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B ctatbe uccnepoBaHbl CBOMCTBA MOMOXMUTENbHbIX PEWEHNA MOLENbHON CUCTEeMbl ABYX
HENUHEVHbIX OBbIKHOBEHHbBIX ONPEPEHUMANBHBIX YPABHEHWA C MEPEMEHHbIMM KO3 U-
LuveHTamu. HaneHbl HOBble YCNOBUS Ha KOSMMULMEHTbI, NPW BbINOMHEHUN KOTOPLIX NPOU3-
BONbHOe peleHne (z(t),y(t)) C MONOXMWTENbHLIMU HayYanbHbIMK 3HavYeHuaMu z(0) n y(0)
MOMOXMUTENbHO, HENOKANbHO MPOLOMXMMO U orpaHuyeHo npu ¢ > 0. B atux ycnosumsax uccne-
LOBaH BOMPOC O rnobanbHOM yCTOMYMBOCTM MONOXUTENbHBLIX PEWeHUA METOAOM MOCTPOEHNS
HanpasnsoLen YHKLMN 1 METOLOM NpefenbHbIX ypaBHeHWd. MeTonoM nocTpoeHus Hanpas-
naoLWen yHKLMN 0oKa3aHo, YTO eCiM CUCTEMA YPaBHEHUA UMEET MOIOXUTENbHOE NOCTOSAHHOE
pelweHne (x.,y.), To noboe nonoxmutensHoe pewenne (z(t),y(t)) npn ¢ — +oo Nnpubnunxaercs
K (4, y«). A B cnyyae, Korga KoamUUMEHTbI CUCTEMblI YPaBHEHUA MMEIOT KOHEeYHble npe-
nenbl Npu t — 400 W NpefenbHas cucTema ypaBHEHU MeeT MON0XMUTENbHOE NOCTOSHHOE
peweHne (Zoo,Yoo), METOLOM MPEAENbHbIX YPaBHEHWI [0Ka3aHo, 4To nboe MonoxuTens-
Hoe peweHue (z(t),y(t)) npyn t — +oo NPUBINXAETCS K (Zoo,Yoo). [MONYYEHHBIE pE3YNb-
TaTbl BMNOCNEACTBAM MOXHO 0006WWTL AN MHOrOMEPHOro aHanora Wccnemnyemoln CUCTeMbl
ypaBHEHUA.

Knro4eBble cnoBa: MOLENbHAS CUCTEMA HENMHENHbIX OObIKHOBEHHbIX AnddepeHUmanb-
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BBEILEHUE

CraTbsi NOCBSILIleHa WCCJE0BAHHUIO IMOJOXKHUTE/bHBIX pelleHHH MOJeJbHOH CHCTeMbI
HeJIMHEeHHBIX OOBIKHOBEHHBIX AU((pepeHlNalbHbIX YPAaBHEHUH C/eAYIOLLero BUAA:

2'(t) = ()Y (t) = y(0)z(t) — kr(t)x(t), o' (t) = a@)(Y(t) = y(t))2(t) — k2(t)y(t). (1)
3nech Koapduuuentol c(t), a(t), Y(t), ki(t), ko(t) cuMTarTCs 3aJaHHBIMH W Hempe-

peIBHBIMH TIpu ¢t > 0. [losoxKuTeIbHBIM pellleHHeM CHCTeMbl ypaBHeHHH (1) HasbiBaeM
napy (x(t),y(t)) yHkuuit xz(t) u y(t), onpeneseHHBIX, HETPEPBIBHBIX M MOJIOKHTENbHBIX

© Kobrnnzoga M. M., Hanmos A. H.., 2020



*@ rss. Capart. yH-1a. Hos. cep. Cep. Matemarrka. Mexarnka. FMHpopmatnka. 2020. T. 20, Bbin. 2

Ha HEKOTOPOM MaKCHMaJsbHOM nonyuHTepBase [0,7) W BHYTPH JAHHOTO MOJYHHTepBaJja
YIOBJETBOPsIOLIMX ypaBHeHHsiM cucTeMbl (1). Ecan T = 400, To petenne (z(t),y(t))
Ha3blBaeM HeJIOKaJbHO MPOAOKHUMBIM TpH ¢ > 0.

Cucrema ypaBHeHu# (1) B ciyyae MOCTOSIHHBIX W IOJIOKHUTEJNBHBIX KO3((PHUIHEHTOB
uccienoBaHa B paborax [l-3] kak nMHaMuueckash Modesb MPOM3BOACTBA W IPO-
naxkyd ToBapa. [laHHOH MoJesbl0 aleKBAaTHO OMNMCBIBAIOTCS TEMIIbl MPOU3BOACTBA U IPO-
[aXKy OIpe/ie/IeHHOTO BHIAa TOBapa, ecJu Mpou3BosbHOe pelieHue (x(t),y(t)) cucTeMBl
ypaBHeHUH (1) c mosoxKHUTebHBIME HauyasipHbiMM 3HaueHusMH z(0) u y(0) ocraercs
TOJIOKUTENBHBIM W OrpaHHueHHbIM Npu ¢ > 0. Ecan kK Tomy ke J1060e MOJOXKHTENb-
HOe pellleHHe cUCcTeMbl ypaBHeHHH (1) mpu ¢ — +oo mpubIMKaeTCs K eIHHCTBEHHOMY
TMOJIO)KUTENBHOMY TIOCTOSIHHOMY peIeHHI0 (Z,,¥s), TO 3TO HHTEpIpeTHpyeTcs Kak
camocTabu/IM3alls peiHKa ToBapa. B paborax [l, 3] mokasaHo, 4To DUHaMHuecKas MO-
nenb (1) obmamaeT ykazaHHBIMM CBOHCTBAMH IOJIOXKHUTENBHOCTH M CaMOCTaOMJIM3allMH,
ecai KO3(P(ULHUEHTB MOCTOSIHHbI, MOJOXHUTeJbHbl U cY > ky. B cBsisau ¢ stum mpen-
CTaBJISIETCS aKTyaJbHBIM HCCJIeI0BaHHE CBOUCTB TOJIOXKUTENBHOCTH U CaMOCTaOUIM3aLIHH
narHaMuueckoil Momesu (1) ¢ mepeMeHHBIMH KO3(D(DULIMEHTAMM.

B paGorte [4] uccsenoBaHbl CBOHCTBA MOJNOXKUTEJbHBIX U TEPUOAUYECKUX pelleHHH
cucTeMbl ypaBHeHHH Buaa (1) B caydae, korna kosdduuueHTsl ¢, a, Y, ki, ko 3aBUCAT
oT ¢, 1 y. B yacTHOCTH, Hcc/efoBaHa JUCCHIIATHUBHOCTb TOJIOKUTENbHBIX pelleHHH,
cocrosimias B TOM, 4TO Ji000e MoJoKUTedbHOe pemenue (x(f),y(t)) mpu t > tg
ocTaetcst B (DMKCHPOBAHHOM OrpaHHYeHHOM MHOxecTBe. OTMETHM, YTO 00lIMe CBOHCTBA
JAMCCHUNIAaTUBHBIX CHCTEM OOBIKHOBEHHBIX AU (epeHLHaNbHbIX YPaBHEHHE HCCIe0BaHbl B
MoHorpaduu [5, c¢. 29-70].

B Hacrosliel pabore HalaeHbl HOBble YCJOBUS Ha KO3(D(PHUIUEHTbI, MPH BHINOJ-
HEHWH KOTOPBIX NpOM3BoJibHOe pelneHue (x(t),y(f)) ¢ MOJNOKHUTEJIbHBIMH HadaJbHBIMH
sHayeHusAMH x(0) u y(0) MOJOXKHUTENbHO, HEJOKAJbHO TPOLOIKHUMO W OTPaHHUEHO IPH
t > 0. B 3Tux yc/noBUSX HCC/IeN0BaH BOMNPOC O IIOOAJbHOH YCTOHUHMBOCTH MOJIOXKH-
TeJbHBIX peIeHHH MeTOAOM IOCTPOeHHsl HampaB/siomedl (QYHKUAK W METOIOM Ipe-
IeJbHBIX ypaBHeHHH. [yobanbHas yCTOHUMBOCTD MOJIOXKHTENbHBIX PellleHHH MOHMMaeTcs
B CJEYIOUIeM CMBbICJe: BCE TMOJIOKHTENbHbIE pelleHHs] ONpeleseHbl Ha TPOMEXYTKe
[0,400) U nmpu t — ~+00 NpUOIHKAIOTCS K OIHOMY (DHKCHPOBAaHHOMY pelieHHI0. MeTo-
JIOM TIOCTPOEHHsl HampaBJsiiolled (YHKUMH [0Ka3aHO, 4YTO €CJH CHCTeMa ypaBHEHWH
MMeeT MOJIOXKHUTEbHOE TIOCTOSIHHOE pellleHHe (T, Y ), TO JI060€e MOJ0XKHUTENbHOE pelleHne
(z(t),y(t)) mpu t — +o0o npubamkaercs K (., y,). A B caydae, Koraa Kos3ppUIHEHTbI
CHCTEMBl ypaBHEHHH HMeIOT KOHEeuHble Mpejesbl Npu ¢ — +00 U NpefesbHAsi CHCTEMA
YPaBHEHHH HUMeeT MOJIOXKHUTEbHOE MOCTOSTHHOE pelleHHe (T oo, Yoo ), METOLOM MPeENeNbHBIX
ypaBHEHHH 10Ka3aHO, 4To J00oe MosjoxuTeabHoe pemtenue (x(t),y(t)) npu t — +oo
NPUOTHKAETCS K (Too, Yoo). L1OJYUEHHBIE PE3YNbTAThl BIOCJAENCTBHU MOXKHO OOOOIIUTH
IJ1S1 MHOTOMEPHOT'O aHaJIora UCCJeNYeMOH CHCTeMbl yPaBHEHHUH.

1. OCHOBHbIE PE3YJIbTATbI

CHauajia HccC/efyeM YCJOBHSI, TNPH KOTOPHIX MpOHM3BoJbHOe peluenue (x(t),y(t))
cucteMbl ypaBHeHHH (1) ¢ MONOKUTENbHBIMUA HadajbHbIMH 3HadeHusmu 2(0) u y(0) mo-
JIOXKHUTEJIbHO, HEeJIOKaJbHO MPOJOKHUMO U orpanuueno npu ¢ > 0. CrpaBeminBa cie-
Ayiolias TeopeMa.

Teopema 1. [Tycmo ¢pynxuyuu c(t), a(t), Y(t), k ( ), ka(t) onpedeserol u HenpepoL8HbL
na npomexcymke [0,+o00) u nycmo (x(t),y(t)), t € [0,T) — npoussosvroe peweHue
cucmemot ypasreruti (1). Toeda:
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1) pewenue (x(t),y(t)) nosromcumenrvro, m. e. x(t) > 0 u y(t) > 0 npu t € (0,7,
ecau noaoscumenvrol x(0), y(0) u a(t)Y (t) = 0 npu t > 0;

2) pewenue (x(t),y(t)) onpedeseno na npomexcymie [0, +oc), m. e. T = 400, ecau
(x(t),y(t)) nososcumenvro u daa arboeo ty > 0 cyujecmsyem t, € (0,t2) makoe, umo
Ha ompeske [t1,ty] 00na u3 pynxyui c(t) u a(t) neompuyamenvra;

3) pewenue (x(t),y(t)) oepanuuero, ecau OHO ONpedeseHO U NOAOHCUMENbHO HA
npomescymre [0, +00) U BbLNOAHEHBL YCAOBUSA:

a) pynkyuu Y (t) u ko(t) oeparuuerot;

6) cyuecmeyrom T > 0 u kY > 0 maxue, umo npu t > T umerom mecmo HepageHcmsea
a(t) =0, ki(t) > kY, ko(t) > 0;

8) Npu HeKOMOPOM NOLOHCUMENbHOM HUCAE [ UMeem Mecmo npeden

I - — 0.
i (a(t) — pe(t)) =0
Hs TEOPEMbI | HEMOCPpeACTBEHHO BBITEKAET

CnencrBue 1. [Ipoussorvroe pewenue (x(t),y(t)) cucmemor ypasnenuii (1) ¢ no-
noxcumenvroimu HawasoHoimu 3navenusmu x(0) u y(0) onpedesero, noroxumervHo u
oepanuiero Ha npomesxcymke [0, +00), ecau:

e) pynkyuu c(t), a(t), Y(t), ki(t), kz(t) onpedeserol u Henpepovl8HbL HA nPOMENYMEKe
[0, +00);

0) at)Y(t) =0 nput>0;

e) pynkuuu c(t), a(t), Y(t), ki(t), ko(t) npu t — 400 npubiuncaromcs K noroxHuU-
MEAbHBIM YUCLAM Coo, oo, Yoo, Kioo, K200 COOMBEMCMBEHHO U CooYoo > ki 0.

Hccnenyem rnobanbHyl0  yCTOHUMBOCTb — MOJOXKHTEJNbHBIX  pEIIeHHH  CHCTEMbl
ypaBHenuil (1), mpeamnosaras, 4To Cpeiu MOJOKHUTENbHBIX PEIIeHHH eCTb MOCTOSTHHOE.

Teopema 2. [lycmo ¢pynxyuu c(t), a(t), Y(t), ki(t), ka(t) onpedeserovr u Henpepois-
Hol Ha npomexcymke [0,400), OepaHUUeHbl CHUSY U C8EpXY COOMBEMmCmBYouUMU No-
nosxcumenvroimu uucaamu. M nycmo cucmema ypasrenuii (1) umeem noroxcumenvroe
nocmosiHnoe peuienue (x,,y.) makoe, umo QyHKyus

B(t) = . V() — )

onpedenena u Henpepvisno dugdeperyupyema Ha npomexcymre (0,400), oepanuuera
CHU3Y U c8epXy Nnoaoxumervroimu wuciamu By u By u, kpome moeo, B'(t) < 0 npu
t > 0. Toeda arboe noroxumenvroe peuerue (x(t),y(t)) cucmemor ypasneruti (1) npu
t — 400 npubaruscaemcs K (Ty, Ys).

Teopema 2 nmokaszaHa MeTONOM MOCTPOeHHs HampaBJjsiolled GyHKUUH [6, c. 75-84],
yObIBaOIIEeH BLOJb MOJOKUTENbHBIX pellleHUH cucteMbl ypaBHeHu# (1). M3 cienctBus |
U TeopeMbl 2 BbITEKaeT

CaenctBue 2. B asmoHoOMHOL cucmeme
r = Co(Yo - y)$ — ko, y’ = GO(YO - y)x — kaoy, (2)

ede ¢y, ag, Yy, k1o, koo — noaosmcumenvrole uucia u coYy > ki, At06as mpaekmopus,
BblNnYyweHHas u3 nepsotl wemsepmu Koopourammuoti naockocmu Oxy, ocmaemcs 8 amou
yemeepmu npu 803pACMAHUL 8peMeHU U npubaiuxcaemcs K CMauuoKapHoL mouke

1{320 1
Yo —k =~ (cyYy — k
aok1o (Co 0 10): Yo o (Co 0 10)

o —
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npu HeocpaHuuewHom so3pacmanuu 8pemenu. CmauuonapHas mouka (xg,y) 26-
asemcs eOUHCMBeHHOL mpaekmopuet. a8moHOMHOL cucmemol (2), rexcauieli 8 nepsoil
yemsepmu, OmMOENEHHOU OMm HYAs U O0epaHUu4YeHHOU npu eo3pacmanuu u YyboleaHuu
8pemeru.

Caenyroliasi Teopema siBjisieTcsi IOTIOJIHEHHEM K Teopeme 2.

Teopema 3. [Iycmo svinosnerst ycaosus e), 0) u e). Toeda aroboe nosoxcumesvHoe
pewenue (x(t),y(t)) cucmemor ypasmenuti (1) npu t — 400 npubiuscaemcs K mouxe
(Zoo, Yoo), 20€

k2 o 1
= 2 (CooYoo - kl,oo) ) Yo = — (CooYoo - kl,oo) .

CLookl,oo Coo

Too

Teopema 3 nokazaHa MeTONOM INpele/bHbIX ypaBHeHUH. J[aHHBIH MeTox MpHMeHsieTCs
B paborax [7,8] mpu uccleNOBaHWM OTpaHUYEHHBIX pelleHHE CHCTeM JIMHEHHBIX W He-
JIMHEHHBIX OOBIKHOBEHHBbIX NHU((epeHLHaNbHbIX YPABHEHUH.

2. NOKASBATEJIbCTBO TEOPEMDI 1

1. IMyers (z(t),y(t)), t € [0,T) — pelueHne cucteMbl ypaBHeHHH (1) ¢ monoxuTENb-
HBIMM HauajbHbIMU 3HaueHHusIMH x(0), y(0) u mycTb a(t)Y (t) > 0 mpu ¢ > 0. [Ipoepum,
uro z(t) >0 u y(t) >0 mpu t € (0,7).

W13 nepBoro ypaBHeHUs cucTeMbl (1) Haxomum

2(t) = 2(0)elo O () =u()—ka(s))ds

Orcrona caenyet, uto z(t) > 0 npu t € [0,7"). Bropoe ypaBHeHue cuctemsl (1) npencras-
Jisisl B CJIEYIOLIEM BHJE:

y'(t) + (a(t)z(t) + k2(2))y(t) = a@)Y (t)z(t),

HaXoaum
t
y(t) = e~ foletrkatrar (y(o) + / a(S)Y(S)x(S)eIS(a(T)x(Tsz(T))dfd5> .
0

Orcrona cienyet, uto y(t) > 0 npu ¢ € [0, 7).

2. Ilyets (x(t),y(t)), t € [0,T) — monoxkuUTENbHOE pellleHHe cHCTeMbl ypaBHeHHH (1)
U MyCcTh AJs1 Jt06oro ty > 0 cyuiectsyet t; € (0,15) Takoe, uTO Ha OTpe3ke [ty,ts| onHA
13 QyHkuui c(t) u a(t) HeorpuuareabHa. [Tokaxem, uto T = +00.

[Ipennonoxum, uto T < 4o00. Torna Ha nonyuntepsase [0,7) ogHa U3 QyHKUMH 2 (1),
y(t) HeorpaHHueHa. 3aMeTHM, UTO ecJH OfHa W3 (QyHKUMH x(t), y(t) orpaHHueHa, To B
cuay cuctembl ypaBHeHu# (1) mpyrasi Takxke orpanuuena. [loatomy obe ¢yHKuuu (t),
y(t) HeorpaHuueHbl Ha moayuHTepBase [0,7).

Hnast to = T, cornacHo HalMM ycJoBusiM, cyulectByer ¢ € (0,7) Takoe, 4TO Ha
oTpeske [t;,T] omHa M3 (yHKuUMH c(t) u a(t) HeoTpuuarenbHa. Ecau c(t) > 0 npu
t € [t1,T], To U3 MepBOro ypaBHeHHUsI cucTeMbl (1) BBIBOIMM:

2'(t) < (c()Y () — ka(t) 2(t), t€(0,7),
x(t) < I(tl)efttl (e(8)Y (s)—ki(s))ds < I‘(tl)eRT(T_tl), t e (07 T),

rae Ry = max, le(s)Y (s) — ki(s)|. Ipuian K nmpoTHBOpeYHIo.
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Ecin a(t) > 0 mpu ¢t € [t;,T], To BeGepeM 4uca0 Y] TakK, 4TOOBl MMM MECTO
HepaBeHcTBa Y; > y(t) mpu ¢ € [0,t1]) nu Yy > Y(¢) npu ¢ € [t1,T]. OueBunHo, mpu
Jo6oM t € (t1,T) mmbo y(t) < Yy, mubo y(t) > Y;. Ha nmob6oM MakcHMaabHOM HHTepBaJe
(11, 72) C (t1,T), tme y(t) > Y1, B cu1y BTOpOro ypaBHeHHst cucteMsl (1) umeem:

y'(t) < —ka(t)y(t), te€ (m,m),
?J(Tl) - Y17 y(t) < YleKTT7 L e (7—177—2)7

rae
KT = Imnax ‘k’g(t)’
0<t<T

Canenosarenbho, y(t) < YieXrT npu mo6om t € [0,T), IpULLIKE K TPOTHBOPEUHIO.

3. [lycte pemenne (x(t),y(t)) cuctemsl ypaBHeHHi (1) ompenesieHO U MOJOXKHUTENBHO
Ha npoMexyTKe [0, +00) ¥ MyCTh BBIMOJIHEHB YCJIOBHS:

a) ¢oyHKuMK Y (t) U ko(t) orpaHnuensl;

6) cywmectByioT 7 > 0 u k) > 0 Takue, 4To Mpu ¢ > T UMEIOT MECTO HEpPaBEHCTBA
a(t) =0, ki(t) > kY, kao(t) > 0;

B) MPHU HEKOTOPOM IMOJOXKUTENbHOM YHCJIE [t HMEET MECTO MpefeJ

Jim(a(f) — pie(t)) = 0.

[Tokaxewm, uto (z(t),y(t)) orpanuueHo Ha npomexyTke [0, +00).

CrepBa MokakeM OrpaHHueHHOCTh ¥(t) Ha mpoMexyTke [0, +00). st 3TOro BeiGepeM
Yo > 0 Tak, uToObl BBIMOJHSJMKCH HepaBeHcTBa y(7) < Yy u Y () < Yy mpu t > 0.
[Iposepum, uto y(t) < Yy mpu ¢t > 7. [lelicTBUTENbHO, B TPOTHBHOM CJjlyuae B TepBOH
TOUKe ty > T, Ille UMeeT MeCTO PaBeHCTBO Y(tg) = Yo, NO/KHO BBIMOJHATHCS HEPABEHCTBO
y'(to) = 0. C npyroél CTOpPOHBI, B CHJy BTOPOrO ypaBHeHHs cucteMbl (1), ydUTbIBas
a(ty) = 0, Y(tg) —y(to) <0, ka(to) > 0, umeem y'(tg) < —kol(to)y(to) < 0, MpUXOAUM K
POTHBOPEYHIO.

OrpanuueHHoCcTb z(t) OymeT NOKa3aHa, €CJM MOKa)KeM, UTO CYLIeCTBYKOT T; > T
m M > 0 rtakwe, uto npu z(t) > M u t > T, HMeeT MeCTO HepaBeHCTBO
y(t) — p(x(t) — x(m)) > 0. Ioaa atoro mocratoyHo momobpatb 71 > 7 U M > 0 Tak,
uytoOsl pu x(t) > M u t > 7 UMeso MecTO HepaBeHCTBO y'(t) — ua'(t) > 0. Hatinem
pasHocTb y'(t) — pa'(t) U3 cucremsl ypaBHeHHH (1):

Y () = pa'(t) = [(a(t) = pe()) (Y (t) = y() + ph ()] 2(t) — ka(£)y(2). (3)

Bocrnosib3oBaBIIKuCh yCJOBUSIMHM a), 6) U B), BbiOepeM 71 > T TakK, uTOOBl MpU t > Ty
BBITTOJIHSIJIOCh HEPABEHCTBO
0

(alt) = we®)(Y (1) — y(0) + s (1) > -

A gucio M > 0 BeiGepeM U3 YCJIOBHS

kO
p—~M — Yy sup ky(t) > 0.
2 20

Torna us (3) cnenyert, uto y/(t) — px'(t) > 0 npu x(t) > M u t > 1.
Teopema | nokasana.

Marematrka 165



*’@ rss. Capart. yH-1a. Hos. cep. Cep. Matemarrka. Mexarnka. FMHpopmatnka. 2020. T. 20, Bbin. 2

3. INOKASBATEJIbCTBO TEOPEMbDI 2

[Tycts (x(t),y(t)), t € [0,7) — NpOU3BONBHOE MOJOXKHUTENBHOE pelleHHe CHCTEMBI
ypaBHeHu# (1). PaccmoTpum ¢yHKUHIO

(4)

o) = S(0lt) — ) + B (l"(“ i ”3“)) .

Ty Ly

dyukuus v(t) CHU3Yy OrpaHHUYEHa YUCJIOM Bi:

o(t) > B(t) (I(t) ~In m)) > B(t) > By,

Ty Ty

TaK Kak § —Ins > 1 npu Bcex s > 0. [lokaxxem, 4To 1151 mpou3BogHOH v'(t) (PyHKUUH
v(t) ©UMeeT MecTO HepaBeHCTBO

10 < —alt)o(0) = (14 Lm0, 6

Jlnisi 3TOrO MpEeACTaBUM CHCTeMY ypaBHeHHi (1) B caenyrolieM BHIE:

v Y () —y(t)
T Y() = ya

rae A(t) = y.k2(t)/B(t). Las pyuxkuun A(t) BepHa ouenka A; < A(t) < A, roe

() = AWy — y(D)a (D) y'<t>=k2<t>( x(t)—y<t>), 6)

(0751 (0%)]
Al = y—, Ay =y, —,
1=Y B, 2 =Y B,
By, = inf B(t), By = sup B(t), a; = infko(t) > 0, a9 = sup ka(?).
t=0 t>0 120 t>0

Tenepb BbluncauM v'(t) ¥ OLUEHHUM ee CBepXy, yudThiBas ycjaoBue B'(t) < 0 u cucremy
ypaBHeHUH (6):

V(t) = (y(t) — y)y'(t) + B(?) (a:i - %) 2'(t) + B'(t) (? —In ?) <
B() z'(t) B(1)

ate) - a0 = 0) w0 (4/0) -

= ) = ) (ka0 | 25020000 ] — a0 - 02)) =

<)~ O+ ()~ A1) ) =

- Yo Y — y(2) - 5 Y« x(t)
= k000 ) (3= 0) + 2 f a0 ) = haot) - ? (14 L)

W3 nokasanHoro HepaBeHcTBa (5) caenyert, uto v(t) < v(0) u

(y(t) — y.)* + 2B, (‘”{IEQ n x;t)

y(t) — . < /20(0), :’ff) IO}

y(t) < yu + +/20(0), .8 < x(t) < 2.8, (7)
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rae &, & — KOPHM CKaJsIpHOTO ypaBHEHHs

v(0)
e =2
Takum o6pasom, B cujy ToJy4eHHBIX oleHOK (7) pewteHue (z(t),y(t)) ompeneneHo H
orpaHuueHo Ha nmpomexyTke [0, +00). [Tokaxem, uto (z(t),y(t)) — (2., y.) Ipu t — +o0.
Uz v(t) > By n v/'(t) < 0 cienyeT cylecTBOBaHHe U KOHEUHOCTb Mpefesa

li = Uso-
t—g-noo v <t) Yoo

W13 HepaBeHcTBa (5) BBIBOIUM:

—+00

V() < k() — ' aaly(t) —y)® < —V'(1),
o (y(t) — y.)?dt < v(0) — v,

0

/0 (y(t) — .)%dt < oo. ®)

[onbinterpanbuas Gpyukuus p(t) = (y(t) — y.)* orpaHuueHa BMecTe cO CBOEH MPOU3BOL-
HOU Ha npomexyTke [0,+o00). OTciona caenyet, 4yto (t) — 0 mpu ¢ — +oo. [elicTBHU-
TeJIbHO, U3 (8) c/lefyeT CYIIEeCTBOBaHHE MOCJENOBATENbHOCTH S, — +00, BIOJb KOTOPOH
(GyHKUHS @ cTpeMHTCs K HyJt0. [Ipeanonokum, 4To CyliecTByeT Apyras MocjenoBatelib-
HOCTb ¢, — 400, BIOJb KOTOPOH (PYHKLHS  He CTPEMHUTCS K HYJW, T. e. ¢(t,) > 20,
n=1,2,..., rie 0 — (QUKCHPOBaHHOe TOJOXKUTebHOE uncyao. [Ipu kaxkaom n = 1,2,...
cyllecTByeT 7, € (t,,s,,) Takoe, uto ¢(7,) = 0 u p(t) > o npu t € (t,,7,). MoxHo
CUHMTATh, UTO T, < tp41. OLEHUM CHH3Y HJUHY OTpe3Ka [t,, T

™ —¢'(1) p(tn) —p(ra) _ o )
n— tp = dt = > , M, = .
7 /t M, M, M, e e =i ()]

n ©

Ha ocHoBe 3Toii OLIeHKH NPUXOAMM K NPOTHBOPEUHIO:

“+o00 oo Tn 0 0 0_2
t)dt > / t)dt > o(r, —t,) > = +o00.
/0 CLED V) IO SULERED I o

Takum o6pasom, y(t) — y, npu t — +00.
B paBeHcTBe (4), nepexonsi K npenenay npu t — +o0o, MOJYYUM

B, lim (x(t) —In “’@)) .

t—+00 Ty Ty

Takoe BO3MOXKHO JIHIIb B TOM cJaydae, Korna z(t) — &, npu t — +oo, Tae {, — KOpeHb
ypaBHeHUs £ —In& = v, /By. [IpoBepum, uto &, = 1. I 3TOr0 Bo3bMeM MOC/IeI0BATENb-
HOCTb {, — +00, BIOJNb KOTOPOH ¥'(f) CTpeMHTCS K HYJH, ¥ BO BTOPOM ypaBHEHHH
cucteMbl (6) mepelneM K mpeaesy BAOJb 3TOH MocC/enoBaTebHOCTH. B pesysbrare mo-
aydaeM (y./x,)r.& —y. = 0, otkyna caenyer &, = 1. Teopema 2 nokasana.

[TpoBepuM crpaBemMBOCTb caeacTBUs 2. JIto6oe pelleHHe aBTOHOMHOH cHUCTeMBbl (2)
C TMOJIOKUTENbHBIMY HauyasJbHBIMU 3HaYeHUSIMH, COIVIACHO CJENCTBHIO 1, ompenesieHo, Io-
JIO)KHUTEJNBHO W OrpaHWdyeHO Ha TpoMexyTke [0,+o00). Jpyrumu cioBamu, TPaeKTOPHS
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pelleHHsl oCcTaeTcsl B NepBOH YeTBEPTH KOOpAMHATHON miockocTH Oxy U orpaHndeHa. Ta-
Kasi TPAeKTOpHsl B CHUJIy TeopeMbl 2 MpUOJIHKAETCs K TOUKe (Zo, o) NPU HEOrPAaHUUEHHOM
BO3pacTaHUU BpeMeHHU. Ec/iM K TOMY »Ke TpaeKTOpHsl orpaHHUueHa NpH yObIBaHUM BpeMeHU
U OoCTaeTcss B IepBOH 4YeTBepPTH, OTAeJSAACH OT HYJs, TO, COIJAacHO oOfulell TeopuH
ABTOHOMHBIX CHCTeM Ha MJIocKocTH [9, c. 226], MHOXeCTBO ee «-NpelesbHBIX TOYEK
COCTOMT U3 Npelie/IbHbIX LIUKJOB U CTALlMOHAPHBIX TOUYEK, JeXKallUX B epBoi yeTBepTH. Y
ABTOHOMHOH cHCTeMbl (2) B TepBoil 4eTBepPTH HMeEeTCs JHLIb OfHA CTaLlHOHApHAS TOUKA,
a NpefieJIbHBIX LIUKJOB He MOXeT ObITb, TaK KaK OHH NPH HEOrpPaHHUYEHHOM BO3pacTaHUU
BpeMEeHH He MOTYT MpUOJIHMKAThCS K CTAllMOHApHOH Touke (xg,yo). ClenoBaresnbHo, cTa-
LIMOHApHAas TOUKa (Xq, Yo) SABJASETCS eAUHCTBEHHOH TpaeKTOpPHel aBTOHOMHO#H chcTeMbl (2),
JieXkallel B MepBOH YeTBEpPTH, OTAEJEHHOH OT HYJ/S M OrpaHHuYEHHOH MPH BO3pacTaHUU U
yObIBaHUH BpPEMEHH.

4. NOKASBATEJIbCTBO TEOPEMbDI 3

B cuny yenoBuii r), 1), e) u caenctus | no6oe nonoxuTenpHoe petnenue (z(t), y(t))
cucTeMbl ypaBHeHu# (1) ompemnesieHo ¥ orpaHudeHo Ha mpomexyTke [0, +oc). [Tokaxem,
uro (z(t),y(t)) — (Too,Yoo) TpU t — +oo. CrepBa NpPeANONONKHUM, YTO BBHIIOJHEHO
ycsI0BHe

inf z(t) > 0. 9)

t=0

BosbMeM NpOM3BOJIBHYI0O BO3pacTalmllyl [OCJAef0BaTeJbHOCTh ¢, — +00 H
pPacCMOTPUM MOCJEI0BATEJNBHOCTH (PYHKLHUH

xp(t) = x(t + tn), yn(t) = y(t +tn), t e[ty +o0), n=12 ...

[pu kaxngom n=1,2,... aas (z,(t),y,(t)) numeem

() = c(t + 1) (Y +tn) = yn(t)) 2n(t) — ka(t + En)xn(t),

yr(t) =a(t +t,) (Y(t+t,) — yn(t)) xn(t) — ka(t + tn)yn(t), t€ (—tn, +00). (10)

[TocnenoBarenbHoCTb { (2, (1), yn(t))}5°, paBHOMEPHO OrpaHHYeHa W PABHOCTENEHHO He-
MpepbiBHA Ha KaXJAOM KOHeYyHOM oTpeske |a, 3] C (—o0,+00). Be3 orpanudenus
OOIIHOCTH MOXKHO CUHTATh, UTO JaHHAsl MMOCJEI0BATENbHOCTh CXOMUTCS K Mape (PyHKIUHU
(zo(t),y0(t)) paBHOMEpPHO Ha Ka)KIOM KOHEUHOM OTpe3ke U3 (—oo,+00). Torma B cH-
ay (10) mocsnenoBatesnpHOCTh Mpou3BonHBIX { () (t),y, (1))}, cxomutes K (z((t), yy(t))
paBHOMEPHO Ha Kax/IOM KOHeuHOM oTpe3ke. Jlasi pyHKuu x,(t), n = 1,2,... , coryaacHo
npenanosioxkenuio (9), UMeeT MecTo OleHKa
t;llgn T, (t) = %I}l(f)l‘(t) >0, k=12,...

B cucreme ypasuenuit (10), mepexons K npefeny npu n — oo, nojaydaem, 4yto (q(t), yo(t))
SIBJISIETCS HEOTPHUIATEJNbHBIM W OTPaHUUYEHHBIM Ha MPOMEXYTKe (—00,~+00) pelleHHeM
CHUCTeMbl YpaBHEHUH

() = coo (Yoo =1(1)) E(t) — k1,00€(1),
1'(t) = oo (Yoo = 1(t)) £(t) — ka,00n(?),

¥ 17151 QYHKIUH Xo(t) UMeeT MecTo OlLleHKa

(11)

inf  x(t) > 0.
te(—o0,+00) 0<)
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W13 nocnenHedt oLeHKM B CHJy BTOpOro ypaBHeHHsi cucteMmbl (11) u HeoTpuuatesb-
HOCTH Yo(t) caemyet, uTo yo(t) > 0 npu Bcex ¢ € (—oo, +00). K cucreme ypasuenuit (11)
u K pewenuto (zo(t),yo(t)) 3TOH cHUCTeMBbl TNPUMEHsis CJeICTBHe 2, BBIBOAUM, 4YTO
2o(t) = Too, Yo(t) = Yoo. CaenoBaresibho, ((t,), y(t,)) = (Too, Yoo) TPH 1 — 00.

Jloka3aTesbCTBO TEOpPEMbl 3 3aBepLINM CJIeAYIOLIeH JeMMOH.

Jlemma 1. Ecau soinoawenvt ycrosus &), 0) u e), mo A0boe NOAOHUMELbHOe
u oepanuuennoe pewenue (x(t),y(t)), t € [0,400) cucmemor ypaswenuti (1) yodos-
remeopsem ycarosuio (9).

HokasareabctBo.  [lpenmosioxkum, uto ycsoBue (9) HapylieHo [Jjisi Kakoro-
HUOYIb MOJIOXKUTEJNBHOrO W orpaHuueHHoro peruenusi (x(t),y(t)), t € [0,4+00) cucTeMsl
ypasuenu#i (1). Torma cyuiecTByer moc/e0BaTeNbHOCTb T, — +00 TaKasi, 4TO

,in z(t) = z(r,), 2'(m,) <0, n=12 .., z(t,) =0 mpu n — oo.

M3 HepaBeHcTBa 2'(7,) < 0 B cusy mepBoro ypaBHeHHs cuctembl (1) caemyer, 4To
y(1,) = Y (1) — ki(7n)/c(m) npu ¢(7,) > 0. MoxKHO cuMTaTh, 4YTO NpU Bcex n = 1,2, ...
MMeIoT MecTo HepaBeHCTBA x(7,) < 1 u y(7,) > r, rne r = (Yoo — k1,00/C0) /2.

[Ipu xaxpoMm n = 1,2,... pacCMOTPUM HauOOJbLINE HHTEPBAN (S, T,), TAE BHIIOJ-
HSIIOTCSl HEPaBeHCTBA

z(t) < N x(m), yt)>r, teE (s, Tn)

Ha sTom uHTepBase B cuJly BTOPOro ypaBHeHHs cUCTeMbl (1) umeem

Y (t) < Ry/x(m) — ko(t)y(t), rae R >supla(t)(Y(t) —y(t))].

t=0

B nanbHeliem [toJjaraem, 4To

R > sup [c(t)(Y(t) —y(t) = k(8)], R>y(t).

t=0

Tak kak z(7,) — 0 npu n — 00 U ka(t) — koo IPHU t — +00, MOXKHO CUHTATH, UTO

R/a(7,) = ka(t)y(t) < =0, T € (s0,70),

rae o > 0 M 3aBUCHUT JIULb OT R, 7 U kg . Takum o6paszoM, y'(t) < —o npu t € (S, Tp).
Otciona cnaenyer, 4to 7, — S, < (R —71)/o u x(s,) = /x(7,). Tenepb oueHUM cHHU3Y
x(7,,), BOCMOJIb30BABIIKCH MEPBbIM ypaBHEHHeM cucTeMbl (1):

2(r) = ()R OV O YN K 5 /YRl —sa)
\/m > e~ R(R—T)/o

[TonyueHHast oleHKa MPOTHBOPEUUT TOMY, UTO x(7,) — 0 mpH n — oo. O

?

BaarogapaocTtu. Pa6ora BbimosHeHa MPH YacTUYHOH (pUHAHCOBOH noanepxkke PODU
(mpoekTnl Ne 18-47-350001 p-a, Ne 19-01-00103a).
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This article investigates the properties of positive solutions of a model system of two nonlinear
ordinary differential equations with variable coefficients. We found the new conditions on coeffi-
cients for which an arbitrary solution (x(¢), y(t)) with positive initial values x(0) and y(0) is positive,
nonlocally continued and bounded at ¢ > 0. For this conditions we investigated the question of
global stability of positive solutions via method of constructing the guiding function and the method
of limit equations. Via the method of constructing the guide function we proved that if the system
of equations has a positive constant solution (z.,y.), then any positive solution (z(t),y(¢t)) at
t — +oo approaches (z.,y.). And in the case when the coefficients of the system of equations
have finite limits at ¢ — +o0o0 and the limit system of equations has a positive constant solution
(o0, Yoo ), Via method of limit equations we proved that any positive solution (z(t), y(t)) att — 400
approaches (z, ¥ ). The results obtained can be generalized for the multidimensional analog of
the investigated system of equations.
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