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We introduce and investigate D-clean and D-nil-clean rings as well as some other closely related
symmetric versions of cleanness and nil-cleanness. A comprehensive structural characterization
is given for these symmetrically clean and symmetrically nil-clean rings in terms of Jacobson
radical and its quotient. It is proved that strongly clean (resp., strongly nil-clean) rings are always
D-clean (resp., D-nil-clean).Our results corroborate our recent findings published in Bull. Irkutsk
State Univ., Math. (2019) and Turk. J. Math. (2019). We also show that weakly nil-clean rings
defined as in Danchev-McGovern (J. Algebra, 2015) and Breaz—Danchev—Zhou (J. Algebra &
Appl., 2016) are actually weakly nil clean in the sense of Danchev-Ster (Taiwanese J. Math.,
2015). This answers the question of the reviewer D. Khurana (Math. Review, 2017).
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1. Introduction and Background

Throughout this paper, all rings R are assumed to be associative and unital with
identity element 1 different from the zero element 0 of R. Our standard terminology and
notations are mainly in agreement with [1]. For instance, U(R) denotes the set of all
units in R, Id(R) denotes the set of all idempotents in R, Nil(R) denotes the set of all
nilpotents in R, and J(R) denotes the Jacobson radical of R. The specific notions will
be provided in the present article.

The fundamental paper [2] introduced and studied the class of clean rings R as
those rings for which R = U(R) + Id(R). Correspondingly, a nil-clean ring R is one for
which R = Nil(R) + Id(R) (see [3] and [4]). It is pretty easy to check that nil-clean
rings are always clean, but not the converse.

In making up an attempt to simplify these two too complicated ring structures,
in [5] we defined both L-clean and R-clean rings (resp., L-nil-clean and R-nil-clean
rings) as members of subclasses of the classes of clean and nil-clean rings, respectively,
possessing left or right symmetric property of the existing idempotent elements. For
instance, a ring R is called L-clean if, for any a € R, there is e € aR N Id(R) with
a = (1—e)+u for some u € U(R) and, resp., it is called R-clean if, for any a € R,
there is e € Ra N Id(R) with a = (1 —e) + u for some u € U(R). Analogous way
of defining L-nil-clean and R-nil-clean leads to ¢ € Nil(R) with a = e + ¢, where
either e € aRN Id(R) or e € RaN Id(R). It was proved there that L-nil-clean (resp.,
R-nil-clean) rings are L-clean (resp., R-clean).

This provides us with our first basic tool.

Definition 1. A ring R is said to be double nil-clean or just D-nil-clean for short if,
for every a € R, there exists e € (aRa)NId(R) such that a = e+ ¢ for some g € Nil(R).
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Certainly, D-nil-clean rings are nil-clean. As an immediate example, Boolean rings
are clearly of a such kind. Besides, the condition e € aRa is obviously equivalent to
e € aRN Ra as aRa C aR N Ra and if e = ab = ca for some b,¢c € R then it follows
that e = e.e = abca € aRa as needed. This illustrates that D-nil-clean rings are both
L-nil-clean and R-nil-clean; however, the converse is still unknown.

Another, non-commutative, example is the ring R = My(Z,). In fact, all elements of
this matrix ring are nilpotents, idempotents and nil-clean units. If ¢ € R is a nilpotent,
then ¢ =0+ ¢ and 0 € ¢Rq. Next, if e € R is an idempotent, then e = e+ 0 and e € eRe
because e = e.l.e or e = e.c.e. If u € R is a unit with u = e 4 ¢ for some idempotent
e € R and a nilpotent ¢ € R, then e = u — ¢ = u(u™ —utqu™')u € uRu, as we need.
Q.E.D.

This provides us with our second basic tool.

Definition 2. A ring R is said to be double clean or just D-clean for short if, for
each a € R, there exists e € (aRa) N Id(R) such that a = (1 —e¢)+u for some u € U(R).

Certainly, D-clean rings are clean. As an example of a D-clean ring, strongly regular
rings are clearly of a such kind. As above demonstrated, D-clean rings are both L-clean
and R-clean; however, the converse is still unknown. What may also be observed is that
D-nil-clean rings are themselves D-clean. Indeed, for any a € R, in view of Definition 1
a = e+q for some e € Id(R)N(aRa) and ¢ € Nil(R). Therefore a = (1—¢)+(2¢e+q—1).
Since 2 € Nil(R) (see, for instance, [3]) by simple operations — omitting some details —
we find that 2e + ¢ € Nil(R) and 2¢ + ¢ — 1 € U(R). It meets our needs.

However, in [6] we defined the two concepts of regularly nil clean rings and Utumi
rings as follows: a ring R is regularly nil clean if, for every a € R, there is e € RanId(R)
such that a(1 —e) € Nil(R) and (1 — e)a € Nil(R) or, in an equivalent form, there is
f € aRN Id(R) such that a(1 — f) € Nil(R) and (1 — f)a € Nil(R). It was also shown
in [6, Proposition 2.5] that all regularly nil clean rings are Utumi rings in the sense
that, for each x € R, there is y € R depending on x such that z — 2%y € Nil(R).

So, analyzing all the above, the aim of the present article is to develop a theory of
double cleanness, nil-cleanness and regular nil cleanness as well as some their modifi-
cations caused by the symmetry of idempotents. Specifically, we will give a satisfactory
(complete) description of these three classes of rings. We will also settle a recent ques-
tion in [6, p. 703], on whether or not Utumi rings are somewhat left-right symmetric
in the sense that x — yz? € Nil(R).

The work is structured as follows: the next section states and proves our major
results (see, respectively, Propositions 1, 2 and 3, Lemma 1, as well as Remark 1 listed
below): the final part consists of some useful commentaries on the more insightful
exploration of the current subject and a list of problems that remain open.

2. Preliminary and Main Results: Symmetrically Clean and Nil-Clean Rings

We begin here with our first main result concerning a symmetrization of Utumi
rings (actually, this was stated as a problem that remains open in [6, p. 703]).

Proposition 1. The rings of Utumi are left-right symmetric.

Proof. Let z € R be an arbitrary element. Hence, by definition, there is y € R
depending on x such that x — 2%y € Nil(R). We claim that x — yz? € Nil(R) shows the
desired symmetry. In fact, for all n € N, (z—22y)" = [z(1—2y)]" = 2(x—zyx)" ' (1—zY).
Thus, if (x — 2%y)™ = 0, then one observes that (z — zyz)"™ = (1 — 2y)(z — 2%y)"z = 0.
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Since analogously (z —yz?)"*? = (1 —yz)(x — xyz)" 'z, we see that this is zero as well,

ie., (z—yx?)"t2 =0. O
The following lemma is useful for our investigation.

Lemma 1. Suppose that R is a ring. Then the following items are valid:
(1) R is D-nil-clean if and only if R/J(R) is D-nil-clean and J(R) is nil;
(2) R is D-clean if and only if R/J(R) is D-clean, provided that J(R) is nil.

Proof. Before proving the two statements separately, we need the following fact:

If K is a ring with a nil-ideal I and if d € K with d+1 € Id(K/I), then d+1 = e+1
for some e € Id(K) NdKd such that de = ed.

(1) The left-to-right implication being elementary, let us focus on the right-to-left
one. So, given r € R, one writes by assumption that » + J(R) = (e+ J(R)) + (¢ + J(R))
for some e,q € R such that e + J(R) is an idempotent in R/J(R) having the property
e+ J(R) € (a+ J(R))(R/J(R))(a+ J(R)), and g + J(R) is a nilpotent in R/J(R).
As J(R) is nil, one easily understands that ¢ has to be a nilpotent as well. As for the
element e, there is ¢ € R such that e+ J(R) = aca+J(R). In view of the aforementioned
fact, e + J(R) = f + J(R) for some idempotent f of R possessing the property that
f € (aca)R(aca) C aRa. Thus, e € f+ J(R) and, finally, r € f + Nil(R), because
q+ J(R) C Nil(R).

(2) The left-to-right implication being trivial, let us concentrate on the right-to-left
one. So, given r € R, one writes that e + J(R) is an idempotent in R/J(R) possessing
the property e+ J(R) € (a+J(R))(R/J(R))(a+J(R)), and u+J(R) is a unit in R/J(R).
Since the containment 1+ J(R) C U(R) holds, it is obvious that u € U(R). The rest of
the proof is hereafter identical to that in point (1). Q.E.D. O

Let us recall that a ring is termed strongly nil-clean if its elements are sums of a
nilpotent and an idempotent which commute.

The next implication is of interest.

Proposition 2. Strongly nil-clean rings are D-nil-clean.

Proof. For an arbitrary element r of such a ring R, such that » = ¢ + e for some
g € Nil(R) and e € Id(R) with ge = eq, it follows that r — e = ¢ with re = er. Thus
(r —e)® =0 for some k € N and, expanding this by the classical binomial formula, one
derives by a direct inspection that e € rR N Rr. It leads to e = e.e € rRr. Q.E.D. O

Let us notice that an alternative proof could also be deduced by using the fact
from [7, Theorem B] that a ring R is strongly nil-clean if, and only if, the factor-ring
R/J(R) is boolean and the ideal J(R) is nil, as stated in Lemma 1 (1) and the simple
but useful observation that boolean rings are always D-nil-clean being commutative
rings containing only idempotents.

Let us recall that a ring R is termed strongly w-regular il, for each a € R, there
is n € N depending on a having the property a" € a"™' RN Ra™™" (see, e.g., [8]). It is
well known that strongly nil-clean rings are always strongly m-regular rings, whereas
strongly m-regular rings are always strongly clean rings (see, e.g., [9]) in the sense
that their elements are sums of a unit and an idempotent that commute.

Proposition 3. Strongly clean rings (and, in particular, strongly mw-regular rings)
are D-clean.

Proof. For an arbitrary element r of such a ring R, we may write that 1 —r =u+e
for some u € U(R) and e € Id(R) with ue = eu. Hence r = (—u) + (1 — e) with ru = ur
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and re = er, so that re = (—u)e with e € (—u)~'re = r(—u)~'e = (—u)~'er € rRN Rr.
By a direct inspection, one deduces that e = e.e € rRr. Q.E.D. OJ

We will be further concerned with the clarifications of two concepts concerning
weakly nil(-)clean rings.

3. Appendix: Two notions of weak nil-cleanness

Let R be an arbitrary associative ring with identity element 1 which differs from the
zero element 0. The notations and a part of the terminology used in the current section
are mainly in agreement with [1]. As above, Id(R) denotes the set of all idempotents in
R, Nil(R) the set of all nilpotents in R, and J(R) the Jacobson radical of R.

Referring to the original source [3], a ring R is called nil clean if, for each a € R,
there are ¢ € Nil(R) and e € Id(R) such that a = ¢+e (see [10] for further information
on this topic). In some literature, and especially in some recent important works (see,
e.g., [11]), this concept is equivalently written by using the hyphen “—" like nil-clean.

This was substantially extended to the so-called weakly nil-clean rings in the com-
mutative case [4] and in the general case [12] as follows: a ring R is said to be weakly
nil-clean if, for every a € R, there are ¢ € Nil(R) and e € Id(R) such that a = ¢+ e or
a=q-—e.

Nevertheless, using the same notion in [13] were generalized both the classical
m-regular rings and the defined above nil clean rings in the following way: a ring R is
said to be weakly nil clean i, for any a € R, there exist e € Id(R) and ¢ € Nil(R) such
that a — e — ¢ € eRa (see, for more account, [10] as well). Note that this concept was
originally written without the usage of the hyphen “—7.

Resuming, both notions of weak nil-cleanness and weak nil cleanness expanded the
notion of nil-cleanness (written as nil cleanness, too) in the sense of [3].

Reviewing the article [13], the reviewer in [14] was right to ask why the same
notion is used as that in [12]. So, the objective of this section is to answer that question
by using mathematical arguments only showing that one weak nil-cleanness is contained
in the other weak nil cleanness as the evidences are not too obvious.

Our basic observation is the following one:

Proposition 4. All weakly nil-clean rings in the sense of [12] are weakly nil clean
in the sense of [13]. In other words, weakly nil-clean rings are always weakly nil
clean.

Proof. Utilizing the complete description of weakly nil-clean rings R, established in-
dependently and subsequently in [15] and [11], respectively, one writes that R = Ry X R»,
where R, is nil-clean and R; is a ring such that either Ry = {0} or Ry/J(Ry) = Z3 with
nil J(Rz). It can be checked that R, is strongly m-regular, itself. So, it follows directly
from [13, Propositions 2.4 (ii), 3.2] that R is necessarily weakly nil clean, as claimed.

As a parallel verification of our initial assertion, the above decomposition for R
implies that R/J(R) = [Ry/J(R1)] x Zs3, where Ry/J(Ry) is still nil-clean and, moreover,
J(R) = J(Ry) x J(Ry) is nil because so is J(R;) (compare, resp., with [12] and [3]).
Therefore, it follows immediately from [13, Propositions 2.4 (ii)] that R/J(R) is weakly
nil clean and hence so is R in view of [13, Proposition 2.8] since J(R) is nil. O

As final comments, we may say that the next hopeful implications are fulfilled:

nil clean = nil-clean = weakly nil-clean = weakly nil clean.
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4. Concluding Discussion and Open Questions

In conclusion, the next comments could be worthwhile.

Firstly, we ask of whether or not any semiprimitive (= Jacobson semi-simple) peri-
odical ring (or even a semiprimitive (strongly) w-regular ring) is always von Neumann
regular.

Secondly, we partially answer [16, Question 3.17] concerning those rings R such
that for some fixed natural number n > 2 all elements of R satisfy the equa-
tion 2" — x € Nil(R). It is not too hard to verify that such a ring R is strongly
m-regular. We, however, will detect a new property of these rings as follows: writing
(" — z)™ = 0, we have 2™(1 — 2" 1)™ = 0 and, consequently, (z"1)™(1 — z"~1)™ = (,
ie., (z"!' — (2" 1)?)™ = 0. Then we can find an idempotent, say e € Z[z] such that
"' = e+t, where t € Nil(R). Hence [z(1—¢)]" ! = 2" (1—¢) = t(1—e) is a nilpotent
because ¢ and e will commute as = and e do that. That is, x — xze is a nilpotent. Q.E.D.

The next critical commentaries could be helpful to the interested in that subject
reader.

Remark 1. It is worth to notice that [16, Theorem 2.6] is already well-known and
is a simple consequence of [17, Theorem Al]. Indeed, Nil(R) forms an ideal whence
Nil(R) = J(R) and thus the properties P,(R) and Q,(R) are equivalent at once, that
is, P,(R) <= Q.(R). By the way, on line 6 of the Abstract in [16] there is a
misprint, namely it should be “n is even with n # 1(mod 3)” instead of “n is even with
n = 1(mod 3)”.

Finally, we would like to avoid some bugs by successfully correcting them in the
next lines. Precisely, we correct the following issues:

Corrections. On p. 29, after Definition 1 from [5], there is a technical error, namely
the element 0 has to be represented as 0 = 1+ (—1) with 1 = 1.1 € 1P N P1 (compare
also with the truly given presentation of such an element, being an idempotent, stated
at the end of p. 29). Also, on p. 30, line 3 in the proof of Proposition 1, the sign “—”
is involuntarily omitted in the formulas which, however, does not affect the final con-
clusion. Moreover, on p. 31, line 4 of Remark 1 in [5] the intersection “xRNeR = {0}”
must be “zK NeK = {0}". And finally, on bottom of p. 32, “z € e + J(P)” should be
stated as “z € e + Nil(P)”.

Likewise, on p. 709, at the beginning of line 3 of Proof in [6, Example 2.13] also
there is a typo, namely “m regular” should be written as “r-regular”.
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Mbl BBOOUM U uccnenyem D-4ucteie n D-Huib-4UCTble KO/bLa, a TakXe HeKOoTopble Apyrue
TECHO CBSi3aHHbIE CUMMETPUYHbIE BEPCUU YUCTOTBI U HUMb-YACTOTHI. [laHa vcuyepnbiBalowas
CTPYKTYpPHas XxapakTtepuctmka ond aTux CAMMEeTpn4HO YMNCTbIX 1 CUMMETPUYHO HUNTb-YUCTbIX KO-
new B TepMrHax paavikana [xekobcoHa 1 ero 4acTHoro. [lokasaHo, 4TO CUIbHO YNCTbIE (COOT-
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BETCTBEHHO, CW/bHO HWb-4YUCTble) Konbua Bcerga D-umcTtble (COOTBETCTBEHHO, D-Hunb-
uncTble). Hawwn pesynbTathl NOATBEPXLAT HejaBHue nybnukaumm B BecTH. MpkyTek. roc.
yH-Ta, MateMm. (2019) u Turk. J. Math. (2019). Mbl TakXe nokasbiBaeM, 4T0 ¢nabo HUb-YNCTbIE
Konbua, onpegeneHHble kak B Danchev—McGovern (J. Algebra, 2015) n Breaz—Danchev —Zhou
(J. Algebra & Appl., 2016), Ha camom aene cnabo HUMb-YNCTbIE B CMbICNE Danchev —Ster (Taiwa-
nese J. Math., 2015). 9To oTBe4aeT Ha Bonpoc peueH3eHTa 1M3-3a D. Khurana (Math. Review,
2017).

Knroqesbie cnosa: L-unctble konbua, R-4uctbie konbua, D-4yucTtbie Konbua, cuMmeTprusaums,
cnabo HUNb-4MUCTble KOMbLiA.
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