adams
in Nordsieck form» mokasbiBas Bpemsi cderta, MOYTH COMOCTABUMOE C PE3yJIbTaTOM JIHUAEPA,
TO AJist noJisi (4) ero pesysbTar XyKe MOUTH B CEMb pas.

[TonydeHHBIe OLIEHKH MO3BOJISIOT PACCUHTBIBATH HA YCIELIHOE MOAEJHPOBaHHE BO3-
NEeHCTBUSl pPaJHOMMITYyJbCa TeparepuoBOr0 JaHMana3oHa Ha cjaod rpadena. [nas xo-
JIMUECTBEHHOTO OMMCAHHS MPOUCXOASIIMX TPOLECCOB, OAHAKO, HEOOXOAMMBI H0OCTATOUHO
TMJIOTHBIE CETKH.

B Ttabn. 5 mpencraB/ieHbl 3HaueHWs BpeMeHH, TMOTPeOOBABIIErocs Ha pelleHHe 3ITOH
3a/layM Ha pasJMYHbIX KOH(PHUTYpauusx Hom U sizep. Ha puc. 3 mpencraB/ieHbl pe3ynbTaThl
aJs ceTok H x 5, 20 x 20 u 100 x 100. B nocsenHem caydae ofliee NpoleccopHOe BpeMs,
noTpe6oBaBllleecss HA pelleHHe 3aiauM, cocTaBuao 20C MpU HUCMOJIb30BAHUU ONTHMAJb-
HOT'O MeTOJa.

MakcumanbHoe yckopeHre B 30 pas nosydeHo Ha KoHpurypauuu 2 Hoael rno 20 suep.
[Ipn 3TOM OBLIa HOCTUTHYTA 3PPEKTHBHOCTb PAOGOTHI MapaJjieslbHOH mporpaMMel B 72.7%.
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Tabauya 5 / Table 5
PesynbTaThl TECTHPOBaHHUS MaclITaOHPyeMOCTH 3anaun (Bpems /st ceTku 250 x 250 (mc))
Results of testing of the task scalability (time for grid 250 x 250 (us))

3anaBaeMble 1 Hona, 1 Hona, 2 HoOmBI 1 Hona, 2 HOmBI
TMOrPEeLIHOCTH 1 snpo 8 sanep no 8 suep 20 smep no 20 sgep
(abc. u oTH.) / 1 node, 1 node, 2 nodes, 1 node, 2 node,
Set errors 1 kernel 8 kernels 8 kernels 20 kernels | 20 kernels
(abs. and rel.)
10e-14 589 503 83 595 41 984 38 458 20 247

0.045,
0.04
0.035]
0.03
0.025
0.02
0.015]
0.01

0.06-

0.051-

0.04]- Al
T
I

0.03

0.02

IAL / SN
0.01 oY) ey .‘\\\\\ 0.014

6/0b
Puc. 3. Bun ¢byHKuuu pacrnpeneneHusi Hocureseit f(py,pe, f — oo) mas moast 4: a — ceTka
5 x 5; 6 — cerka 20 x 20; 8 — cetka 100 x 100
Fig. 3. The distribution function f(p1,pe, f — oo) for field 4: a is grid 5 x 5; b is grid 20 x 20;
¢ is grid 100 x 100
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The paper presents the results obtained in the process of developing a system for simulating the
generation of massless charge carriers with a photon-like spectrum by an external electric field
for two-dimensional media. The basis of the system is a physical model of the process, built in
the formalism of a kinetic equation for an adequate quantum-field theory. It does not use sim-
plifying assumptions, including expansions in some small parameters (perturbation theory). In
this sense, the model used is accurate. It is designed as a first-order ODE system for which the
Cauchy problem is formulated. The main problem is the computational complexity of determin-
ing the observed values from the characteristics of the model. Directly solving the ODE system
provides information only about the probability of a certain specific final state being occupied on
a two-dimensional continuum of potentially admissible impulse states. The region of localization
of the occupied states, the smoothness of their distribution in the momentum space, and, conse-
quently, the size and density of the required mesh, are not known in advance. These parameters
depend on the characteristics of the external field and are themselves a matter of definition in the
modeling process. The computational complexity of the actual solution of the model system of
equations for a given point in the momentum space is also an open problem. In the present case,
such a problem is always solved on a single computational core. But the time required for this
depends both on the characteristics of the calculator and on the type, type and implementation of
the integration method. Their optimal choice, as demonstrated below, has a very significant effect
on the resources needed to solve the entire problem. At the same time, due to the large variation
in the nature of the behavior of the equations system when the physical parameters of the model
change, the choice optimization of the integration methods is not global. This question has to be
returned with each significant change in the parameters of the model under study.
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